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SOME PERTURBED VERSIONS OF THE GENERALIZED TRAPEZOID 
INEQUALITY FOR FUNCTIONS OF BOUNDED VARIATION 


WENJUN LIU AND JAEKEUN PARK 


Abstract. Ill this paper, we establish some perturbed versions of the generalized Trapezoid inequality 
for functions of bounded variation in terms of the cumulative variation function. 


1. Introduction 


In the past few years, many authors have considered various generalizations of some kinds of integral 
inequalities, which give explicit error bounds for some known and some new quadrature formulae. For 
example, in [6], Dragomir established the following generalized trapezoidal inequality for functions of 
bounded variation: 


Theorem 1.1. Let f : [a, b\ 
1 


be a function of bounded variation. Then 


( 1 . 1 ) 


b 


b f(t)dt - ~ a )/( a ) + 0 - x )f ( b ) 


b — 



1 

x _ a+b 

< 

— + 

2 


2 

b — a 


V(/)> 


where x £ [a, 6] and V a (/) denotes the total variation of f on the interval [a, b\. The constant | cannot 
be replaced by a smaller one. The best inequality one can derive from (1.1) is the trapezoid inequality 


(1.2) 


b — a 


I” f(t)dt- 

J a 


f{a) + f(b) 




Here the constant \ is also best possible. 


For a function of bounded variation v : [a, b] -A C, the Cumulative Variation Function (CVF) V : 
[a, b] — > [0, oo ) is defined by 

t 

V{t) := \J(v), 

a 

the total variation of v on the interval [a, t] with t £ [ a,b\ . Recently, Dragomir [7] considered the 
refinement of (1.1) in terms of the cumulative variation function. 

Theorem 1.2. Let f : [a, b] — > C be a function of bounded variation on [a, b\. Then 


(1.3) 


b 


ffc _ (x - a )/(a) + (b- x)f(b) 


b — 


< 


1 


< 


' b — a 

1 

' b — a 


<< 


/ (W) ) dt+ / V(/)) dt 

Ja \ a J Jx \ t 

x b 

( x ~ a )\/ (/) + (b — x) \/ (/) 

X 

b 

V(/)> 

a 

V(/)-V(/) 


a+b 


b — a 


V(Z) 


for any x £ [a, b } . 


2010 Mathematics Subject Classification. 26D15, 26A45, 26A16, 26A48. 

Key words and phrases. Generalized Trapezoid inequality, Cumulative variation, Function of bounded variation, Lips- 
chitzian function, Monotonic function. 
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W. J. LIU AND J. K. PARK 


In order to extend the classical Ostrowski’s inequality for differentiable functions with bounded deriva- 
tives to the larger class of functions of bounded variation, Dragomir obtained the following result in [13]: 

Theorem 1.3. Let f : [a, b] — > K. be a function of bounded variation on [a, b] . Then, for all x £ [a, b], we 
have the following inequality 


(1.4) 


/O) - 


1 

b — a 


f(t)dt 



1 

x _ a+b 

< 

— + 

2 


2 

6 — a 


V(/)- 


The constant \ is the best possible. The best inequality one can obtain from (1.4) is the midpoint inequality 


(1.5) 


/ 


a + b 


b-< 


f(t)dt 




for which the constant ^ is also sharp. 

Recently, Dragomir [8] considered the refinement of (1.4) in terms of the cumulative variation function. 
Theorem 1.4. Let f : [a, b] — > C be a function of bounded variation on [ a,b ]. Then 


(1.6) 


f(x) - 


1 


b — a 




<- 


1 


<- 


' 6 — a 

1 

b — a 

1 


r b / b 


<< 


+ 


[ (V(/)j dt + l [\/(f))dt 

x b 

{x - a)\J (f) + (b - x)\J (f) 

X 

V(/)> 

a 

b 

V(Z) - V(/) 


r- _ a + b 

J _ 2 

b — a 




for any x € [a, b } . 

Very recently, Dragomir [9] obtained the following perturbed Ostrowski type inequality for functions 
of bounded variation, in which he denoted £ : [a, b] -A [a, b] the identity function: 

Theorem 1.5. Let f : [a, b] — > C be a function of bounded variation on [a,b\, and x € [a, b\. Then for 
any Ai(x) and \ 2 {x) complex numbers, we have 

r b 

f{t)dt\ 


(1.7) 


< 


< 


/ 0 ) 

1 

b — a 

1 

'b — a 


[(6 - a;) 2 A 2 (a:) - (x - a) 2 Ai(a:)] - 


2(6 — a) 

fX / X 


b — a , 


^ (V(/-AiOrK)j dt + l y\/ {f - \ 2 {x)£)j dt 

x b 

(x - a) \J(f - Ai (x)l) + (6 - x) \j (f - X 2 {x)£) 


max {\/ if - Xi{x)£),\f {f - X 2 {x)£) l, 




x — 


a-\-b 


6 - 


~ Ai(a:)£) + \/(/- M{x )£) ) , 


where \J ( g ) denotes the total variation of g on the interval [c, d\ . 

C 

For related results, see [l]-[5], [11]-[12], [14]-[32]. 

Motivated by the above works, the purpose of this paper is to establish some perturbed versions of 
the generalized trapezoid inequality (1.3) for functions of bounded variation in terms of the cumulative 
variation function. 
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2. Inequalities for functions of bounded variation 

As in [7], it is known that the CVF is monotonic nondecreasing on [a, b } and is continuous at a point 
c £ [a, b] if and only if the generating function v is continuous at that point. If v is Lipschitzian with the 
constant L > 0, i.e., 

|i>(f) — u(s)| < L\t — s| for any t, s £ [a, b], 

then V is also Lipschitzian with the same constant. 

The following lemma is of interest in itself as well, see also [10]. 

Lemma 2.1. Let f,u : [a, b] — > C. If f is continuous on [a, b] and u is of bounded variation on [a, 6], 
then 


f{t)du{t) < \f(t)\d(y(u^ < m^\f(t)\\/(u). 


We have the following result: 

Theorem 2.1. Let f : [a, b\ — > C be a function of bounded variation on [a,b] and x £ [a, b\. Then for 
any \{x) complex number, we have the inequalities 


f(t)dt- 


(x-a)f(a) + (b-x)f(b) 


— X(x) ( X — 


J (\J (f - dt + J (\J(f - \(x)e)^Jdt 


<-— (x - a) \J(f - \(x)£) + (b - x) \J{f - \{x)£) 


1 \x - 


a+b |"| b 


~ + — 

2 b — a 


\J(f~\(x)£) 


1 0 1 X 0 

a \/ (/ Kx)£) + a \/U - Kx)£) ~\J{f- Kx)£) 


where \J ( g ) denotes the total variation of g on the interval [c, d\ and £ : [a, b] — > [a, b] is the identity 

C 

function. 

Proof. We shall start with the identity obtained in [6] 

(2.3) f f(t)dt-[(x-a)f(a) + (b-x)f{b)]= f (x-t)df(t), 

J a J a 

in which the integrals in the right hand side are taken in the Riemann-Stieltjes sense. If we replace f(t ) 
with f(t) — A (x)t in (2.3), then we can get the following equation: 

( 2 - 4 ) J f(t)dt- [(x-a)f{a) + {b-x)f(b)]-X(x){b-a) (x - =J (x - t)d[f{t) - \(x)t] . 

Taking the modulus in (2.4) and using the property (2.1), we have 


f(t)dt - 


[(x-a)f{a) + (b-x)f(b)} 


— X(x) x — 


{x - t)d lf(t) - A (x)t] 


^ a j \x ~ t|d (\J{f - \{x)£) j 
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t \ r b 


/(*- *) d f \/(/ “ M^K) j + J (t-x)d A(x)t) 


Integrating by parts in the Riemann-Stieltjes integral we have 

(2.6) J {x-t)d(\/{f - \(x)e)^J = {x - \(x)£) + A(x)£)J dt 

=J A ( x K)j dt 


and 


(2.7) J (t - x)d (\J (f - A(x)£)\ = (t - x)\f (f - A{x)£) - (\J {f - A{x)£)\ dt 

\ a / a t—X \ a / 

={b A(x)£) - J ^\/ (f ~ A ( a; )^) j dt 

= j (Vif-A^dt. 

Using (2.5)-(2.7), we deduce the first inequality in (2.2). 

Since 

t X 

V(/- K x )£) <\J(f- A{x)£) for t G [a, x] 


and 


then 


and 


\/(f - A(x)£) <\J{f - A{x)£) for t€[x,b], 

t X 

J (y(f-H x )£^J dt < (x~a)\/{f- A{x)£) 


j X (x)£) ) dt < {b - x) \/(/ - A(x)£), 


which prove the second inequality in (2.2). 
With the max properties we have 


<< 


(x-a)\/{f- A(x)£) + {b-x)\J (/ - A(x)£) 

a x 

b 

max {x — a,b — x}\J (f — A(x)£) 

a 

max j \/ (/ - A(x)£), \/(/ - A(x)£) | (b - a) 

\ a x ) 

■ 7 n b 

a + b 


<< 


2 (b-a) + 


A(x)£) + l 


\/(f-A(x)£ ) 

a 

b 

\J(f-A(x)£)-\J(f-A(x)£) 


( b-a ), 


which completes the proof. 


□ 
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The following trapezoid type inequality holds: 

Corollary 2.1. Let f : [a, b] — > C be a function of bounded variation on [a, 6]. Then for any X € C, we 
have the inequalities 

/ 4 \ rb / b \ 


(2.8) 


1 


b-> 




< 


1 


b — a 

b 


\j(f-xe)\dt+ \/(/-Af) dt 




which is equivalent to 


(2.9) 


1 


b — a , 




<- 


— inf 

b — a Aec 
b 


, a + b / t 


\/(f-Xl))dt + / ^ (V(/-^)] di 


<- inf 
2 AeC 




3. Inequalities for Lipschitzian functions 
We can state the following result: 

Theorem 3.1. Let f : [a, b\ — »• C be a function of bounded variation on [a, b] and x € ( a,b ). If X(x) is 
a complex number and there exists the positive number L(x) such that f — X{x)t is Lipschitzian with the 
constant L{x) on the interval [a,b], then 


(3.1) 


1 


< 


b — a 

L (x) 

b — a 


f f(t)At- 

J a 


(x - a)f(g) + (b - x)f(b) 
b — a 


(6 — a) 2 
4 


— X(x) ( x — 


a + b 


Proof. It’s known that, if g : [c, d] — > C is Riemann integrable and u : [c, d] — > C is Lipschitzian with the 
constant L > 0, then the Riemann-Stieltjes integral / g(t)du(t) exists and 


(3.2) 


g(t)du(t) 


< L j \g(t)\dt. 
J C 


Taking the modulus in (2.4) and using the property (3.2) we have 

rb (x-a)f(a) + (b-x)f(b) 


(3.3) 


b — 
1 

b — a 

L (x) 

b — a 

= L (x) 
b — a 

which proves the result. 


b — a 


<- 


< 


— f f(t)dt- 

- a J a 

[ (x- t ) d lf(t) - X{x)t] 

J a 

f (x — t)dt + f (t — x)dt 
J a J x 


— \{x) I X — 


a + b 


x — 


a + b 


(b -a) 2 


□ 


Corollary 3.1. Let f : [a, b] — » C be a function of bounded variation on [a, b]. If X is a complex number 
and there exists the positive number L such that f — XI is Lipschitzian with the constant L on the interval 
[a, b], then 


(3.4) 


1 


b-< 


f(t)dt - 


/(«) + m 


< ^ L{b-a ). 
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4. Inequalities for Monotonic functions 

Now, the case of monotonic integrators is as follows: 

Theorem 4.1. Let f : [a, b] — ► C be a function of bounded variation on [a, b] and x € ( a,b ). If X(x) is a 
real number such that f — A (x)£ is monotonic nondecreasing on the interval [a, b], then 

rb 


(4.1) 


1 


<- 


b — a 

1 


f{t)dt - 


(x-a)f(a) + (b-x)f{b) 
b — a 


— A(x) I x — 


a + b 




(6 - x)f(b) -(x- a)f(a) - ^A(x)[(b - x) 2 + {x - a) 2 ] - J sgn(t - x)f(t)dt 


1 


<^7 - K® - a)[f(x) - /(a) - X(x)(x - a)] + (6 - x)[f(b) - f{x) - \{x)(b - x)]} 

Proof. It’s known that, if g : [c, d] — > C is continuous and u : [c, d] — > C is monotonic nondecreasing, then 
the Riemann-Stieltjes integral / g(t)du(t) exists and 


(4.2) 


g(t)du(t) 


< 


\g(t)\du(t). 


Taking the modulus in (2.4) and using the property (4.2) we have 


(4.3) 


<- 


b — a , 


1 


f(t)dt - 


[(x-a)f(a) + {b-x)f(b)} 


b — a 


— X(x) ( x — 


a + b 


<- 


' b — a 
1 


(x - t)d [f(t) - X (x)t\ 


: f (x-t)d[f(t) - X(x)t]+ f (t- x)d[f(t) - X(x)t] 

0 ® J a J x 

Integrating by parts in the Riemann-Stieltjes integral we have 

[ (x- t)d[f{t) - X(x)t] 


=(x - t)[f(t) - X(x)t] 


[ f(t ) - X(x)t]dt 


t=a J cl 


2 2 
x z — a z 


= -(x-a)[f(a)-X(x)a]+ j f(t)dt-X(x) 

J a 

= — (x — a)f(a) + A (x)a(x — a) + j f{t)dt — A(x) 

J a 

= - (x - o)/(o) - \x{x){x -a) 2 + J f(t)dt 


2 2 
x z — a z 


and 


(t - x)d[f(t) - A (x)t\ 


=(t ~ x)[f(t) - X{x)t] 


- [ ifi.*) - X(x)t]dt 

J X 


t=x J X 
b 


=(6 ^ ar)[/(6) — A(a:)6] — f f(t)dt + X(x) 

J X 

={b ^ x)f{b ) - ^A (x)(b - x ) 2 - J f(t)dt. 

If we add these equalities, we get 

[ {x- t)d[f{t) - X(x)t] + ( (t- x)d[f(t) - X (x)t\ 

J a J x 


b 2 — X 2 
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={b - x)f(b) -{x- a)f(a) - ^A {x)[(b - x ) 2 + (x - a) 2 ] - J sgn(t - x)f(t)dt 

and by (4.3) we get the first inequality in (4.1). 

Now, since / — A(x)£ is monotonic nondecreasing on the interval [a, b ], then 

[ {x - t)d[f(t) - \{x)t] 

J a 

<(x — a)lf(x) — A(x)x — f(a) + A(x)a] 

=(x - a)lf(x) - /(a) - X(x)(x - a)] 

and 


(t~ x)d[f{t) - X(x)t] 

J X 

<{b - x)[f(b) - A (x)b - f(x) + A(x)ar] 
={b - x)[f(b) - f(x) - A (x)(b - x)], 


which completes the proof. 


□ 


Corollary 4.1. Let f : [a, b] — >• C be a function of bounded variation on [a, b] . If X is a real number such 
that f — X£ is monotonic nondecreasing on the interval [a, b\, then 


(4.4) 


b — a , 




< 2 “ /( a ) - A(6- a)]. 


5. Conclusions 

Some explicit error bounds for known or new quadrature formulae are given recently through various 
generalizations of some kinds of integral inequalities. In this paper, by using the ideas of Dragomir in 
[9] , we establish some perturbed versions of the generalized trapezoid inequality for functions of bounded 
variation in terms of the cumulative variation function. These results can be regarded as further gener- 
alizations of [6], in which the generalized trapezoidal inequality for functions of bounded variation are 
established. 
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A COMPANION OF OSTROWSKI LIKE INEQUALITY AND APPLICATIONS TO 

COMPOSITE QUADRATURE RULES 


WENJUN LIU AND JAEKEUN PARK 


Abstract. A companion of Ostrowski like inequality for mappings whose second derivatives belong to 
L°° spaces is established. Applications to composite quadrature rules are also given. 


1. Introduction 


In 1938, Ostrowski established the following interesting integral inequality (see [24]) for differentiable 
mappings with bounded derivatives: 

Theorem 1.1. Let f : [o, b\ — > R. be a differentiable mapping on ( a,b ) whose derivative is bounded on 
( a,b ) and denote H/^loo = sup | < oo. Then for all x £ [a, 6] we have 

t£(a,b) 


(l.i) 


/(+) - 


1 


b-> 


f(t)dt 


< 


(. X - ^±&) 2 

(b — a) 2 


(6-cz)||/ / ||oo- 


The constant \ is sharp in the sense that it can not be replaced by a smaller one. 

This inequality has attracted considerable interest over the years, and many authors proved general- 
izations, modifications and applications of it. For example, the early work of Milovanovic and Pecaric 
[21, 23] extended this inequality for differentiable mappings with bounded derivatives, to functions / that 
are n times differentiable with |/(™)| < M and gave an application to quadrature. In [8], motivated by 
[12], Dragomir proved some companions of Ostrowski’s inequality, as follows: 


Theorem 1.2. Let f 

inequalities 


[a, 6] — > R. be an absolutely continuous function on [a, b] . Then the following 
f(x) + f(a + b-x) 


1 


(1.2) 


1 + 2 


b — a 
(b-a)\\f\\ 


f(t)dt 


<< 


2 1 / 

(q+ 1)U« 


(^y 

(f5fr + (*?) 




9+1' 


1 !/<? 


(b — a) 1 / 9 ||/ / || P , 


X — 

b- 


p>l '\ + \ = l and P € 

3 a+b n 

ll/'lli, f&L'[a,b] 


hold for all x £ [a, ^#]. 


Recently, Alomari [1] introduced a companion of Dragomir’s generalization of Ostrowsk’s inequality 
for absolutely continuous mappings whose first derivatives are belong to L°°([a,b]). 

Theorem 1.3. Let f : [a, b] — > R. be an absolutely continuous mappings on ( a,b ) whose derivative is 
bounded on [a, b}. Then the inequality 


^ ^ f(x) + /(a + b-x) + x f{a) + f(b) 


b — a 


f(t)dt 


2010 Mathematics Subject Classification. 26D15, 41A55, 41A80. 

Key words and phrases. Ostrowski like inequality; twice differentiable mapping; L°° spaces; composite quadrature rule. 
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(1.3) 


< 


(2A 2 + (1 — A) 2 ) + 2- 


(3—\)a+(l+\)b\ 


[b~af 


(b-a)\\f'\\ c 


holds for all A £ [0, 1] and x £ [a + 

In (1.3), choose A = i, one can get 


f(x) + f(a + b-x) /(a) + f(b) 


b-> 




(1.4) 


< 


3 (a;-5A±3b)2 

32 ^ (6 - a) 2 


(6-a)ll/ , ||oc. 


And if choose x = then one has 


(1.5) 


/ 


a + b\ f(a) + f(b) 


+ 


6 -. 




ll/'lloo- 


It’s shown in [1] that the constant | is the best possible. 

In related work, Dragomir and Sofo [10] developed the following Ostrowski like integral inequality for 
twice differentiable mapping. 

Theorem 1.4. Let f : [a, b] — > R. be a mapping whose first derivative is absolutely continuous on [a, b] 
and assume that the second derivative f” £ L°°([a, b]). Then we have the inequality 

rb 


/(a) 


/(«) + f(b) 


(1.6) < 

for all x £ [a, b] . 


1 


1 \x — 


2 

a-\-b 1 3 


l 

- 2 ,x - 


/'(*) - 


1 


b-< 


f{t)dt 


48 3 (b — a) 3 


(6- a) 2 ||/"|| c 


In (1.6), the authors pointed out that the midpoint x = gives the best estimator, i.e. 


(1.7) 


/ 


/(a) + f(b) 


b — a , 


f(t)dt 


<^(b-a) 2 \\f"\U 


In fact, we can choose f(t) = (t — a) 2 in (1.7) to prove that the constant A in inequality (1.7) is sharp. 

For other related results, the reader may be refer to [2, 3, 4, 5, 7, 9, 11, 13, 14, 15, 16, 17, 18, 19, 
20, 22, 25, 26, 27, 28, 29, 30] and the references therein. Motivated by previous works [1, 6, 8, 10], 
we investigate in this paper a companion of the above mentioned Ostrowski like integral inequality for 
twice differentiable mappings. Our result gives a smaller estimator than (1.7) (see (2.9) below). Some 
applications to composite quadrature rules are also given. 

2. A COMPANION OF OSTROWSKI LIKE INEQUALITY 

The following companion of Ostrowski like inequality holds: 

Theorem 2.1. Let f : [a, b] — > R be a mapping whose first derivative is absolutely continuous on [a, b] 
and assume that the second derivative f" £ L°°([a, b]). Then we have the inequality 


f{x) +f(a + b- x) /(a) + f(b) 


2 ' X ^ 


2 2 
a + b\ f(x) — f{a + b — x) 


1 


(2.1) 


< 


1 (H 5 ~-x)(x-a) 2 l(^-a’) 3 


(6 -a) 3 


3 (6 — a) 3 


b — a 

(b-a) 2 \\r\\ 


f(t)dt 


for all x £ [a, - ^]. The first constant | in the right hand side of (2.1) is sharp in the sense that it can 
not be replaced by a smaller one provided that x and x ^ a. 


20 


WENJUN LIU et al 19-24 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


A COMPANION OF OSTROWSKI LIKE INEQUALITY 


Proof. Define the kernel K ( t ) : [a, 6] — > R. by 

! t — a, t £ [a, x], 

t — , t £ (x, a + b — x] , 

t — b, t £ (a + b — x,b\, 

for all x £ [a, g ^]. Integrating by parts, we obtain (see [8]) 


(2-3) 


b — 


K(t)g'(t)dt = 


g(x) + g(a + b-x) 1 


b-< 


g(t)dt. 


Now choose in (2.3), g(x) = (x — q i^)f(x), to get 


b — a 


f a m [m + (i-^)/"(i) 


dt 


(2.4) 


= T \X - 


a + b 


Integrating by parts, we have 

( 2 - 5 ) 

b — a 

Also upon using (2.3), we get 


)[/'(*) -7(“ + l '-*>]-ub/ ( f 

/<«) + m i 


a + b 


f'(t)dt. 


t- 


a + b 


f'(t)dt = 


b — a . 


f(t)dt. 


1 


b — 


K(t) 


f'(t) + ( t — 


a + b 


/"(*) 


dt 


h L + bh,L K{t) (‘ - Tr) >' 


(2.6) 


b — 


_f(x)+ f(a + b- x) 1 


(■ t)dt 


b — a 


J + b~7i / (* “ “T”) 


It follows from (2.4)-(2.6) that 


r b l 

- / f(t)dt — - 
a J a 2 


(■ t)dt 

f(x) + f(a + b-x) , /(a) + /(6) 


(2.7) 


+ - hr — 


a + 6\ f'{x) — f'(a + b — x) 


Now using (2.7) we obtain 

1 
2 


/0*0 + f(a + b - x) f(a) + f(b) 


-- \x - 


2 2 
a + 6\ f(x) — f(a + b — x) 


b — a , 


f(t)dt 


(2.8) 


< 


ii r 


'2(6- a) 7a 


\K(t)\ 


t — 


a + b 


dt. 


Since x £ [a, g ^], we have 


I:= f b \K(t)\ 

J a 

= f X (t — a ) 

-!>-< 


a + b 


2 

a + b 


t — 


a + b 


dt 

dt + 


r a +h-x t a + b 


na+b—x 


— t)dt + 


t — 


) dt+ f ( b-t ) 

/ J a+b—x 


dt 


(a + 36 — 4x)(x — a) 2 2 f a + b 


12 


+ 3 


- x) + 


(a + 36 — 4x)(x — a) 2 
12 
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(i + 3 1 2 


W. J. LIU AND J. K. PARK 
3 


5 


and referring to (2.8), we obtain the result (2.1). 

The sharpness of the constant | can be proved in a special case for x = (see the line behind 
(1.7)). □ 

Remark 1. If we take x = in (2.1), we recapture the sharp inequality (1.7). If we take x = a in 
(2.1), we obtain the perturbed trapezoid type inequality 

I f(a) + f{b) b — a , 


[fib) - f'(a)\ - 7 -!— [ f(t)dt 
O O' J a 


24 


which has a smaller estimator than the sharp trapezoid inequality 

\f(a) + m 1 '■* 


6-, 


f(t)dt 


< ^ii r 


stated in [11, Proposition 2.7]. 
Remark 2. Consider 


F(x) = 


o -|- 3 b \ , . o ( a -\- b 

— A X ](x - a) 2 + 


— x 


for x £ [a, It’s easy to know that F(x) obtains its minimal value at x = Therefore, in (2.1), 

the point x = gi ves le estimator, i.e., 


/(3^) + /( a±36) /(o) + /(6) 


+ 




b — a , 


f(t)dt 


(2.9) <-(6-«) 2 ||/"| 

the right hand side of which is smaller than that of (1.7). 


3. Application to Composite Quadrature Rules 

In [10], the authors utilized inequality (1.6) to give estimates of composite quadrature rules which was 
pointed out have a markedly smaller error than that which may be obtained by the classical results. In 
this section, we apply our previous inequality (2.1) to give us estimates of new composite quadrature 
rules which have a further smaller error. 

Theorem 3.1. Let I n : a = Xo < x\ <■■■ < x n -\ < x n = b be a partition of the interval [a,b], 
hi = Xi + 1 — Xi, v{h) := maxjftj : i = 1, - • n}, & G [a Ti+Ti±i] ; anc [ 

1 n— 1 

S(f,In,€) = J lf(Xi) + /(&) + f{Xi + x i+1 - ii) + f(x i+ 1 )] hi 


i = 0 


n—1 


A^2 h M & 


2=0 


x i + x i+l 


) [/'(&) - /'(*» + ®*+i - &)] 


then 


fh f(x)dx = S(f, I n , t) + R(f, In, 0 

J a 

and the remainder R{f, I n , tf) satisfies the estimate 


(3.1) \R(f,I n ,^)\ < - 1|/" ||c 


E f Xi + 3 a;j + i \ , e >2 / Xi + t 

7 & (*i - &) + 2^ ( — 3 6 


2=0 


2=0 
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Proof. Inequality (2.1) can be written as 

J f(t)dt - | [/(a) + f(x) + f{a + b-x) + f(b )] (6 - a) 

[f'(x) - f(a + b-x)] 


b — a 


a + 6 N 


(3.2) 


1 

< 

— 3 


a + 3b 


— x (x — a) 2 + 


a + b 


— x 


ii r 


Applying (3.2) on £, ; £ [ x t , Xi+ ^ i+1 \, we have 


•^i+1 | 

/(t)dt - - [ f(xi ) + /(&) + f(xi + x i+1 - Ci) + f(xi+ 1 )] hi 


i c J"~ 

~ 4 2 


1 

<- 

“3 


Xi T 3Xi+i 


[/'(&) - f(xi+ x i+1 - ^)i 

*^2 + ^-i+1 


— £2 ) ( x i ~ £ 2 ) + 


-6 


nr 


Now summing over i from 0 to n — 1 and utilizing the triangle inequality, we have 


f{t)dt-s(f,i n , 0 


n— 1 




£/ f(t)dt [/(*») + /(&) + f(xi + Xi+i - &) + f(x i+ 1 )] In 


n — 1 


i=0 ^ 

n— 1 


2=0 


hi ( & _ 2 ' + 9 ' 7 i+1 ) [/'(&) - f'(Xi + x i+1 - &)] 


< d |/" IU £ 


and therefore (3.1) holds. 


i = o 


Corollary 3.1. If we choose ^ then we have 


Xi + 3x^ + i 


— £2 ) ( x i ~ €i) 2 + 


Xi + 


-6 


□ 


S (f,i n )= A i : 


2=0 


f(Xi) + f 


3xj T nq-f-i 


+ / 


a;* + 3a; i+ i \ 

4 J 


+ f{Xi 


+ 1 ; 


1 n— 1 

-1 V 

16 ^ 


i=0 


r 


, ( 3 Xi + x i+ i \ _ j., f Xi + 3x i+ i 


and 

(3.3) 


n— 1 


|i?(/,/n)|< gj ll/loo £>?• 


i=0 


Remark 3. It is obvious that inequality (3.3) is better than [10, inequality (3.1)] due to a smaller error. 
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Abstract 

Recently, Cao, Du and Niu [Shift-splitting preconditioners for saddle point problems, 
Journal of Computational and Applied Mathematics, 272 (2014) 239-250] introduced a shift- 
splitting preconditioner for saddle point problems. In this paper, we establish a modified 
shift-splitting preconditioner for solving the large sparse augmented systems of linear equa- 
tions. Furthermore, the preconditioner is based on a modified shift-splitting of the saddle 
point matrix, resulting in an unconditional convergent fixed-point iteration, which is a gen- 
eralization of shift-splitting preconditioners. Finally, numerical examples show the spectrum 
of the new preconditioned matrix for the different parameters. 

Key words: Saddle point problem; Shift-splitting; Krylov subspace methods; Convergence; Pre- 
conditioner. 
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1 Introduction 


For solving the large sparse augmented systems of linear equations 


Au 
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where A e M nxn is a symmetric and positive definite matrix and B e M mxn j s a matrix of 
full row rank and m < n,x,f € M. n ,y,g e M m . It appears in many different applications 
of scientific computing, such as constrained optimization [32], the finite element method for 
solving the Navier-Stokes equation [24, 25, 26], and constrained least squares problems and 
generalized least squares problems [1, 29, 35, 36]. There have been several recent papers 
[2-24,25-29,30,31,33,37-40] for solving the augmented system (1). Santos et al. [29] studied 
preconditioned iterative methods for solving the singular augmented system with A = I . 
Yuan et ah [35, 36] proposed several variants of SOR method and preconditioned conjugate 
gradient methods for solving general augmented system (1) arising from generalized least 
squares problems where A can be symmetric and positive semidefinite and B can be rank 
deficient. The SOR-like method requires less arithmetic work per iteration step than oth- 
er methods but it requires choosing an optimal iteration parameter in order to achieve a 
comparable rate of convergence. Golub et ah [27] presented SOR-like algorithms for solving 
system (1). Darvishi et ah [23] studied SSOR method for solving the augmented systems. 
Bai et ah [2, 3, 22, 40] presented GSOR method, parameterized Uzawa (PU) and the inexact 
parameterized Uzawa (PIU) methods for solving systems (1). Zhang and Lu [37] showed the 
generalized symmetric SOR method for augmented systems. Peng and Li [28] studied unsym- 
metric block overrelaxation-type methods for saddle point. Bai and Golub [4, 5, 6, 7, 11, 31] 
presented splitting iteration methods such as Hermitian and skew-Hermitian splitting (HSS) 
iteration scheme and its preconditioned variants, Krylov subspace methods such as precon- 
ditioned conjugate gradient (PCG), preconditioned MINRES (PMINRES) and restrictively 
preconditioned conjugate gradient (RPCG) iteration schemes, and preconditioning tech- 
niques related to Krylov subspace methods such as HSS, block-diagonal, block-triangular 
and constraint preconditioners and so on. Bai and Wang’s 2009 LAA paper [31] and Chen 
and Jiang’s 2008 AMC paper [22] studied some general approaches about the relaxed s- 
plitting iteration methods. Wu, Huang and Zhao [33] presented modified SSOR (MSSOR) 
method for augmented systems. Recently, Cao, Du and Niu [19] introduced a shift-splitting 
preconditioner and a local shift-splitting preconditioner for saddle point problems (1). More- 
over, the authors studied some properties of the local shift-splitting preconditioned matrix 
and numerical experiments of a model Stokes problem are presented to show the effectiveness 
of the proposed preconditioners. 

For large, sparse or structure matrices, iterative methods are an attractive option. In 
particular, Krylov subspace methods apply techniques that involve orthogonal projections 
onto subspaces of the form 

JC(A,b) = span { 6 , Ab, A 2 b, ...,A n ~ 1 b , ...}. 

The conjugate gradient method (CG), minimum residual method (MINRES) and gen- 
eralized minimal residual method (GMRES) are common Krylov subspace methods. The 
CG method is used for symmetric, positive definite matrices, MINRES for symmetric and 
possibly indefinite matrices and GMRES for unsymmetric matrices [30]. 

In this paper, based on shift-splitting preconditioners presented by Cao, Du and Niu 
[19], we establish a modified shift-splitting preconditioner for saddle point problems. Fur- 
thermore, the preconditioner is based on a modified shift-splitting of the saddle point matrix, 
resulting in an unconditional convergent fixed-point iteration, which is a generalization of 
shift-splitting preconditioners. Finally, numerical examples show the effectiveness of the 
proposed preconditioners. However, the relaxed parameters of the modified shift-splitting 
methods are not optimal and only lie in the convergence region of the method. 
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2 Modified shift-splitting preconditioner 

Recently, for the coefficient matrix of the augmented system (1), Cao, Du and Nin [19] 
presented a shift-splitting precnditioner 

Vss = + A), 

where a is a positive constant and / is an identity matrix. This shift-splitting precoditioner 
Vss is constructed by the shift-splitting of the matrix A 

A = Vss - Qss = + A)-^(aI- A), 

which naturally leads to the shift-splitting scheme 

u k+1 = ( al + A)-\aI - A)u k + 2 (a I + A)~ l b , k = 0, 1, 2, ... 


Based on shift-splitting preconditioners presented by Cao, Du and Nin [19], we establish 
a modified shift-splitting preconditione, which is as follows 


A = \ {a + A)-\{a-A) 


1 (ah + A B t \ 

2 V ~B Ph) 


1 (ah - A -B t \ 

2 V B Ph)' 


( 2 ) 


where a > 0,P > 0 is a constant, D = 


and h £ 


\h G M mxm are the 


'ah 0 
0 b. 2/ 

identity matrix. By this special splitting, the following shift-splitting iteration method can 
be defined for the saddle point problems (1). 


The modified shift-splitting iteration method(MSS): Given an initial vector u°, for 
k = 0,1, 2, ..., until {u k } converges, compute 


1 (ah + A B t 
-B pl 2 


k+l _l_(ah~A - B t 
" ' B pl 2 


u k + 


( 3 ) 


where «>0,/3>0isa constant and h £ 


\he 


are the identity matrix. 


Remark 2.1. When the relaxed parameters a = P, the modified shift-splitting itera- 
tion method (MSS) reduces to the shift-splitting iteration method (SS); When the relaxed 
parameters a = 0, the modified shift-splitting iteration method (MSS) reduces to the local 
shift-splitting iteration method (LSS). So, MSS iteration method is the generalization of SS 
iteration method and LSS iteration method. Furthermore, when doing numerical examples, 
we may choose appropriate parameters to improve the convergence speed. 

Obviously, the modified shift-splitting iteration method can naturally induce a split- 
ting preconditioner for the Krylov subspace method. The splitting preconditioner based on 
iterative scheme (3) is as follows 

1, 0 „ 1 (ah A A B t \ 

v MSS = - 2 (a + A) = h -B Ph)- (4) 
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On iterative scheme (3), at each step of applying the modified shift-splitting preconditioner 
Vmss within a Krylov subspace method, we need to solve a linear system with Vmss as the 
coefficient matrix, which is as follows: 


1 / ah + A 

2 V ~B 



z — r 


for a given vector r at each step. Moreover, the preconditioner Vmss can do the following 
matrix factorization 


Let r 


Vmss — ^ 
[rf , rj] and z = 


(h ~pB T \ (ah + A + \B t B 0 \(h 0 A 

0 W V 0 Ph) \-^B I 2 )- 

[zf, zj], where r i, z\ G M n and r 2 , z 2 G M m . So we can obtain 


(5) 



( h 0\ (ah + A + \B t B 0\ 1 (h 
\ts D h) V 0 (3I 2 ) VO 



( 6 ) 


Hence, the algorithmic on the modified shift-splitting iteration method (MSS) is as follows: 


Algorithm 2.1: For a given vector r = [rf,rj], we can compute the vector z = [zf, zj] by 
(6) from the following steps: 

(a) h = r i - jB T r 2 ] 

(b) solve (ah + A + (B t B)z\ = 2 H; 

(c) z 2 = \(Bzi + 2 r 2 ). 


Remark 2.2. From Algorithm 2.1 in this paper and Algorithm 2.1 in [19], we can see that 
steps (a) ~ (c) are different because of using different parameter f3. In the second step of Al- 
gorithm 2.1, we need to solve sub-linear system with the coefficient matrix ah + A+ ^B T B. 
Since the matrix ah + A + ( B T B is symmetric positive definite, we may employ the CG or 
preconditioned CG method to solve step (b) in Algorithm 2.1. 


3 Convergence of MSS method 

Now, we will analyze the unconditional convergence property of the corresponding iterative 
method for saddle point problems. At first, similar to the proving process in [19], we can 
obtain the following Lemmas. 


Lemma 3.1. Let A be a symmetric positive definite matrix, and B have full row rank. 
If A is an eigenvalue of Tmss, then A h ±1, where Tmss V the iteration matrix of the 
modified shift- splitting iteration, which is as follows 


(ah + A B t \ 1 (ah - A 
V -B i3I 2 ) V B 



(7) 


Lemma 3.2. Assume that A is symmetric positive definite, B has full row rank. Let A be 
an eigenvalue of Vmss an d [x * , y*] be the corresponding eigenvector with x G C n and y G C m . 
Moreover, if y = 0, then |A| < 1. 
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Lemma 3.3. [34] Consider the quadratic equation x 2 — bx + c = 0, where b and c are 
real numbers. Both roots of the equation are less than one in modulus if and only if |c| < 1 
and |6| < 1 + c. 

Theorem 3.4. Let A e M. nxn be a symmetric and positive definite matrix, B e M mxm 
have full row rank and let a > 0,(3 > 0 be constant numbers. Let p(Tmss ) be the spectral 
radius of the modified shift- splitting iteration matrix. Then it holds that 

p(Tmss ) < 1, Va > 0,(3 > 0, 

i.e., the modified shift- splitting iteration converges to the unique solution of the saddle point 
problems (1). 


Proof. Let A be an eigenvalue of p(Tmss) and 
Then we have 


x 


be the corresponding eigenvector. 


all - A -B 1 


x 


B (3I 2 J \y 

Expanding out (8) we obtain 


= A 


all + A B T \ f x 
-B (3lJ \yj ’ 


(A - l)£r + (A + 1 )Ax + (A + 1 )B T y = 0, 

(A + 1 (Bx + (1 — A )/3y. 

By Lemma 3.1, we know that A y 1. So, we may get from the first equation of (9) that 

A + 1 


( 8 ) 


(9) 


y = 


Bx. 


P(X-l) 

Substituting (10) into the first equation of (9) yields 


( 10 ) 


a(X — l)x + (A + l)Ax + 


(A + l ) 2 

P(X-l) 


B T Bx = 0. 


( 11 ) 


By Lemma 3.2, we know that x ^ 0. Multiplying -f— on both sides of the equation (11), we 
have 

x* Ax , , _, 0 x*B T Bx 


a/3{X - l) 2 + /3{X 2 - 1)- 


X"X 


+ (A + 1)" 


= 0. 


x"x 


( 12 ) 


Let 


x*Ax , x*B T Bx 
a = — — > 0 , 6 = : > 0 . 


X*x x*X 

Then, from (12) we know that A satisfies the following real quadratic equation 


i2 2b — 2a/3 
A 2 + 


■A + 


a/3 — (3a + b 
a(3 T (3a T b a(3 T (3a T b 

By Lemma 3.3, |A| < 1 if and only if 

I a(3 — (3a + b I 


(13) 


a(3 T (3a T b 
5 


< 1 


(14) 
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and 


2b — 2a/3 a/3 — /3a + b 

a/3 + /3a + b a/3 + j3a + b 


( 15 ) 


Obviously, the equations (14) and (15) hold for any a > 0,(3 > 0. Hence, we have 


p(Tmss ) < 1, Vex > 0,(3 > 0. 


Remark 3.1. Obviously, from Theorem 3.4, we know that the modified shift-splitting iter- 
ation method is converent unconditionally. 


Remark 3.2. In actual operation, when using the Krylov subspace method like GMRES 
or CG method, we may choose Vmss as the preconditioner to accelerate the convergence. 
Actually, the left-preconditioned linear system based on the preconditioner Vmss is as follows 

(I ~ Tmss)u = V ]} ss Au = V]J ss b. 


4 Numerical examples 

In this section, to further assess the effectiveness of the modified shift-splitting preconditioned 
matrix V^ SS A combined with Krylov subspace methods, we present a sample of numerical 
examples which are based on a two-dimensional time-harmonic Maxwell equations in mixed 
form in a square domain (—1 < x < 1, —1 < y < 1). For the simplicity, we take the generic 
source: / = 1 and a finite element subdivision such as Figure 1 based on uniform grids of 
triangle elements. Three mesh sizes are considered: h = qf , qf • The solutions of the 
preconditioned systems in each iteration are computed exactly. Information on the sparsity 
of relevant matrices on the different meshes is given in Table 1, where nz(A) denote the 
nonzero elements of matrix A. 



Figure 1: A uniform mesh with h = ^ 

Since the modified shift-splitting preconditioners have two parameters, in numerical 
experiments we will test different values. Numerical experiments show the spectrum of the 
new preconditioned matrix V^ SS A for the different parameters. 

In Figures 2, 3 and 4 we display the eigenvalues of the preconditioned matrix V^ SS A in 
the case of h — ^ for different parameters. In Figures 5, 6 and 7 we display the eigenvalues 
of the preconditioned matrix V^ SS A in the case of h — y| for different parameters. In 
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Figure 2: The eigenvalue distribution for the modified shift-splitting preconditioned matrix VjJ^ ss A 
when a = 0.01 , /5 = l(the first), a = 0.01, /5 = 0.1(the second) and a = 0.01, /3 = 0.01(the third), 
respectively. Here, h = 



Figure 3: The eigenvalue distribution for the modified shift-splitting preconditioned matrix V^ssA 
when a = 0.1 ,(3 = l(the first), a = 0.1, /3 = 0.1(the second) and a = 0.1, f3 = 0.01(the third), 
respectively. Here, h = ^2. 



Figure 4: The eigenvalue distribution for the modified shift-splitting preconditioned matrix V^ SS A 
when a = 1, j3 = l(the first), a = 1, /3 = 0.1(the second) and a = l,/3 = 0.01(the third), respec- 
tively. Here, h = . 
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Figure 5: The eigenvalue distribution for the modified shift-splitting preconditioned matrix VjJ^ ss A 
when a = 0.01 , /5 = l(the first), a = 0.01, /5 = 0.1(the second) and a = 0.01, /3 = 0.01(the third), 
respectively. Here, h = 



Figure 6: The eigenvalue distribution for the modified shift-splitting preconditioned matrix V^ssA 
when a = 0.1, (3 = l(the first), a = 0.1, /3 = 0.1(the second) and a = 0.1 ,/3 = 0.01(the third), 
respectively. Here, h = 



Figure 7: The eigenvalue distribution for the modified shift-splitting preconditioned matrix V^ SS A 
when a = l,/3 = l(the first), a = 1,(3 = 0.1(the second) and a = l,/3 = 0.01(the third), respec- 
tively. Here, h = Ytv 
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Figure 8: The eigenvalue distribution for the modified shift-splitting preconditioned matrix V^ss^ 
when a = 0.01, /? = l(the first), a = 0.01,/? = 0.1(the second) and a = 0.01, /? = 0.01(the third), 
respectively. Here, h = Y? . 



Figure 9: The eigenvalue distribution for the modified shift-splitting preconditioned matrix "P^ss-A 
when a = 0.1,/? = l(the first), a = 0.1,/? = 0.1(the second) and a = 0.1,/? = 0.01(the third), 
respectively. Here, h = 



Figure 10: The eigenvalue distribution for the modified shift-splitting preconditioned matrix 

'Pmss-A when a = 1 ,/? = l(the first), a = 1,/? = 0.1(the second) and a = 1,/? = 0.01(the 
third), respectively. Here, h = 
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Table 1: datasheet for different grids 


Grid 

m 

n 

nz (A) 

nz(R) 

nz(W) 

order of A 

8x8 

176 

49 

820 

462 

217 

225 

16 x 16 

736 

225 

3556 

2190 

1065 

961 

32 x 32 

3008 

961 

14788 

9486 

4681 

3969 

64 x 64 

12160 

3969 

60292 

39438 

19593 

16129 


Table 2: Iteration counts and relative residual about the modified shift-splitting precondi- 
tioned matrix V^l ss A when choosing different parameters, where the number of iterations 
and relative residual of unpreconditioned BICGSTAB and GMRES are — and — , 171(1) and 


7.4545 x 10 7 , respectively, ffere, h — ^ denotes the size of the corresponding grid. 


a 

p 

It-BICGSTAB(V~,\ < ,A) 

™ es BICGSTAB(V~,\<.A) 

^ t GMRES(Vl^ v A) 

^- es GMRES{V~ 1 \ c; A) 

0.01 

1 

6 

7.6716 x 10 -Y 

10 ( 1 ) 

7.4779 x 1 C )- 7 

0.01 

0.1 

3 

5.4416 x 10" 7 

6 ( 1 ) 

7.4225 x 10" 7 

0.01 

0.01 

2 

8.7718 x 10" 7 

5 ( 1 ) 

1.8299 x 10" 7 

0.1 

1 

21.5 

5.4960 x 10- 7 

24 ( 1 ) 

9.6647 x 10" 7 

0.1 

0.1 

6.5 

6.2392 x 10 -7 

12 ( 1 ) 

9.3667 x 10 -7 

0.1 

0.01 

5 

3.8958 x 10^ 7 

8 ( 1 ) 

7.3712 x 10" 7 

1 

1 

82.5 

4.2920 x 10" 7 

65 ( 1 ) 

6.5701 x 10 -7 

1 

0.1 

31 

6.0454 x 10 -7 

33 ( 1 ) 

8.5683 x 10 -7 

1 

0.01 

13 

6.3508 x 10" 7 

20 ( 1 ) 

5.1740 x 10" 7 


Figures 8, 9 and 10 we display the eigenvalues of the preconditioned matrix VjJ ss A in the 
case of h = for different parameters. Figures 2 ~ 10 show that the distribution of eigen- 
values of the preconditioned matrix confirms our above theoretical analysis. In Tables 2 ~ 4 
we show iteration counts and relative residual about preconditioned matrices V^ SS A when 
choosing different parameters and applying to BICGSTAB and GMRES Krylov subspace 
iterative methods on three meshes, where 1 t RI cgsta R(vi' ss A) an d ^ es bicgstab{v^ ss A) are 
the iteration numbers and relative residual of the preconditioned matrices V^ SS A when 
applying to BICGSTAB Krylov subspace iterative methods, respectively. It GMRES (v-i A) 
and Be s GM R ES (-p - i gg _ 4 ) are the iteration numbers and relative residual of the preconditioned 
matrices V^ SS A when applying to GMRES Krylov subspace iterative methods, respectively. 

Remark 4.1. From the above figures and tables, we know that the smaller the param- 
eter f3 is, the gather the eigenvalues are and the fewer the iteration counts are. 

Remark 4.2. From Tables 2, 3 and 4, it is very easy to see that the preconditioner V^j SS A 
will improve the convergence of BICGSTAB and GMRES iteration efficiently when they are 
applied to the preconditioned BICGSTAB and GMRES to solove the Stokes equation and 
two-dimensional time-harmonic Maxwell equations by choosing different parameters. 


5 Conclusions 

In this paper, we establish the modified shift-splitting preconditioner for solving the large 
sparse augmented systems of linear equations. Furthermore, the preconditioner is based on 
a modified shift-splitting of the saddle point matrix, resulting in an unconditional conver- 
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Table 3: Iteration counts and relative residual about the modified shift-splitting precondi- 
tioned matrix V^ SS A when choosing different parameters, where the number of iterations 
and relative residual of unpreconditioned BICGSTAB and GMRES are — and — , 362(1) and 
9.4148 x ICR 7 , respectively. Here, h = jf denotes the size of the corresponding grid. 


a 

p 

^BICGSTAB(V~N^A) 

^- eS BICGSTAB(V~\^M 


R es GMRES(V- r \<;A) 

0.01 

1 

14.5 

4.1689 x 10 _Y 

19(1) 

5.2459 x HR 7 

0.01 

0.1 

5.5 

9.0310 x 10 -7 

9(1) 

7.4043 x 10" 7 

0.01 

0.01 

3 

5.2030 x 10 -7 

6(1) 

9.3857 x HE 7 

0.1 

1 

63.5 

5.2347 x 10^ 7 

50(1) 

6.7889 x 10 -7 

0.1 

0.1 

13.5 

6.1091 x 10" 7 

23(1) 

4.9215 x 10" 7 

0.1 

0.01 

7.5 

4.5380 x 10" 7 

12(1) 

8.6233 x 10" 7 

1 

1 

216.5 

4.7653 x 10" 7 

123(1) 

8.0138 x 10 -7 

1 

0.1 

88 

9.6032 x 10" 7 

65(1) 

7.5718 x 10 -7 

1 

0.01 

27.5 

1.1257 x 10" 7 

34(1) 

8.5489 x 10" 7 


Table 4: Iteration counts and relative residual about the modified shift-splitting precondi- 
tioned matrix V^l ss A when choosing different parameters, where the number of iterations 
and relative residual of unpreconditioned BICGSTAB and GMRES are 742 and 8.0810 x ICE 7 , 
1— and — , respectively. Here, h = denotes the size of the corresponding grid. 


a 

p 

^BICGSTAB(V~,\^M 

™ eS BICGSTAB CPyR.4) 

I’ t GMRES(VZ?« C! A) 

R es GMRES(TAiiA) 

0.01 

1 

58 

6.7835 x 10 _Y 

34(1) 

8.5510 x 1(R 7 

0.01 

0.1 

7.5 

7.7089 x 10" 7 

16(1) 

3.1469 x 10" 7 

0.01 

0.01 

4 

6.1349 x 10" 7 

9(1) 

2.6837 x 10 -7 

0.1 

1 

2644.5 

4.2297 x 10^ 7 

94(1) 

9.9981 x 10" 7 

0.1 

0.1 

34.5 

8.1807 x 10" 7 

43(1) 

7.0956 x 10 -7 

0.1 

0.01 

13 

9.4646 x 10" 7 

21(1) 

5.0204 x 10" 7 

1 

1 

8517.5 

9.3710 x 10 -7 

229(1) 

9.1052 x 10" 7 

1 

0.1 

116 

7.8164 x 10" 7 

132(1) 

9.2308 x 10" 7 

1 

0.01 

93 

6.9354 x 10" 7 

66(1) 

8.8886 x 10" 7 


gent fixed-point iteration, which is a generalization of shift-splitting preconditioners. Fi- 
nally, numerical examples show the preconditioner V^ SS A will improve the convergence of 
BICGSTAB and GMRES iteration efficiently when they are applied to the preconditioned 
BICGSTAB and GMRES to solove the Stokes equation and two-dimensional time-harmonic 
Maxwell equations by choosing different parameters. 
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Abstract. Let denote a nonconstant analytic self-map of the open unit disk D, g 
be an analytic function on D. In this paper, we characterize the necessary or sufficient 
conditions for generalized composition operators 

c°f(z)= f f'MOMOdt, 

Jo 

on the Bloch- type spaces to have a closed range. Moreover, if g E H °° , according to 
relationship between a and /3, we show several conclusions. 


1. Introduction 

Let 1/(0) be the class of all holomorphic functions on D, where D is the open unit disk 
in the complex plane C. Denote by H°° = H°°( D) the space of all bounded holomorphic 
functions on D with the supremum norm ||/||oo = sup 26D \f{z)\. 

For 0 < a < oo, a holomorphic function / is said to be in the Bloch- type space B a or 
a— Bloch space, if 

ll/IU = sup(l - \z\ 2 ) a \f {z)\ < 00 . 

zgB 

The little Bloch- type space Bq, consists of all / G B a , such that 

,lim {l-\z\ 2 ) a \f(z)\=0. 

1*1— >i 

It is well-known that both B° and Bq are Banach spaces under the norm 

ii/ii*- = i/(o)i+su P (i-N 2 ri/^)i. 

z6B 

Moreover, Bq is the closure of polynomials in B a . When 0 < a < 1, B a is the analytic 
Lipschitz space Lipi_ a , which consists of all / G H( D) satisfying 

\f( z ) ~ f( w )\ < C\z — w| 1_a , 

for some constant C > 0 and all z,w G D. When a = 1, B a becomes the classical Bloch 
space B. When a > 1, B a is equivalent to the weighted Banach space H^_ 1 . Let H be 
the weighted Banach space of holomorphic functions / on D satisfying 

sup(l - \z\ 2 ) a \f(z)\ < 00 . 

We refer the readers to the book [13] by K. Zhu, which is an excellent resource for the 
development of the theory of function spaces. 
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Wang and Zhou: Closed-range generalized composition operators 


We say that a subset H of D is called a sampling set for the Bloch- type space B a , if there 
is k > 0 such that 


sup{(l - I z\ 2 r\f'(z)\,ze D} < fcsup{(l - \z\ 2 r\f(z)\,z £ H}. 


The pseudo-hyperbolic metric is given by 


p(z,a) = |cr a (z)|, where a a (z) 


a — z 
1 — az 


z, a G D. 


c a (z) is the automorphism of D which changes 0 and a. It is well-known that the pseudo- 
hyperbolic metric is Mobius- invariant. Moreover, we have that cr' a {z) = . 

A subset G of D is an r-net for some r £ (0, 1), if for every w £ D, there exists a z £ G 
such that p(z,w) < r. If we define p(z,E) = inf {p(z,w) : w £ E} for a set E C D , then a 
relatively closed subset E of D is an r-net if and only if p(z, E) < r. 

For every analytic self-map ip of D and g £ H (D) , the generalized composition operator 
C® is defined by 

C 9 v f(z)= I* n<p(S))g(S)d£, ze D, 

Jo 

which was firstly introduced by Li and Stevie [9]. For further references and details about 
the generalized composition operator, we refer the readers to [10, 11] and their references. 
S. Li and S. Stevie [9] gave the boundedness and compactness of C® : B a — » B 13 , which will 
play a central roll in our paper, so we use the notation T a> p(z) to state the results. For a > 0 
and /3 > 0, let 


T a ,p( z ) = 

Theorem A. Let a, /3 > 0, g £ 


C%:B° 


B 13 is bounded if and only if 


(i - WYlsWI _ rn 
'" eDl 

H( D) and p be an analytic self-map of 


D. Then 


sup r a p (z) < oo. 

zgB 


Theorem B. Let a,/3 > 0, g £ H( D) and ip be an analytic self-map of D. Then 
C® : B a — > B@ is compact if and only if C® : B a — > B 13 is bounded and 


lim T at p{z) = 0. 
Iv(z)|->1 


The composition operator is defined by C lp (f)(z) = f(<p(z)) on the spaces of analytic 
functions on D. In 2000, Gathage, Yan and Zheng [7] characterized closed-range composition 
operators on Bloch spaces firstly. Chen [5] not only added a sufficient condition for [7], but 
also studied a sufficient and necessary condition of the boundedness from below for C v on 
the Bloch space of the unit ball. Then Gathatage, Zheng and Zorboska [8] introduced the 
notion of sampling sets for the bloch space and gave a necessary and sufficient condition 
for C v on the Bloch space to have closed-range. This result has been extended by Chen 
and Gautliire [4] to a— Bloch spaces with a > 1. Soon after Zorboska [14] added new 
and general results on the closed-range determination of C v on Bloch-type spaces. There 
are also many articles on various other holomorphic function spaces. G. R. Chacon [3] 
provided a geometric characterization for those composition operators having closed-range 
on Diriclrlet-type spaces. Recently, necessary and sufficient conditions for a closed-range 
composition operator on Besov spaces and more generally on Besov type spaces were given 
by M. Tjani [12]. Akeroyd and Fulmer [1, 2] characterized the closed range composition 
operators on weighted Bergman spaces. 

In this paper, we give some results to determine when the generalized composition oper- 
ator C® has closed-range. To some extent, our results generalize some existing results. For 
example, the results obtained in this paper also hold for the classical composition operator 
C(p : B a — ^ S' 3 , which we get by choosing g = ip' , so some results of [14] can be got easily by 
this paper. In section 2, we show several necessary and sufficient conditions for the general- 
ized composition operator C® between Bloch-type spaces to have closed-range; apart from 
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these, we use a set to describe when C® : B a /C — > B i3 is bounded below. In section 3, if 
g £ H°° , according to relationship between a and /?, we show several conclusions. 

In order to state our main results conveniently, from now on we note = {z £ 

® 5 7”a,/3 (^) ^ -} and — Pif^e,cx,p')‘ 

Throughout the remainder of this paper, C will denote a positive constant, the exact value 
of which will vary from one appearance to the next. The notations Ax B, A A B, APB 
mean that there exist different positive constants C such that B/C < A < CB, A < 
CB , CB < A. 

2. Sampling sets and r-net 

A bounded generalized composition operator C® : B a — > B l3 is said to be bounded below, 
if there exists a constant k > 0 such that HC^/He/s > /c||/||b<». Meanwhile, we know that C® 
maps any constant function to 0 function, so it is only useful to consider spaces of analytic 
functions modulo the constants. It follows that we can replace the norm ||/||b° with the 
seminorm ||/|| a in the definition of boundedness below. Therefore, in this paper, we just 
show some results on X/C , which means that a Banach space X of analytic functions on D 
modulo the constants. 

Lemma 1. Let X be Banach spaces of analytic functions. If p is a nonconstant analytic 
self-map of D, then C® is one-to-one on X/C. 

Proof. If C®/i = C-ff- 2 , we obtain f[(p(z))g(z ) = f 2 (p{z))g(z). Excluding the isolated 
points where g vanishes, since fi and f 2 are analytic, p is a nonconstant analytic self-map 
of D, the open mapping theorem for analytic functions ensures that f[(z) = f^(z) for every 
z £ D, and hence C® is one-to-one on X/C. □ 

A basic operator theory result asserts that a one-to-one operator has a closed range if 
and only if it is bounded below. Therefore, Lemma 1 implies the following theorem. The 
detailed proof is similar to Proposition 3.30 of [6], and so we omit it. 

Theorem 1. Let 0 < a,/3 < oo, p be a nonconstant analytic self-map of IS). Then C® : 
B a /C — » B' 3 has a closed range if and only if it is bounded below from B a /C to B 13 . This is 
equivalent to the condition that there exists M > 0 such that 

\\C°fb>M\\f\\ a , Wf£B a /C. 

Remark 1. Since p is an open map, a generalized composition operator C® never has a 
finite rank. However, the closed subspaces of the range of a compact operator are only the 
finite dimensional ones, so a compact generalized composition operator can never have a 
closed range. 

Theorem 2. Let 0 < a, f3 < oo, p be a nonconstant analytic self-map of IS. Suppose that 
C® : B a —> B 13 is bounded. Then C® : B a /C — > has a closed range if and only if there 

exists £ > 0 such that the set G £t0lt p is a sampling set on B a /C. 

Proof. Suppose that there exists e > 0 such that the set G EjC(>/ 3 is a sampling set on B a /C. 
In this case, we can find a constant k > 0 such that 

ll/IU < £;sup{(l - \p(z)\ 2 ) a \f'(p(z))\,z £ Ll s , a ,p} 

< fcsup{ ( | 1 _ \ z \ 2 ) 0 \f'(T{z))g{z)\,z £ fI £ ,a,/3} 

= ksup{ — ^r(l- \z\ 2 f\f(p(z))g(z)\,z £ CL e ^} 

T a ,0 (2) 

< k SU P {(1 - \z\ 2 f\f(p(z))g(z)\,z £ D} 

£ 

< k £ \\c g v fh 
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and because C® : B a — > B 13 is bounded, it is bounded below. By Theorem 1, we obtain that 
C® : B a /C — > B@ has a closed range. 

Conversely, assume that C® : B a / C — > B 13 has a closed range. Then there exists k > 
0, such that for V/ € B a /C, sup z6D (l — \z\ 2 )P\f'(ip(z))g(z)\ > fc||/|| a . Without loss of 
generality, we suppose that ||/|| a = 1- Thus, by the definition of supremum, we can choose 
w£l, such that (1 — \u}\ 2 )P\f l (ip(oj))g(u])\ > k/2, that is to say, 

{i-\^y\n^))g{u)\ = (1 - a - \v^)\ 2 ) a \nv>^))\ 

(1 - Muj)\ 2 ) a 

= T at g{w){l-\^)\ 2 r\f\^))\ 

> (2.D 

Since (1 — |^(w)| 2 )“|/'(^(w))| < 1, T a g ${w) > k/2. If e = |, then f l e ,a,p contains the point 
to, and so <p{tu) G G sa .p. On the other hand, C® : B a — > B 13 is bounded, Theorem A implies 
that there exists a constant M > 0, such that 

T a ,p(w) < M. 

Combining the above inequality with (1), we conclude that 

M( 1 ^ kM| 2 )"|/'(^(w))| > T a , p (w){ 1 - |^(w)| 2 )“|/'(^(w))| > |. 

Thus 

(i-i^)i 2 n/(^))i> A. 

Since ip(ui) G G e>C()/ 3 , 

su p{(l ^ \z\ 2 r\f(z)\,ze G e , atP } > (1 - |<pM| 2 )“|/'(<pM)| > A. 

Hence G £>a ^ is a sampling set on B a / C. □ 

Theorem 3. Let 0 < a, (3 < 00 , and tp be a nonconstant analytic self-map of IS). Suppose 
that C® : B a — > B 13 is bounded. If G® : B a / C — ► B 13 has a closed range, then there exist 
c > 0 and 0 < r < 1, such that G c , a ^ is an r-net for D. 

Proof. We assume that G® is bounded and has a closed-range. By Theorem A, there exists 
K > 0 such that supra ^ 3 (z) = K for z € D. Meanwhile, there exists M > 0 such that 
l|C ®/||/3 > M||/|U for all / G B a /C. 

Let a; G D and consider the function <p u (z) with <p u ( 0) = 0 and <p' u (z) = {^{z)) a , where 
<r u (z) = We have that g> u {z) G B a / C and 

ll^lla = sup(l - \z\ 2 ) a \<p' u (z)\ 

26 D 

= su P (i- K(V)| 2 )“ 

26D 

= 1 . 


In the above equation we use the fact that 


i-M*)I 2 = 


(i-M 2 )(i-M 2 ) 


|1 — U ) z \ 


= \a'„{z)\(l-\z\ 2 ). 


Thus, 


I|C®<aJ /3 = sup(l - \z\ 2 f\g>' u {ip{z))g{z)\ 


26I 


= sup (1 - \v{z)\ 2 r\a' u {g>{zW 


26I 


(l-w*)l 2 ) £ 


= sup T a ^{z)(\ - \a u (ip(z))\ 2 ) a . 

26D 
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We shall frequently get that 

K > sup T a fi{z)(\ - \a u (v{z))\ 2 ) a > M{ 1 - \(T u {y{z))\ 2 ) a > M, 

zgB 

which reveals that there exists Zq £ D such that 

r a A z o) > M/2, (1 - \aMz 0 ))\ 2 ) a > M/2K. 

Thus let £ = M/2, r = y/l - (M/2K) 1 / 01 , we have for all w£l, there exists Zq £ fl e , a ,p 
such that p(u},tp(z o)) < r, and so G c , a ,p is an r-net for D. □ 

Theorem 4. Let 0 < a, /3 < oo, and p be a nonconstant analytic self-map of D. Suppose 
that C9,:B a -> 8? is bounded. If there exist e > 0 and 0 < r < 1, such that G £jC(>/ 3 contains 
the annulus A = {z : r < \z\ < 1} , then G® : B a / C -4 B 13 has a closed range. 

Proof. Suppose that G® : B a /C — > B' 3 is not bounded below. Then there exists a sequence 
of functions {/„} with ||/ n || a = 1 and ||C®/„|| l a -4 0. It follows that for Ve > 0, there exists 
N e when n > N e , we have ||C'®/ n ||^ < e. Then 




sup (1 - |w| ) a \fn(u)\ = sup (l-\<p(z)\ ) a \.f' n ftp(z))\ 




sup /q (l - \ z \ 2 f\fnW(z))g(z)\ 

cens.cf, i 1 - N nsw) I 


1 

sup — 

uEfit.a ,p T a,f3\ z ) 

1 


(l-\z\y\fMz))g(z)\ 


< - sup {l-\z\ 2 Y\f n {ip(z))g(z)\ 


£ 

< £. 


~JC 9 v fnb 


Since ||/„|| a = 1, there exists a sequence { 2 „}„ 6 n C D, such that 

(i-\z n \ 2 rx( Zn )\>i/2 


(2.2) 

(2.3) 


for all n > 1. If we choose £ < 1/2, by (2) and (3), z n € 0/G e ,a,/3 when n > N e . Because 
G e , a ,/3 contains the annulus A = {z : r < \z\ < 1}, there exists r 0 < r such that \z„\ < ro < 1 
and z„ -4 zq with |zq| < ro. 

Since ||/„|| a = 1> by Montel’s theorem, there exists a subsequence f nk -4 / uniformly 
on every compact subsets of D, where / € B a / C. Cauchy’s estimate gives that f -4 /' 
uniformly on every compact subsets of D. By (2), sup we£ ; c , Q ,,(l-M 2 mMI^ 0 as 
n — > 00 . On the other hand, G £jC(>/ 3 contains an infinite compact subset of D, we get that 
f = 0. This contradicts the fact that |(1 — \zo\ 2 ) a f/ l (zo)\ > 1/2. Hence, G® : B a / C -4 B 13 
has a closed range. □ 


3. THE CASE OF g £ H°° 

In this section we will give a special case g £ H°° . Combine a and /?, we get several 
results. 


Theorem 5. Let p be a nonconstant analytic self-map of D, y>(0) = 0, g £ H°° and 
G® :B a -4 B@ is bounded. 

(i) If 0 < a < (3 < 00 then G® : B a / C -4 B 13 can not have a closed range. 

(ii) If a > f3 > 0 and f} < 1 then G® : B a /C — ► B' 3 can not have a closed range. 


Proof, (i) 
For (£>(0) = 


Since g £ H°°, there exists a constant k > 0, such that \g(z)\ < k, for every z £ 
= 0, by Schwarz-Pick Theorem in [ 6 ], we know 


1 -M 2 

1 - \<p(z)\ : 


Si It z £ 
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So we have 


T a ,p(z) = 


< 


(l~\z\ 2 r\g(z)\ 

(i-Mzwr 

fcq-M 2 )^ 

(i- b(*)l 2 )“ 
k(i-\z\ 2 r a uiy- 
(i- qq)l 2 ) Q 11 j 


< fc(i-l g>{z)\ 2 Y 


2\B-a 


Since 0 < a < [3 < oo, as \ip(z)\ 1, r a ^(z) converges to 0. By Theorem B , C® : B a — > B 13 

is compact. Hence C® : B a / C — > S ' 3 can not have a closed range. 

(ii) Replacing <f> by tp, <j)' by g in the proof of (i) of Theorem 3.6 in [14], we can get this 
result easily, so we omit the details here. □ 

Remark 2. (i) Let p be a nonconstant analytic self-map of IS), y>(0) = 0, g € H°° . If 
a = f3, then 


r a ,p{z) = 


< 

< 


{l-\z\ 2 Y\g{z)\ 

(1-|^)| 2 )“ 

fcq-N 2 )^ 

(i-qq)l 2 )“ 

k. 


By Theorem A, we obtain C® : B a B 13 is bounded. While apart from this, we can not get 
whether C® : B a /C — > B l3 has a closed range or not. 

(ii) Under the conditions of Theorem 5, if a > (3 > 1, whether C® : B a / C — ¥ B 13 has a 
closed range or not is uncertain. We just give an example ((ii) of Example i) showing that 
this operator sometimes do not have a closed range. While, we fail to give the concrete proof 
that this operator do not have a closed range always or an example to show this operator has 
a closed range sometimes. So this can be an open problem. 


Example 1. Let <p(z) = z, g(z) = 1. 
(i) If a = (3 = 2, then 


T a ,p(z) 


(l-|s| 2 ) 2 | g (s)| 

(i -W(z)?Y 


and so Ll e ,a,p = D for every 0 < e < 1. In addition, p(z) = z is a one-to-one analytic map 
of the disk onto itself, therefore, G e>olt p = = D. Then G £jQ)/ 3 is a sampling set on 

B a /C, and by Theorem 2, C® : B a /C — > B@ has a closed range. 

(ii) If a = 3, /3 = 2, then 

( ) = ( x - \*?) P 
aA) (i-qq)l 2 )“ 

= (1 - \z\ 2 f~ a OO 

as ip(z) — > 1. By Theorem A, C® : B a — ► B 13 is not bounded. Hence C® : B a /C — > B 13 can 
not have a closed range. 


Example 2. Let g(z) 


z + 1, <p(z) = . If a = (3, then 


T a ,p{z) = 


< 


(i-N 2 )°|g(*)l 
(i- k(«)l 2 )“ 

4(1 — |z| 2 ) q |z + 1| 

(l-|*l)“(3+|*|)“ 

4(l + |z|) Q |^ + l| 

(3+N)“ 
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as z — > — 1. By Theorem B , C® : B a — 5- B& is compact. Hence C-j, : B a /C — > can not 

have a closed range. 
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Abstract. We prove the Hyers-Ulam stability of ternary Jordan bi-derivations on Banach Lie triple systems associated 
to the Cauchy functional equation. 


1. Introduction and preliminaries 


We say that a functional equation (Q) is stable if any function g satisfying the equation (Q) approximately is near to 
true solution of (Q). 

Ternary algebraic operations were considered in the 19th century by several mathematicians and physicists. Cayley [8] 
introduced the notion of cubic matrix which in turn was generalized by Kapranov, Gelfand and Zelevinskii [6]. As an 
application in physics, the quark model inspired a particular brand of ternary algebraic systems. The so-called Nambu 
mechanics which has been proposed by Nambu [11], is based on such structures. There are also some applications, although 
still hypothetical, in the fractional quantum Hall effect, the non-standard statistics (the anyons), supersymmetric theories, 
Yang-Baxter equation, etc, (cf. [15, 27]). 

The comments on physical applications of ternary structures can be found in [1, 5, 10, 14, 17, 23, 24, 29]. 

A normed (Banach) Lie triple system is a normed (Banach) space (A, || ■ ||) with a trilinear mapping ( x , y , z) eA [x, y, z\ 
from A x A x A to A satisfying the following axioms: 


[x,y,z\ = 
[x,y,z] = 

[u,v,[x,y,z]\ = 

II [x,y ,z] || < 


- [y,x,z] , 

- [y,z,x\ - [z, x, y ] , 

\[u, v, x ] ,y,z\ + [x, [u, v, y \ , z\ + [x, y, [u, v, z ]] , 

NINIIMI 


for all u ,v,x,y,z € A (see [12, 16]). 


Definition 1.1. Let A be a normed Lie triple system with involution *. A C-bilinear mapping D : A x A — > A is called 
a ternary Jordan bi-derivation if it satisfies 

D([ x, x, x],w) = [D(x, w ), x, x] + [a:, D(x, w*), x] + [x, x, D(x, w)], 

D(x,[w,w,w]) = [D(x,w),w,w] + [w, D(x* ,w),w] + [w,w, D(x,w)\ 


for all x, w € A. 

°2010 Mathematics Subject Classification. Primary 39B52; 39B82; 46B99; 17A40. 

°Keywords: Hyers-Ulam stability; bi-additive mapping; Lie triple system; ternary Jordan bi-derivation. 
°* Corresponding author. 
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The stability problem of functional equations originated from a question of Ulam [28] concerning the stability of group 
homomorphisms. Hyers [13] gave a first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ 
Theorem was generalized by Aoki [3] for additive mappings and by Th.M. Rassias [21] for linear mappings by considering an 
unbounded Cauchy difference. J.M. Rassias [20] followed the innovative approach of the Th.M. Rassias theorem in which 
he replaced the factor ||x|| p + ||y|| p by ||a:|| p ||y|| p for p,g£l with p + q ^ 1. The stability problems of various functional 
equations have been extensively investigated by a number of authors (see [2, 7, 9, 10, 18, 19, 22, 23, 24, 25, 26, 30, 31]). 

2. Hyers-Ulam stability of ternary Jordan bi-derivations on Banach Lie triple systems 

Throughout this section, assume that A is a normed Lie triple system. 

For a given mapping / : A x A — > A, we define 

y, z, to) = f(\x + A y, pz + pw) + /( \x + A y, pz - pw) 

+f(\x — Ay, pz + pw) + f{\x — Ay, pz — pw) — 4A pf(x, z) 

for all x,y, z,w £ A and all A, p £ T 1 := {u £ C : |r| = 1}. 

From now on, assume that /( 0, z) = f(x, 0) = 0 for all x, z £ A. 

We need the following lemma to obtain the main results. 

Lemma 2.1. ([4]) Let f : Ax A — » B be a mapping satisfying D\^f{x,y,z,w) = 0 for all x,y,z,w £ A and all A ,p eT 1 . 
Then the mapping f : A x A — > A is C-bilinear. 


Lemma 2.2. Let f : A x A — >• A be a bi-additive mapping. Then the following assertions are equivalent: 
/([a, a, a], [w, w,w]) = [/(a, to), a, a] + [a, /(a, to*), o] + [a, a, /(a, to)], 

/([a, a, a], [to, to, to]) = [/(a, to), a, a] + [a, /(a*, to), a] + [a, a, /(a, to)] 

for all a,w £ A, and 

/([a, 6, c] + [b, c, a] + [c, a, 6], [to, to, to]) = [/(a, to), b, c] + [a, /(&, to*), c] + [a, b, f(c, to)] 

+ [f{b,w),c,a] + [b,f(c,w*),a] + [b,c,/(a, to)] + [f(c,w),a,b] + [c, /(a, to*), 6] + [c, o, f(b, to)], 
/([a, a, a], [6, c, to] + [c, to, b] + [to, b, c]) = [/(a, 6), c, to] + [6, /(a*, c), to] + [6, c, /(a, to)] 

+ [/(«, c), to, 6] + [c, /(a*, to), b] + \c,w,f{a,b)] + [f(a, to), 6, c] + [to, /(a*, 6), c] + [to, 6, /(a, to)] 
for all a, b,c,w £ A. 

Proof. Replacing a by a + b + c in the first equation of (2.1), we have 

f([a + b + c, a + b + c, a + b + c], [to, to, to]) = [f(a + b + c,w),a + b + c,a + b + c] 

+ [a + b + c, f(a + b + c,w*),a + b + c] + [a + b + c, a + b + c, f(a + b + c, to)]. 

Then we have 


( 2 . 1 ) 


( 2 . 2 ) 


f([a + b + c, a + b + c, a + b + c], [to, to, to]) 

= /([a, a, a], [to, to, to]) + /([a, 6, a], [to, to, to]) + /([a, c, a], [to, to, to]) + /([&, a, a], [to, to, to]) + /([6, 6, a], [to, to, to]) 
+ /([&, c, a], [to, to, to]) + /([c, a, a], [to, to, to]) + /([c, 6, a], [to, to, to]) + /([c, c, a], [to, to, to]) + /([a, a, b], [to, to, to]) 
+ f([a,b,b], [to, to, to]) + f([a,c,b\, [to, to, to]) + /([b,a,b], [to, to, to]) + /([b,b,b], [to, to, to]) + /([b, c,b], [to, to, to]) 


46 


Eshaghi Gordji et al 45-51 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


M. Eshaghi Gordji, V. Keshavarz, C. Park, J. R. Lee 

+ /([c, a, fo], [to, w,w]) + f([c, b, b], [w,w,w]) + /([c, c,b\, [to, to, to]) + f{[a,a,c], [w,w,w]) + f([a,b,c], [to, to, to]) 

+ f([a,c,c], [to, to, to]) + f([b, a, c], [w,w,w]) + /([b,b,c], [to, to, to]) + /([b, c,c], [w,w,w]) + f([c,a,c], [w,w,w]) 

+ f{[c, b, c], [w,w,w]) + /([c, c,c], [to, to, to]) 

= If {a, to), a, a] + [a, f{a, to*), a] + [o, a, f(a, to)] + [/(a, to), b, a] + [a, /(b, to*), a] + [a, b, /(a, to)] + [/(a, w),c, a] 

+ [a, /(c, to*), a] + [a, c, /(a, to)] + [/(&, to), a, a] + [b, /(a, to*), a] + [ b , a, /(a, to)] + [/(b, to), 6, a] + [6, /(b, to*), a] 

+ [6, b, /(a, to)] + [/(&, to), c, a] + [b, /(c, to*), a] + [6, c, /(a, to)] + [/(c, to), a, a] + [c, /(a, to*), a] + [c, a, /(a, to)] 

+ [/(c, to), b, a] + [c, /(b, to*), a] + [c, b, /(a, to)] + [/(c, to), c, a] + [c, /(c, to*), a] + [c, c, /(a, to)] + [/(a, to), a, b] 

+ [a, f{a, to*), b } + [a, a, f(b , to)] + [/(a, to), b, b } + [a, /(fo, to*), 6] + [a, b, f(b , to)] + [/(a, to), c, 6] + [a, /(c, to*), ft] 

+ [a, c, /(b, to)] + \f(b, to), a, 6] + [b, /(a, to*), b] + [b, a, /(b, to)] + [f(b, to), b, b] + [b, /(b, to*), b] + [b, b, /(b, to)] 

+ [/(&, w),c, b] + [b, /(c, to*), b] + [b, c, /(b, to)] + [/(c), a, b] + [c, /(a*), b] + [c, a, /(b)] + [/(c), b, b] + [c, /(b*), b] 

+ [c, b, /(b)] + [/(c, to), c, b] + [c, /(c, to*), b] + [c, c, /(fo, to)] + [/(a, to), a, c] + [a, /(a, to*), c] + [a, a, /(c, to)] 

+ [/(a, to), b, c] + [a, /(fo, to*), c] + [a, b, /(c, to)] + [/(a, to), c, c] + [a, /(c, to*), c] + [a, c, /(c, to)] + [/(b, to), a, c] 

+ [6, /(a, to*), c] + [b, a, /(c, to)] + [/(b, to), b, c] + [b, /(fo, to*), c] + [b, b, /(c, to)] + [/(fo, to), c, c] + [b, /(c, to*), c] 

+ [6, c, /(c, to)] + [/(c, to), a, c] + [c, /(a, to*), c] + [c, a, /(c, to)] + [/(c, to), b, c] + [c, /(fo, to*), c] + [c, b, /(c, to)] 

+ [/(c, to), c, c] + [c, /(c, to*), c] + [c, c, /(c, to)] 
for all a, b, c, to E A 

On the other hand, for the right side of equation, we have 

\f (a + b + c, to), a + fo + c, a + b + c] + [a + b + c, /(a + b + c, to*), a + b + c] + [o + b + c, o + b + c, f(a + b + c, to)] 
= [/(a, to), a, o] + [/(a, to), a, b] + [/(a, to), a, c] + [/(a, to), b, a] + [/(a, to), b, b] + [/(a, to), b, c] + [/(a, to), c, a] 

+ [/(a, to), c, b] + [/(a, to), c, c] + [/(fo, to), a, a] + [/(b, to), a, b] + [/(b, to), a, c] + [/(b, to), b, a] + [/(b, to), b, b] 

+ [/(&, to), b, c] + [/(fo, to), c, a] + [/(fo, to), c, b] + [/(fo, to), c, c] + [/(c, to), a, a] + [/(c, to), a, b] + [/(c, to), a, c] 

+ [/(c, to), b, a] + [/(c, to), b, b] + [/(c, to), b, c] + [/(c, to), c, a] + [/(c, to), c, b] + [/(c, to), c, c] + [a, /(a, to*), a] 

+ [a, /(a, to*), b] + [a, /(a, to*), c] + [b, /(a, to*), a] + [b, /(a, to*), b] + [b, /(a, to*), c] + [c, /(a, to*), a] + [c, /(a, to*), b] 
+ [c, /(a, to*), c] + [a, /(fo, to*), a] + [a, /(b, to*), b] + [a, /(fo, to*), c] + [b, /(fo, to*), a] + [b, /(b, to*), b] + [b, /(b, to*), c] 
+ [c, /(fo, to*), a] + [c, /(fo, to*), b] + [c, /(fo, to*), c] + [a, /(c, to*), a] + [a, /(c, to*), b] + [a, /(c, to*), c] + [b, /(c, to*), a] 
+ [6, /(c, to*), b] + [b, /(c, to*), c] + [c, /(c, to*), a] + [c, /(c, to*), b] + [c, /(c, to*), c] + [a, a, /(a, to)] + [a, b, /(a, to)] 

+ [a, c, /(a, to)] + [b, a, /(a, to)] + [b, b, /(a, to)] + [b, c, /(, to)] + [c, a, /(a, to)] + [c, b, /(a, to)] + [c, c, /(a, to)] 

+ [a, a, /(fo, to)] + [a, b, /(b, to)] + [a, c, /(fo, to)] + [b, a, /(b, to)] + [b, b, /(b, to)] + [b, c, /(b, to)] + [c, a, /(b, to)] 

+ [c, b, /(b, to)] + [c, c, /(b, to)] + [a, a, /(c, to)] + [a, b, /(c, to)] + [a, c, /(c, to)] + [b, a, /(c, to)] + [b, b, /(c, to)] 

+ [&, c, /(c, to)] + [c, a, /(c, to)] + [c, b, /(c, to)] + [c, c, /(c, to)] 
for all a, b,c, to £ A. It follows that 

/([a, b, c] + [b, c, a] + [c, a, b], [to, to, to]) = [/(a, to), b, c] + [a, /(b, to*), c] + [a, b, /(c, to)] 

+ [/(&, c, a] + [b, /(c, to*), a] + [b, c, /(a, to)] + ]/(c, to), a, b] + [c, /(a, to*), b] + [c, a, /(b, to)] 
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for all a, b,c,w£ A. Hence (2.2) holds. 

Similarly, we can show that 

f([a, a, a], [6, c, w] + [c, w , b] + [w, b, c]) = [/(a, 6), c, w] + [ b , /(a*, c),w] + [b, c, /(a, w)] 

+ [f(a,c),w,b] + [c,f(a*,w),b] + [ c,w,f(a,b )] + [f(a,w),b,c] + [w, f{a* ,b),c] + \w,b,f{a,w)] 
for all a, b,c,w £ A. 

For the converse, replacing b and c by a in the first equation of (2.2), we have 

/([a, a, a] + [a, a, a] + [a, a, a], [w, w,w]) = [f{a, w),a, a] + [a, /(a, w*), a] + [a, a, /(a, w)] + [f(a, w), a, a] 
+ [a, /(a, w*), a] + [a, a, /(a, w)] + [/(a, w), a, a] + [a, /(a, w*), a] + [a, a, /(a, w)], 


and so 


/(([a, a, a], [w,w,w]) + ([a, a, a], [w,w,w]) + ([a, a, a], [w,w,w])) = 3([/(a, w), a, a] + [o, /(a, vu*), a] + [a, a, /(a, w)]). 
/ (3 ([a, a, a], [w, w, w])) = 3([/(a, w), a, o] + [a, /(a, w‘), a] + [a, a, /(a, w)]) 

/([a, a, a], [w,w,w]) = [f{a,w),a,a] + [a, f{a,w*),a] + [a,a,f{a,w)} 


Thus 


and so 


for all a,w £ A. 

Similarly, we can show that 

/([a, a, a], [w,w,w]) = [f{a,w),a,a] + [a, f(a* ,w),a] + [a,a,f{a,w)} 
for all a,w £ A. This completes the proof. □ 


Now we prove the Hyers-Ulam stability of ternary Jordan bi-derivations on Banach Lie triple systems. 


Theorem 2.3. Let p and 9 be positive real numbers with p < 2, and let f : A x A — » A be a mapping such that 

\\Dx,vf(x,y,z,w)\\ < #(iwr + iiyir + iwr + inn, (2.3) 

II f{[[x,y,z\ + [: y,z,x\ + [. z,x,y]),w ^ - [f(x,w),y,z] + [x, z] - \x,y,f(z,w)] - [f{y,w),z,x] 

~ [vJ{z,w*),x] - [y,z,f(x,w)\ - [ f(z,w),x,y ] - [z, f{x,w*),y] - [z,x, f(y,w)]\\ 

+ \\f(x, {[y,z,w\ + [z,w,y] + [w,y,z])^j - [f(x,y),z,w] - [y, f{x* , z),w] - [y, z, f(x* ,w)\ - [ f{x,z),w,y } (2.4) 

- [z,f{x*,w),y] - [ z,w,f{x,y )] - [/(*, w), y, z] - [w, f{x*, y), z] - [w,y, f{x, z)]\\ 

< 0(||a:|| p + ||y|| p + ||«|| p + ||w|| p ) 

for all A, p £ T 1 and all x, y,z,w £ A. Then there exists a unique ternary Jordan bi-derivations D : Ax A — > A such that 

o n 

\\f(x,y)-D(x,y)\\ B < ^f^(W P + ||y|| p ) (2.5) 

for all x,y £ A. 

Proof. By the same reasoning as in the proof of [4, Theorem 2.3], there exists a unique C-bilinear mapping D : Ax A — > A 
satisfying (2.5). The C-bilinear mapping D : A x A — ¥ A is given by 

D(x, y) := lim ^f(2 n x, 2 n y), 

n — >oo 
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for all x,y € A. It is easy to show that 

D(x, y) = lim f(8 n x,2 n y) = lim ~^f(2 n x, 8 n y) 

n —> oo lb n—*o o lb 

for all x,y € A, since / is bi-additive. It follows from (2.4) that 

II D{[[x,y,z\ + [y,z,x\ + [z,x,y]),w)^j - [D(x,w),y,z] - [x,D(y,w*),z] - [x,y,D(z,w)] - [D(y,w),z,x] 
-[ y,D(z,w*),x\ - [y,z,D(x,w)} - [D(z,w),x,y] - [z,D(x,w*),y\ - [z,x, D{y,w)]\\ 

+ \\ D (x, ([y,z,w] + [ z,w,y } + [w,y,z])^j - [D(x,y),z,w] - [y,D(x*,z),w\ - {y, z, D(x* ,w)] - [D{x,z),w,y] 

- [z,f(x*,w),y] - \z,w,f{x,y)} - [f(x,w),y,z] - [w, f(x* ,y), z] - [w,y, f(x,z)]\\ 

= + 2 3n ly,z,x] + 2 3n [z,x,y],2 n w') - [^f(2 n x,2 n w),y,z] - [x, ^f{2 n y,2 n w*),z] 

~ [x, y, ^ 7 / ( 2 "z, 2 n w)] - [-^ f (2 n y, 2 n w), z, x] - [y, f{2 n z , 2 n w*),x] - [y, z, -^/( 2 n x, 2 n w)] 

~ [^f( 2n z,2 n w),x,y] - [z, f(2 n x,2 n w*),y ] - [ z,x , -^/( 2 n y,2 n w)}\\ 

+ (ll r^f(2 n x,2 3n [y,z,w]+2 3n [z,w,y] + 2 3n [z, w, y]) - f(2 n x,2 n y), z,w\ + [y, ^f(2 n x*,2 n z),w] 

- [y,*> ^r/( 2 "a;, 2 Tl w)| - [~^f(2 n x, 2 n z), w, y] - [z, ^f(2 n x*,2 n w),y\ - [z,w, ■^f(2 n x,2 n y)] 

- [^rr/( 2 "' a5 ’ 2 ”-^), 2 /, «] - K ^ f{2 n x*,2 n y),z\ - [w,y, ^ f(2 n x,2 n z)\\\ 

ynp 

< lim ^(||*r + ||y|| p + W p + |HI P ) = 0 

n— >oo lb 

for all x, y,z,w £ A. So 

II D({[x,y,z] + [y,z,x] + [z,x,y]),w)j - [D(x,w),y,z\ - [x,D(y,w*),z] - [ x,y,D(z,w )] - [D(y,w),z,x] 

- [y,D(z,w*),x] - [y,z,D(x,w)\ - [D(z,w),x,y] - [z, D(x, w*), y\ - [z,x, D(y,w)]\\ 

and 

+ \\ D (x, {[y,z,w] + [z,w,y] + [w,y,z])^j - [D(x,y),z,w] - [y,D(x*,z),w] - [y, z, D(x* ,w)] - [D(x,z),w,y] 

- [z,f{x*,w),y] - [z, w, f(x, y)] - [f(x,w),y,z\ - [w,f(x*,y),z] - [w,y, f(x, z)]\\ 

for all x,y,z,w £ A. By Lemma 2.2, the mapping D is a unique ternary Jordan bi-derivation satisfying (2.5). 


□ 


For the case p > 4, one can obtain a similar result. 

Theorem 2.4. Let p and 6 be positive real numbers with p > 4, and let f : A x A — » A be a mapping satisfying (2.3) and 
(2.4). Then there exists a unique ternary Jordan bi-derivation D : A x A — » A such that 

A A 

\\f(x,y) -D(x,y ) || < ^^(N | p + ND 

for all x,y £ A. 


Proof. The proof is similar to the proof of Theorem 2.3. □ 

Theorem 2.5. Let p and 9 be positive real numbers with p < \ . and let f : A x A — ► A be a mapping such that 

\\Dx^f(x, y, z, w)|| < 9 ■ 11*11* • || i/|| p • || 2 || p ■ HI*, 
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II f{[[x,y,z\ + [y,z,x\ + [z,x,y]),w^ - [ f(x,w),y,z ] + [x, f{y,w*), z] - [x,y,f(z,w)] - [f{y,w),z,x] 

~ [y,f [z,w*),x] - [y, z, f(x, w)] - [ f(z,w),x,y ] - [z,f(x, w*), y] - [z,x, f(y,w)]\\ 

+ ||/(®, {[y,z,w\ + [z,w,y] + [w,y,z])^ - [f(x,y),z,w\ - [y, f(x* , z),vu] - [y, z, f{x* ,w)] - [f{x,z),w,y] 

- [z, f(x*,w),y] - [z, w, f(x, y)} - [f(x, w), y, z] - [w, f(x*, y), z] - [w,y, f{x,z)]\\ 

<o-M p A4y\\ p A-\\z\\ p A -\\w\\ p A 

for all A, y E T 1 and all x, y,z,w € A. Then there exists a unique ternary Jordan bi-derivations D : Ax A — » A such that 

\\f(x,y) - D(x,y)\\ < A _ 2iv \\x\\ 2v \\y\\ 2v (2.6) 

for all x,y £ A. 

Proof. By the same reasoning as in the proof of [4, Theorem 2.6], there exists a unique C-bilinear mapping D 
satisfying (2.6). The C-bilinear mapping D : A x A — > A is given by 

D(x,y):= lim ^f(2 n x,2 n y), 

n—too 

for all x,y £ A. 

The rest of the proof is similar to the proof of Theorem 2.3. 
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SOME GENERALIZED DIFFERENCE SEQUENCE SPACES OF IDEAL 
CONVERGENCE AND ORLICZ FUNCTIONS 

KULDIP RAJ 1 , AZIMHAN ABZHAPBAROV 2 AND ASHIRBAYEV KHASSYMKHAN 3 

Abstract. In this paper we shall introduce some generalized difference sequence 
spaces by using Musielak-Orlicz function, ideal convergence and an infinite matrix 
defined on n - normed spaces. We shall study these spaces for some linear toplogical 
structures and algebraic properties. We also prove some inclusion relations between 
these spaces 


1. Introduction and Preliminaries 


The notion of statistical convergence was introduced by Fast [5] and Schoenberg [31] 
independently. Over the years and under different names, statistical convergence has been 
discussed in the theory of Fourier analysis, ergodic theory and number theory. Later on, it 
was further investigated from the sequence space point of view and linked with summabil- 
ity theory by Fridy [6], Connor [1], Salat [29], Isik [14], Sava§ [30], Malkowsky and Sava§ 
[19] , Kolk [16] , Tripathy and Sen [32] and many others. In recent years, generalizations of 
statistical convergence have appeared in the study of strong integral summability and the 
structure of ideals of bounded continuous functions on locally compact spaces. Statisti- 
cal convergence and its generalizations are also connected with subsets of the Stone-Cech 
compactification of natural numbers. Moreover, statistical convergence is closely related 
to the concept of convergence in probability. The notion depends on the density of subsets 
of the set N of natural numbers. 

A subset E of N is said to have the natural density < 5(E) if the following limit exists: 


6(E) = lim 


1 


n—too n 


fc= l 


XE(k), where \e is the characteristic function of E. It is clear that 


any finite subset of N has zero natural density and 6(E C ) = 1 — 6(E). 

The notion of ideal convergence was first introduced by P.Kostyrko et.al [13] as a general- 
ization of statistical convergence which was further studied in topological spaces by Das, 
Kostyrko, Wilczynski and Malik (see [2]). More applications of ideals can be seen in ([2], 
[3]). We continue in this direction and introduce I - convergence of generalized sequences 
in more general setting. 

A family lc2 5 of subsets of a non empty set Y is said to be an ideal in Uif 


(1) 0 G X; 


2000 Mathematics Subject Classification. 40A05, 40B50, 46A19, 46A45. 

Key words and phrases. Orlicz function, Musielak-Orlicz function, statistical convergence, ideal con- 
vergence, solid, infinite matrix, n - normed space. 
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(2) A, B £ X imply A U B £ X; 

(3) A £ I, B C A imply B £ I, while an admissible ideal I of Y further satisfies 
{a;} € T for each * £ Y (see [11]). 

Given T C 2 N be a non trivial ideal in N. A sequence (* n )neN in A is said to be I- 
convergent to x £ X, if for each e > 0 the set A(e) = jn £ N : ||*„ — *|| > ej belongs to 
I (see [10]). 

The notion of difference sequence spaces was introduced by Kizmaz [15], who studied the 
difference sequence spaces /^(A), c(A) and co(A). The notion was further generalized 
by Et and Qolak [4] by introducing the spaces l co ( A"), c( A”) and co(A n ). Let w be the 
space of all complex or real sequences x = (xk) and let to, n be non-negative integers, 
then for Z = loo, c, Co we have sequence spaces 

Z( K) = { x = ( x k) £ w : (A™Xk) £ Z}, 

where A™* = (A™Xk) = (A ™~ 1 Xk — A™~ 1 Xk+i) and A^Xk = Xk for all k £ N, which is 
equivalent to the following binomial representation 

K- = f>ir ^ ^ Xk+nv 

Taking n = 1, we get the spaces which were studied by Et and Qolak [4], Taking 
m = n = 1, we get the spaces which were introduced and studied by Kizmaz [15]. 


The concept of 2-normed spaces was initially developed by Gahler [7] in the mid of 1960’s, 
while that of n-normed spaces one can see in Misiak[19]. Since then, many others have 
studied this concept and obtained various results, see Gunawan ([8], [9]) and Gunawan 
and Mashadi [10] and many others. Let n€N and A be a linear space over the field K, 
where K is field of real or complex numbers of dimension d , where d > n > 2. A real 
valued function ||-, ■ ■ ■ , - || on X n satisfying the following four conditions: 

(1) ||a:i, X 2 , ■ ■ ■ ,*„|| = 0 if and only if • • • , x n are linearly dependent in X; 

(2) | |*i, * 2 , • • • , x n \ | is invariant under permutation; 

(3) ||a*i,* 2 , • • • ,* ra || = |a| ||a:i, * 2 ; • • • ,* n || for any a £ K, and 

(4) ||* + * , ,*2,--- ,X n \\ < 1 1*, *2, • • - ,*n|| + \\ x ' i x 2, • • • , x n\\ 

is called a n-norm on X, and the pair (A, ||-, ■ ■ ■ , - ||) is called a n-normed space over the 
field K. 

For example, we may take A = R” being equipped with the n-norm | |*i , *2 , • • • , x u\\e 
= the volume of the n-dimensional parallelopiped spanned by the vectors *i,* 2 )’' - i x n 
which may be given explicitly by the formula 

||*i, * 2 , ••• ,Xu\\e = | det(*»j)|, 

where *$ = (*ji,*j 2 ,--‘ ,*m) G R” for each i = 1,2, ••• , n, where script E denotes 
Euclidean space. Let (A, 1 1 - - - - , - ||) be an n-normed space of dimension d > n > 2 and 
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{ai, a 2 , • • • , a n } be linearly independent set in X. Then the following function ]]■,••• , -||oo 
on X n ~ 1 defined by 

\\xi,x 2 , ■ ■ ■ ,z n -i||cx> = max{||xi, £2, • • • ,ar n _i,a f || : i = 1,2, • • • ,n} 
defines an (n — l)-norm on X with respect to {ai, 02, • • • , a n }. 

A sequence (xk) in a ?x-normed space (X, ||-, • • • , -||) is said to converge to some L £ X if 
lim ||o:fc - L, zi, ■ ■ ■ , z n -\\\ = 0 for every z\, ■ ■ ■ , z n -i £ X. 

k —> 00 


A sequence (xk) in a ?x-normed space (X, ||-, • • • , -||) is said to be Cauchy if 


lim \\x k — Xi, Zi, ■ ■ ■ ,z n -i\\ = 0 for every zi, ■ ■ ■ , z n -i € X. 

k , i —> 00 


If every Cauchy sequence in X converges to some L e X, then X is said to be complete 
with respect to the n-norrn. Any complete ?r-normed space is said to be n-Banaclr space. 
An Orlicz function M : [0, 00) -A [0, 00) is a continuous, non-decreasing and convex 
function such that M( 0) = 0, M(x) > 0 for x > 0 and M{x) — > 00 as x — > 00. 
Lindenstrauss and Tzafriri [17] used the idea of Orlicz function to define the following 
sequence space, 


(■m = 


£ w 


: ^ < 00, for some p > 0 j 


k - 1 


which is called as an Orlicz sequence space. Also £m is a Banach space with the norm 


IIOfc)ll = inf [p > 0 ; ^ 1 }- 

fc= 1 P 


Also, it was shown in [17] that every Orlicz sequence space £m contains a subspace iso- 
morphic to £ p (p > 1). An Orlicz function M satisfies A 2 — condition if and only if for any 
constant L > 1 there exists a constant K{L) such that M(Lu) < K(L)M(u ) for all values 
of u > 0. An Orlicz function M can always be represented in the following integral form 

M(x) = j r](t)dt 

J 0 

where 77 is known as the kernel of M, is right differentiable for t > 0, 77(0) = 0, 77 (t) > 0, 77 
is non-decreasing and rj(t) — > 00 as t — > 00. 

A sequence Xi = ( Mk ) of Orlicz functions is called a Musielak-Orlicz function see ([18], 
[25]). A sequence A f = ( Nk ) is defined by 


Nk(v) = sup{|u|u — Mk{u) : u > 0}, k = 1,2,--- 


is called the complementary function of a Musielak-Orlicz function Xi. For a given 
Musielak-Orlicz function Xi, the Musielak-Orlicz sequence space and its subspace 
h,M are defined as follows 

Aw = £ w : Ijvi{cx) < 00 for some c > dj, 
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holds for all k £ N and u £ R+ whenever M k (u) < a. 

Let X be a linear metric space. A function p : X — > K. is called paranorm, if 

(1) p(x) > 0 for all x £ X , 

(2) p(—x) = p(x) for all x £ X, 

(3) p( x + y) < p(x) + p(y) for all x, y £ X, 

(4) if (A„) is a sequence of scalars with A„ — ¥ A as n — > oo and (x n ) is a sequence of 
vectors with p(x n — x) — > 0 as n — > oo, then p( \ n x n — \x) — > 0 as n — > oo. 

A paranorm p for which p{x) = 0 implies x = 0 is called total paranorm and the pair 
(X,p) is called a total paranormed space. It is well known that the metric of any linear 
metric space is given by some total paranorm (see [33], Theorem 10.4.2, pp. 183). For 
more details about sequence spaces (see [21], [22], [23], [24], [26], [27], [28]) and reference 
therein. 

A sequence space E is said to be solid(or normal) if (a;*,) £ E implies (a^Xk) £ E for all 
sequences of scalars (a*,) with |afc| < 1 and for all k £ N. 

Let I be an admissible ideal of N, let p = (pk) be a bounded sequence of positive real 
numbers for all k £ N and A = ( a n k ) be an infinite matrix. Let A4 = (M*,) be a Musielak- 
Orlicz function, u = (uk) be a sequence of strictly positive real numbers and (A, ||., ..., ,||) 
be a n-normed space. Further w(n — x) denotes the space of all A-valued sequences. For 
every zi,Z 2 ,—,z n -i £ X, for each e > 0 and for some p > 0 we define the following 
sequence spaces: 

W 1 [A, A ™,M,u,p, ||., ..., .||] = ja: = (x k ) £ w(n - x) : for given e > 0, jn G N : 

OO JT p 

^ M k (\\ Uk nXk ,z 1 ,z 2 ,...,z n _ 1 \\ S ) P > e| e /, for L£ X and n £ n|, 

fc= l ^ 
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Wq [A, A™,M,u,p, ||., .||] = | a; = (xk) G win — x) : for given e > 0, jn G N : 


°o 

^ ^ Q"nk Mk 


k = 1 


U k A™X k ,.\1W 

M-k (|| , Zi , 2^2 j • • • 5 ^n— 1 

P 




and 


WJolA A n ,M,u,p, ||., .||] = ja; = (zfc) G w(n-x) : 3 k > 0, jn G N : 

M- 


^ ^ Q"nk 

k= 1 


1 \t in U k^ n X k I 

Mk ( 1 1 5 ^1 j -2-2 ? • • • ? 1 1 


> K 


Some special cases of the above defined sequence spaces are arises: 

If m = n = 0, then we obtain the spaces as follows 

W 1 [A, J\A,u,p, ||., .||] = ja; = {xk) G w{n — x) : forgiven e > 0, j?r G N : 


OO 

^ Ojnk Mk ^| 


k = 1 


.U k X k ~L ..M Pk 

| ,Zl,Z 2 , —,Zn- 1 


)]^} 


G /, for L G X and n G N 


}■ 


Wq [A, M,u,p, ||., .||] = ja : = (x k ) G w(n — x) : for given e > 0, jn G N : 

OO 

^2a nk M k \ z 2 , •••, z n _ i| > e| G /j 


fc=i 


and 


VI 7 ^ \A,M., u,p, ||., .|| = |x = (xfc) G w(n — a;) : 3 fc > 0, jn G N : 


A , strife 
fc=l 


i. f j 1 1 u k%k I 

II ,21,22, -,Zn-l I 

P 


> I\ 




If to = n = 1, then the above spaces are as follows 

W 1 [A, A, Ai,u,p, ||., .||] = |x = (xfc) G w(n — x) : for given e > 0, jn G N : 


A , Unfc 


/|| ^kAXk I 


Pk 

> e} € /, 


for L G X and tiGN 


}■ 


Wq [A, A ,M,u,p, ||,..,.||] = |x = (x fe ) G w(n — x) : for given e > 0, jn G N : 


E 

k — 1 


O^nk 


Af I \ \ U k^X k 

Mk ( || , ^,2:2, 


Pfc 


> e 


m 


and 


W^[A, A,M,u,p, ||., .||] = |x = (x fc ) G w(n-x) : 3 fc > 0, jn G N : 


OO 

A , & nk 

k = 1 


/I r Ml U kAx k I 

IWfc II ,2l,2 2 , ••*, Z n —\ | 

P 


> K 


56 


KULDIP RAJ etal 52-63 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


KULDIP RAJ 1 , AZIMHAN ABZHAPBAROV 2 AND ASHIRBAYEV KHASSYMKHAN 3 


If M(x) = x for all x G [0, oo), then we have 

W 1 [A, A™, u,p, ||., .||] = jx = (x*;) G w(n - x) : for given e > 0, j?r G N : 


E 

k = 1 


Q"nk 


u k A™x k - L 


,Zi,Z2,...,z n -i\\J > ej G I, for L G X and n G n|, 


Wq [A, A™, u,p, 1 1 .||] = jx = (x k ) G w(n — x) : for given e > 0, jn G N : 


„ ( \\ u kA™Xk _ __ __ ^ ,1 ^ rl 

/ J & nk ( 1 1 ? %1 5 %2 ? • • • 5 ^n— 1||) ^ ^ j £ 

u — i P 


k = 1 


and 


w L[ A i A ™,u,p, = {a: = (a*) G w(n-x) : 3 fc > 0, |n G N : 


^ ^ (Ink 
k = 1 


u k A™x k 


,z 1 ,z 2 ,...,z n -i\\j >A"|g/|. 


If p = (pfc) = 1 for all k. then the above spaces are as follows 

W 1 [A, A ™,M,u, = jx = (x k ) G w(n - x) : for given e > 0, j?z G N : 


^ ' dnkMk 


u k A™x k - L 


k = 1 


Zi,Z 2 , ...,-Jn-ill) > e| G /, for L e X and n G n|, 


Wq [A, A = jx = (x*,) G tu(n - x) : for given e > 0, j?z G N : 


E a n k Mk (l I UkA ™ Xk ,Z!,z 2 , •••, 1 j > ej G ij 


fc=l 


and 


A™ II-) -II] = {a: = (x k ) G w(n — x) : 3 fc > 0, j?r G N : 


E a nkM k (| I Uk ^ nXk ,Z 1 ,Z2,.~, Z n -1 1 1) > AT | G /}. 


fc=l 


If A = (C, 1), the Cesaro matrix, then the above spaces are as follows 
W 1 [A™, jM, u,p, ||., .||] = jx = (xfe) G w(n — x) : for given e > 0, j?r G N : 


OO 

e K 


k= 1 


u k A™x k -L ..MPfc 

? -^l i -2-2 5 •••5 ^n— 1 


)] *•} 


G /, for L G A and n G N 


}• 


Wq [A™, M,u,p, ||., .||] = jx = (xk) G w(n — x) : for given e > 0, j?z G N : 


OO 

£[ 

*:= i 


M, 


u k A™x k 


-,Zi,Z 2 ,...,Z n - 1 \ 


> € 


M 
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7 


and 

W^[A^,M,u,p, 1 -||] = |x = (x k ) G w{n — x) : 3 k > 0, jn G N : 


EM 11 

k—l 


u k A™x k 

P 


, 21 , 22 , 



> A'} G /}. 


If we take A = (a„fc) is a de La Valee Poussin mean i.e. 


® nk — 


1 

An ’ 


0 , 


if k G I n = [n — X n + 1, n] 
otherwise 


where (A„) is a non-decreasing sequence of positive numbers tending to oo and A„+i < 
A n +1, Ai = 1, then the above sequence spaces are denoted by W 1 [A, A ™,M,u,p, , 

Wo 1 [A, A™ ,M,u,p,\\.,...,.\\] and W^[X,A^,M,u,p, ||., .||] . 

By a lacunary seciuence 9 = (fc r );r = 0,l,2,... where ko = 0, we shall mean an increasing 
sequence of non-negative integers with k r — k r - 1 -A oo as r — Y oo. The intervals determined 
by 9 will be denoted by I r = (k r - 1 , k r \ and h r = k r — k r -\. We finally arrived, let 

{ 77 — , if k r -\ < k < k r 

P, r 

0 , otherwise. 

Then the above classes of sequences are denoted by W 1 [ 9 , A™, M.,p, ||., ..., .||] , Wq \9 , A™, M, 
p,||.,...,.||] and W^[9, A%,M,p, . 

The following inequality will be used throughout the paper. If 0 < p k < Slippy = G, 

D = max(l, 2 g ~ 1 ) then 


( 1 . 1 ) \a k +b k r<D{\a k r + \b k r} 

for all k and a k , b k G C. Also |a| Pfe < max(l, |a| G ) for all a G C. 


The main aim of this paper is to introduce some generalized difference sequence spaces 
defined by ideal convergence, a Musielak-Orlicz function A4 = (M k ) and an infinite ma- 
trix A = (a nk ). I have also make an effort to study some inclusion relations and their 
topological properties. 


2. Main Results 

Theorem 2.1 Let M. = ( M k ) be a Musielak-Orlicz function, p = (p k ) be a bounded se- 
quence of positive real numbers and u = (u k ) be a sequence of strictly positive real numbers. 
Then W 1 [A, A™ , A! ,u,p, , Wq [A, A™,M,u,p, ||., ..., .||] and W^[A, A™, AI, 

u,p , ||., ..., .||] are linear spaces over the field of complex numbers C. 

Proof. We shall prove the result for the space Wq [A, A™,M,u,p, ||., ..., .||] . Let x = ( x k ) 
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and y = (Uk) be two elements of [A, A™, M., u,p, ||., .||] . Then there exists pi > 0 
and p 2 > 0 and for z\, Z 2 , z n - 1 G X such that 


and 


A± = 


B± = 


OO 

jn G N : ^ 


(^nk 


k = 1 


oo 

jn € N : 


(Ink 


k = 1 


M k 


M k 


u k A™ x k 
Pi 


,z 1 ,z 2 ,...,z n -i\ 


Pk 


MW 


Uk^n Vk 
P2 


-,Z 1 ,Z 2 ,...,Z n - 1 \ 


)] ^W' 


Let a,/3eC. Since ||., .|| is a n-norm, A™ is linear and the contributing of M = (M*), 
the following inequality holds: 

u k X™(aXk + /3y fc ) 


OO 

^ ^ (Ink 
k=l 


M k 


MPl + |/3|p 2 


- , 2^1 , 2^2 , , -^n— 1 


< 


oo 

D ^ ^ &nk 
k=l 
oo 

+ D E (Ink 

k = 1 
oo 

E DK ^ ^ &nk 

k = 1 
oo 

+ DK a nk 


l\a\pi + |/3 1/92 


M* 


-Af fc 


L|a|pi + |/3|p 2 

u fc A ™x k 


U k A™ X k 

Pi 

u k A™y k 


,Zl,Z 2 ,...,Z n ^ 1 \ 


I 1 - 


k=l 


M k 

M k 


Pi 

u k A™y k 


P 2 


P'2 

,z 1 ,z 2 ,...,z n - 1 \ 

,Z 1 ,Z 2 ,...,Z n -i\ 


-,z 1 ,z 2 ,...,z n - 1 \ 


Pk 


Pk 


m 


where K = max s ± , ■— r — rnr \ — , i— r — rrs i — 
\ ’ Mpi + |/3|p 2 ’ Mpi + |/3|p 2 

From the above relation , we get 

u k A™(axk + f3y k ) 


}■ 


|n € N : ^ 


&nk 


M k 


fc= i 


Mpi + W|p 2 


^1? • 2 - 2 7 •••? -^n— 1 


'FM 


oo 


C jn G N : DK a nk 

k = 1 
oo 

U jn G N : DK E &nk 

k = 1 


M k 


M k 


u k A™ x k 
Pi 

u k A™ y k 
P2 


-,Zi,Z 2 ,...,Z n -i\ 


,Z 1 ,Z 2 ,...,Z n -i\ 


FM) 

F * 1}' 


Since both the sets on the R.H.S of above relation are belongs to J, so the set on the L.H.S 
of the inclusion relation belongs to I . Similarly we can prove other cases. This completes 
the proof of the theorem. 


Theorem 2.2 Let AT = (M’ k ) and M." = (M k ) be two Musielak-orlicz functions. Then we 
have Wi[A,A™,M',u, P ,\U...,.\\] n Wq\A,A™,M",u,p, ||., .||] C Wq\A,A™,M' + 
M", u,p, ||., .||] . 

Proof. Let x = (x k ) G W 0 J [T, A™, M',u,p, ||., ,||] n W&[A, A™, M",u,p, ||., ..., .|j] . 
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Then we get the result by the following inequality: 

OO 

E 

k = 1 


Q"nk 


(M'+M")( | 


u k A™x k 


-,Zi,Z 2 , • ••, Z n —\\ 


E D ^ ^ Clnk 
k = 1 
oo 

+ D a nk 

fc= l 


Ml 


Ml 


I f„ u k^n X k 

P 

u k A™ x k 

P 


-,Z 1 ,Z 2 ,...,Z n - 1 \ 


,Zi,Z 2 ,...,Z n - 1 


Hence 


|n G N : ^ a„A- (M£ + M'f.) j 


u fc A™a; fc ..MPfc 

| j -2^1 j -2-2 ? •••} ^n— 1 


fc=l 


)]^} 


oo 

c jn G N : py^ank 
k= l 
oo 

U jn G N : T> a nfc 
fc=i 


Ml 


Ml 


if H u kA n a’fc 

P 

u k A™x k 


Z 1 ,Z 2 ,...,Z n _ 1 \ 


-,Z 1 ,Z 2 ,...,Z n - 1 \ 


)]" * 1 } 


Since both the sets on the R.H.S of above relation are belongs to I, so the set on the L.H.S 
of the inclusion relation belongs to I. This completes the proof of the theorem. 

Theorem 2.3 The inclusions Z[A™ -1 , M, u,p, ||., .| |] C Z\A, A™, M, u,p, | |., .||] 
are strict for m> 1. In general Z[ A™^ 1 , A4, u,p, ||., .| |] C Z[A, A™, Ml, u,p, ||., .||] , 
for m = 0, 1, 2, ... where Z = W 1 , Wf , Wf^. 

Proof. We give the proof for Wq [A, A™ -1 , !A, u,p, .| |] only. The others can be 
proved by similar argument. Let x = (x k ) be any element in the space [A, A™ -1 , M, u,p, ||., ..., .||] . 
Let e > 0 be given. Then there exists p > 0 such that the set 


OO 

jn € N : ^ 


® nk 


\M k 


iifeA™ 1 x k 


•> , Z2 5 • ••> Z n — 1 


> e 


fe=i 


}g/. 
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Since Ai = (M k ) is non-decreasing and convex for every k, it follows that 


^ ' U nk 
k= 1 


M k 


U k A™X k 
2 P 


7 Zli •••? Zn—1 


') 


oo 

y ' O’nk 

k — 1 




u k A™ 1 x k +i - u k A™ 1 x k 
2 P 


,Zl,Z2,--,Zn~l\ 


< D H 




k= 1 




-,Zi,Z2,...,Z n -i\ 


+ D a nk — M k 


r 1 ,, /n^An l x k 


k = 1 

OO 


< 


where H = max 


DH E &nk 

k = 1 
oo 

+ DH E ® nk 

/c=l 


Mi 


M fe 


P 

u k A™~ 1 x k+ i 
P 

u k A™~ 1 x k 


-,Zi,Z2,.~,Z n -i\ 


Pk 


-,Z 1 ,Z 29 ^Z n - 1 \ 


Pk 




Pk 


oo 

jn € N : ^ 


&nk 


M k 


Thus we have 
u k A™x k 


fc= l 


C 


2p 


7 -2-1 5 ^2? •••5 -^n— 1 


i)r*«} 


u 


oo 

|n G N : 

k = 1 
oo 

|n € N : 


® nk 


(Ink 


k—1 


M k 


M k 


u k A™ 1 x k +i 
P 


,z 1 ,z 2 ,...,z n _i\ 


')]” * I) 


U k A™ 1 a:fe 


-,2i,z 2) ... ,2n-l 


r^} 


Since both the sets in right hand side of the above relation belongs to I, therefore we get 
the set 

,U k A™X k ..MPk 


|n G N : M k {\\ 


"7 , Z2 1 • • • 5 Z n — 1 


k = 1 


or^i 


G I. 


This inclusion is strict follows from the following example. 


Example. Let M k (x) = x, for all k G N, u k = p k = 1 for all k G N and A = (C, 1), the 
Cesaro matrix. Now consider a sequence x = (x k ) = ( k s ). Then for n = l,x = (. x k ) be- 
longs to Wq [A™, M,u,p, but does not belongs to Wq [A™ -1 , M, u,p, , 

because A™x k = 0 and A™~ l x k = (— l) m ~ 1 (m — 1)!. 

Theorem 2.4 For any two sequences p = (p k ) and q = ( q k ) of positive real numbers 
and for any two n-norms ||., ..., .||i and ||., ..., . 1 1 2 on X, we have the following 

Z[A,A™,M,u,p,\\.,...,.\\i]r\Z[A,A™,M,u,q,\\.,,..,.\\ 2 ] ± <f where Z = W T ,W£ and W£. 

Proof. Since the zero element belongs to both the classes of sequences, so the intersection 
is non-empty. 
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Theorem 2.5 The sequence spaces [T, A ||., . 1 1] and [A, A™, Ai,u,p, 
are normal as well as monotone. 


Proof. We shall prove the theorem for Wq [A, A™, M., u,p, .| | . Let x = (xk) G 


all fcgN. Then for given e > 0, we have 
iU k A™(a k x k ) 


jn G N : ^ a nk M k 


fe= l 


and a = (a k ) be a sequence of scalars such that \a k \ < 1 for 

} 


P 


,Z 1 ,Z 2 ,.:,Z n - 1 \ 


> e 


C 


oo 

|n € N : 


® nk 


\M k 


u k A™(x k ) 




i Zn—1 


k = 1 


or*-} 


G /. 


Hence a k x k G Wq\_A,A™,M,u,p, ||., .||]. Thus the space W$[A, A”, M,u,p, ||., ..., .||] 
is normal. Therefore Wq [A, A”, M, u,p, | |., ..., .||] is monotone also (see [12]). Similarly 
we can prove the theorem for other case. This completes the proof of the theorem. 
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Abstract. We prove a general stability theorem of an n-dimensional quadratic-additive 
type functional equation 

m 

Df(x!,x 2 , ...,x n ) = ^2cif(anX 1 + a i2 x 2 -I h a in x n ) = 0 

i= 1 

by using the direct method. 

AMS Subject Classification: 39B82, 39B52 

Key Words: generalized Hyers-Ulam stability; functional equation; n-dimensional quadratic- 
additive type functional equation; quadratic-additive mapping; direct method. 


1 Introduction 

Let G i and G 2 be abelian groups. For any mapping / : G\ — t G 2 , let us define 

Af(x, y) := f(x + y) - f{x) - f(y), 

Qf(x, y) ■= f(x + y) + f{x -y)- 2f(x) - 2f(y) 

for all x,y € G\. A mapping / : G\ — >• G 2 is called an additive mapping (or a 
quadratic mapping) if / satisfies the functional equation Af(x, y) = 0 (or Qf(x , y) = 
0) for all x,y €. G\. We notice that the mappings g, h : M — >• M given by g(x) = ax 
and h{x) = ax 2 are solutions of Ag(x,y) = 0 and Qh(x,y) = 0, respectively. 

A mapping / : G\ — >• G 2 is called a quadratic-additive mapping if and only if 
/ is represented by the sum of an additive mapping and a quadratic mapping. A 
functional equation is called a quadratic-additive type functional equation if and 
only if each of its solutions is a quadratic-additive mapping (see [9]). For example, 

1 
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the mapping f{x) = ax 2 + bx is a solution of the quadratic- additive type functional 
equation. 

In the study of stability problems of quadratic-additive type functional equations, 
we have followed out a routine and monotonous procedure for proving the stability of 
the quadratic-additive type functional equations under various conditions. We can 
find in the books [2, 3, 7, 8] a lot of references concerning the Hyers-Ulam stability 
of functional equations (see also [1, 4, 5, 6, 14, 15]). 

Throughout this paper, let V and W be real vector spaces, let X and Y be a real 
normed space resp. a real Banach space, and let No denote the set of all nonnegative 
integers. 

In this paper, we prove a general stability theorem that can be easily applied 
to the (generalized) Hyers-Ulam stability of a large class of functional equations of 
the form Df(x\,x 2 , . . . ,x n ) = 0, which includes quadratic-additive type functional 
equations. In practice, given a mapping / : V — >• W, Df : V n — > W is defined by 

m 

Df{x i,x 2 ,...,x n ) :='Y^Cif(a il xi + a i2 x 2 4 b a in x n ) (1.1) 

i=l 

for all x\,X 2 , ■ ■ ■ , x n G V, where m is a positive integer and Cj, a^- are real constants. 

Indeed, this stability theorem can save us much trouble of proving the stabil- 
ity of relevant solutions repeatedly appearing in the stability problems for various 
functional equations (see [11, 12, 13]). 


2 Preliminaries 


Let V and W be real vector spaces and let X and Y be a real normed space resp. 
a real Banach space. For a given mapping / : V — >• W, we use the following 
abbreviations 


t , ^ f ( x ) “ f(~ x ) j f \ 

fo(x) := and f e (x) 


f(x) + f(-x) 
2 


for all 

We now introduce a lemma from the paper [10, Corollary 2], 


Lemma 2.1 Let k > 1 be a real constant, let : U\{0} — >• [0, 00 ) be a function 
satisfying either 

OO 1 

<S>(x) :=^2—(j){k lx ) < 00 (2.1) 

i=0 ^ 

for all x € U\{0} or 

OO 

$(x) :=^k 2 i f) 

i = 0 

for all x € U\{0}, and let f : V — >• Y be an arbitrarily given mapping. If there exists 
a mapping F : V — >• Y satisfying 


x 

¥ ]< °° 


(2.2) 


11/0*0 - ^0*011 < ^(*) 


(2.3) 
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for all x € V\{0} and 

F e {kx) = k 2 F e (x), F 0 (kx ) = kF a (x) (2.4) 

for all x € V, then F is a unique mapping satisfying (2.3) and (2.4). 


We introduce a lemma that is the same as [10, Corollary 3] . 


Lemma 2.2 Let k > 1 be a real number, let (j>p : C\{0} — >• [0,oo) be functions 
satisfying each of the following conditions 

00 . / T \ 00 1 

<o °’ X < °°> 

i=0 V ' i=0 

°° / T \ _ °° 1 

$0*0 ; = X fc ^( ^ ) < °°> : = X] < °° 

i=0 ' ' i=0 ^ 

for all x € V\{0}, and let f : V Y be an arbitrarily given mapping. If there exists 
a mapping F : V — >• Y satisfying the inequality 

\\f{x)-F(x)\\<$(x) + y{x) (2.5) 

/or all x € L\{0} and the conditions in (2.4) /or all x € V, f/ien F is a unique 
mapping satisfying (2.4) and (2.5). 

3 Main results 

In this section, let a be a real constant with a fL { — 1,0, 1}. Lemma 2.1 plays an 
important role in the proofs of the following two main theorems. 


Theorem 3.1 Let n be a fixed integer greater than 1, let p : L\{0} — >• [0, oo) be a 
function satisfying the condition 


p(alx) 


-.2 i 


i = 0 
oo 


E u(a l x) 

i < oo 

\n * 


4=0 


w/ien |a| < 1, 


when |a| > 1 


(3.1) 


/or all x £ V\{0}, and let ip : (C\{0}) n — >• [0, oo) be a function satisfying the 
condition 


^ip(a l x 1 ,a l x 2 ,...,a l x n ) 
y 7H < oo when |a| < 1, 


, 2i 


i=0 

OO 


E ip(a l x 1 ,a l x 2 , ■ . . ,a l x n ) 

t— rr < oo when |a| > 1 


i = o 


(3.2) 
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for all xi,X 2 , . . . , x n € F\{0}. If a mapping f : V — >• Y satisfies /( 0) = 0, 

/(«®) - a Y^ f( x ) ~ ° 2 a /(- g ) - ^ x ) ( 3 - 3 ) 

/or all x € y\{0} ; and 

\\Df(xi,x 2 , • • • ,x n )|| < ^(xi,x 2 , • • • ,i n ) (3.4) 

/or all x\,X 2 , ■ ■ ■ ,x n G F\{0}, then there exists a unique mapping F : V ^ Y such 
that 

DF(xi,x 2 , ■ ■ ■ ,x n ) = 0 (3.5) 

/or all xi,X 2 i ■ • - , x n G y\{0}, 

F e {ax ) = a 2 F e (x ) and F 0 (ax ) = aF 0 {x ) (3-6) 

/or all x <EV , and 

OO 

||/(x)-F(s)|| 

l: 0 

/or all x € V^\{0} . 


p(a l x) + p(—a l x) 
2|a| i+1 
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for all x € V^\{0} . In view of (3.1) and (3.8), the sequence {J m f(x)} is a Cauchy 
sequence for all x € H\{0}. Since Y is complete and /( 0) = 0, the sequence 
{Jmf(x)} converges for all x € V. Hence, we can define a mapping F : V — >• Y by 


F(x) : = lim J m f(x ) = lim 

m—> oo m—> oo 


f(a m x) + f{-a m x ) f[a m x) - f{-a m x ) 


2a 2m 


2a r ‘ 


for all x € V. 

We easily obtain from the definition of F and (3.4) that 


F e (ax) = 


F(ax ) + F(—ax) 


= lim 
m—> oo 


f(a m+1 x) + /(— a m+1 x) 


= a z lim 

m— >oo 

2 


2a 2m 
x) + 

2 a 2m + 2 


2 .. /(a m+1 x) + /(-a m+1 x) 


FJax) = 


= a F e (x), 

F(ax ) — F(—ax) 


= lim 

m— >-oo 


f(a m+1 x) - /(— a m+1 x) 


2a K 


= a lim 

m— > oo 


/(a m+1 x) — /(— a m+1 x) 
2a m+1 


= aF 0 (x) 

for all and by (1.1) and (3.2), we get 

||£>F(xi,x 2 , . . ■ ,x n )\\ 

I Df(a m x ll a m x 2 , a m x n ) +£>/(- a m xi, -a m x 2 , . . . , ~a m x n ) 


= lim 

m— >■ oo 


< lim 

m— >■ oo 


2a 2m 


+ 


) — £)/( — a m xi, — a m x 2 , . . 

• , —a m Xn) 

2a m 



</?(a m xi, a m X 2 , • ■ • , a m x n ) + (/?( — a m xi, — a m x 2 , . . . , —a m x n ) 

2a 2m 

tp(a m xi,a m X 2 , • • • , a m x n ) + </?( — a m xi, — a m x 2 , . . . , — a m x n ) 
+ 2|a| m 


= 0 


for all xi, x 2 , . . . , x n € H\{0}, i.e., DF(x i, x 2 , . . . , x n ) = 0 for all xi, x 2 , . . . , x n £ 
F\{0}. Moreover, if we put m = 0 and let l — >• oo in (3.8), then we obtain the 
inequality (3.7). 

Notice that the equalities 

F e (\a\x) = |a| 2 F e (x), 

F 0 (\a\x) = |a|F 0 (x), 
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are true in view of (3.6). 

When |a| > 1, in view of Lemma 2.1, there exists a unique mapping F :V —>■ Y 
satisfying the equalities in (3.6) and the inequality (3.7), since the inequality 

u/Or) - f W ii < f; ( + 


2=0 

oo 

sE 

2=0 

OO 

s£ 

*= o 


2 a 2i+2 


2|a| i+1 


\a\ l x) 


\ a \ 

4>(k l x) 


k 1 


holds for all x € V\{0}, where we set k := |a| and <f(x) := vM+vi-*) _|_ . 

When |a| < 1, in view of Lemma 2.1, there exists a unique mapping F : V — >• Y 
satisfying the equalities in (3.6) and the inequality (3.7), since the inequality 


!!/(*) - f W || < V + M-«Y) 


2=0 

OO 

s£ 

i=0 

oo 


2 a 2i+2 


2|a| i+1 


\a\ l x) 


1 2 i 


£* 2 ‘< 


i = 0 


holds for all x € W\{0}, where k := ^ and <f>(x) : =6 x ^ 


2|o| 


□ 


The proof of the following theorem runs analogously to that of the previous 
theorem. 


Theorem 3.2 Let n be a fixed integer greater than 1, let ji : V r \{0} — > [0, oo) be a 
function satisfying the condition 


< 


OO / X 

E l i i ( x \ 

\a \ a — < oo 

\a l ) 
j= o v 7 

OO /X 

E 2 i f X \ 

a n — < oo 

V a 1 J 

i=o v 7 


when |a| < 1, 


when lal > 1 


(3.9) 


for all x € V\{0}, and let ip : (17\{0}) n — >• [0, oo) be a function satisfying the 
condition 


£ i 

2=0 

OO 

£■ 

i = 0 


.2 i, 


Xl 

X2 

X n 

a' 

i i • 

a 1 

CL 1 

Xl 

X2 

Xn 

a 1 ’ 

a 1 ’ ' ' 

' ’ a 1 


(3.10) 
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for all xi,X 2 ,...,x n € F\{0}. If a mapping f : V — >• Y satisfies /( 0) = 0, (3.3) 
for all x € F\{0}, and (3.4) for all aq, X 2 , ■ ■ ■ , x n € F\{0}, then there exists a 
unique mapping F : V —t Y satisfying (3.5) for all x\,X 2 , ... ,x n F\{0} and the 
conditions in (3.6) for all x € V , and such that 

\\f(x)-F(x)\\<jr a ^ |a| (/i(^) + (3.11) 

for all x € V^\{0} . 



for all x € V. Moreover, if we put m = 0 and let l — >• oo in (3.12), we obtain the 
inequality (3.11). 
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In view of the definition of F and (3.4), we get the equalities in (3.6) for all 
x € V and 


\\DF(xi,x 2 ,...,x n 

ii 

= lim 


Df ( — ^ ) + Df 

' a m a m a rn 1 


—X\ —X2 


—Xr, 


X\ X 2 


+ — [Df — -Df 

O \ " l _m 7 tyi . 7 7 ^ 


a m a m 


a" 1 a 
— xi — x 2 


— x,- 


a" 


a n 


< lim 

m— >■ OO 


= 0 


r a 2m 


+ 


<P 


Xl X2 

a™’ a™’ 


Tin 


a n 


+ </? 


— XI —X2 
m 


. Xl X 2 X.„ 

^ l a m ’ a m ’ " • ’ ^ 


a'"- a" 

—X! — x 2 


r,m 


-X r , 


a" 


a" 


for all xi, X 2 , ■ ■ • , x n € V\{0}, i.e., DF(x i, x 2 , . . . , x n ) = 0 for all xi, x 2 , . . . , x n € 
V\{0}. We notice that the equalities 

F e (|a|x) = |a| 2 F e (x), F e f ^ 

\|a|y |a| z 

F 0 (|a|x) = \a\F 0 (x), 

\|a|y \a\ 

hold in view of (3.6). 

When |a| > 1, according to Lemma 2.1, there exists a unique mapping F : V — >• Y 
satisfying the equalities in (3.6) and the inequality (3.11), since the inequality 


||/(x) -F(x)|| < 

i = 0 




< 



oo 


5> 2 v 


X 

k l 




holds for all x € V\{0}, where k := |a| and <j>(x) := /x(|) + n{-£)- 

When |a| < 1, according to Lemma 2.1, there exists a unique mapping F : V — >• Y" 
satisfying the equalities in (3.6) and the inequality (3.11), since the inequality 


||/(x) -F(x)|| < ^ 
i= 0 



< 



< y,f(Dx} 
_ ■“ k l 


+ M 




holds for all x € W\{0}, where k := ^ and <f{x) := /.x ( * ) + h(qf)- □ 
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Lemma 2.2 is necessary for the proof of the following main theorem. 


Theorem 3.3 Let n be a fixed integer greater than 1, let p : P\{0} — >• [0, oo) be a 
function satisfying the condition 


oo f % \ oo 

^ < oo and |a|Vf ) < oo when |a| > 1, 


i = 0 

OO 

E 

%= o 


n(a l x ) 


i = 0 

OO 


< OO 


OO / \ 

and — ] < oo when |a| < 1 

i = o V a / 


(3.13) 


/or all x € V\{0}, and let (p : (P\{0}) n — >• [0, oo) be a function satisfying the 
conditions 


OO / j j j \ oo 

E V7(a*xi,a\T2,...,a*x n ) j \ 

< oo and ^ |a| 


i=o 


i=0 

when |a| > 1, 

OO 


Xl Xn . ^ 

< 00 

a* a* a* 


E ip(a l xi,a l x 2 , . . . ,a l x n ) v-^ 2 ; / x 2 x 

— < oo and 2^0 ¥>' 


i = 0 


i=0 

when \a\ < 1 


i ’ i ’ * * * ’ Z ) ^ ^ 

a 2 a 2 a 2 


(3.14) 


/or all x\,X 2 , ■ ■ ■ ,x n € F\{0}. // a mapping f : V Y satisfies /( 0) = 0 and 
the inequality (3.3) /or all x € P\{0} and (3.4) /or all xi, x 2 , . . . , x„ € F\{0}, 
f/ien t/iere exists a unique mapping F : V — )• 1" satisfying the equality (3.5) /or all 
xi,X 2 , ... ,x n € V\{0}, the equalities in (3.6) for all x € V , and 


11/0*0 -F(x)|| < { 


E 

i=0 L 


fi(d l x) + fi(—a l x) |a, 

^+2 + ^“l ^ 

when I a I > 1, 


7^+1 


+ h 


— X 

n*+l 


E 

i = 0 L 


a 2 * / / x 

h 


7^+1 


+ /i 


— x ^ ^ p(a l x) + /u(— a*x) 


7 i+l 


2|o|* +1 


when I a I < 1 


(3.15) 


/or all x € P\{0}. 


Proof. We will divide the proof of this theorem into two cases, one is for |a| > 1 
and the other is for |a| < 1. 

Case 1. Assume that |a| > 1. We define a set A := {/ : V — > Y | /( 0) = 0} and 
a mapping J m : A — > A by 


Jmf(x) 


f(a m x) + /(— a m x) 
2a 2m 
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for all x € V and m € No- It follows from (3.3) that 

II Jmf(x) - J m+ lf(x) || 
ra+Z— 1 

< ~ J i+lf( x )\\ 


m.+ii f( a t x } + f(_ a i x } a'// ,/-x 

^ 2a^ + T\/VaV , 'v~a r 


/(a* +1 x) + /(— a* +1 x) a* +1 

2 a 2i + 2 


m+Z— 1 | 


a 2 + a 


a 2 — a 


^2i+2 ( /(-° ' a * x ) - /(- a ^) - — /( a?a h 




a 2 + a , / x \ a 2 — a .( —x 


/ a T7 


— x \ a 2 + a „( —x \ a 2 — a .( x 


1 , j ) (_ j ) i p / / x \ ( —x 

L \ \ / \ 


2q 2h- 2 (/( a ' a * x ) - ^ Q 7 (o*g) - ° 9 a f(~a t x)\ (3.16) 


for all x € U\{0}. 

In view of (3.13) and (3.16), the sequence {J m f(x)} is a Cauchy sequence for all 
x € U\{0}. Since Y is complete and /( 0) = 0, the sequence {J m /(x)} converges for 
all x € V. Hence, we can define a mapping F : V —>■ Y by 




for all x € V. Moreover, if we put m = 0 and let l — >• oo in (3.16), we obtain the 
first inequality of (3.15). 

Using the definition of F, (3.4), and (3.14), we get the equalities in (3.6) for all 
x € V and 


|| j DF(xi,X2,...,x„)|| 

Df(a m xi,a m x 2 , . • . ,a m x n ) +Df(- a m xi ,-a m x 2 , • • . ,-a m x n ) 

= lim - 

m— > oo 2a 2m 

i. — fnfi— — r>f ( ~ x ' 2 

2 1 ; V a m ’ a m ’ ■ ■ ■ ’ a m / 1 V a m ’ a m ’ ' ' * ’ a m J J 


< lim 


<^(a m xi, a m x 2 , • • • , a m x n ) +(p( — a m x i, —a m x 2: . . . , — a m x n ) 


lap/ / aq x^ — 1+ ( ~ x i ~ x 2 
2 V l a m ’ a m ’ ' ’ ’ ’ a m ) + ^ l a m ’ a m a m 
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for all xi,X 2 , ■ ■ ■ ,x n G V^\{0} , i.e., DF(x i,X 2 , ■ ■ ■ ,x n ) = 0 for all xi,X2, ■ ■ ■ ,x n G 
U\{0}. We notice that the equalities 

F e (\a\x) = |a| 2 F e (x) and F 0 (|a|x) = \a\F 0 (x) 


are true in view of (3.6). 

Using Lemma 2.2, we conclude that there exists a unique mapping F : V — >• Y 
satisfying the equalities in (3.6) and the first inequality in (3.15), since the inequality 


||/(x)-F(x)|| <E 
i = 0 


n(a l x) + +—a l x) 
2 a 2i+ ' 2 



/ ( *!>(}? x) 

- f-A k2i 




( x\ ( -x\ 

holds for all x G U\{0}, where k := |a|, 4>(x) := ^ a> 2 - a , and if)(x) : = 

aO)+M-U 

2a 2 ' 

Case 2. We now consider the case of |a| < 1 and define a mapping J m : A — >• A 
by 


Jim 


+/ — + 


— x\\ f(a m x) — f(—a m x) 


2 a m 


for all x G V and n € Nq. It follows from (3.3) that 


I Jmf(x) - J m +lf(x) II 

m+l— 1 


X 


m+l — 1 

E 


-,2 i 


V / -7 +/ + 


~x\\ , f(a l x) - /(-a*x) 


2a* 


Jli+1 


m+l— l 

E 


,2i 


/ a 


/ 


x 

7^+1 


7^+1 


+ / 


— x \\ /(a 2+1 x) — /(— a l+1 x) 


-ii+\ 


2a i+l 


a 2 + a 


x 


a — a I — x 
2 * 


i + 1 


(3.17) 


^2« 


+ “7T / a 


—x 


a" + a / -x 

O *7 


1 


+ 


2a* +1 

1 

2a* +1 


a 2 + a 


*+i 


a 2 — a 


a 2 — a 


x 

7 i+l 


/(a • a*x) - — - /(a*x) - -—f(-a'x) 


2 

/(-a • a*x) - + a f(-a l x) - 


a 2 — a 


f(a l x ] 


m+l — 1 r 

£ E 


,2i 




7^+1 


+ /i 


— x ^ n{a l x) + n(—a l x ) 


7 7 I 1 


2|a|* +1 


for all x G U\{0}. 
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On account of (3.13) and (3.17), the sequence { J m f(x)} is a Cauchy sequence for 
all x G U\{0}. Since Y is complete and /( 0) = 0, the sequence {J m f(x)} converges 
for all x € V. Hence, we can define a mapping F : V — >• Y by 


F(x) 



f(a m x) — f(—a m x) 
2 a m 


for all x G V. Moreover, if we put m = 0 and let l — >• oo in (3.17), we obtain the 
second inequality in (3.15). 

By the definition of F, (3.4), and (3.14), we get the equalities in (3.6) for all 
x G V and 


\\DF(xi,x 2 , 
= lim 


a 


X\ x 2 


X r 


Df -2-,-^-,...,-^ +Df 


-X\ —X2 


— X r , 


a m a m ’ ' " ’ a r 


< lim 

m— >■ oo 


= o 


a 


+ 

2m 


a" L a" L a" 

Df(a m x l ,a m X 2 , . . . , a m x n ) -£>/(- a m xi, -a m x 2 , . . . , -a m x n ) 


, Tl X 2 X,„ 

^ ^ a m ’ a m ’ " ’ ’ oT ^ ^ 


2 a m 

— aq — x 2 
"a™”’ ~a™~ : 


— Xr; 


+ 


</?(a m xi, a m X2, • • • , a m x n ) + </?( — a m xi, —a m x 2 , ■ ■ ■ , — a m x n ) 

2|a| m 


for all xi,x 2 , ... ,x n € U\{0}, i.e., DF(x i,x 2 , . . . , x n ) = 0 for all xi,x 2 , . . . ,x n G 
U\{0}. We remark that the equalities 


F e 




and 



F 0 {x) 

lal 


hold by considering (3.6). 

Using Lemma 2.2, we conclude that there exists a unique mapping F : V —>■ 
Y satisfying the equalities in (3.6) and the second inequality in (3.15), since the 
inequality 


\\f(x)-F(x)\\ < 

i=0 L 
oo 

= E 


00 V‘ 


X \ ( —x 

H Fi + 1 ] +F 




+ 


n(a l x ) + n(—a l x) 


2|a| i+1 


i = 0 

OO 


Li(k l+l x) + n(— k l+l x) | k l+1 f ( x 

k l 


2 k 2i 




z=0 


k l 


holds for all x G U\{0}, where k := A, (f>(x) := | (/i(x) + and ip(x) : = 

kx) I — | 

2 * U 


In the following corollary, we investigate the Hyers-Ulam-Rassias stability version 
of Theorems 3.1, 3.2, and 3.3. 
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Corollary 3.4 Let X and Y be a real normed space and a real Banach space, re- 
spectively. Let p, 6, £ be real constants such that p 0 {1,2}, a 0 {—1,0,1}, £ > 0, 
and 6 > 0. If a mapping f : X — >• Y satisfies /( 0) = 0 and 


f{ax ) 


a 2 + a 


/(*) 



/(-*) 


<£IMI P 


(3.18) 


/or all x G X\{0}, as well as if f satisfies the inequality 


\\Df(xi,x 2 ,...,x n )\\ < 6»(||xi|| p H b \\x n \\ p ) 


(3.19) 


for all xi, X 2 , ■ ■ ■ , x n G X\{0}, then there exists a unique mapping F : X — >• Y 
satisfying (3.5) for all x\,X 2 , ■ ■ ■ ,x n G X\{0}, and the equalities in (3.6) for all 
x G X, as well as 


||/(x) -F(s)|| < 


ZM P , £IHI P 

a 2 -\a\P\ ^ ||a|-|a|P 


(3.20) 


for all x G X\{0}. 


Proof. If we put p(x i,X 2 , ■ ■ ■ , x n ) := 0(||xi|| p + • • • + ||x n || p ) for all x\, X 2 , ■ ■ ■ , x n € 
X\{0}, then ip satisfies (3.2) when either |a| > 1 and p < 1 or |a| < 1 and p > 2, and 
<p satisfies (3.10) when either |a| > 1 and p > 2 or |a| < 1 and p < 1. Moreover, p 
satisfies (3.14) when 1 < p < 2. Therefore, by Theorems 3.1, 3.2, and 3.3, there exists 
a unique mapping F : X — >• Y such that (3.5) holds for all X\,X 2 , ... ,x n € X\{0}, 
and (3.6) holds for all x € X, and such that (3.20) holds for all x G X\{0}. □ 

4 Quadratic-additive type functional equations 

In this section, let a be a rational constant such that a 0 {—1,0,1}. Assume 
that the functional equation Df(x\, X 2 , ■ ■ ■ , x n ) = 0 is a quadratic-additive type 
functional equation. Then F : V — > Y is a solution of the functional equation 
Df(x i,X 2 , • • • , x n ) = 0 if and only if F : V — >• Y is a quadratic-additive mapping. If 
F : V — >• Y is a quadratic-additive mapping, then F e (x) and F a (x) are a quadratic 
mapping and an additive mapping, respectively. Hence, Ffiax) = a 2 F e (x ) and 
F 0 (ax ) = aF 0 (x) for all x G V, i.e., F satisfies the conditions in (3.6). 

Therefore, the following theorems are direct consequences of Theorems 3.1, 3.2, 
and 3.3. 


Theorem 4.1 Let n be a fixed integer greater than 1, let p : V [0, oo) be a 
function satisfying the condition (3.1) for all x € V, and let p : V n — >• [0,oo) 
be a function satisfying the condition (3.2) for all x±,X 2 , ■ ■ ■ , x n € V. If a mapping 
f : V — >• Y satisfies /( 0) = 0, (3.3) for all x G V, and (3.4) for all X\,X 2 , ■ . . , x n G V , 
then there exists a unique quadratic-additive mapping F : V —t Y such that (3.7) 
holds for all x € V . 
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Theorem 4.2 Let n be a fixed integer greater than 1, let n : V — >• [0, oo) be a 
function satisfying the condition (3.9) for all x G V, and let <p : V n — >• [0, oo) be 
a function satisfying the condition (3.10) for all xi,X 2 , ■ ■ ■ ,x n G V . If a mapping 
f : V —rY satisfies /( 0) = 0, (3.3) for all x G V, and (3.4) for all X\,X 2 , ■ ■ ■ , x n G V , 
then there exists a unique quadratic- additive mapping F : V —> Y such that (3.11) 
holds for all x G V. 


Theorem 4.3 Let n be a fixed integer greater than 1, let p : V — >• [0, oo) be a 
function satisfying the condition (3.13) for all x G V, and let <p : V n — >• [0, oo) be 
a function satisfying the condition (3.14) for all x±,X 2 , ■ ■ . ,x n G V. If a mapping 
f : V —*Y satisfies /( 0) = 0, (3.3) for all x G V, and (3.4) for all xi,X 2 , ■ ■ ■ , x n G V , 
then there exists a unique quadratic-additive mapping F : V — >• Y satisfying the 
inequality (3.15) for all x € V. 


Corollary 4.4 Let X and Y be a real normed space and a real Banach space, respec- 
tively. Let p, 0, £ be real constants such that p 0 {1,2}, a fL {—1,0,1}, p > 0, £ > 0, 
and 6 > 0. If a mapping f : X — >• Y satisfies (3.18) for all x € X and the inequal- 
ity (3.19) for all x±,X 2 , ■ ■ ■ ,x n G X, then there exists a unique quadratic-additive 
mapping F : X — >• Y such that (3.20) holds for all x G X . 


Corollary 4.5 Let X and Y be a real normed space and a real Banach space, re- 
spectively. Let 6 and £ be real constants such that a (f {— 1,0,1}, £ > 0, and 6 > 0. 
If a mapping f : X —>■ Y satisfies /( 0) = 0, and 


f{ax) 


a 2 + a 
2 


/(*) 



/(-*) 


< £ 


for all x G X , as well as if f satisfies the inequality 

\\Df (xi,x 2 , ■ ■ .,x n ) || < 0 

for all xi, X 2 , ■ ■ ■ , x n G X, then there exists a unique quadratic- additive mapping 
F : X —>Y such that 


\\f(x)- F(x)\\ < 


£IMI P . £M P 

« 2 -H I |o| — i 


for all x G X . 
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Consumption Constraints on Optimal Consumption 

and Portfolio 


Ho-Seok Lee* Yong Hyun Shin' 


We investigate an optimal consumption and portfolio selection problem 
of an infinitely-lived economic agent with a constant relative risk aversion 
(CRRA) utility function who faces subsistence consumption constraints. We 
provide the closed form solutions for the optimal consumption and invest- 
ment policies by using the dynamic programming method and compare the 
solutions with those obtained by the martingale method. We show that they 
coincide with each other. Comparison of optimal policies with and without 
subsistence consumption constraints shows that the constraints have effect 
on the optimal consumption and portfolio policies even when the constraints 
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Keywords : Consumption, portfolio selection, subsistence consumption 
constraints, dynamic programming method, CRRA utility. 

1 Introduction 

Following the seminal contributions of Merton [6, 7] on continuous-time 
optimal consumption and portfolio selection problems, there have been a 
number of research works on the optimization problems under various eco- 
nomic constraints. One of the most interesting topics is optimal consump- 
tion and portfolio selection with subsistence consumption constraints (see 
[1, 4, 5, 8, 10, 11, 12]). Subsistence consumption constraints mean that there 
exists a positive minimum consumption level (that can be a constant or a 
deterministic/stochastic process) such that the agent can live with. 

We consider the optimal consumption and investment problem with 
subsistence consumption constraints and a constant relative risk aversion 
(CRRA) utility function. We derive the optimal solutions in closed form 
by using the dynamic programming approach based on Karatzas et al. [2], 
We also compare the solutions with those of Shin et al. [11] by using the 
martingale duality approach for the same optimization problem. We show 
that they agree with each other. 

Besides the methodological contribution through the dynamic program- 
ming method, we quantitatively compare our results to those of the agent 
without subsistence consumption constraints. The comparison shows that 
the existence of the subsistence consumption constraints affects the optimal 
consumption and portfolio policies even when the constraints do not bind. 
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The prospect that the subsistence consumption constraints become binding 
later compels the agent to consume less and to invest in the risky asset more 
conservatively. 

The rest of this paper is organized as follows. The financial market is in- 
troduced in Section 2. In Section 3 the optimal consumption and investment 
problem is considered with subsistence consumption constraints. Section 4 
demonstrates the impact of the subsistence consumption constraints on the 
optimal policies. Section 5 summarizes the paper. 

2 The Economy 

In a financial market, we assume that an economic agent has investment 
opportunities given by a riskless asset with a constant rate of return r > 0 
and one risky asset St which follows a geometric Brownian motion with 
a constant mean rate of return /./ and a constant volatility a, dSt/St = 
fidt + crdBt , where Bt is a standard Brownian motion on a probability space 
P) and {Pv} t >o is the P-augmentation of the filtration generated by 
the standard Brownian motion {Bt } t>0 . 

A portfolio process 7r := {7p} t>0 meaning amounts of money invested 
in the risky asset at time t is a measurable process adapted to {Ft\ t > 0 and 
satisfies 

7 Tgds < oo, for all t > 0 a.s. (1) 

A consumption process c := {ct} t>0 is a measurable nonnegative process 
adapted to {Ft } t > 0 and satisfies 

c s ds < oo, for all t > 0 a.s. 

3 




81 


Ho-Seok Lee et al 79-99 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Then, with a given initial endowment Xq = x > 0, the agent’s wealth process 
X t at time t evolves according to 

dX t = [rX t + 7 T t {n - r ) - c t \ dt + n t adB t . (2) 


3 The Optimization Problem 

Now we investigate the agent’s optimization problem with subsistence con- 
sumption constraints. Given a positive subsistence level of consumption 
R > 0, the agent’s problem is to maximize the total expected discounted 
utility from consumption with the constraint 

ct > R, for all t > 0 . (3) 

In this paper, we assume that the utility function u(-) is of the CRRA type 

1 — '■y 

u(c) := y , 7 > 0 (7 + 1), 

1-7 

where 7 is the agent’s coefficient of relative risk aversion. A pair (c, n) of 
the optimal consumption/investment processes is called admissible at ini- 
tial capital x > 0, if the wealth process X t in (2) is strictly positive and 
it satisfies the constraint (3). Let A{x) denote the set of all admissible 
consumption/investment pair at x > 0 . 

Then, the agent’s optimization problem is given by 


where 


V(x) := max J(x:c, 7r), 
{c,TT)eA{x) 


J(x; c, 7r) := E 




1-7 



4 


( 4 ) 

( 5 ) 
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subject to the budget constraint (2) and the subsistence consumption con- 
straint (3). Here p > 0 is the subjective discount factor. In addition, we 
should impose a lower bound on initial wealth x as follows: 


x > 


R 


such that a pair (c, vr) corresponding to the wealth dynamics (2) should be 
admissible (see Lemma 3.1 of Gong and Li [1]). 

By the dynamic programming principle, the value function V(x) in the 
optimization problem (4) satisfies the following Bellman equation 


max 

c>R,n 


1 1 — 'y 

{rx + 7 — r) — c} V'{x) + -a 2 ir 2 V"(x) — pV(x) + ^ 

2 1 — 7 


= 0 . 


( 6 ) 


We assume that the wealth process Xf satisfies a transversality condition 


lirn e~ pt V(X t ) = 0, (7) 

£—>•00 

if V{-) is the solution to the Bellman equation (6). 

The first order conditions (FOCs) of the Bellman equation (6) for the 
optimal consumption/portfolio (c*,7r*) imply 

c* = (( V\x))~ ^ 


and 


7 r = — - 


/i — r V'(x ) 


( 8 ) 


u 2 V"[x)' 

The subsistence consumption constraint (3) forces us to impose a threshold 
wealth level x > 0 such that 


c = 


R, for R/r < x < x, 

{V'{x)) t, for x>x. 


(9) 


5 
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Substituting the FOCs (8) and (9) into the equation (6) yields 

1 (V'(x)Y 2 /?!— 7 

(rx — R)V'(x) — -9 2 — — pV{x) + - = 0, for R/r<x<x (10) 

2 V "(x) 1 — 7 

and 

1 (V'(x)) 2 Y 1-7 

rxV'(x) 6 2 pV(x)-l V'(x) "* =0, for x>x, (11) 

2 V (x) 1 — 7 

where 8 := (g — r)/a is the market price of risk. Moreover, we define a 
Merton constant K such that 


K : = r + 


p — + ids 1 


( 12 ) 


7 2J 2 

and assume that K > 0 to guarantee the well-definedness of the optimization 
problem (4). 


Lemma 3.1. The value function V(x) in (4) is strictly concave and strictly 
increasing for x > R/r. 


Proof. The proof follows a similar line to that of Proposition 2.1 in Za- 
riphopoulou [14], □ 


Remark 3.1. For later use, we define two quadratic algebraic equations as 
follows: 

f(m) := rm 2 — (^p + r + m + p = 0 (13) 

and 


g{n) 



p — r + -9‘ 


n — r = 0. 


(14) 


f(m) = 0 has two real roots m\ and m 2 satisfying m\ > 1 > m 2 > 0 and 
g(n) = 0 has two real roots ri\ and 712 satisfying n± > 0 and n 2 < — 1. Also 
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we have the following relationships between roots of two quadratic equations 


(13) and (14)-' 

1 1 

m = n 2 = 

m i — 1 m 2 — 1 


(15) 


Theorem 3.1. Assume that a strictly increasing and strictly concave func- 
tion v(-) such that v(-) € C 2 (R/r, oo) solves the Bellman equation (6) for 
x>R/r. Then v(x) > J{x\ c, 7r) for all admissible pair (c, 7v). If(ct,ir))is 
the maximizer of the Bellman equation (6), then we derive 


v(x) = V(x)= max J(x; c, n) = J(x\ c* , 7r*). 

(c,ir)tzA(x) 

Proof. Let us define a function £/(•,•) as follows: 

U(t,X t ) :=e~ pt v(X t ). (16) 


The Ito’s formula implies 
dU(t , X t ) = e~ pt 


{rX t + 7 x t (n - r) - a } v'(Xt) + -a 2 ir 2 v" (X t ) - pv(X t ) 


1—7 

< —e~ pt — dt + e^ pt aTTtv' (X t )dB t 

1-7 


dt + e pt airtv'(X t )dB t 
(17) 


for any admissible pair ( < 7 , 77 ) of consumption/portfolio processes. For any 
t > 0, we obtain 

v(X 0 ) > [ e~ ps ^ — ds + e~ pt v(X t ) - [ e~ ps crn s v' (X s )dB s . (18) 

Jo 1 - 7 Jo 

From (1), the second integral of the right-hand side of (18) is a bounded 
local martingale and hence a martingale, so we have 

rt 1 , 1—7 


v{x) > E 


[ e -ps^ ds + e -pt v{ x t) 

Jo 1 “ 7 


(19) 
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Letting t f oo and using the monotone convergence theorem, the Lebesgue 
dominated convergence theorem and the transversality condition in (7), we 
derive 


v(x ) > E 


roo 1— 7 

- ~ ps — — ds 


= J(x; c, 7 r). 


(20) 


/ o 1 - 7 

If (ct,7Tt) is the maximizer of the Bellman equation (6), the inequality in 
(20) becomes the equality and consequently we obtain v(x) = V(x). □ 


Theorem 3.2. The value function V(x) of the optimization problem (4) is 
given by 


for R/r < x < x, 


n R \ 2 , -R 1-7 

V(x) = { ° 2 ( X ~r) +70^)’ 

for X >T, 


where 


and 


D i = 


m r 1 + 1 )T<- l r +1 R 

J 1 ^ — R ini+ \ X = DiR-™ + £ 

(m 2 — ljrai — 1 A 


m 2 \ r 


(21) 


(22) 


For x > x, f is determined from the following algebraic equation 


x = D ,C inx + 


Proof. For R/r < x < x, trying a homogeneous solution of the form [x — y) 
to the equation (10), then we obtain the algebraic equation /(m) = 0 in (13). 
Thus we can find the homogeneous solution V(x) to the equation (10) as 
follows: 


d \ ini / T>\ rn 2 

V(x) = C 1 (x--j +C 2 (x~- 
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for some constants C\ and C 2 ■ The particular solution to the equation 

(10) can be easily derived. Thus V(x) is given by 


V{x) = V(x) + 


A 1 " 7 
p ( 1 -7) 


R 


m 1 


= Ci 1 — + C 2 x - - 


R 


m2 


+ 


A 1 " 7 
p{ 1-7)' 


If Ci = 0 and C 2 > 0, then V(x) is a concave function. Thus in order 
to guarantee the existence of the well-defined value function V(x) we set 
Ci = 0 and we will prove that C 2 > 0 in Proposition 3.1 later. Therefore 
V (x) is given by 

/ D\ m 2 e>1 — 7 

V(.) = ft(x- 7 ) +7 —^. (23) 

For x > x, we set the optimal consumption c = C(x) and X(-) = 


that is, X(c) = X(C(x)) = x. Then, from the FOCs (9), we obtain 

C(x ) _7_1 


V'(x) = C(x) -7 , F"(x) = - 7 - 


X'(c) 


(24) 


Plugging the conditions (24) into the equation (11), we have 


1 


rc" 7 X(c) + - pV{X{c)) + c 1 ” 7 = 0. (25) 


27 w 1 v v " 1 - 7 

Taking the derivative of (25) with respect to c implies 


1 

— ( 

27 


:>2 c 2 X'\c ) + — p + ^ cX'(c) — r'yX(c) + 7 c = 0. 


(26) 


Trying a homogeneous solution of the form c~ yn to the equation (26), then 
we obtain the algebraic equation g(n ) = 0. Thus the homogeneous solution 
X(c) is given by 

X(c) = D lC ~ 7ni +D 2 c~ 7n2 , 

for some constants D\ and D 2 . The particular solution to the equation 
(26) can be easily derived. Thus X(c) is given by 


X(c) = X(c) + — = D ic“ 7ni + D 2 c 
A 


—7222 


+ 


K 
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Now we should discard the rapidly growing term by setting H 2 = 0. There- 
fore X (c) is given by 

X(c) = D lC -^ + ^. (27) 

A 

We will prove that X'{c ) > 0 in Proposition 3.1 later. Thus, from (24), we 
obtain 


V"(x) = -7 


C(x) 


-7-1 


X'(c) 


< 0 


and hence V(x) is a concave function for x > x. From (25), we have 

v(x) = v(x(o) = r ~^ n A r 7(ni+1) + 7 t , 

where £ is determined from the algebraic equation 

x = Dl c ini + 


(28) 


From (27), we see that 


x = X(R) = D X R~^ + ^ 

A 


(29) 


and 


X\R) = -'yniD 1 R-T n '- 1 + ^ 

A 


From (23) and (24), we use C 1 and C 2 conditions at x = x to obtain 

m2— 1 


V'(x) = m 2 C 2 


and 


V"(x) = m 2 (m 2 - 1)C 2 
From (30), (31) and (32) we have 


= R " 7 


m2 - 2 R~^~ l 

= -7- 


X'(R) 


(30) 


(31) 


(32) 


x = - — -RX’(R) + - = (m 2 - l)niDii? _7ni - — + -. (33) 

7 r 7 K r 
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From (29) and (33), we derive 

(34) 

(35) 

□ 

Proposition 3 . 1 . x is an increasing function with respect to R, X'(c) > 0 
and x > R/r. Also C 2 > 0 as promised before. 

Proof. From (29) and (34) we have 

ii 

X [ (m 2 — l)m — 1 + k\ R 
(m 2 -l) (^ + m) £ - \ 

— 7 \ it • 

(m 2 - l)m - 1 

Thus x is a linear function of R and is an increasing function with respect 
to R since 

(m 2 - 1) (± + m) £ - l 

(m 2 - l)ni - 1 

because of m 2 — 1 < 0. 

Now we use the Merton constant K in (12) and the quadratic equation 
(14) to obtain the inequality 

7m 7m 1 'yniK — r'jni — r n i(P ~ r ) + n i^r^ 2 — r 

r K K rK rK 

(p-r + |0 2 )m-^0 2 -r -\Q 2 n 2 -^ 6 2 

~ Vk m 7 k < ' 


W12-1 I m i 1 

n = v 7 ) K r +1 

1 (m 2 - i)m - 1 


and 


C 2 = -[x-- 
rri2 \ r 


1 -m 2 


R-' 1 . 


11 
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Thus we have 


X\R) = ~'jn\DiR~ ini ~ 1 + — = - 7 m 

K 


^ + lU- 1 


(rri2 - l)m - 1 


I< r 1 

+ K 


' yni 7721 1 


(m 2 - i)m - 1 
From the fact c> R, we have 


> 0. 


^'7 


, 1 1 (R\ 


and K > K UJ 


7?) i+l 


Thus we have 

X'(c ) = -7711 


> — 7?7l 

yin -2 
'i ?\ 7ni+1 


m2 — 1 I i \ 1 1 

7 v L ) I< r 

( 771-2 - 1)71-1 - 1 V C 


m2 — 1 

7 


+ 1 17“ 


1 1 


A' r 


R s 

7m+l i 

— 


C 

I K 

iT 

7m+i i 


1 + TV 

C > 

1 K 


(36) 


(37) 


>\ 7«i+l 


= > I 


X\R) 


> 0 , 


where the first inequality is obtained from (37) and the second inequality 
is obtained from (36). Consequently, from (33), we see that x > R/r and 
C 2 > 0 from (35). □ 

Remark 3.2. For R/r < x < x, V"(x) has a lower bound. From Proposi- 
tion 3.1 and (24), V"(x) has a lower bound for x < x. From Lemma 3.1, 
V’{x) is bounded away from zero. Hence, n* in (8) is bounded away from 
zero and the Bellman equation (6) is uniformly elliptic. Therefore the solu- 
tion in Theorem 3.2 is the unique solution to the Bellman equation (6) by 
Krylov [3]. Vila and Zariphopoulou [13] provided an alternative proof by a 
similar argument. 
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Now we will describe the related results of Shin et al. [11] in the following 
remark. They also pay their attention to the optimal consumption and 
portfolio selection problem with a subsistence consumption constraint, but 
they use the martingale method with Lagrangian duality to derive their 
solutions. 


x 


q 

Remark 3.3. With the notations in this paper, the value function V D ( 
and the threshold wealth level x D based on Section 4 of Shin et al. [11] are 
given as follows: 


V S (x) = < 


and 


where 


d 2 


\ P 2 


d.2P2 


+ ( x ~ T ) ( ~ f° r R/r<x< x 




!~7 


ci (AT + ^(Ar^ + (A*)x, 


for x > x^ 
( 38 ) 


: S = -c m R-^-V + ^ 


and 


ci = 


d 2 = 


^fe + l) + 


P2 1 _ __P2_ 


If ^ 1 — 7+7P1 


Pi ~ P2 


ite+ d + 


pi-i _ pi 

ff P(l~ 7 ) ^>1 — 7+7P2 


( 39 ) 


( 40 ) 


Pi ~ P2 

pi > 1 and p 2 < 0 are two real roots of the following quadratic algebraic 
equation 


1 


1 


h(p):=-0p~+ P ~ r — -0 p-p = 0 , 


and X* is determined by the following algebraic equation 


x = -cipi (AT 1 " 1 + i (A*)"" • 

A 


( 41 ) 


( 42 ) 
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Lemma 3.2. 


rn 2 C ‘2 = (— d 2 P 2 ) 1-P2 and D\ = — c 


Proof. From (29), (34) and (15), we have 


I m 2 — 1 i i l 1 1 

R [ rl k ~ r R 


(‘+" 2 )^- 1 ? 


n 1 - n 2 


«+§• 


It can be easily shown that 


Pi = n\ + 1 , p2 = n 2 + 1 . 


Thus we obtain 


^+P2-l) R 

R + 77 - 

Pl - P-2 K 


From (35), we have 


777-2 C-2 = ( X ~ 


= xR' i{p2 ~ X) - 


^l+7(P2~l) 


7 +^1 “ l) ~R + 

Pl ~P2 


_^1+7(P2-1) 


= (-te) 1 ^ 2 , 

where the last equality is obtained from the following relationships between 
roots and coefficients of the quadratic equation h(p) = 0 in (41) 


O' 2 — 2p + 2 r 2 p 

Pi+P2 = j 2 > PiP2 = -02 
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and (40). Therefore we obtain 


i 

'm 2 C Y 2 = (—(I2P2 ) 1_P2 ■ 


From (34), we have 


D 1 


^ + l) 


K 


(m 2 - l)ni - 1 


1 

—Rf ni + 1 


+ P2 - 1 


7Y 


Pi ~P2 


P2-1 

' j^ 1 +T(Pl- 1 ) 


(46) 


= -ciPi, 


where the last equality is also obtained from the relationships (45) and 
(39). □ 

Corollary 3.1. D\ in (22) is positive. 


Proof. For p 2 < x < p±, we define a decreasing function F(x) as follows: 

F(x) := — — — - = — -# 2 (x — pi) > 0. 
x - p 2 2 


Since 0 < F(l) < F 


7-l\ , 1^1., 

we have — 7 — < , and 


7 


F 


1=1) F( 1) 
7 


1 \ 1 P2 - 1 

-+P2-1 T7-- >0 

7 /A ?’ 


(see also Shim and Shin [9]). From (46), we have D\ > 0. 


□ 


Proposition 3.2. The value function V(x) and the threshold wealth level x 
in our optimization problem coincide with V^(x) and x of Shin et al. [11], 
respectively. 
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Proof. From (43) and (44), we can easily show that x = x . 
For R/r < x < x, we have 


R 


d-2 


— x 


V 2 

P2- 1 


d-2P2 


, R 

+ ( x 

r 


R 


— x 


i 

P2 — 1 


d2P2 


P2 - 

~{-d2P2) 1 

P2 

P2 ~ 

— ITI 2 C 2 ( X 

P2 

V 

c 2 C 

R\ m2 

T — — 1 

r 


R 

r 


. P 2 
i?\ P2-1 


where the second equality is obtained from (43) and the third equality is 

Q 

obtained from (15) and (44). This equality means V(x) = y D (x) for R/r < 

x < x. 

For x > x, if we set £ = (A*)” 1 ^ 7 , then the algebraic equation (28) 
coincides with the algebraic equation (42). From (38) and (42), we obtain 

1—2 


F S (x) = Cl (AT + K{ 1_ 7) (A*)"^ + (A*) 

cipi)(AT+ (A * } 7 


x 


Pi V ' A'(l- 7 ) 

ni Dif~ T( n i+i) + ^ 7 


^(1-7) 

2^ ,tl jJl t-r(n 1 + l) + ^' 7 


n\ + 1 
r — ^0 2 ni 
P 


K{ 1-7) 


= n*), 


where the third equality is obtained from (43) and (44) and the fourth 
equality is obtained from (14). □ 

Finally we use the FOCs (8), (9) and (24) with the derived value function 
V(x ) in (21) to obtain the optimal consumption and investment strategies 
of this optimization problem. 


16 
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Theorem 3.3. The optimal consumption and portfolio pair (c*, ir*) is given 
by 

R, for R/r < X t < x 
ft, for X t >x 

and 

9 1 {X t - f ) , for R/r <X t <x 


c+ = 


ir+ = < 


a 1 — m 2 


| (-'yrnDitt 7ni + , for Xt > x, 

where ft is determined by the following algebraic equation 


X t = A£f /ni + |- 


Proof. The proof directly follows from the FOCs (8) and (9). 


(47) 

□ 


Remark 3.4. It is easily seen that the optimal consumption and portfolio 
pair (c*,7r*) in our optimization problem coincides with that of Shin et al. 

m 


4 Implications 

In this section, we compare the agent’s optimal consumption and portfo- 
lio policies with subsistence consumption constraints to those without sub- 
sistence consumption constraints. Without subsistence consumption con- 
straints, the optimal consumption and portfolio policies are those of the 
well-known Merton’s problems. Let us denote by ( c M , ir M ) the optimal con- 
sumption and portfolio pair without subsistence consumption constraints. 
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Then 


cf = KX U 

(48) 

vrf = — X t , 

(49) 



for X t > 0. If we let R — >• 0 to the consumption and portfolio pair (c*,7r*) 
in Theorem 3.3, we also arrive at (cf 1 , 7r^). Due to the subsistence con- 
sumption constraints, it is natural to consider the myopic strategies defined 
by 

C™yopic :=maK { RjC M} 

But the myopic strategies are not optimal and the existence of the subsis- 
tence consumption constraints affect the consumption and portfolio policies 
even at the wealth level where the subsistence consumption constraints do 
not bind. This is because it is possible that the constraints will become 
binding later. The following proposition demonstrates quantitatively the 
impact of the subsistence consumption constraints on the consumption and 
portfolio policies when the constraints are not binding. 

Proposition 4.1. For X t > x, cjf < cf 1 and 7if < i q M . 


Proof. From (47) and (48), the optimal wealth process is given by 


— n. *-i n i I ^ _ 'v 




Xt = D 1C 


I b b 

K ~ ~K' 


Since D\ > 0 and X(c) := D\c yni + — is an increasing function from 

A 

Proposition 3.1, we obtain 


c* < c f = KX f . 


(50) 
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Also we derive 


7IY 


= — —in\D\c t 
a 7 ' 


*—7 m 


q 

+ — 
A 


U cl 

< - 

177 A 


< —A* = 7T 
(77 


M 


where the first inequality follows from Ai > 0 and the second one from 
(50). □ 


5 Concluding Remarks 

In this paper we study an optimal consumption and investment problem with 
subsistence consumption constraints. We use the dynamic programming 
method to derive the closed form solutions with a CRRA utility function. 
We also compare our solutions with those of Shin et al. [11] derived by 
the martingale approach. We show that they coincide with each other. In 
addition, we point out that the optimal consumption and portfolio policies 
may alter even when the constraints do not bind. This is attributed to 
the prospect that the subsistence consumption constraints become binding 
later. In this case, the agent consume less and invest in the risky asset more 
conservatively. 
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THE STABILITY OF CUBIC FUNCTIONAL EQUATION WITH 
INVOLUTION IN NON- ARCHIMEDEAN SPACES 

CHANG IL KIM AND CHANG HYEOB SHIN* 


Abstract. In this paper, using fixed point method, we prove the Hyers-Ulam stability of the 
following functional equation 

f(2x + y) + f(2x + cr(y)) - 2f(x + y) - 2 f(x + a(y)) - 12 f(x) = 0 
with involution. 


1. Introduction and Preliminaries 

In 1940, Ulam [18] proposed the following problem concerning the stability of group homomor- 
phism: Let G i be a group and let G 2 a meric group with the metric d(-, ■). Given e > 0, does there 
exist a S > 0 such that if a mapping h : G 1 — > G 2 satisfies the inequality d{h{xy), h(x)h(y)) < 6 
for all x, y £ G\, then there exists a homomorphism H : G\ — > G 2 with d(h(x),H(x)) < e for all 
ieGi? 

Hyers [7] solved the Ularn’s problem for the case of approximately additive functions in Banach 
spaces. Since then, the stability of several functional equations have been extensively investigated 
by several mathematicians [2, 3, 5, 8, 9, 13, 14, 15, 16]. Jun and Kim [11] introduced the following 
functional equation 

(1.1) f(2x + y) + /( 2x - y) = 2 f(x + y) + 2 f(x - y) + 12/(;r) 

and they established the general solution and generalized Hyers-Ulam-Rassias stability problem 
for this functional equation. It is easy to see that the function f{x) = cx 3 is a solution of the 
functional equation (1.1). Thus, it is natural that (1.1) is called a cubic functional equation and 
every solution of the cubic functional equation is said to be a cubic function. 

Let X and Y be real vector spaces. For an additive mapping a : X — > X with cr(cr(x)) = x 
for all x £ X, then a is called an involution of X [1, 17]. Stetkaer [17] introduced the following 
quadratic functional equation with involution 

(1-2) f(x + y) + f{x + a(y)) = 2 f(x) + 2 f{a{y)) 

and solved the general solution, Belaid et al. [1] established generalized Hyers-Ulam stability in 
Banach space for this functional equation. Jung and Lee [12] investigated the Hyers-Ulam-Rassias 
stability of (1.2) in a complete /3-normed space, using fixed point method. 

For a given involution a : X — > X, the functional equation 

(1.3) /( 2x + y) + f{ 2x + a(y)) = 2 f(x + y) + 2 f(x + a(y)) + 12 f{x) 

for all x,y £ X is called the cubic functional equation with involution and a solution of (1.3) is 
called a cubic mapping with involution. 

In this paper, using fixed point method, we prove the generalized Hyers-Ulam stability of the 
following functional equation 

(1.4) /( 2x + y) + /( 2x + cr(y)) - 2f(x + y) - 2f(x + a{y)) - 12 f{x) = 0. 
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A valuation is a function | • | from a field K into [0, oo) such that for any r, s € K, the following 
conditions hold: (i) |r| = 0 if and only if r = 0, (ii) |rs| = |r||s|, and (iii) |r + s\ < |r| + |s|. 

A field K is called a valued field if K carries a valuation. The usual absolute values of R and 
C are examples of valuations. If the triangle inequality is replaced by | r + s| < max{\r\, |s|} for 
all r,s £ K, then the valuation | • | is called a non- Archimedean valuation and the field with a 
non- Archimedean valuation is called non- Archimedean field. If | • | is a non- Archimedean valuation 
on K, then clearly, |1| = | — 1| and |n| < 1 for all n £ N. 

Definition 1.1. Let X be a vector space over a scalar field K with a non- Archimedean nontrivial 
valuation | ■ |. A function || • || : X — > R is called a non- Archimedean norm if satisfies the following 
conditions: 

(a) ||a;|| = 0 if and only if x = 0, 

(b) |M| = \r\\\x\\, and 

(c) the strong triangle inequality (ultrametric) holds, that is, 

II* + 2/11 < max{\\x\\, ||y||} 

for all x,y £ X and all r £ K. 

If || • || is a non- Archimedean norm, then ( X , || • ||) is called a non- Archimedean normed space. 
Let (X, || • ||) be a non-Arcliimedean normed space. Let {x n } be a sequence in X. Then {x n } is 

said to be convergent if there exists x £ X such that lim„ yoo ||a: n — a:|| = 0. In that case, x is 

called the limit of the sequence {£„}, and one denotes it by lim„ yoo x n = x. A sequence {x n } is 

said to be a Cauchy sequence if lim„ yoo ||a; n +p — a:„|| =0 for all p £ N. Since 

\\x n - x m || < max{\\x j+ i - Xj\\ \ m< j <n — 1} in > to), 

a sequence {x„} is Cauchy in ( X , || • ||) if and only if {x n+ \ —x n } converges to zero in (X, || • ||). By 
a complete non- Archimedean space we mean one in which every Cauchy sequence is convergent. 

In 1897, Hensel [6] discovered the p-adic numbers as a number theoretical analogue of power 
series in complex analysis. Fix a prime number p. For any nonzero rational number x, there 
exists a unique integer n x £ Z such that x = |p nx , where a and b are integers not divisible by 
p. Then \x\ p := p~ n * defines a non-Archimedean norm on Q. The completion of Q with respect 
to the metric d(x,y) = \x — y\ p is denoted by Q p , which is called the p-adic number field. In 
fact, Q p is the set of all formal series x = J2k> n a kP k , where |afc| < p — 1 are integers. The 
addition and multiplication between any two elements of Q p are defined naturally. The norm 
I a kP k |p = p- n,c is a non-Archimedean norm on Q p and it makes Q p a locally compact field. 

Let (X, d) be a generalized metric space. An operator T : X — X satisfies a Lipscliitz condition 
with Lipschitz constant L if there exists a constant L > 0 such that d(Tx,Ty) < Ld(x, y) for all 
x, y £ X. If the Lipschitz constant L is less than 1, then the operator T is called a strictly contractive 
operator. Note that the distinction between the generalized metric and the usual metric is that 
the range of the former is permitted to include the infinity. 

Theorem 1.2. [4] Let (X,d) be a complete generalized metric space and let J : X — > X be a 
strictly contractive mapping with some Lipschitz constant L with 0 < L < 1 . Then for each given 
element x £ X, either d(J n x, J n+1 x) = oo for all nonnegative integers n or there exists a positive 
integer no such that 

(1) d(J n x, J n+1 x) < oo for all n > no ; 

(2) the sequence { J n x} converges to a fixed point x* of J ; 

(3) x* is the unique fixed point of J in the set Y = {y £ X | d{J n °x , y) < oo} and 

(4) d(y,y*) < d{y,Jy) for all y£Y. 

In 1996, Issac and Rassias [10] were the first to provide applications of stability theory of 
functional equations for the proof of new fixed point theorem with applications. By using fixed point 
methods, the stability problems of several functional equations have been extensively investigated 
by a number of authors. 
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Throughout this paper, we assume that X is a non-Archimedean normed space and Y is a 
complete non-Archimedean normed space. 

2. The generalized Hyers-Ulam stability for (1.4) 

Using the fixed point methods, we will prove the generalized Hyers-Ulam stability of the cu- 
bic functional equation (1.4) with involution er in non-Archimedean normed spaces. For a given 
mapping / : X — > Y, we define the difference operator Df : X 2 — > Y by 

Df(x, y) = /( 2x + y) + f(2x + a(y)) - 2 f(x + y)~ 2f(x + a(y)) - 12 f(x) 

for all x, y € X. 

Theorem 2.1. Assume that f> : X 2 — ► [0, oo) is a mapping and there exists a real number L with 
0 < L < 1 such that 

(2.1) 4>{2x, 2 y) < |8| L<f>(x, y), <t>{x + a(x),y + a(y)) < \8\L</>(x, y) 

for all x, y G X. Let f : X — > Y be a mapping such that /( 0) = 0 and 
(2-2) \\Df(x,y)\\<<j>(x,y) 

for all x,y G X. Then there exists a unique cubic mapping C : X — > Y with involution such that 

(2-3) \\f(x)-C(x)\\< m l_ L) Hx) 

for all x G X, where 4>(:r) = max{<p(x 1 0), </>(0, x)}. 

Proof. Consider the set S = {g \ g : X — > Y} and the generalized metric d in S dehned by 
d(g,h) = inf{c G [0, oo)| \\g(x) — h(x) || < c $(ai) for all x G A'}. Then (S,d) is a complete metric 
space(See [12]). Define a mapping J : S — > S by 

Jg(x) = ^{ 5 ( 2 ®) + g{x + (j{x))} 

for all x G X and all g G S. Let g,h. G S and d{g , h) < c for some non-negative real number c. 
Then by (2.1), we have 

\\Jg(x) - Jh(x ) || = ||5(2a:) + g(x + cr(x)) - h( 2x) - h(x + cr(x))|| 

< 7 ^ 7 max{ \\g{2x) - *.(2a;)||, ||p(a: + a(x)) - h(x + <r(a:))||} 

< cL$(x) 

for all x G X. Hence we have d( Jg, Jh) < Ld(g, h) for any g,h G S and so J is a strictly contractive 
mapping. 

Next, we claim that d(Jf , /) < 00 . Putting y = 0 in (2.2), we get 
(2-4) \\f(2x) - 8f(x)\\ < ^-Mx,0) 

for all x G X and putting x = 0 in (2.2), we get 

(2-5) ||/(2/) + /(o-(y)) || < />(0, y) 

for all y G X and putting y = x + <j(x) in (2.5), we get 

(2.6) ||/(x + cr(a;))|| < t^0(O , x + a{x)) 
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for all x £ X. By (2.4) and (2.6), we have 

\\Jf{x) - f{x) || = j^| /(2a;) - 8 f(x) + f(x + cr(x)) 

< j^rnaxj ||/(2x) - 8/(x)||, \\f(x + o-(x))||| 

< |^4 *(*) 

for all x £ X. Hence 

(2-7) d{Jf,f)< j^j4<°o- 

By Theorem 1.2, there exists a mapping C : X — > Y which is a fixed point of J such that 
d(J n f, C) — > 0 as n — > oo. By induction, we can easily show that 

iJ n f){x) = 2 ^{/( 2"*) + (2” - l)/( 2 ”- 1 (a; + a(z))) } 

for all x £ X and n € N. Since d(J n f,C) — > 0 as n — > oo, there exists a sequence {c n } in R. such 
that c n — ^ 0 as n — oo and d(J n f, C) < c n for every n G N. Hence, it follows from the definition 
of d that 

\\(J n f)(x)-C(x)\\<c n $(x) 
for all x £ X. Thus for each fixed x £ X, we have 

lim \\(J n f)(x) — C(x)|| = 0 

n >oo 

and so 

(2.8) C{ x) = ±{f( 2 n x) + (2 ra - 1)/ (2" _1 (x + a(x))) }. 

It follows from (2.2) and (2.8) that 

||C(2x + y) + C{ 2x + cr(y)) — 2 C(x + y) — 2C{x + <j{y)) — 12C'(x)|| 

< lim max{(f>(2 n x, 2 n y) 1 \2 n - 1 1</>(2”~ 1 (a; + a(x)), 2 n ~ 1 {y + a(y)))} 

n >oo o \ n 

< lim L n max{tp{x,y),\2 n — l\cj>ix,y)} = lim L n cf>{x,y) = 0 

n — >-oo n — >oo 

for all x,y € X, because |2” — 1| < 1 for all n £ N. Hence C satisfies (1.4), C is a cubic mapping 
with involution. By (4) in Theorem 1.2 and (2.4), / satisfies (2.3). 

Assume that C\ : X — > Y is another solution of (1.4) satisfying (2.3). We know that C\ is a 
fixed point of J. Due to (3) in Theorem 1.2, we get C = C\. This proves the uniqueness of C. 

□ 

Theorem 2.2. Assume that (f> '■ X 2 — > [0, oo) is a mapping and there exists a real number L with 
0 < L < 1 such that 

(2.9) </>(x, y) < j^| </>(2x, 2 y), (f){x + a(x),y + a(y)) < <j>( 2x, 2 y) 

for all x, y £ X. Let f : X — > Y be a mapping satisfying (2.2) and /( 0) = 0. Then there exists a 
unique cubic mapping C : X — > Y with involution such that 

(2-10) II fix) Cix) || < m ^_ L f i x ) 

for all x £ X, where 4>(a;) = max{4>ix, 0), 0(0, x)}. 
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Proof. Consider the set S = {g \ g : X — > Y} and the generalized metric d in S defined by 
d{g 1 h) = inf{c € [0, oo)| || <?(cc) — h(x)\\ < c $(:r) for all x G X}. Then (S,d) is a complete metric 
space. Define a mapping J : S — ► S by 

for all x G X and all g G S. Let g,h G S and d(g, h) < c for some non-negative real number c. 
Then by (2.9), we have 

IP«M - •«<*)» = |8||| 9 (|) - s (L±£h>) -<,(!) + I 

<|8|™«{||,(!)-*(J)||.I,(£±fW)-*(£±fW)||} 

< cL$(x) 

for all x G X. Hence d(Jg,Jh) < Ld(g,h) for any g,h G S and so J is a strictly contractive 
mapping. 

Next, we claim that d(Jf,f ) < oo. By (2.4), (2.5) and (2.6), we have 

\\Jf(x) - f(x)\\ = 8 /( |) ~ 8 /( X+ 4 ^ ) -/fo) - |ij4 $ ( X ) 
for all x £ X and hence 

d{JfJ) < < oo. 

By Theorem 1.2, there exists a mapping C : X — > Y which is a fixed point of J such that 
d(J n f, C) -A 0 as n — > oo. By induction, we can easily show that 

(T/) W = 2»{/(£)-/(£±£W)} 

for each n G N. Since d(J n f, C) — > 0 as n — » oo, there exists a sequence {c n } in K such that c n — > 0 
as n -A oo and d(J n f, C) < c n for every n € N. Hence, it follows from the definition of d that 

\\(J n f)(x)-C(x)\\<c n <f>(x) 

for all x € X. Thus for each fixed x € X, we have 

lirn \\(J n f)(x) — C(x)|| = 0 

n — >-oo 

and 

CM = 2-{ / (| :) -/(£!#)}. 

Analogously to the proof of Theorem 2.2, we can show that C is a unique cubic mapping with 
involution satisfying (2.10) 

□ 

We can use Theorem 2.1 and Theorem 2.2 to get a classical result in the framework of non- 
Archimedean norrned spaces. Taking <j>(x,y) = 6 | (||a;|| p + ||y|| p ) or <f(x,y) = 0(||£|| p ||y|| p + ||a;|| 2p + 
||i/|| 2p ), we have the following examples. 

Example 2.3. Let 6 > 0 and p be a positive real number with p / 3. Let / : X — > Y be a 
mapping satisfying 

(2-11) \\Df(x, y )\\<0(\\xr + \\y\n 

for all x,y € X. Suppose that ||x + cr(ar) || < |2|||x|| for all x G X. Then there exists a unique 
mapping C : X — > Y with involution such that the inequality 
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holds for all x £ X. 


\\f( x ) - C(x)\\ < 


e\ 

IMI P 

1 2 1 ( 1 2 

3 - |2|p) ’ 

e\ 

\x\\ p 

1 2 1 ( 1 2 

|p-|2| 3 )’ 


if p > 3, 
if 0 < p < 3 


Proof. Let (j>{x ,y) = d(||x|| p + ||2/|| p ) for all x,y £ X and L — |2| p_3 . Then <j>(2x,2 y) = 
|8||2| p_3 </>(x,?/) for all x,y £ X. Since \\x + cr(x)|| < |2|||x|| for all x £ X, f>{x + <r(x),y + cr(y)) < 
|8| |2| p_3 </>(x, y) for all x,y £ X. Hence if p > 3, then we have the results of Theorem 2.1. 

Suppose that L = |2| 3-p . Then f>(x,y) = ^ 2 j 8 | ” cj)(2x, 2 y) for all x,y £ X and <j>(x + <x{x),y + 

<j(y)) < |2| p 0(x, y) = 1 | 8 | (j>(x, y) for all x, y £ X. Hence if 0 < p < 3, then we have the results of 
Theorem 2.2. Thus the proof is complete. □ 


Example 2.4. Let 6 > 0 and p be a positive real number with p ^ |. Let / : X — ► Y be a 
mapping satisfying 

(2-12) P/(x,y)||<0(||xr|M| p + ||x|| 2p + ||y|| 2p ) 

for all x,y £ X. Suppose that \\x + ct(x)|| < |2|||x|| for all x £ X. Then there exists a unique 
mapping C : X — > Y with involution such that C is a solution of the functional equation (1.4) 
and the inequality 


holds for all x £ X. 


||/(x)-C'(z)||< 


e\\x\\p 


| 2 |(| 2| 3 — | 2 | 2p ) ’ 

e\\x\f> 


|2|(|2| 2p — |2| 3 ) ’ 


if P > §, 
if 0 < p < | 


Using Theorem 2.1 and Theorem 2.2, we obtain the following corollary concerning the stability 
of (1.4). 


Corollary 2.5. Let cq : [0, oo) — > [0, oo) (i = 1,2,3) be increasing mappings satisfying 

(i) 0 < cq(|2|) < 1 and cq(0) = 0, 

(ii) Q!i(|2|t) < ai(\2\)ai(t) for all t > 0. 

Let f : X — > Y be a mapping such that for some 6 > 0 


(2-13) ||Zl/(x, y )||<% 1 (||x||)a 1 (|| y ||)+a 2 (||x||) + a3(||y||)] 

for all x,y £ X. Suppose that ||x + cr(x)|| < |2|||x|| for all x £ X. Then there exists a unique cubic 
mapping C : X — > Y with involution such that 

1 


||/(x)-C(x)||< J l 2 KI 2 l^ _M ) 


|2|(1V_|2| 3 ) 


$(x), if 0 < M < 1 2 1 3 , 
$(x), if N> 1 2 1 3 


holds for all x £ X , where M = max{(ai(|2|)) 2 , cr 2 ( 1 2 1 ) , 0:3 ( 1 2 1 ) } , N = min{(ai(|2|)) 2 , ct 2 ( 1 2 1 ) , CK3(|2|)} 
and $(x) = S max{ 0 : 2 ( 1 1 x 1 1 ) , 0 : 3 ( 1 1 x 1 1 ) } . 


As examle of Corollary 2.5, we can take a.\ (t) = a 2 (t) = 03 (t) = t p for all t > 0. Then we have 
the following example. 

Example 2.6. Let S > 0 and p be a positive real number with p ^ Let / : X — ► Y be a 
mapping satisfying 

(2.14) \\Df(x,y)\\<5(\\xn y r + \\xr + \\y\\n 

and ||x + cr(x) || < |2|||x|| for all x,y £ X. Then there exists a unique mapping C : X — p Y with 
involution such that the inequality 
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holds for all x £ X. 


\\f{x) - C(x)|| < 


(5||x|| p 


1 2 1 ( 1 2 1 3 — |2|p) ’ 


|2|(|2| 2p — |2| 3 ) ’ 


if p > 3, 
if 0 < p < § 
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VALUE SHARING RESULTS FOR MEROMORPHIC 
FUNCTIONS WITH THEIR Q-SHIFTS 

XIAOGUANG QI, JIA DOU AND LIANZHONG YANG 

Abstract. This research is a continuation of a recent paper [16, 17]. 
Shared value problems related to a meromorphic function f(z) and its 
g-shift f(qz + c) are studied. Moreover, we also consider uniqueness 
problems on meromorphic functions f(z) share sets with f(qz + c). 


1. Introduction 

We assume that the reader is familiar with the elementary Nevanlinna The- 
ory, see, e.g. [8, 18 ]. Meromorphic functions are always non-constant, unless 
otherwise specified. As usual, by S(r,f ) we denote any quantity satisfying 
S(r,f) = o(T(r, /)) for all r outside of a possible exceptional set of finite 
linear measure. In particular, we denote by S±(r, f) any quality satisfying 
S±(r, f ) = o(T(r, /)) for all r on a set of logarithmic density 1 . 

For a meromorphic function / and a set S of complex numbers, we define the 
set E(S, f ) = {J a< zsi z \f( z ) — a. = 0 } , where a zero of / — a with multiplicity 
m counts m times in E(S,f). As a special case, when S = {a} contains 
only one element a, if E(a,f) = E(a,g), then we say f(z) and g(z ) share a 
CM; if E(a, f ) = E(a,g), then we say f(z) and g(z) share a IM , see [ 18 ]. 

The classical results due to Nevanlinna [ 14 ] in the uniqueness theory of 
meromorphic functions are the five-point, resp. four-point, theorems: 

Theorem A. If two meromorphic functions f(z) and g(z) share five distinct 
values a±, a 2, <23, 04, 05 G C U {00} IM, then f(z) = g(z). 

Theorem B. If two meromorphic functions f(z) andg(z) share four distinct 
values a±, a^, a%, <24 G C U {00} CM, then f(z) = g(z) or f(z) = T o g(z), 
where T is a Mobius transformation. 

It is well-known that 4 CM can not be improved to 4 IM, see [6]. Further, 
Gundersen [ 7 , Theorem 1 ] has improved the assumption 4 CM to 2 CM +2 
IM, while 1 CM +3 IM is still an open problem. 

Heittokangas et al. [ 9 , 10 ] considered the uniqueness of a finite order mero- 
morphic function sharing values with its shift. They proved the following 
theorem: 

Theorem C. Let f(z) be a meromorphic function of finite order, let c £ C, 
and let 01,02,03 £ 5 (/)U{oo} be three distinct periodic functions with period 

2010 Mathematics Subject Classification. 30D35, 39A05. 

Key words and phrases. Q-shift; Meromorphic functions; Value sharing, Nevanlinna 
theory. 
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c. If f(z) and f(z + c) share a±,a 2 CM and a 3 IM, then f(z ) = f(z + c) for 
all zeC. 

Here, denote by S(f) the family of all meromorphic functions a(z) that 
satisfy T(r, a) = o(T(r, /)), for r — ► 00 outside a possible exceptional set of 
finite logarithmic measure. 

Some improvements of Theorem C can be found in [1, 11, 12, 15]. A natural 
question is: what is the uniqueness result in the case when f(z) shares values 
with f(qz + c) for a zero-order meromorphic function f(z). Corresponding 
to this question, we got the following result in [16]: 

Theorem D. Let f(z) be a zero-order meromorphic function, and q £ C \ 
{0}, c £ C, and let 01,02,03 £ CU{oo} be three distinct values. If f(z) and 
f(qz + c) share a\, 02 CM and 03 IM, then f(z ) = f(qz + c) and |g| = 1. 

Theorem E. Let f(z) be a zero-order entire function, q £ C \ {0}, c £ C, 
and let 01,02 £ C be two distinct values. If f(z) and f(qz + c) share a\ and 
02 IM, then f(z) = f(qz + c ) and |g| = 1. 

It seems natural to ask whether the assumption ” constants af can be re- 
placed by ” small functions af" in Theorem E. We will give a positive answer 
in this paper. The reminder of this paper is organized as follows: Firstly, 
Section 2 contains some auxiliary results. We consider the value sharing 
problem for f(z) and f(qz + c) in Section 3. Section 4 is devoted to prov- 
ing some uniqueness results for meromorphic functions f(z) share sets with 
f{qz + c). 


2. Some Lemmas 


Lemma 2.1. [13, Theorem 2.1] Let f(z) be a zero-order meromorphic func- 
tion, and q £ C \ {0}, c £ C. Then 


m 


f f{qz + c) \ 

V’ /(*) J 


Si(r,f). 


Lemma 2.2. [16, Theorem 3.2] Let f(z) be a zero-order meromorphic func- 
tion, and q £ C \ {0}, c £ C. Then 

m ( r '7 £rcj) =Si(rJ> <2J) 

and 

T(r , f(qz + c)) = T(r, f(z)) + Si(r, /). (2.2) 


Lemma 2.3. [13, Theorem 2.4] Let f(z) be a zero-order meromorphic so- 
lution of 

f(z) n P(z, f) = Q(z, /), 

where P(z,f) and Q(z,f ) are q- shift difference polynomials in f(z). If the 
degree of Q(z, f) as a polynomial in f(z) and its q-shifts is at most n, then 

m(r,P(z, /)) = S\(r, /). 


108 


XIAOGUANG Ql et al 1 07-1 1 6 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


VALUE SHARING RESULTS FOR MEROMORPHIC FUNCTIONS WITH THEIR Q-SHIFTS 

3. Improvement of Theorem E 

Next we show that ’’constants a*” in Theorems E can be replaced by ’’small 
functions a" . 

Theorem 3.1. Let f(z) be a zero-order entire function, q G C\{0}, c G C, 
and let a i . <22 G S(f). If f(z) and f(qz + c) share a\ and 02 IM, then 
/(7 = f{qz + c) and \q\ = 1. 

Remarks. (1). Theorem E and Theorem 3.1 seem to be so similar. How- 
ever, our proof is different to the one in Theorem E. 

(2). We tried to improve Theorem D, unfortunately, we cannot get any 
improvement in this paper. 

Proof of Theorem 3.1. From the fact that a non-constant meromorphic 
function of zero-order can have at most one Picard exceptional value (see, e. 
g., [3, p. 114]), it can be concluded that N(r, jz^) 7 0 and N(r, jf „ 2 ) 7 0. 
Define 

zj/\_ H i( z ){f(z)~ f{qz + c)) (tj ^ 

n \ Z ) — !t(\ W'J-i 


(. f ( z ) - a (7)(/(7 - 77)’ 


where 


#i(7 = (/ (7 - o(7)(/'(7 - b'(z)) - (, f'(z ) - a'(7)(/(7 - 6(7). 


And 


G(z) = 


Gr(7(/(7 - f{q z + c )) 


(3.2) 


( f(qz + c) - a(z))(f(qz + c) - b(z)) ’ 

where 

Gi(z) = (/(gz+c)-a(z))(/'(gz+c)-6 / (z))-(/ / (gz+c)-a / (z))(/(g2:-|-c)-6(2;)). 
Equation (3.1) can be rewritten as 

7 '(z)-b'(z) f'{z) — a'(z) ' 


H{z) = 


f{z ) - 77 /(7 - <77 

H i( z ){fi z ) ~ a(7 + «(7) 

(. f(z ) - a(7)(/(7 - 6(7) 


1 - 


(/(7 -/(?* + 7) 

Z(g2 + C )~ 

/(7 


(3.3) 


Note 


#i(7 = (/(7 - o(7)(/'(7 - 6'(7) - (/'(7 - a'(7)(/(7 - b(z )) 
= (/(7 - 77)(°'(7 - b \ z )) - (/'(7 - &'(7)( a (7 - 6(7), 

hence equation (3.3) can be expressed as 


H(z) = 1 - 


f{qz + 7 

/(7 


H Y Z ) + a(z) ^(7 

/(7-6(7 1 \f(z)-a(z))(f(z)-b(z)) 


= 1 - 


f(qz + c)\ f (f(z) - 6(7)(a'(7 - 6'(7) - (/'(7 - 6'(7)(a(7 - 6(7) 


/(7 


/(7 - 77 


+ a(7 


(7(7 - q(7)(/'(7 - 7(7) - (/'(7 - q'( 7)(/(7 - 77) 
(/(7 -a(7)(/(7 - 77) 


(3.4) 
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By the assumption f(z ) and f(qz + c ) share a(z), b(z) IM and equation 
(3.3), we get 

N(r, H(z )) < N(r , a(z)) + N(r, b(z)) = S(r, /). (3.5) 


From equation (3.4), Lemma 2.1 and the lemma of logarithmic derivative, 
we know 


m(r,H(z )) = Si(r,/). 


Hence, 


T(r,H(z)) = S 1 (r,f). 
Similarly as above, we know 

= f f'jqz + c) - fe'(z) _ /'(gz + c) - a\z) \ 
V f(v z + c) - &(z) f{qz + c) - a(z) y 
Using a similar way, we obtain that 


(3.6) 


(/(z )-/(?2 + c)). (3.7) 


T(r,G(z)) = S 1 (r,f). 


(3.8) 


Denote 

[/(z) = mH(z) — nG(z). (3.9) 

Next, suppose on the contrary that f(z) / f(qz + c), and head for a con- 
tradiction. 


Case 1. Assume that there exists two integers m,n such that U(z) = 0. 

Then from (3.3) and (3.7), we deduce that 

( f(z)-b'(z) f{z) — a'(z) \ f f {qz + c )-b' {z ) f’( qz + c )- a ’( z) \ 

m V f( z ) - K z ) f( z ) - a(z) J n \ f(q z + c) - b(z) f(qz + c) - a(z) J ’ 

which implies that 

f f(z)-b(z) \ m f f(qz + c)-b(z) \ n 

\f( z )~ a ( z )J \f{q z + c) - a(z)J 

where A is a non-zero constant. If m / n, then we get from above equality 
and (2.2) that 

mT (r , f(z)) = nT(r, f(qz + c)) + Si(r, f) = nT(r , f(z)) + Si(r, /), 
which is a contradiction. If m = n, then we get 

/(z) - 6(z) _ /(gz + c) - b(z) 
f( z ) ~ a{z) f(qz + c) — a(z) ’ 

where B satisfies B m = A. 


If B = 1, then we obtain /(z) = /(gz + c), which contradicts the assumption 
f(z) / f(qz + c). It remains to consider the case that B / 1. The equation 
(3.10) gives 

/(^)(( 5 - 1 )/(^+c)+a(z)-H6(z)) = (Ha(^)-6(z))/(^+c)+(l-H)a(^)6(^). 
Apply Lemma 2.3 to the above equation, resulting in 

m(r, {{B - 1 )f(qz + c) + a{z) - Bb(z))) = Si(r, /). 
Consequently, 

T(r, f(qz + c)) = T(r , /) + S^r, f ) = ^(r, /), 
which is impossible. 
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Case 2. There does not exist two positive integers m,n such that U(z) = 0. 
In what follows, we denote S /~ fl ( n ,m)( a ) for the set of those points z G 
C such that z is an a-point of / with multiplicity n and an a-point of g 
with multiplicity m such that a(z) / oo ,b(z) / oo ,a(z) — b(z) / 0. Let 
A T ( n ,m){ r i /-a) an d ^ (n,m){ r i j! a ) denote the counting function and reduced 
counting function of f(z ) with respect to the set <Sy~g(n,m)( a ), respectively. 

Take zq such that zq G ^/(z)~/(<jz+c)(n,m)( a ( z )), we have mn / 0, since a(z) 
is not a Picard exceptional value of f(z) as we discuss above. Combining 
(3.3), (3.7) with (3.9), by calculating carefully, it follows that U(zq) = 0. 
From (3.6), (3.8) and (3.9), we have 


JV< ”’ m) ( r ’/W- 0 w) - N { r ’u(z)) 

Using the same reason, we get 


= TV ( r 


mH(z) — nG(z ) 




N 


(■ n,m ) 


’ f(z) - b(z) 


< N 


’ U(z) 


= N 


! nH(z) — mG(z ) 


= Si(r,f). 


Consequently, 


N ( 


(»,m) /(2 ) _ o(2) ) + N M \ T ’f( Z )-b( Z ) 


Sl(r,/). (3.11) 


Combining (2.2) with (3.11), it follows that 


T(rJ(z)) <N (r 


1 


f(z) - a(z) 


+ N(r, 

1 


+ Si(r,f) 

1 


f(z)-b(z). 

XJ (^(n,m)(r, /(2) _ a( ,)) + N (n,m)(r, f(z) _ b{z) )) + 5l ( r > ^ 

= m £ 5 ( iV(n ’ n)(r ’ f{z)~a(z) ] + N ^ {r ' f{z)-b{z) ) ) + 5l(r ’ /} 
- 5 m J>5 ( iY(n ’ m)(r ’ f(z)-a(z) ) + N ^ {r ’ f{z)-b{z) ] 

+ 7V{n ’ m ) (r ’ /(gz + c)-a(«) ) + /( (? . + c)-6(z) ) ) + ^ f) 


< \T{r, f ) + 2 -T{r , / (qz + c)) + Si(r, /) 

= ^T(r,/) + 5!(r,/), 

5 

which is a contradiction. Therefore, we get f(z) = f(qz + c). 


The rest of proof consists of the conclusion that |g| = 1. The proof is similar 
as [10, Theorem 1.5]. In fact, we have given the proof in [16]. The proof is 
stated explicitly for the convenience of the reader. If f(z) is transcendental 
and suppose first |g| < 1. It can be assumed that there exists one point 
zo such that f(zo) = a\ and that zq is not a fixed point of qz + c. By the 
sharing assumptions of Theorem 3.1, we get f(qzo + c) = a\ as well. By 
calculation, we know f(q n zo + c(l + • • • + q n_1 )) = a\ for all n G N. Letting 
n — » oo, it is concluded that ai-points of / accumulate to z = l c _ q , which 
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is a contradiction. If |g| > 1, then set g(z) = f(qz + c). Assume that g 
has at least one a\ point, say at zq. From the sharing assumptions, we get 
gi-^z — c(^ + • • • + ^t)) = a\ for all all n E N. Using the same way above, 
we get ai-point of g accumulate to z = which is a contradiction. Hence 

W\ = !• 


a ■z i 

If / is a rational function, then set f(z ) = fiir 1 ■ 1 j and f(qz + c) = 
By simply calculations, it follow that \q\ = 1. This com- 


E?=i bi(qz+cy ' 


pletes the proof of Theorem 3.1. 


4. Sharing sets results 
G ross [4, Question 6] asked the following question: 

Question. Can one find (even one set) finite sets Sj (j = 1, 2) such that any 
two entire functions f(z ) and g(z) satisfying E(Sj,f) = E(Sj,g) (j = 1,2) 
must be identical? 

Since then, many results have been obtained for this and related topics (see 
[2, 19, 20, 21]). Here, we just recall the following two results only. 

Theorem F [5]. Let Si = {1,-1}, S 2 = {0}. If f(z) and g{z) are entire 
functions of finite order such that E(Sj,f) = E(Sj,g) for j = 1,2, then 
f{z) = ±g(z ) or f(z)g(z) = 1 . 

Theorem G [22], Let Si = {1, ca, . . . cv n ^ 1 } and S 2 = { 00 }, where oj = 
cos(27t /n) + ?'sin(27r/n) and n > 6 be a positive integer. Suppose that f(z) 
and g(z) are meromorphic functions such that E(Sj,f) = E(Sj,g) for j = 
1 , 2 , then f(z) = tg(z) or f(z)g(z) = t, where t n = 1 . 

It is natural to ask what will happen if g(z) is replaced by (7-shift of f(z) 
in Theorems F and G. In the following, we answer this problem, and get 
shared sets results for f(z) and its (7-shift f(qz + c ). 

Theorem 4.1. Let Si, S 2 be given as in Theorem G, and let f(z) be a 
zero-order meromorphic function satisfying E(Sj, f(z)) = E(Sj,f(qz + c)) 
for j = 1, 2, c 6 C and q £ C \ {0}. If n > 4, then f(z) = tf(qz + c), t n = 1 
and |< 7 | = 1 . 

By the same reasoning as in the proof of Theorem 4.1, we obtain the follow- 
ing result. We omit the proof here. 

Corollary 4.2. Theorem 4-1 still holds if f is a zero-order entire function 
and n > 3. 


In the following, we give a partial answer as to what may happen if n = 2 
in Corollary 4.2, which can be seen an analogue for ( 7 -shift of Theorem F. 

Theorem 4.3. Suppose f(z) is a zero-order entire function and q G C\{0}, 
c G C. If f(z) and f(qz + c) share the set {a(z), — a(z)} CM, where a(z) is 
a non-vanishing small function of f(z), then one of the following statements 
hold: 

(1) . C 2 f(z) = f{q 2 z + qc + c), where C is a constant such that C 2 / 1; 

(2) . f(z) = ±f{qz + c), and \q\ = l. 
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Corollary 4.4. Suppose a is a non-zero constant in Theorem 4-3, then we 
get f(z ) = ±f(qz + c), where |g| = 1. 

Corollary 4.5. Under the assumptions of Theorem 4-3, if f(z) and f(qz+c) 
share sets {a(z),—a(z)}, {0} CM, then f(z) = ±f(qz + c), where |g| = 1. 


Proof of Theorem 4.1. By the sharing assumption, we get f{z) n and 
f(qz + c) n share 1 and oo CM. This implies, 


f(qz + c) n - 1 
f(z) n - 1 

where 7 is a non-zero constant. This gives 


= 7, 


1 , 


/( 9 z + c)" = 7 (/(s) n -l + -). 

7 


(4.1) 


(4.2) 


Denote 


G{z) = 


f(z) n 

l-i 


Suppose 7 ^ 1 , then by the second main theorem and Lemma 2.2 to G(z) 
it follows that 


nT(r, /) + S(r, f) = T(r , G) < N (V, ^ + N(r, G) + N (r, + S(r, G ) 

< N (r, + N(r, f) + N ^r, T j + S ^ ^ 

< TV ( r , i) + JV(r, f)+N (r, + S(r, f) 

< 2 T(r, /) + T(r , f(qz + c)) + S(r, /) < 3T(r, /) + Si(r, /). 


This together with the assumption n > 4 results in a contradiction. Hence, 
7 = 1, that is, f(z) n = f(qz + c) n . This yields f{z) = tf(qz + c) for a 
constant t with t n = 1. Let F{z) = f(z) n and F(qz + c) = f{qz + c) n , then 
we get T’(z) = F(qz + c). Similarly as Theorem 3.1, we have |(/| = 1. The 
conclusion follows. 


Proof of Theorem 4.3. It follows by the assumptions that 
(f(qz + c) - a(z))(f(qz + c) + a(z)) = C 2 {f(z) - a(z))(f(z) + a(z)), (4.3) 
where C is a non-zero constant. 

Case 1. Suppose first that C 2 ^ 1. Denote 

h\{z) = f(z) - + c), h 2 {z) = f{z) + -jjfiqz + c). 

Then 

f(z) = \(h\(z) + h 2 {z)), f(qz + c) = ^(h 2 (z) -hi(z)). (4.4) 

Moreover, we have 

hi(z)h 2 {z) = (1 - ^)a 2 (z). (4.5) 
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From above equation, we get 

N fr, ^ = S(r, /), N (V, ^ = S(r, /). (4.6) 

By definitions of h\(z) and h 2 (z), Lemma 2.2 yields 

T(r,h i )<2T(r,f) + S 1 (r,f), 

which means S\ (r, hi) = o(T(r, /)) for all r on a set of logarithmic density 

1 , 7 = 1 , 2 . 

Denote 

hi(qz + c) h 2 (qz + c ) 

«(*) = — — ’ £(*) = — rr ~\ — • 

hi{z) h 2 {z) 

From (4.6) and Lemma 2.1, we obtain that 


T(r,a ) = m{r, a) + N (r, = Si(r,f), 

T(r, (3) = m(r, 0) + N (r, = Si(r,f). 


(4.7) 


From definitions of h\(z), h 2 (z) and equation (4.4), we conclude that 


Ch 2 (z ) - Ch\(z) = hi(qz + c) + h 2 (qz + c). 

Dividing above equation with hi(z)h 2 (z), we obtain 

(a + COM*) = {C- (3)h 2 (z). (4.8) 

By combining (4.5) and (4.8), it follows that 

(a + C)hj(z) - (C - P)(l - ^ )a 2 (z) = 0. (4.9) 

From (4.7) and (4.9), we get a = —C and /3 = C. Otherwise, we know 
T(r,hi) = Si(r,f), which means T(r, /) = Si(r, /) from (4.4) and (4.5), a 
contradiction. Hence, we have 


hi(qz + c) = -Chi(z), h 2 (qz + c) = Ch 2 (z), 
from definitions of a(z) and P(z), that is 

/ ~ c (f( z ) ~ = f(qz) - hf^ z + c ) + c )> 

1 C(f(z) + ^f(qz)) = f(qz) + £ f(q(qz + c) + c). 

The above equations give C 2 f(z) = f(q 2 z + qc + c). 

Case 2. C 2 = 1. The equation (4.3) implies that f(z) = ±f(qz + c). Using 
a similar way as Theorem 3.1, we get |g| = 1 in Case 2. 


Proof of Corollary 4.4. Similarly as Theorem 4.3, we obtain equations 
(4.4) and (4.5) hold as well. Equation (4.5) and the assumption that a is 
non-zero constant give 

iv(r,£)=0, iv(r,U)=0. (4.10) 

Combining (4.10) with the definitions of h\(z) and h 2 (z), we conclude that 
hi(z) and h 2 (z) are constants. From (4.4), we get f(z) is a constant, which 
contradicts the assumption. Hence, only Case 2 of Theorem 4.3 holds, the 
conclusion follows. 
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Proof of Corollary 4.5. It suffices to prove the case C 2 f(z ) = f(q 2 z + 
qc + c ) in Theorem 4.3 cannot hold. Suppose that f(zo) = 0, then by the 
sharing assumption and (4.4), it follows that 

hi(z 0 ) + h 2 (z 0 ) = 0, hi(qzo + c) + h 2 (qz 0 + c) = 0. 


Hence, 


h^qzo + c) h 2 (z 0 ) 
hi(z 0 ) h 2 (qz 0 + c) 

From the proof of Theorem 4.3, we know 


= 1. 


_ hiiqzo + c) _ ^ a _ h 2 (qzQ + c) _ ^ 

a /'i(-o) ’ P h 2 (z 0 ) 

which means that 

hi(qz 0 + c ) h 2 (zp) _ 

hi(zo) h 2 (qzo + c ) 

which is impossible. This contradiction is only avoided when 0 is the Picard 
exceptional value of f(z) and f(qz + c). Since f(z) is a zero-order entire 
function, we conclude that f(z) must be a constant, which contradicts the 
assumption. Hence, f(z) = ±f(qz + c), where |c/| = 1. 
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RANDOM NORMED SPACE AND MIXED TYPE 
AQ-FUNCTIONAL EQUATION 

ICK-SOON CHANG* AND YANG-HI LEE 


Abstract. We investigate the stability problems for the following functional equation 

fix + ay) + f(x - ay) - 2 f{x) + - ^ fiy) - f(-y) - fiay) = 0 

in random normed spaces. 


1. Introduction and Preliminaries 


We first demonstrate the usual terminology, notations and conventions of the theory of 
random normed spaces [7, 8] . The space of all probability distribution functions is denoted 
by 

A + : = {F : M U {— oo, oo} -A [0, 1] | F is left-continuous and nondecreasing on M, 
where F(0) = 0 and F(+oo) = 1}. 


And let D + := {F € A + | l~F(+oo) = 1}, where l~ fix) denotes the left limit of the 
function / at the point x. The space A + is partially ordered by the usual pointwise 
ordering of functions, i.e. , F < G if and only if F(t) < G(t) for all t £ M. The maximal 
element for A + in this order is the distribution function £q : M U {0} -A [0, oo) given by 



if t < 0, 
if t > 0. 


Definition 1.1. ([7]) A mapping r : [0, 1] x [0, 1] — >• [0, 1] is called a continuous triangular 
norm (briefly, a continuous t-norm ) if r satisfies the following conditions : 

(TNI) r is commutative and associative; 

(TN2) r is continuous ; 

(TN3) r(a, 1) = a for all a G [0, 1] ; 

(TN4) r(a, b) < r(c, d) whenever a < c and b < d for all a, b,c,d& [0, 1]. 


Typical examples of continuous f-norms are Tp(a,b) = ab , tm(o, b) = min(a, b) and 
tl(o, b) = max(o + 6—1, 0). 


Definition 1.2. ([8]) A random normed space (briefly, RN-space ) is a triple (A, +, r), 
where A is a vector space, r is a continuous t-norm and fi is a mapping from A into D + 
such that the following conditions hold : 
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The first author was supported by Basic Science Research Program through the National Research 
Foundation of Korea (NRF) funded by the Ministry of Education (No. 2013R1A1A2A10004419). 

1 


117 


ICK-SOON CHANG et al 1 1 7-1 27 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


2 I. CHANG AND Y. LEE 

(RN1) Hx{t) = £o(t) for all t > 0 if and only if x = 0, 

(RN2) p ax (t) = p x (t/\a\) for all x € X, a / 0 and all t > 0, 

(RN3) p x + y (t + s) > r(p x (t), p y (s)) for all x, y € X and all t, s > 0. 

If ( X , || • ||) is a normed space, we can define a mapping p : X — >• D + by p x (t) = <+ |, y 
for all x € X and all t > 0. Then (X,p,tm) is a random normed space, which is called 
the induced random normed space. 

Definition 1.3. Let (X,p,r) be an RN-space. 

(Ai) A sequence {x n } in X is said to be convergent to a point x € X if for every t > 0 
and s > 0, there exists a positive integer N such that p Xn - x (t ) > 1 — e whenever 
n> N . 

(. A 2 ) A sequence { x n } in X is called a Cauchy sequence if for every t > 0 and e > 0, 
there exists a positive integer N such that p Xn - Xm {t) > 1 — e whenever n> m> N. 
(A 3 ) An RN-space (X, //, r) is said to be complete if and only if every Cauchy sequence 
in X is convergent to a point in X. 

Theorem 1.4. ([7]) If (X, p, r) is an RN-space and { x n } is a sequence such that x n — >• x, 
then limn-Kx, p Xn (t) = p x (t). 

The concept of stability for a functional equation arises when we replace the functional 
equation by an inequality which acts as a perturbation of the equation. The stability 
problem for functional equations originated from questions of Ularn [9] concerning the 
stability of group homomorphisms. Hyers [2] had answered affirmatively the question 
of Ulam for Banach spaces. A generalized version of the theorem of Hyers for additive 
mappings was given by Aoki [1] and for linear mappings was presented by Rassias [6]. 
Since then, many interesting results of the stability of various functional equation have 
been extensively investigated. 

Now we take into account the following mixed type additive-quadratic functional equation 
(briefly, AQ-functional equation ) 

2 2 

f(x + ay) + f(x - ay) - 2 f(x) + ° ^ f(y) - a+ [) a f(-y) - f(ay) = 0. (1.1) 

Here we promise that each solution of equation (1.1) is said to be an additive- quadratic 
mapping. Quite recently, the stability of functional equation (1.1) in the case when a = 1 
was investigated in [3, 4, 5]. 

The main aim of this work is to establish the stability for the functional equation (1.1) 
in random normed spaces. 


2. Main results 

Let E\ and E 2 be vector spaces. For convenience, we use the following abbreviations 
for a given mapping / : E\ E 2 , 

Af(x, y) := f(x + y)~ f(x) - f(y), 

Qf(x , y) ■= f(x + y) + f(x -y)- 2 f(x) - 2 f(y), 

2 2 

Df(x , y) := f(x + ay) + f(x - ay) - 2 f(x) + ° ^ f(y) - ° ^ f(-y) - f(ay) 
for all x,y E Ei, where a > \ is a rational number. 
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A solution of Af = 0 is said to be an additive mapping and a solution of Qf = 0 is 
called a quadratic mapping. If a mapping / is represented by sum of additive mapping 
and quadratic mapping, we say that / is an additive-quadratic mapping. 


Lemma 2.1. A mapping f : E\ — > E 2 satisfies the functional equation Df(x,y) = 0 for 
all x, y G E\ if and only if there exist a quadratic mapping g : E\ -A E 2 and an additive 
mapping h : E\ — > E 2 such that f{x) = g(x) + h(x) for all x G E\. 


Proof. (Necessity) We decompose / into the even part and the odd part by considering 

f(x) + f(-x) ( ^ f{x)-f(-x) 

9 (x) = , h(x) = 

for all x € E\. It is note that /( 0) = -A- = 0. The following functional equalities 

Qg(x, y) =Dg(x, y/a) - Dg{ 0, y/a) = 0, 


Ah(x, y) = — Dh 
= 0 


x + y x — y 
2 ’ 2a 


+ Dh 


x + y x + y 
2 ’ 2a 


+ Dh[ 0, 


x - y 

2 a 


— Dhl 0, 


x + y 
2 a 


give that g is a quadratic mapping and h is an additive mapping. 

(Sufficiency) Assume that there exist a quadratic mapping g : E\ — > E 2 and an additive 
mapping h : E\ — > E 2 such that f(x ) = g(x) + h{x) for all x G E\ . Then we see that 

Df(x, y) = Dg(x, y) + Dh(x , y) 

= Qg(x , ay) + g(ay) - a 2 g{y) - Ah(x + ay,x~ ay) + Ah(x, x) + ah(y) - h(ay) 
= 0 


for all x, y € E\. Therefore we arrive at the desired conclusion. □ 

In the following theorem, we establish the stability of the functional equation (1.1) in 
random normed spaces. 

Theorem 2.2. Let (Y. /j, tm) and ( ) be a complete RN-space and an RN-space, 
respectively. Suppose that V is a vector space and f : V -+ Y is a mapping with /( 0) = 0 
for which there exists a mapping p : V 2 -+ Z such that 

hDf(x,y)(t) > /^(a (2-1) 

for all x, y € V and all t > 0. If a mapping p satisfies one of the following conditions : 

(0 V'avfryfi) ^ 4 ( 2ax,2ay )(*) f 0r SOme 0 < « < 2 «, 

(") ^ ^ 4((2a) 2 *,(2a)*y)( t ) f 0V SOme 2 « < « < ( 2a 

(iii) 4((2o)a*,(2o)a y) ( i ) ^ f 0r SOme ^ < a 

for all x, y € V and all t > 0, then there exists a unique additive-quadratic mapping 
F : V -+ Y such that 

(" sup t / <t {M (x, (2a — oi)t')} if p satisfies (i), 

((2a) 2 — a) (2a— a) t' 


Vf(x)-F(x)(t) > \ sup t , <t {M(x, 4((2a)^-2a) )} */ V satisfies (ii), 

sup t '<t{M(x, (a — (2a) 2 )f')} if tp satisfies (iii) 

for all x GV and all t > 0, where 

M(x, t) := t m { y' v{ax , x) (t ) , A^f-a*,-*) (*) > 4(o, x) (*) > 4(0,-*) (0 } • 


( 2 . 2 ) 
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Proof. We will take into account three different cases for the assumption of ip. 

Case 1. Let p> satisfy the condition (i) for some a with 0 < a < 2a and let J n f : V — >• Y 
be a mapping defined by 

f((2a) n x) — f(—(2a) n x) /((2o)"x) + /(-(2o)"x) 

nJU j ' 2(2a) n 2(2a) 2n 

for all x € V and all n € N. Then Jof(x) = /(x), Jjf( 0) = /( 0) and 

(2 a y +1 - 1 


Jjf(x) - J j+ if(x) =- 


2(2 a++ 2 

(2a) J+1 + 1 


\D f(—(2a) 3 ax, — (2a) J x) — 3D/(0, (2 a) J x)] (2-3) 

[D/((2a) J ax, (2a) J x) — 314/(0, — (2a) J x)] 


2(2a) 2 t+ 2 

for all x € V and all ? > 0. It implies that if n + m > n > 0, then we get by (RN2), 
(RN3), (2.1) and (2.2) 

n+m— 1 

^Jnf(x)-Jn + mf( x) { 


4a 3 1 \ 
(2 a)i+ l ) 


j=n 


n+m— 1 


^ 4a4t ^ 

(2aV'+ 1 J 

j=n 


-> ^ n+m— 




— T M j=n \l l Jjf{x)-Jj +1 f{x) 


4a J t 

(2a) 3+1 


)} 


(2.4) 


\ n+m— 1 J J 

T Mj =n ] T ] I 3 ((2a)7 + 1 +l)U/((2a)j •ax,(2a)j x ) 

1 L 2(2a)2j + 2 


/7((2a)3 + 1 -l)g/(-(2a)j •ax , — (2a)0 x ) 
2(2a) 2 J+ 2 


((2ap' +1 + l)a>'t\ 
2(2a++ 2 /’ 

((2a)J +1 - 1 )a*'t> 


2(2a++ 2 
^3((2a) J+1 + l)cL+ 

I j - 3((2ap + 1 + l)g/|0 i ,-(2a)J z ) 2(2a) 2 t + 2 /’ 

'3((2«y +1 - l)c+ 


I 3 3((2a)j + 1 -l)D/(0,(2a)2+) 
2(2a) 2 2+ 2 

> A/ (x, t) 


2(2a++ 2 


)} 


for all x € V and all t > 0. Let c > 0 and e > 0 be given. Since lim^oo \j! z {t) = 1 for all 
z € Z, there is some to > 0 such that M(x, to) > 1 — £■ Fix some t > to- Since a < 2a, we 
know that the series Y+jL o ( 9^+1 converges. It guarantees that there exists some no > 0 

such that ( 20 ) 7 +! < c f° r n — n ° an< ^ a ^ m > 0- Together with (RN3) and 

(2.4), this implies that 


n+m— 1 


Pjnf(x)-J„+mf(x)( C ) ^ ^Jnf{x)~J n +mf{x) ( ^ (2a)-? + 1 ) 

j=n V 


> M (x, t) > M (x, to) > 1 — £ 
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for all x € V. Hence {J n /(x)} is a Cauchy sequence in the complete RN-space (' Y,/x,tm ) 
and so we can define a mapping F : X — >• Y by F(x) := lim, woo J n f(x). Moreover, if we 
put m = 0 in (2.4), we have 


t 


M j X, ^ n _ 1 4 a j t 

2-'j = o (2 a)j + 1 


(2.5) 


for all x € V. 

Next we are in the position to show that F is an additive-quadratic mapping. In view 
of (RN3), we figure out the relation 

VDF(x,y)(t) > TM^(F-J n f)(x+ay) (^) > V(F-J n f)(x-ay) (^) > »2(J n -Ff)(x) (^) > 

F-J n f)(y ) (12) ’ (12) ’ ^-( F ~Ff){ay) ( jg) ’ ( 2 ' 6 ^ 


^ DJnf{x,y ) 


for all x, y € V and all n € N. The first six terms on the right hand side of the previous 
inequality tend to 1 as n -> 00 by the definition of F. Also we consider that 


^DJ n f(x,y) f ol > Tm\ ^ D f(( 2 g)^x ( 2 a)^y) ( ~ ) , Df(- ( 2 a)n x (2 a)™ y) 

L 2(2a)‘ 2n 2-(2a.)“» 

;)} 


2- (2a) 71 


/X D/((2a)"x t (2a)"y) l “ , ^ D f (2a) n x - (2a) n y) 


2- (2a) 71 


^ Fm\ M ip((2a) n x,(2a) n y) ( 1 M ‘p(-(2a) n x,-(2a) n y) f 1 j 

2-(2a) 2 ™ ^07 2- (2a)‘^ Tl '07 

^*p((2o)"i,(2o)" s ) fx 1 ) M v(-(2o) n a:,-(2<i)™i/) fx')l 

2-(2a) n \o7 2-(2a) n \07 J 

r / (2a) 2 " f\ ( (2a) 2n t\ 

— TA7 \^V0u 2/) ( J ’ -2/) ( 4Q ,n J ’ 


/ (2a) n t \ f Wt )) 

^(x,y)[ 4an J > M<p(-x,-y) { ^ ) / > 


/(2a)"C 


which tends to 1 as n ^ oo by (RN3). It follows from (2.6) that HDF(x,y){t) = 1 for a U 
x, y € V and all t > 0. By (RN1), this means that DF(x, y) = 0 for all x,y £ V. 

We now approximate the difference between / and T 1 . Fix x € V, t > 0 and choose 
f' < t. For arbitrary e > 0, by T(x) := lim ra ^.oo J n /(x), there is a n € N such that 

M F(x)-J n f(x)(t ~ f) > 1 — £. 

It follows by (2.5) that 

^F(x)—f(x){t) — 7 M{yF(x)—J n f(x){t — t )’ t J 'J n f(x)—f(x){t )} 

>tm{i-£,m(x, 


7=0 (2a)7+l 


> t m {i - £, M ^x, ( 2a j. 
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Because e > 0 is arbitrary, we find that 

HF(x)-f{ x)(t) > M(x, (2 a - a)t') 

for all x € V and t' < t. The first inequality in (2.2) follows from the previous inequality. 

In order to prove the uniqueness of F. we assume that F' is another additive-quadratic 
mapping from V to Y satisfying the first inequality in (2.2) with F'(0) = /( 0). Note that 
if F' is an additive-quadratic mapping, then we have by (2.3) 

n— 1 

F'{x) - J n F'(x) = J2( J jF'(x) - J j+ iF’(x)) = 0 

3=0 

for all x € V and all n € N. With the help of (RN3) and the first inequality in (2.2), this 
result yields that for all x € V and all n € N, 

> T M \ H (F'-/)((2a)"x) ( T ) , M (F'-/)(-( 2a)"x) ( T ) ) M (F'-/)((2a)«a0 ( T ) , 

t T7YA2S V4/ 2 -(2a)2» \4/ 2-(2aW \4/ 


2-(2a) 2 " 

M(F'-/)(-( 2a)™*) 
2-(2a) n 


2-(2a) ?5 


)} 


> 


Observe that 


which gives that 


f f / /2a\ n (2a — a)t'\ r / /4a 2 W2a - a)A i 

T M {sup{M(x,(-) j ),sup{m(x,(— ) j )}. 

(2a\ n (2a — a)f' 


lim ( — I 

n— »oo \ a / 


= oo, 


lirn n F '(x)-j nf ( x )(t) = 1 

and then we have by (RN1) 

F'(x) = lim J n f(x ) = -F(x) 

n— >■ oo 

for all 

Case 2. Assume that satisfies the condition (ii) for some a with 2a < a < 4a 2 and 
J n f : V — »• V is a mapping defined by 


. ^._/((2ar*) + /(-(2ar*) , (2a)' 

JnJyK) • — ^ \ o», "T" 


X 


(2a) 


-/ 


—x 


2 • (2a) 2n 1 2 

for all x € V. Then we have Jof(x) = f(x), Jjf( 0) = /( 0) and 

Df{— (2a) J ax, — (2a) J x) — 314/(0, (2 a) J x 


(2a) 


Jjfix) - J j+ if(x) = - 


2(2a) 2 4+ 2 

Df((2ayax, (2a)%) - 314/(0, -(2a)^x) 


2(2a) 2 4+ 2 


(2.7) 


+ 


(2a) J 

Df( 

' X 

x \ 

-3T>/(0 

2 

<2(2 a)F 

(2ay+ 1 J 

(2a) J 

Df( 

' — X 

—x \ 

— 374/ (o 

2 

<2(2 a)F 

(2 a)4+W 


—x 


(2a)4+! 7J 
x 


(2a)4+WJ 
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for all x € V and all j > 0. If n + m > n > 0, then we deduce that 


' n+m— 1 


I v ~\ / 4 / ol 4 /(2a)\ A 

VJnf(x)-J n +mf(x) I 2^ W2a') 2 M2a) 2 J + aV~cT/F 


3=n 


(2a) 2 V (2a) 2 7 a V a 


^n+m^ i ^ 4 (ay 4:f(2a)y\ 

1 2^ V (2a) 2 V (2a) 2 / + «U i ^ 


V 7=’" 


— TM j=n \yjjf{x)-J j+ 1 f{x) (( 


a \ 7 4/(2a)\i 


(2a) 2 V (2a) 2 / a\ a 
aH 


( 2 . 8 ) 


^ n+m-l f f ( a J t \ ( a J t ^ 

- ™7=n p/(( 2 2 g^| 2 2 a)j3:) 1 2(2a) 2 i+ 2 J ’ /X ^ P/( 2( 2 a I) 2 7+2 (2a)j3:) V 2(2a) 2 J+ 2 / ’ 

^ 3 aH \ ( 3 aH \ 

V 2(2a) 2 i+ 2 J V 2(2a) 2 7+2 J ’ ^d/( 


X X 


' 2(2a)J ’ (2a)7+l 


/ (2a) J t \ 

) V 2a7 +1 7 r 


(3(2a) j t\ __ 

) 1 1 


> Af (x, t ) 


for all x € V and all t > 0. Therefore the Cauchy sequence {J n /(x)} has the limit 
-F(x) := lim, woo J n f(x ) for all x € V and 


! Jj f(x)-J n f(x){^) — 



E n— 1 

7=0 


( 4 ( a \ 7 , 4 / (2a) \7\ 

\ (2a) 2 V (2a) 2 / a V a ) ) 


,(2 op V (2a) 


(2.9) 


for all x EV. 

Now, to prove that DF(x,y) = 0 for all x, y € V, we consider (2.6) in case 1. By virtue 
of (RN3) and (2.1), we see that 


VDJ n f(x,y) 



> T M \ ^ DS(( 2 a)^x,lqa) n y) 

2(2a) 2n 



^ Df(-(2a) n x,--(2a) n y) 
2(2a) 2n 



M(2 ag 
2 


£>/( 


(2a) n ’ (2a)" 





(2a) 1 

2 


-£>/( 


—x —y 
(2a) n ’ (2a) n 



r /(2 a) 2n t\ /(2 a) 2n t\ 

— 4 Q r) J > y<p(-x,-y) ( J) 

/ a n t \ / a n t \ 'i 

’ /M-* .-») {yyy) ) 


for all x, y € V and all f > 0, which tends to 1 as n —>■ oo. It implies that all the terms of 
(2.6) are equal to 1 as n — > oo and then we know that F is an additive-quadratic mapping. 

Employing the same argument as in the proof of case 1, the second inequality in (2.2) 
follows from (2.9). 
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Finally, it remains to prove the uniqueness of F. Let us assume that F' : V —>■ Y 
is another additive-quadratic mapping satisfying (2.2). Note that if F' is an additive- 
quadratic mapping then by (2.7) 


n— 1 


F'(x) - J n F'{x ) = Y [JjF\x) - J j+ iF\x)) = 0 

3=0 

for all x € V and all n € N. This relation with (RN3) and (2.2) imply that 


) - Vj n F'{x)-J n f{x)[t ) 

> TM {m (F'-f)U2a)" x ) ( v) , H (F'-f)(-( 2a)^x) (t), 
2(2a)‘ Jn '' 4 / 2 .(2 a )‘2n V 4 / 

(i) ■ (i) I 

f f„ r / ((2a) 2 — a) (2a — a)t' / a \ n 
((2a) 2 — a) (2a — a)t'\ n 


sup 

t'<t 


{m(x, 


2((2a) 2 - 2a) 
for all x € V and all n € N. Due to the fact that 


)} 


((2a) 2 — a) (2a — a)t' /(2a) 2 \ n ((2a) 2 — a) (2a — a)t' / a \ n 

lim ( — ) = oo, Inn — ( — ) = oo 


a 


n->-oo 2((2a) 2 — 2a) \2a 


n-> oo 2((2a) 2 — 2a) 

for 2 a < a < 4a 2 , we have 

= I- 

Of course, by virtue of (RN1), we see that 

F'(x ) = lim J n /(x ) = .F(x) 

n— > oo 

for all x G V. 

Case 3. Suppose that satisfies the condition (iii) for some a with a > (2a) 2 and 
and J n f : V — >• Y" is a mapping defined by 


<4i/0c) = 


2 ' V (2a, 

for all x € Vi Then we have Jof(x) = /(x) and 

(2a) 2j + (2a)J 


(2a) 2n + (2a) n / x \ (2a) 2n - (2a) n / -x \ 

~*\(2a) n ) + 2 ^ M2al n / 


Jjf(x) - J j+ if(x) = 


Df 


x 


2 • (2a)-? ’ (2a)-? +1 


— 3Df ( 0 


—x 


(2a)J+ 1 


2 . 10 ) 


+ 


(2a) 2 - 7 - (2 a) j 


Df 


—x —x 


2 • (2a)-? ’ (2a)-? +1 


— 31?/ ( 0 


(2a)i+ 1 /J 
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for all x € V and all j > 0. Moreover, if n + m > n > 0, then we get the inequality 

(2a) 2 y4F 




J=n 

^ _ n+m—l J ,, 

— T Mj =n ^Jjf(x)-Jj+if(x) 


a J a 
n-\-m— 1 


E 


j=n 


(2a) 2 y‘4t 


a J a 


\ n+m—l J J 
— TM j =n |TM^M (2a)J((2a)j+l) r ,^^ 


X X j 

2(2a)J ’ (2a)J + l ) 

3(2o)J((2oy + l)t 


(2a)J'((2a)J' + l)t 


2a-?+ 1 


h -3(2a)J «2a)J +1) g/ ( 0 , —^ ) ( 204 + 1 J 

:)( 


/ i (2a)J((2a)j-l) 


— cc — X 


2 ■ D ^'( 2(2a)i ’ (2a)i + ! - 


f (2a) J ((2a) J - l)t 
1 2 q4+i 


A t 3(2a)2'((2oP-l) 

2 

> M (x, t ) 


/ 3(2a)J((2aV-l)t Nn 
d 4°’7^+t)v 2ai+i ^ J J 


’ (2a)J + 1 


for all x G h and all t > 0. And so we can define a mapping A : V — >• F by F(x) := 
lim, woo J n f(x) for all a? € V and 


M/(x)— J n f(x)(t) — M 



for all x € V. Note that for all x, y € V and all t > 0, 


(2.11) 


l- l DJ n f(x,y) 



> rM^H (2a )2n 


(2a) n ’ (2a) 

t 


i M(2 a) 2 ” 
2 


D f ( (2a)" n ’ (2a) n ) ' 8 / 


/ i (2a) y 

2 


'l/'(( 2a )n>-(2^) Wl 


\ f / \ / a n t \ 

> ™\/ X ^,2/) U( 2a )2n J ’ -W) U(2 0 ) 2 «J ’ 


/ a n t \ / a n i \ ^ 

’ Vrt-x-v) V4(2a)"/ J ’ 


which tends to 1 as n — >• oo. Therefore we can show that F is an additive-quadratic 
mapping by using the similar fashion after (2.6). 

By the same reasoning as in the proof of case 1, the relation (2.2) yields the third 
inequality in (2.11). 

To complete the proof of the theorem, we are enough to show the uniqueness of F. 
Suppose that F' : V —>■ Y is another mapping satisfying the third inequality in (2.2). If 
g is an additive-quadratic mapping, then, by (2.9), we have g(x ) = J n g{x) for all x € V 
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and all n € N. Observe that 


MF(x)-F'(x)(0 — V>J n F(x)-J n F'(x){t) 


> TM { Vj n F(x)-J n f(x) (2) > M Jnf{x)-JuF'{x ) (^) } 

' t ' 


(2 a) 

t. 




> 


TM { sup {m(x, 


(a — n 2 )t' fa 


n 


sup 

t’<t 


{m(x, 


(a — n 2 )t' f a 


(2a) 


’)}} 


for all x € V and all n € N. Since a > (2a) 2 , the last term in (2.6) tends to 1 as n — >• 00 
by (RN3) and F( 0) = F'( 0). Therefore F = F' . □ 


Corollary 2.3. Let X and Y be a vector space and a complete normed space, respectively. 
Suppose that f : X — >• Y is a mapping with /( 0) = 0 for which there is p : X 2 — >• M such 
that 

\\Df(x,y)\\ <p(x,y) (2.12) 

for all x,y € X. If ip satisfies one of the following conditions : 

(i) a(p(x,y) > p(2ax,2ay) for some 0 < a < 2a, 

(ii) p(2ax,2ay) > ap(x,y) > p{^a 2 x,Aa 2 y) for some 2 a < a < 4a 2 , 

(iii) (p(4a 2 x,4:a 2 y) > ap(x,y) for some 4a 2 < a 

for all x, y € X, then there exists a unique additive-quadratic mapping F : X — >• Y such 
that 


\\f(x)-F(x)\\ < { 


for all x,y € X , where 

4>(x) = max{ <y9(ax, x ), p{—ax, —x), p( 0, x), y?(0, —a;)}. 

Proof. Let (Y. y, tm) and (M, y! , tm) be the induced random normed RN-spaces. Then 
the inequality 

^Df{x,y) (t) > Ptp{x,y) (0 

follows from the inequality (2.12) and p satisfies one of the conditions in Theorem 2.2. So 
there exists a unique additive-quadratic mapping F : X -A Y satisfying (2.13). □ 


&(x) 

2a— a 

(4a 2 — 2a)4>(:r) 
(4a 2 — a) (a— 2a) 
4>(ir) 
a— 4 a 2 


if p satisfies (i), 
if p satisfies (ii), 
if p satisfies (iii) 


(2.13) 


From Corollary 2.3, we can obtain the following result. 


126 


ICK-SOON CHANG et al 1 1 7-1 27 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


RANDOM NORMED SPACE AND MIXED TYPE AQ-FUN CTIONAL EQUATION 11 

Corollary 2.4. Let X be a normed space and let p / 1,2 be a positive real number. If a 
mapping f : X — >• Y satisfies the inequality 

\\Df(x,y)\\<e{\\xr + \\yr) 

for all x, y € X and for some 6 > 0, then there exists a unique additive-quadratic mapping 
F : X — >• Y such that 


||/(x) -F(s)|| < < 


for all x € X. 

Acknowledgement. The authors would like to thank the referees for giving useful 
suggestions and for the improvement of this manuscript. The first author was supported 
by Basic Science Research Program through the National Research Foundation of Ko- 
rea (NRF) funded by the Ministry of Education (No. 2013R1A1A2A10004419). 

References 

[1] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan 2 
(1950), 64-66. 

[2] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA 27 (1941), 
222-224. 

[3] G.-H. Kim and Y.-H. Lee, Stability of the Cauchy additive and quadratic type functional equation in 
non-archimedean normed spaces, Far East J. Math. Sci. 76 (2013), 147- 157. 

[4] H.-M. Kim and Y.-H. Lee, Stability of fuctional equation and inequality in fuzzy normed spaces, J. 
Chungcheong Math. Soc. 26 (2013), 707-721. 

[5] Y.-H. Lee, Hyers-Ulam-Rassias stability of a quadratic-additive type functional equation on a re- 
stricted domain, Int. J. Math. Analysis 7 (2013), 2745-2752. 

[6] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 
(1978), 297-300. 

[7] B. Schweizer and A. Sklar, Probabilistic metric spaces, Elsevier, North Holand, New York, (1983). 

[8] A.N. Serstnev, On the motion of a random normed space, Dokl. Akad. Nauk SSSR 149 (1963), 
280-283. 

[9] S.M. Ulam, A Collection of Mathematical Problems, Interscience, New York, 1960. 

Ick-Soon Chang*, Department of Mathematics, Chungnam National University, 79 Dae- 
hangno, Yuseong-gu, Daejeon 305-764, Republic of Korea 

E-mail address: i s chang® cnu. ac . kr 

Yang-Hi Lee, Department of Mathematics Education,, Gongju National University of Ed- 
ucation, Gongju 314-711, Republic of Korea 

E-mail address: yanghi2@hanmail.net 


ifp < 1, 


2a—(2a)P 

26> imi p , aeiixr - n 2 

(2a)P—2a ^ 4a 2 -(2a)r V 1 P ^ 

29|MI P 




127 


ICK-SOON CHANG et al 1 1 7-1 27 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Blow-up of solutions for a vibrating riser equation 
with dissipative term 

Junping Zhao 

College of Science, Xi’an University of Architecture & Technology, Xi’an 710055, China. 

e-mail: junpingzhao@yeah.net 

Abstract: In this paper we consider a vibrating riser equation with dissipative term 
and the homogeneous Dirichlet boundary condition. By developing the method in [9] 
and [16], we establish a blow-up result for certain solutions with non-positive initial 
energy as well as positive initial energy. Estimates of the lifespan of solutions are 
also given. 

Keywords: Blow-up of solution, quasilinear riser problem, positive initial energy 
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1 Introduction and main result 

In this paper we consider the problem 

'U'tt H - P^t + ‘Zq'U'xxxx 2[(nx + b')u x \x H - ~^{p j x )xxx 
< ~[{ax + b)u 3 x } x - q{u 2 xx u x ) x = /(it), (x, t) G [0, 1] x (0, T), ^ ^ 

u{ 0, t) = u(l,t) = u xx { 0, t) = u xx (l,t) = 0, t € (0, T), 
u(x, 0) = uq(x), ut(x, 0) = ui(x), a; €[0,1], 

where a,b,p,q are nonnegative constant, f(u) is a C{R) function satisfying some conditions to 
be special later. 

Problem (1.1) models the behavior of a riser vibrating due to effects of waves and current [14]. 
In 1997, Bayrack and Can [1] studied problem (1.1) and proved that, under suitable conditions 
on / and the initial data, all solutions of (1.1) blow up in finite time in the L 2 space. To establish 
their result, the authors used the standard concavity method due to [7]. Gmira and Guedda 
[4] extended the result of [1] to the multi-dimensional version of the problem (1.1) by using the 
modified concavity method introduced in [6]. 

More recently, Hao et al. [5] discussed (1.1) and showed that, under suitable conditions, 
the solution blows up in finite time with a negative initial energy while exists globally with 
a nonnegative initial energy for the case p = 0. Precisely, the following blow-up result was 
established. 

Theorem 1 Let u(x,t) be a classical solution of the system (1.1). Assume that there exists a 
positive constant A such that the function f(s) satisfies 

sf{s)>(4: + A ) f f(v)dv for s € R, (1.2) 

Jo 
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and the initial values satisfy 


1 


E(0) — — ||'Ui|| 2 + oil^Ozzlh + / ( ax + b) u o x d x + -\\uo x uo xx \\2 


+ - (ax + b)uQ X dx — 


1 l>Uo 


f(v)dvdx < 0 


0 70 


and 


/ uouidx > 0. 

Jo 

Then the solution u(x,t ) of the system (1.1) blows up in a finite time. 


(1.3) 

(1.4) 


In the present paper, we shall improve the results of [5] and derive the blow-up properties 
of solutions of problem (1.1) with non-positive initial energy as well as positive initial energy by 
developing the method in [9] and [16] (see Remark 2). Estimates of the lifespan of solutions will 
also be given. For the convenience of our computation, we set p = q = 1 and f(s ) = |s| r ~ 1 s. 
Then the condition (1.2) holds when r > 4. 

We define the energy function for the solution u of (1.1) by 

Eft) = -\\u t \\l + \\u xx \\l + / (ax + b)u 2 x dx + -\\u x u xx \\l + - (ax + b)ufdx ||tt||r- (1-5) 

1 JO 1 4 70 r 


Then 


and 


E' (t) = — \\u t \\l < 0, for t > 0, 


E(t) = E( 0) — / ||zt r ( t) || |d-r, t> 0. 


We also set 


ai = 


2 \r -2 r - 2 2 

, E\ — a l 


B 


1 1 


B r a\. 

2 r 


where B is the optimal constant of the embedding inequality 

IMIr < B\\u xx \\ 2 , u G H 2 ([ 0, 1]) n #q([0, 1]), 

for 2 < r < +oo, that is 


( 1 . 6 ) 

(1.7) 

( 1 . 8 ) 

(1.9) 


B~ l = 


inf 


^ xx 2 


ue^ 2 ([0,l])niTi([0,l]),u^0 ||tt||r 


We introduce the functionals 


t /•! 


aft) = / u 2 dx + / u 2 dxdt, t > 0 


o 7o 


and 


G(t) = [ a(t) + (Ti - t)\\u 0 \\ 2 2 ]- s , t G [0,Ti] 


( 1 . 10 ) 

( 1 . 11 ) 


where 6 = and Ti > 0 is a certain constant to be specified later. 
Our main result reads as follows. 
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Theorem 2 Letu(x,t) be a classical solution of the system (1.1). Assume thatr > 4 and either 
one of the following four conditions is satisfied: 

1. E{ 0) < 0, 

2. E( 0) = 0 and f ( J upuidx > 0, 

3. 0 < E( 0) < Ei and ||«oxx||2 > «i, 


4- E\ < E(0) < min 


r + 2 
2 r 


(l + fo UQUldx ~ 2 1 1 7Y 0 1 1 2 


(f( uouidx) 2 | 


Then the solution u of the problem (1.1) blows up in a finite time T* in the sense of (2.25). 
Moreover, the upper bounds for T* can be estimated according to the sign of E( 0): 

For the case 1, 


T* < t 0 


G(t 0 ) 

G'(toY 


Furthermore, if G(to) < min{l, 



then 


T* < t 0 + 




In 



For the case 2, 

T * < G(0) = 2(r 1 -t + l)||u 0 ||| ^ T * < G( 0) 

G'( 0) (r — 2) uouidx V& 


For the case 3, 


T* < to 


Furthermore, if G(to) < min{l, 



then 


G(t 0 ) 

G'(toY 


T* < t 0 + 




In 



For the case 4, 

T * < 2( 3,s+1 )/ 2<5 -^{1 - [1 + cG ( 0 )]^ 1/2<5 }. 

V« 

where c = (a//3) 2+1 / <5 . Here a, (3, a' and /?' are given in (2.23), (2.24), (2.27) and (2.28), 
respectively. And to = t* is given by (2.12) for the case 1 and to = t* is given by (2.13) for the 
case 3. 


Remark 1 Compared with Theorem 1, we have no the restriction uouidx > 0 in Theorem 2 
when E{ 0) < 0. 


Remark 2 Ei defined in (1.8) is exactly the potential well depth obtained by Payne and Sat- 
tinger (see [13]). In [16], a global nonexistence theorem for abstract evolution equations with 
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nonlinear damping terms was proved by combining the arguments in [3] and [8], where positive 
initial energy less than E\ was demanded while we allow here a larger positive initial energy (see 
the case 4)- In this work, we divide the case E(0) > 0 into two cases: the case 3 and 4 ■ Unlike 
[9], we discuss cautiously the case 3 by combining the method of [16] (see Lemma 7). We also 
note that the case 4 is allowed here since the damping term involved in problem (1.1) is linear. 

There are many related works on the existence and non-existence of global solutions to the 
hyperbolic equations with dissipative terms and damping terms, please see [2, 11, 12, 15] and 
the references therein. 

2 Blow-up of the solutions 

In this section, we shall prove Theorem 2. We start with a series of Lemmas. 

Lemma 3 Suppose u{x,t) is a classical solution of the system (1.1). Assume that E( 0) < E\ 
and 1 1 uqxx 1 1 2 > oq. Then there exists a positive constant «2 > ol\, such that 

\\u xx (-,t)\\ 2 > a 2 , V t > 0, ( 2 . 1 ) 

and 

\\u(-,t)\\ r >Ba 2 , Vt> 0 . ( 2 . 2 ) 

Proof. The idea follows from [16] where different type of equations were discussed. We first 
note that, by (1.5) and (1.9), 

E(t) > \\u xx \\l - -|M|; > \\u xx \\l - -B r \\u xx \\ r 2 = a 2 - -B r a r := g(a), (2.3) 

ry* ry* ry* 

where a = 1 1 'ticccc 1 1 2 - It is easy to verify that g is increasing for 0 < a < aq, decreasing for 
a > aq; g(a) — >• —00 as a ^ +00 and g(a±) = E\, where aq is given in (1.8). Since E( 0) < £q, 
there exists aq > aq such that g(a 2 ) = -E’(O). Let ao = H'Uftelhi then by (2.3) we have 
fl’(ao) < E( 0) = 5 ( 02 ), which implies that ao > 02 - 

To establish (2.1), we suppose by contradiction that ||« a;a ;(to )||2 < «2 for some to > 0. By 
the continuity of \\u xx {-, t) H 2 we can choose to such that ||rta:*(to )||2 > aq. It follows from (2.3) 
that 

E{t 0 ) > 5(11^(^0)112) > g{a 2 ) = E( 0). 

This is impossible since Eft) < E( 0) for all t > 0. Hence (2.1) is established. 

To prove (2.2), we exploit (1.5) to see that 

ll^xxlli — -S'(O) d IMIr- 

r 

Consequently, 

\\H r r > \\u xx \\l - E(0) > a| - E( 0) > a| - g{a 2 ) = * B r a r 2 . (2.4) 

Therefore (2.2) is concluded. 
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Lemma 4 [9] Let 5 > 0 and Bft ) € C 2 ( 0, oo) be a nonnegative function satisfying 

B" (ft) - 4 (5 + 1 )B\t) + 4(<S + 1 )B(t) > 0. (2.5) 

If 

B'{ 0) > r 2 B( 0) + k 0 , (2.6) 

then B'(t) > ko for t > 0, where r 2 = 2 (5 + 1) — 2 y/(S + 1)<5 is the smallest root of the equation 

r 2 - 4(5 + l)r + 4(6 + 1) = 0. 

Lemma 5 [9] If G(t) is a non-increasing function on [to,+oo),to > 0 and satisfies the differ- 
ential inequality 

G'(t) 2 >a + bG(t) 2+ K for t > 0, (2.7) 

where a > 0, 5 > 0 and b G R, then there exists a finite time T* such that 

lim Git) = 0 

t-+T*~ 

and the upper bound of T* is estimated respectively by the following cases: 

(i) If b < 0 and G(to) < min{l, then 

T* < t 0 + ~^= In 


(ii) If b = 0, then 
(in) If b > 0, then 

where c = (a/b) 2+1 ^ s . 


yfOs-Gito) 
G(to ) 


T* < t 0 + 


Sc 


\fa 


T* <t 0 + 2 ( 3S+i y 2S — {l - [1 + cG(t 0 )}- 1/25 }, 
v a 


Lemma 6 Assume that r > 4, aft ) is defined by (1.10) and let u be a solution of (1.1), then 
we have 

a"(t)-4(5 + l)\\u t \\ 2 >Q l (t), (2.8) 

where 

Qi(t) = (-4 - 8S)E(0) + 2 r I ||M T ||ldr + 2 (r - 2)||u xx ||l. 

Jo 

Proof. By the definition of aft), we have 


a' ft) = 2 / uutdx + f u 2 dx, 
Jo Jo 


(2.9) 
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and by (1.1) and the divergence theorem we get 


a" (t) = 2 [ ufdx + 2 j uutt.dx + 2 f uutdxdx 

Jo Jo Jo 

= 2 / ufdx + 2 / u (|«| r ~ 2 u + 2 [(ax + b)u x ] x + [{ax + b)u x ] 3 

Jo Jo 


"^(^XX^X^X ‘Z'UxxXX ^{^x)xxxj 


= 2\\u t \\l + 2|M!r -4 [ ( ax + b)ul dx - 2 f (ax + b)u x dx - d\\u x u xx \\l - 4\\u xx $.lQ>) 
Jo Jo 


Using (1.5) and (1.7) we get 

«"(*)- 4(i+l)IKIll 

= «"(*) -2|k||I-i(8i + 4)||a i ||^ 


= 2||u||£ — 4 f (ax + b)u 2 x dx — 2 f (ax + b)u^dx — d\\u x u xx \\^ — d\\u xx \\\ 

Jo Jo 

2r ^17(0) || ii T j^dx ||ltxa; || 2 (ax T b)u x dx — ||'U a ;'U a ; a ; || 2 

— - f (ax + b)uJdx H — ||«||I)| 

4 Jo r" 11 V 

> (—4 — 8S)E(0) + 2r \\u T \\ldT + 2(r — 2)\\u xx \\l + 2(r — 2) / (ax + 6)u 2 dx 

Vo Vo 

1 r 1 

+ o( r “ 4 ) / (a.T + 6)a^dx + (r - 4)11^^112 
z Jo 

> (— 4 — 8(5)£ , (0) + 2?’ f ||a T ||2dr + 2(r — 2)||a a;a ;||2 


( 2 . 11 ) 


since r > 4. 


Lemma 7 Assume that r > 4 and that either one of the following is satisfied: 

1. E( 0) < 0, 

2. E( 0) = 0 and f ( J uouidx > 0, 

3. 0 < E( 0) < Ei and ||uoxx ||2 > on, 

4 ■ Ei < E( 0) < ^2 /J u 0 uidx - 2||xt 0 ||l • 

Then a' (t) > 1 1 tto 1 1 2 f or t > to, where to = t* is given by (2.12) for the case 1, to = 0 for the 
cases 2 and 4, and to = t\ is given by (2.14) for the case 3. 

Proof. We consider different cases on the sign of the initial energy E( 0). 

1. If E(0) < 0, then from (2.8), we have 

a'(t) > a'(0) - 4(1 + 25)E(0)t, t> 0. 


Thus a! (t) > 1 1 tto 1 1 2 for t > t* , where 


t = max 


a'( 0) ~ INHl 

4(1 + 25)E(0) ' 


, 0 > = max 


fo Uouidx 

2(1 + 25)E(0) ’ 


(2.12) 
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2. If E(0 ) = 0, then a" (t) > 0 for t > 0. Furthermore, if a'(0) > ||uo||| (i.e. , uoiiidx > 0), 
then a'(t) > ||txo lll^ t > 0. 

3. If 0 < E'(O) < Ei, then using Lemma 3 and (1.8) we see that 

Qi(t) > -(4 + 8S)E(0) + 2 (r - 2)a| 

> (4 + 85)(-£(0) +Ei) := Cl > 0, t> 0. (2.13) 


Thus, from (2.8), we have 


a"{t) > Qi(t) > Ci > 0, t > 0. 


Hence a' (t) > ||t/o ||| f° r ^ f n where 

f H^olll - ^(0) 


ti = max • 


, 0 > = max 


—2 f ( ] uo'Uidx 


C i 


(2.14) 


t />! 


uutdxdt. 


(2.15) 


o Jo 


l Ci 

4. If E(0) > E i, we hrst note 

f u 2 dx — f u^dx = 2 

Jo Jo 

By the Holder inequality and Young inequality, we have 

f u 2 dx < f Undx + f ||d|odt+ / llurllodr. 

Jo ~ Jo Jo Jo 

By the Holder inequality, Young inequality again, and (2.15), it follows from (2.9) that 

a'(t) < a(t) + f Uq dx + f u 2 dx + f ||it r |||dT. (2-16) 

Jo Jo Jo 

In view of (2.8) and (2.16), we obtain 

a" (t ) — 4(6 + 1 )a'(t) + 4(5 + 1 )a(t) + K\ 

> a"(t) + 4(5 + 1) H^olli ~~ ll^tlli — J ll^rllidT^ + Ki 

> (— 4 — 85)if(0) + 2r f 1 1 1 1 2 dr + 2(r — 2)||tt a;a ;||| — 4(5 + 1 ) 1 1 ito 1 1 2 — 4(^ + 1) [ \\ u t lll^ 7 " + Ai 

Jo Jo 

>45 [ ||u T |||dr + 2(r- 2)||ii xx ||| > 0, 

Jo 


where 


Let 


Ki = (4 + 86)E(0) + 4(5 + 1 


b(t) = a(t ) + 


Ki 


4(1 + 5) 

Then b(t) satisfies (2.5). By (2.6), we see that if 

Ki 

4(1 + 5) 


, t > 0. 


a'(0) > r 2 ^a(0) + 


+ 1 1 ^0 1 1 2 > 


(2.17) 
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l.e., 


m< 


r + 2 
2 r 


1 + 


r — 2 
r + 2 


u 0 uidx - 2||k 0 ||| 


then a'(t) > ||tyo || i? t > 0. The proof is completed. 

Hereafter, we will find an estimate for the life span of a(t) and prove Theorem 2. 
Proof of Theorem 2. By the definition of G(t), we have 

G'(t) = —5G{t) 1+l ^{a'{t) — ||u 0 ||l) 

G"(t) = -SG 1+2/s (t.)V(t), 

where 

V(t) = a"(t)[a(t) + (Ti - t)\\u 0 \\l] - (1 + 6){a'(t) - ||m 0 ||1) 2 - 
For simplicity of calculation, we denote 


/ \\u\\ldt, R=\\u t \\l, S=[ \\Ur\\ldT. 

Jo Jo 


-P=|M| 2 , Q = 

From (2.9), (2.15) and the Holder inequality, we get 

a'(t) < 2 (/PT? + + J ul dx. 

For the case 1 and 2, it follows from (2.8) that 

a"(t) > (-4 - 85)E(0) + 4(1 + 5)(R + 5). 

Applying (2.20) and (2.21), it yields 

V(t) > [(-4 -8<J)f;(0) + 4(1 + S)(R + S)][a(t) + (Ti - *)IM|] -4(1 + 5) (VPR + 
Applying (1.11) and (1.10), it follows 


V{t) > (-4 - 86)E(0)G~ 1 / S (t) + 4(1 + S)(R + S)(T i - t)\\u 0 \\ 
+4(1 + 5) (i? + S)(P + Q ) — (VPR + \J QS^ 

> (—4 — 85)E(0)G~ 1 / S (t). 

In view of (2.18) we have 

G"(t) < (5(4 + 85)E(0)G 1+1/S (t), t > t Q . 


(2.18) 

(2.19) 


(2.20) 


(2.21) 


(2.22) 


Note that by Lemma 7, G'{t ) < 0 for t > to. Multiplying (2.22) by G'(t) and integrating it from 
to to t, we obtain 

G'(t) 2 >a + /3G 2+1/5 (t), for t > to, 
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where 


and 


a = 5 2 G(t 0 ) 2+2/s [(a' (t 0 ) - INIl!) 2 - 8E(0)G 1/5 (t 0 ) 


> 0 


j3 = 8d 2 E(0). 

Then by Lemma 5, there exists a finite time T* such that lim t * T *~ G(t) = 0. Therefore 


lim 

t/'T*- \J o 


t r l 


u 2 dx + 


0 Jo 


u 2 dxdtj = oo. 


(2.23) 

(2.24) 

(2.25) 


For the case 3: 0 < E( 0) < Ei, it follows from (2.8) and (2.13) that 
a"(f) > (-4 - 86)E(0) + 2 (r - 2)||^||| + 4(1 + 6)(R + S) > C x + 4(1 + 5)(R + 5).(2.26) 
Then using the same arguments as in (1), we have 

G"{t) < -8CiG 1+1 l s (t), G'(t) 2 >a' + /3'G 2+1/S (t), t > to, 

where 


a' = 5 2 G 2+2 / s (t 0 ) 


(«'(to) - ll»oll ^) 2 + 


> 0 


and 


$ = - 


2C\5 2 


(2.27) 

(2.28) 


1 + 25 

Then by Lemma 5, there exists a finite time T* such that (2.25) holds. 

For the case 4: E( 0) > E\, applying the same discussion as in the case 1, we may get the 
equalities (2.23) and (2.24) under the condition 

Flm . W - Kill ) 2 = (j+++T 

8a(i 0 ) + 8(Ti - t 0 )||«o||| 2(1 + T±)\\u 0 \\l' 

Then by Lemma 5, there exists a finite time T* such that (2.25) holds. 


Remark 3 The choice of T\ in (1.11) is possible provided that T\>T*. 
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Abstract: In this paper, we consider an initial-boundary value problem for a fourth 
order degenerate pseudo-parabolic equation with p(x)-growth conditions. Under 
some assumptions on the initial value, we establish the existence of weak solutions 
by the time-discrete method. The uniqueness and asymptotic behavior of solutions 
are also discussed. 
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1 INTRODUCTION 


This paper is concerned with a fourth order degenerate pseudo-parabolic equation with p(x)- 
growth conditions 

^- kd ^ + A(\Au\P( x) - 2 Au) = 0, ieSl,t> 0, (1.1) 

with boundary condition 

u = A u = 0, x € <9P, t > 0, (1.2) 

and initial condition 

u(x, 0) = uo(x), x € U. (1.3) 

Here H C is a bounded domain with smooth boundary, p(x) is a function defined on P 
and k > 0 is the viscosity coefficient. The term k in (1.1) is interpreted as due to viscous 
relaxation effects, or viscosity. 

Equation (1.1) arises as a regularization of the pseudo-parabolic equation 


du dAu 

m~ k -dF 


A u, 


(1.4) 


which arises in various physical phenomena. (1.4) can be assumed as a model for diffusion 
of fluids in fractured porous media [1, 5, 6], or as a model for heat conduction involving a 
thermodynamic temperature 9 = u — kAu and a conductive temperature u [4, 13] . In [2] , Bernis 
investigates a class of higher order parabolic with degeneracy depending on both the unknown 
functions and its derivatives, the fourth order case of which is the equation 

^(\u\ q ~ 1 sgnu) + D 2 (\D 2 u\ p ~ 1 sgnD 2 u) = f (1.5) 

where p > 1, q > 1 are constants. Some existence result of energy solutions was proved by 
energy method (see also [12, 17]). 
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Motivated by (1.4) and (1.5), we study the problem (1.1)-(1.3) in this paper. Under some 
assumptions on the initial value, we will establish the existence, uniqueness and asymptotic 
behavior of weak solutions by the time-discrete method as used in [10, 11]. 

Equation (1.1) is something like the p-Laplacian equation, but many methods which are use- 
ful for the p-Laplacian equation are no longer valid for this equation. Because of the degeneracy, 
problem ( 1 . 1)- ( 1 .3) does not admit classical solutions in general. So, we study weak solutions 
in the sense of following 

Definition A function u is said to be a weak solution of ( 1 . 1)- ( 1 .3) , if the following conditions 
are satisfied: 

1. u € L°°(0, T ; Wg ’ p(a:) (n))nC'(0, T ; H l (Tt)), f f € L°°(0,T; (TU 2 ^)'^)), where (W 2 *W)'(Sl) 
is the conjugate space of W 2,v ^ x \Tl). 


2. For any p £ Cq°(Qt) and Qt = U x (0, T), the following integral equality holds 

\Au\ p ( x) ~ 2 AuAfdxdt = 0. 


Qt 


dip 

u-—dx dt + k 
dt 


„ dVp , , 

Vm — — dx dt — 


Qt 


dt 


Qt 


3. u(x, 0) = uq(x). 

We need some theories on spaces W m,p ^ which we call generalized Lebesgue-Sobolev spaces. 
We refer the reader to [8] (see also [7, 9]) for some basic properties of spaces W m,p ^ which will 
be used later. For simplicity we set k = 1 in this paper. 

This paper is arranged as following. We first discuss the existence of weak solutions in 
Section 2. Our method for investigating the existence of weak solutions is based on the time 
discrete method to construct an approximate solutions. By means of the uniform estimates 
on solutions of the time difference equations, we prove the existence of weak solutions of the 
problem (1 . 1)- ( 1 .3) . We also prove the uniqueness and asymptotic behavior in Section 3 and 
Section 4 subsequently. 


2 EXISTENCE OF WEAK SOLUTIONS 

In this section, we are going to prove the existence of weak solutions. 

Theorem 1 If uq £ Wq ,p ^ x \tI) , p(x) £ C'(fi), p(x) satisfies for some constant L 

— | p(x) — p(y) | In \x — y\ < L , for any x,y £ 

and p = rninp(x') > 2. Then the problem (1.1)- (1.3) has at least one solution. 

Q 

We use the a discrete method for constructing an approximate solution. First, divide the 
interval (0, T) in N equal segments and set h = f?. Then consider the problem 

tK +1 - Uk) - j{Au k+1 - A u k ) + A(\Au k+ i\ pix) ~ 2 Au k+ i) = 0, (2.1) 

h h 

Ltfc+i | on — Au/j-i-i | go — 0, k — 0,1,..., N 1, (2 .2) 

where uq is the initial value. 
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Lemma 2 For a fixed k, if u k £ Hq(Q), problem (2.1)-(2.2) admits a weak solution u k+ \ £ 
Wq' p ^ x \fi), siLch that for any cp £ Co°(fi), have 

\ [ {uk+i - u k )pdx + \ [ (Vufc+i - Vuk)V<pdx + f \Au k +i\ p ^~ 2 Auk+iApdx = 0. (2.3) 
h Jn h Jn Jq 

Proof. Let us consider the following functionals on the space Wq’ p ^ x \ Q) 

f i[u] = [ -^\Au\ p ^dx, F 2 [u ] = ^ [ \u\ 2 dx , F 3 [u] = \ [ \Vu\ 2 dx, 

Jn P\ x ) 1 Jn z Jn 

H[u\ = Fi[u] + ^F 2 [u\ + F 3 [u\ - J fudx, 

where / £ Ff~ 1 (fl) is a known function. Using Young’s inequality, there exist constants C\ > 0, 
such that 

H[u\ = [ — | Au\ p ^dx + f \u\ 2 dx + f \Vu\ 2 dx — f fudx 
Jn P\ x ) 2/i Jq 2 h Jn J n 

> — [ \Au\ p ^dx-C4f\U. 

P+ Jn 

We need to check that H[u\ satisfies the coercive condition. For this purpose, we notice that 
by w|af 2 = = 0 and using the L p theory for elliptic equation ([4]), 

IMIw 2 ,p(*) < C\Au\ p ^ x y 

Therefore, we have H[u\ — >• oo, as ||it|| W 2 ,p(®) — >• +oo. 

Since the norm is lower semi-continuous and Jq f udx is a continuous functional, H[u\ is 
weakly lower semi-continuous on Wq (fl) and satisfying the coercive condition. From [3] we 
conclude that there exists it* £ Wq' p ^ x \q), such that 

H[u*\ = inf H[u], 

and u* is the weak solutions of the Euler equation corresponding to H[u\, 

\u — 7 AU + A(| Au\ p ~ 2 Au) = f. 
h h 

Taking / = (u k — Au k )/h, we obtain a weak solutions u k+ 1 of (2.1)-(2.2). The proof is complete. 
Now, we construct an approximate solution u h of the problem (1.1)-(1.3) by defining 

u h (x, t ) = u k (x), kh < t < {k + 1 )h, fc = 0,1,..., TV — 1 , 
u h (x , 0) = uo(x). 

The desired solution of the problem (1.1 )-(l .3) will be obtained as the limit of some subsequence 
of {u h }. To this purpose, we need some uniform estimates on u h . 


Lemma 3 The weak solutions u k of (2.1)-(2.2) satisfy 


N 


h^2 / \Au k \ p( - x) dx < C, 


k = 1 ' 


sup / \Au h (x,t)\ Ptodx<C, 
0 <t<T Jn 


where C is a constant independent of h and k. 


(2.4) 

(2.5) 
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Proof, i) We take ip = u k+ \ in the integral equality (2.3) (we can easily prove that for ip £ 
W 0 2,p ( a: )(f2), (2.3) also holds) and obtain 

t [ \u k+ i\ 2 dx + y [ \Vu k+ i\ 2 dx + [ |Aitfc+i | p{x) dx 


h 


h 


1 


1 


= T u k u k+1 dx + , / \/u k+ iVu k dx. 


h 


h 


By Young’s inequality, 

j f \u k+ i\ 2 dx + j f \Vu k+ i\ 2 dx+ f \Au k +i\ p ^dx 


< 777 : / \u k \ 2 dx + — / \u k+ i\ 2 dx + — / \S7u k \ 2 dx+ — / |V u k+1 \ 2 dx\ 


2 h 


in 


2 h 


2 h 


2 h 


'n 


that is, 


|u fc+ i| 2 (ix + y [ \Vu k+1 \ 2 dx + h [ \Au k+ i\ p{ - x) dx 
2 Jn Jn 


1 


( 2 . 6 ) 


<7, / l«fc|dx + - / 


' O 


2 70 

Adding these inequalities for k from 0 to N — 1, we have 

N 


f \&u k \ p{x) dx < ]- f \u 0 \ 2 dx+^~ f |Vn 0 | 2 dx. 

r -i «/ J «/ £2 


k = 1 


Therefore, (2.4) holds. 

ii) We take — u k in the integral equality (2.3) and integrating by parts, we have 


1 


1 


- / |itfc+i - u k \ 2 dx + - / |Vw fc+ i - Vu fc | 2 dx 

+ / |Aw fc +i| p(a:)_2 Attfc + i A(n fc+ 1 - u k )dx = 0 . 

Jn 

Since the first term and the second term of the left hand side of the above equality are nonneg- 
ative, it follows that 


\Au k+1 \ p ( x) dx < / |Ait fc+ i| p(a:) 2 Au k+ \Au k dx 


< 


P{X) 1 \Au k+1 \ p ^dx + 
p(x) 


p(x 


■\Au k \ p ^dx- 


thus, 


P( 


^\Au k+1 \ p Wdx< [ -±-\Au k \ p Wdx. 
,x) Jn P{x> 


For any m, with 1 < m < N — 1, adding the above inequality for k from 0 to m — 1, we have 

r i 


p{x) 


\Au m \ p ^dx< [ -}-\Au 0 \ p ^dx, 
Jn P\ x ) 


that is 


Therefore, (2.5) holds. 


— [ \Au m \ Ptodx < - f \Au 0 \ p ^dx. 
P+ Jn P- Jn 
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Lemma 4 For a weak solutions Uk+\ of (2.1)-(2.2), we have 

—Ch< / \uk+i\ 2 dx+ / \Vu k +i\ 2 dx — / \uk\ 2 dx — / \Vu k \ 2 dx < 0, 

Jn Jn Jn Jn 

where C is a constant independently of h. 


(2.7) 


Proof. The second inequality in (2.7) is an immediate consequence of (2.6). To prove the first 
inequality, we choose p = Uk in (2.3) and obtain 

f \u k \ 2 dx + [ \Vuk\ 2 dx — [ Uk+iUkdx — [ 'Vu k+ i'Vu k dx 


in 


= h \Au k+ i\ p t x] 2 Au k+1 Au k dx 


< 


h [ P{X } , 1 \Au k+1 \ p ^dx + h [ -l-\Au k \ p(x) dx. 


p(x 


p(x) 


Here we have used Holder inequality. By (2.5) again, we obtain 

[ \u k \ 2 dx+ [ \Vu k \ 2 dx — f u k+ \u k dx — f S7u k+ \S7u k dx < Ch. 


Therefore, 


\u k \ 2 dx+ / |Vufc| 2 dx- / \u k+ i\ 2 dx - / \\7u k+ i\ 2 dx < Ch, 


which completes the proof. 

Proof of Theorem 2.1. First, we define the operator A t , A t (Au h ) = \Au k \ p ^~ 2 Au k , A h u h = 
u k + 1 — u k , where kh < t < (k + 1 )h, k = 0, 1, . . . , N — 1. By the discrete equation (2.1) and the 
(2.4) in Lemma 2.2, we know that 

1 


j-A h u h in L°°(0,T-{W 2 ^ x) (n)y) is bounded. 


(2.9) 


By (2.5), (2.7), (2.9) and (2.4) we known that exists a subsequence of {u h } (which we denote as 
the original sequence) such that 

u h -> u in L°°(0, T; W 2 ^ x \FL)) weak-*, 

Vu h -A Vu in L°°(0, T; L 2 (H)) weak-*, 

±(u k+1 -u k )^^ in L°°(0,T; (W 2 ’ p ^ x \Q)Y) weak-*, 

A t (Au h )^-w in L°°(0, T\L p '^ x \Ft)) weak-*, 
where p'(x) is conjugate exponent of p(x). From (2.3), we known, for any <p € C^°(Qt), 


Qt 


| A h u h <p - )-A h u h A(p + A t (Au h )A(p )dxdt = 0. 
h h 


Letting h — >• 0, we obtain, in the sense of distributions, 

du dAu 
~dt ~ ~dt 


+ Aw = 0. 


(2.10) 


Similar as in [10], we can easily prove w = 2 A u a.e. in Qt- The strong convergence 

of u h in C(0,T; H 1 ^)) and the fact that u h (x, 0) = uq(x) completes the proof. 
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3 UNIQUENESS OF SOLUTIONS 

In this section, we prove that the weak solution is unique. To this end we need the following 
lemma. 

Lemma 5 For <p G fF 2,p foi(f2)) with <pt G L 2 {ti,t 2 ]H l (fil)), the weak solutions u of 

the problem (1.1)- (1.3) on Qt satisfies 

/ u(x, t\)dx + / Vu(x,ti)W<p(x,ti)dx 

Jo. Jfl 

+ J t * J + | Au\ p{x) ~ 2 AuA^j dx dt 

= / u(x, t 2 )(fi(x,t 2 )dx + / Vu(x,t 2 )V(p(x,t 2 )dx. 

Jd is] 

In particular, for ip G Wq' p( ' x \H) , we have 


/ (u(x, ti) — u(x, t 2 )) i pdx + / V(u(x, t\) — u(x, t 2 ))Vtpdx 
Jo. Jo. 


f*<2 


Itl Jfl 


\Au\ p ( x) - 2 AuA<pdxdt = 0. 


(3.1) 


Proof. From ip G L°°(ti, t2] Wo’ p ^(fl)) and < pt G L 2 (fi, £2! id 1 ^)), it follows that there exists 
a sequence of functions {p>k\, for fixed t G (t\,t2),p>k{'fi) £ Co°(f2), and as A; — >• oo 


1 1 L 2 (ti ,*2 jTT 1 (fi)) -> 0, ll^fc - ( P\\ L c X , [tut2 . w ^p(-) m 0- 

Choose a function j(s) G C)fi(R) such that j(s ) > 0, for s G i?; j( s ) = 0> fo r V|s| > L 
f R j(s)ds = 1. For h > 0, define = p'iifj and 

i‘t—t\—2h 

Vh(t ) = / jh(s)ds. 

J t—t2~\~2h 

Clearly %(£) G Cq 0 ^!,^), lim h_>o+ Vhit) = 1 5 for all t G In the definition of weak 

solutions, choose p> = <pk(x,t) rjhft), we have 


PJ 

' t\ J Q 


+ 


pi 

It 1 J u 


u'Pkjh (f — t\ — 2 h)dx dt — 

rta 


rt 2 


wpkjhift — t -2 + 2 h)dx dt 


X7uX7tpkjh(t ~ ti ~ 2 hfdxdt — 
A 2 r 


+ 


' J Q 


oQi J Q 

utpktVhdx dt + 
rt2 


t\ J Q 

( VuV<Pkjh{t ~ t2 + 2/i) dx dt 
A 2 r 


lt\ J Q 


+ 


WuVipktVh dx dt 
f | AuAipkrjh dx dt = 0. 
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Observe that 
p2 


1 1 7 O 

rti+3h !• 

I ti+h 70 


rt-i+3h 


u(fkjh{t ~ h - 2h)dxdt - / (upk)\t=tidx 

Jn 

upkjh (t — t\ — 2h)dx dt — 

Jt i 

r 

\(u<Pk)\t - (u<Pk)\t 1 \dx 


• t\-\-h JQ 


(■ upk)\t=t 2 jh(t -ti- 2 h)dxdt 


< sup / 
ti-\-h<t<ti~\-3h J 

and u € (7(0, T; L 2 (fl)). We see that the right hand side tends to zero as h — >• 0. Similarly, 
rt 2 r 


't\ 7 n 


u<pdh(t -t 2 + 2 h)dx dt- (up k )\ t=t 2 dx 


in 


0, as h t 0, 


rt2 


' t\ J £2 
rt 2 


\7u\7pkjh(t — t\ — 2 h)dxdt — / (VuV pk)\t=tidx\ — >• 0, as h — >• 0, 


in 


\7u\7pkjh(t — t 2 + 2 h)dx dt — / (VuV</?fc)|t=t 2 Gm — >• 0, as h — >• 0. 


iti J n 

Letting h —>■ 0 and A; — >• oo, we obtain 


/o 


u(x, ti)<^(x, ti)dx + / Vu(x,ti)Vp(x,ti)dx 


+ 


rt 2 

• t\ J £1 


dp „ 

+ 


dt 


dt 


\Au\ p( - x) ~ 2 AuAp^dx dt 


= / u(x, t 2 )<£>(x, t 2 )dx + / Vu(x,t 2 )'Vp(x,t 2 )dx. 


in 


In particular for </? € we have 


(u(x, fi) — it(x, t 2 ))pdx + / (Vu^x^i) — 'Vu(x,t 2 ))'Vpdx 


rt 2 


It i JO 


|Au| p(l) - 2 AuA^dx(It = 0 


which completes the proof. 

For a fixed r € (0, T), set h satisfying 0<r<r + /r<T. Letting ti = r, t 2 = r + h, then 
multiply (3.1) by for p € VFo’ p ^(f2), we obtain 


/O 


(uh(x, r)) T p(x)dx + / ((Vu)h(x, r)) T p(x)dx + / (|Ait| p ^ 2 Au)h(x, r) Apdx = 0, (3.2) 

70 70 


where 


|0, t > T — h. 


Theorem 6 Problem (l.l)-(l.S) admits only one weak solution. 

Proof. Suppose u\,u 2 are two solutions of (1.1)-(1.3), then 

f (ui(x,t) - U 2 (x,T)) hT p(x)dx + [ ((Vui - Vu 2 )h(x,T)) T p(x)dx 


in 


- / (\Au 1 \^ x) - 2 Au 1 -\Au 2 \^ x) - 2 Au 2 ) h {x,T)Apdx = 0. 

70 
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For a fixed r, we take ip{x) = [u\ — u 2 ]h G Wq' p< ^ x \ti), and hence 

/ (ui(x,t) - u 2 {x,T)) hr (u 1 - u 2 )hdx + / V(ui(x,r)-U 2 (x,T)) hT V(ui-u 2 )hdx 
JQ, J Q 

= - [ [(|Aui| p ^“ 2 Aui — \Au 2 \ p( ' x ' , ~ 2 Au 2 ) h ]( X ,r)A(ui —u 2 ) h dx. 

Jn 

Integrating the above equality with respect to r over (0, t), 

/ \{ui~u 2 ) h \ 2 (x,t)dx+ / |V(«i - u 2 ) h \ 2 (x,t)dx < 0, 

J Q J Q 

we have f Q |(ui — u 2 )h\ 2 dx = 0; therefore, u\ = u 2 . 


4 ASYMPTOTIC BEHAVIOR 

This section is devoted to the asymptotic behavior of solutions. To this purpose, we first show 
that: 

Theorem 7 The weak solution u obtained in Theorem 3.1, satisfies 


\ [ \Vu(x,t)\ 2 dx + ]- f \u(x,t)\ 2 dx - ]- f \Vu 0 (x)\ 2 dx- ]- f \u 0 (x)\ 2 
z Jn * Jn z Jn 1 Jn 


\Au\ p ^dxdT, 


(4.1) 


Qt 


where Qt = f2 x (0,t). 

Proof. In the proof of Theorem 2.1, we have 

= \ [ \Vu(x,t)\ 2 dx + ^~ f \u(x,t)\ 2 dx G C([0,T]). 
J O W H 


Consider the functional 

K[v\ = ]- f |Vf (x)\ 2 dx + ^ f \v{x)\ 2 dx. 

It is easy to see that K[v\ is a convex functional on (Q) . 

For any r G (0, T) and h > 0, we have 


(4.2) 


K[u(t + h )] — K[u(t)\ > (u(t + h) — u(t),u(x, t) — A u(x, r)). 

By = v — Au, for any fixed t\,t 2 G [0,T], < £2, integrating the above inequality with 

respect to r over (ti,t 2 ), we have 

rt2-bh rt\-\-h r*t2 

/ A"[it(r)]dr — / Ji [tt(r)]dr > / (u(t + h) — u(t),u — Au)dr. 

J ^2 •/ ti «/ £1 

Multiplying the both side of the above inequality by 1/h, and letting h — >• 0, we obtain 

Ar[«(t 2 )] - K[u{ti)\ > ^ - Au ^) dr - 
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Similarly, we have 


Thus 


K[u{t)\ — K[u(t — h)] < ( u(t ) — u(t — h),u — A u). 

rt 2 /du 


and hence 


K[u{t 2 )\ - K[u(h)\ < jt (^' u ~ Au ^ dl ~' 
K[u(t 2 )] - K[u(ti)\ = jf Au ^) dr - 


Taking t± = 0, t 2 = t, we get from the definition of solutions that 

rt / du 8Au 


K[u(t)] - K[u( 0)] = ^ (jjj: ~ n ( r )) dT - 

A(| Au\ p ^~ 2 An), u(t)^ dr 
\Au\ p{x) dxdr. 


Qt 


Theorem 8 Let u be the weak solution of the problem (l.l)-(l.S), p_ > 2. Then 


\X7 u(x , t)\ 2 dx + / \u(x, t)\ 2 dx < 


C 3 


Proof. By (4.2), we have 


(Cxt + C 2 ) 
f{t) = - f \Au\ p ^dx < 0. 


, Ci >0 (i = 1,2,3), a = 


P-~ 2 


in 


By u G we see that 

f |Vu(x, t)\ 2 dx + f \u(x, t)\ 2 dx < C f \Au\ 2 dx < C ( f \A u\ p ^doc\ 
J Q J J Q \J / 


2/p_ 


that is /(f) < C\f{t)\ 2 / p - . Again by f(t) < 0, we have f(t) < — Cf(t) p -I 2 , and hence we 
complete the proof. 
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Abstract 

In this paper, we define a general spherical derivative. Making use of this general deriva- 
tive, we introduce some new classes of meromorphic functions in the unit disk. Also, we 
introduce some new classes of meromorphic functions which are defined by means of a 
general chordal distance. 


1 Introduction 

Let A be the unit disk in the complex plane C, and let dA(z) be the Euclidean area element on A. Let H( A) 
(resp. M( A)) denote the class of functions that are analytic (resp. meromorphic) in A. The Green’s function in 
A with singularity at a G A is given by g(z, a) = log ^ , where <p a (z) = is the Mobius transformation 

of A. For 0 < r < 1, let A (a, r) = {z € A : \ip a {z)\ < r} be the pseudohyperbolic disk with center a € A and 
radius r. 

For 0 < p < oo, the spaces Q p and M p are defined by (see [1]): 

Q p = {/ e 77(A) : sup [ [ \f'(z)\ 2 (g(z,a)) p dA(z) < oo}, 
aSAJ J A 

M p = {/ G 77( A) : sup [ [ \f(z)\ 2 (l - \<p a (z)\) p dA(z) < oo}. 
aCA J J A 

The Bloch space B (cf. [1] and [16]), is the space of all analytic functions belonging to 77(A), for which 

B = {/ € 77(A) : \\f\\ B = sup (1 - \z\ 2 )\.f'(z)\ < oo}. 

zGA 

When we study meromorphic functions in A, it is natural to replace |/ / ( 2 :)| in these expressions by the spherical 
derivative f*(z) = |/ , (^)|/(1 + \f{z)\ 2 ) and obtain the classes Qf, Mjf and A/", the class of normal function in 
A, respectively (see, for example, Aulaskari, Xiao and Zhao [4] and Wulan [19]). 

2010 AMS: Primary 46E15, Secondary 307745 . 

Key words and phrases: meromorphic functions, Qk,u spaces, chordal distance. 
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The meromorphic counterpart of BMOA is the set UBC of meromorplric functions of uniformly bounded char- 
acteristic introduced by Yamashita [21]. It turns out that we have Q p = M p ([3]), Qf ^ Mjf ([5] and [19]). 
Now, let I\ : [0, oo) — > [0,oo) be a right-continuous and nondecreasing function, then the spaces Qk and Q # 
are defined as follows (see [10, 20]): 

Definition 1.1 / G H( A) belongs to the space Qk if 

Mk = II/IIL = SU P / / I f'(z)\ 2 K(g(z,a)) dA{z ) < oo. (1) 

aeA J J A 

Definition 1.2 / G M( A) belongs to the class Q # if 

sup [ [ {f*{z)) 2 K{g{z,a)) dA{z) < oo. (2) 

aCA J J A 


Remark 1.1 It should be remarked that the space Q# is not a linear space. It is clear that Qk and Q# are 
Mobius invariant. 

Remark 1.2 For 0 < p < oo, K{t) = t p gives the space Q p and the class Q# . Choosing K{t) = (1 — e~ 2t ) p , 
we obtain M p and M* . 


Remark 1.3 Choosing K(t) = 1, we get the Dirichlet space V and the spherical Dirichlet class T># . For a 
fixed r, 0 < r < 1, we choose 

r 1, t > log(l/r), 

Ko(t) = { 

[ 0, 0 < t < log(l/r). 


Then, we obtain 


and 


[ [ \f(z)\ 2 K 0 (g(z,a))dA(z)= [ [ \f\z)\ 2 dA(z) 

J J A J J A (a,r) 

[ [ (f*(z)) 2 K 0 (g(z,a))dA(z)= f f (f*(z)) 2 dA{z). 
J J A J J A(a,r) 


We conclude that Qk 0 = B (cf. Axler [6]) and Q# o = B # , where B# is the class of spherical Bloch functions 
(cf. Section 3 in [10] ). It is easy to see that J\f C B# (cf. Lappan [14] and the discussion after Definition 2.1 
in Wulan [19]). 

Now, let us introduce the following notation general spherical derivative 


fiiz) 


\f (n \z)\ 

1 + I/WI " +1 


; n G N. 


This general derivative gives a plethora of new results on the meromorphic function spaces. 

Note that if n = 1, we obtain the usual spherical derivative as defined above. 

let u> : (0,1] — > (0, oo) be a nondecreasing function. Let A/"“ w be the class of all normal functions in A. We 
recall that a function / meromorphic in A is said to be w— normal if and only if 


(i-MY 




Now, we define some general meromorphic classes as follows: 
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Definition 1.3 Let K : [0, oo) — > [0, oo) be a nondecreasing function. For n £ N, a function f meromorphic in 
A is said to belong to the class Q# u if 


sup 

oSA 



K{g{z,a)) 
W(1 - \tp a (z)\) 


dA{z) < oo. 


(3) 


Definition 1.4 A function f meromorphic in A is said to be a general spherical Bloch function, denoted by 
f £ &rt */ there exists an r, 0 < r < 1, such that 


sup 
og A 


f (. ft (~-)) 2 

I A w(l - I Pa (*01) 


dA{z) < oo. 


(4) 


ft is easy to see that a normal function is a spherical Bloch function, that is, N n ^ C B) f w , but the converse is 
not true . 

For more information of some related meromorphic function spaces, we refer to [1, 2, 7, 8, 9, 10, 11, 18] and 
others. 

For a nondecreasing function K : [0,oo) — > [0,oo), we say that the space Qk is trivial if Qk contains only 
constant functions. Whether our space Qk is trivial or not depends on the integral 

rl/e roo 

/ K(log(l/p))pdp = / K(t)e~ 2t dt. (5) 

Jo J i 

The notation A < B means that there exists a positive constant C such that A < CB. The symbol > is 
understood in a similar fashion. 


2 General meromorphic classes 


It is necessary to know for which functions K the classes Q n will be trivial. Here, the square of the general 
spherical derivative (ft(z)) 2 is not necessarily subharmonic, where fff(z) = iff/(I)^+i ; n € N. 

Theorem 2.1 If the integral 


r K(log(l/R)) 

lo w(i - R) 


R dR 


is divergent, then the space Q 


# 

K,n,oj 


contains only constant functions. 


J j A (fn(z)) 


2 K(g(z,a)) 

w(l - |p 0 (z)|) 


dA(z) > f f ( f*(z )) 

J J A (a,r) 


2 K{g{z,a)) 


W(1 - | Pa (2)|) 


dA{z) 


\f M (z)\ 


A(a,r)\l+\f(z)\ n+1 J ^(1 — |Pa(-)|) 


K(g(z,a)) 


l/ (n) Pa(2)| 


> - 


\ip a (z)\<r \1 + l/(Pa(*0)|" +1 
7r/ (l-|a| 2 )|/ ( " ) (a)| \ 2 f 

2 \ 1 + |/( a ) l" +1 J Jo 


W*{z)\ 


dA(z) 

, jr(iog(i/| g |)) 

w(l - |z|) 


dA{z) 


A-dogd/R)) 

w(l - R) 


This is a contradiction, and the proof is complete. 

Again, we assume from now on that the functions K and u) are right-continuous and nondecreasing, and that 
the integral (5) is convergent. 

As in [21], we can give the following result. 
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Theorem 2.2 For some r £ (0, 1), a meromorphic function f belongs to Jf n if and only if 


sup 
ae A 




A(a,r) 


dA(z) < ir. 


Proof: The proof is very similar to the corresponding result in [21] with simple modifications, so it will be 
omitted. 

Now, we consider the following question: 

Question 1 

Is the condition that there exists r £ (0, 1) such that: 


sup 

oeA 



K(g(z,a)) 
w(l - \Va{z)\) 


dA{z) < oo 


( 6 ) 


necessary and sufficient for / £ Blf jl 

Answer 

If (6) holds, we can conclude that, / £ B# . In particular, it follows that C B# . Conversely, if we 

assume that f £ B] f w and that K is bounded, it is easy to see that (6) will hold. If K is unbounded and 
/ £ B* \Af n , u , we claim that the supremum in (6) will be infinite for all r £ (0, 1). To prove the claim , we 
note that it follows from Theorem 2.1 that if / £ B# M \Af n ,u, then 


sup 

aG A 


if 0 < p < r , we see that 


(f#(z)) 2 dA(z) 
A(a,r) ^(1-kaWI) 


> 7 r 


for all r G (0, 1). 



K(g{z,a)) 
w(l - \g> a (z)\) 


dA(z) > K(log(l/p)) 


A(a,p) 


W(1 - \ip a {z)\) 


dA(z). 


Using the observation above, we deduce that 


sup 

oGA 




A (a 


K(g(z, a)) 
W(1 - Wa{z)\) 


dA(z) > 7 t K(log(l/p)), 


0 < p < r 


Letting p — > 0 , we conclude that (6) cannot hold for any r £ (0, 1) which completes the proof. 

We conclude that (6) is a sufficient condition for / £ B] f u . It is also a necessary condition when K is bounded, 
but not when K is unbounded. Finally, if we assume that / £ M n ,w> it is easy to prove that (7) will hold (see 
the proof of Theorem 2.3(ii) below). 

For the weights, there are some questions, which can be stated as follows: 


Question 2 

Which additional conditions on K are required for the inclusion Q% nu C A f n ,uP- 
When are the classes Q% ± n and Q%. 2 n w identical for K\ ^ K 2 ? 

Answers of the above questions can be given by the next results. First, as in [17, 18, 19], we can give the 
following proposition. 

Proposition 2.1 Assume that K{r ) — > oo as r — > oo . Then Q% nuJ C Af n , u - 
Next, we prove the following result: 

Theorem 2.3 Assume that K( oo) = 1. Then f £ Af n , w if and only if 


for some r £ (0, 1). 


sup 

oGA 



K(g(z,a)) 
W 2 (l - \<p a {z)\) 


dA(z) < 7r 


( 7 ) 


151 


A. El-Sayed Ahmed et al 148-160 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


5 


Proof: Suppose that / is a general normal function. Then for 0 < r < 1 , 



K(g(z,a)) 
W 2 (l - \<p a (z)\) 


dA(z) 


< ll/llk. f [ (l-\z\ 2 )~ 2 K(g(a,z))dA(z) 

J J A(a,r) 

< 2 Af\\lf n S 1 ~ r2 y 2 [ K{logl/p)pdp. 

Jo 


(8) 


Since 


K(log\j p)p dp — > 0, r — ■> 0, 


we may choose r small enough such that the left hand member in the first inequality in (8) is less than ir/2. 
Thus (7) holds. 

Conversely, let A(< n) be the supremum in (7) assumed for some r 0 £ (0,1). Now consider r £ (0,r 0 ). Since 
A(a, r) = {z £ A : g(z, a) > log[l/r)}, 


< 


(f*(z)) 2 dA(z) 

A (a,r) 
w 2 (l — r) 


K(log(l/r)) J J A (a, r 0 ) 




K(g(z, a)) 
W 2 (l - \<p a (z)\) 


dA{z) < A 


w 2 (l — r) 
K(log(l/r)) 


< 7T 


here A is a constant. Hereafter, A stands for absolute constants, which may indicate different constants from one 
occurrence to the next. If r is small enough. Hence / £ according to Theorem 2.1, the proof is established. 

Corollary 2.1 Assume that I\{ oo) = 1 . if f £ Q# n u and 


then f £ Af ntUJ 



K(g(z,a))dA(z) 
w(l - \Va{z)\ 


< 7T, 


Another important result on the weights of some meromorphic functions can be given by the following result: 


Theorem 2.4 Assume that K( 1) > 0 and set K\{r) = inf(/\ (r), A"(l)). 

(i) If K is bounded, then Qf < n , u = Q* u n,v 

(ii) If K is unbounded, then Q* n uJ = Af n ,w H Q* ljn>u - 

Proof: (i) If I\ is bounded , we have 

Ki{r) < K(r) < ^ A~i(r) 

and it is clear that = Q* 1>nju - 

(ii) By Proposition 2.1, we have Q* nL0 C N n , u n Q% un ,u>- Now assume that / £ N n ^ D Q% un ^- We note 
that I\(g(z,a)) = K 1 (g(z,a )) in A/A(a, 1/e). (In this domain, we have g(z,a) < 1 ) . To compare the two 
suprema in the integrals defining and Q# i nu , it suffices to deal with integrals over A(a, 1/e). Using 

our assumption that / £ A f n ,u>, we see that 


/ / ./’/I'm "W 

J JA(a,l/e) W 2 (l - \<Pa{z)\) 


< 


ll/llk 


A(a,l/e) 


(1 -\z\ 2 )- 2 K(g(z,a))dA(z) 


ll/llk./ / (l-|^i| 2 )- 2 ^(log \)dA{ Zl ) 

J J A(0,l/e)<r r 

27r \\f\\lr n „ [ r 0 - \ r \ 2 )~ 2 K{l°gO/ r )) dr. 

' Jo 
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the right hand member gives a bound for the supremum over a G A of the first term in this chain of inequalities. 
Hence / G Q * n u and Theorem 2.3 is proved. 

Next, we state conditions on Ki and I\ 2 which imply that Q/v, nu] — Q% 2 n w - 

Theorem 2.5 Assume that K\ and K 2 are either both bounded or both unbounded and that K\(r) « K 2 (r ) as 
r -> 0. Then Qt un ,u = Q**w 

Proof: We define AA,i(r) = inf(Ki(r),Ki( 1)) , i = 1,2. If K\ and K 2 are bounded, it follows from our 
assumptions that 0 < c < K\(r) /K 2 (r) < d < oo,0 < r < oo and it is clear that we have Q* in u = Q% 2 n If 
K\ and K 2 are unbounded, we use Theorem 2.4 to deduce that 


^Ki,n,u ~ Nn 


C Qk ~ Nn 


C Qk 2 a , n,u> ~ Q# 2 ,n,u- 


This completes the proof of Theorem 2.5. 

Theorem 2.6 (i) If K is unbounded and (5) holds, then Q% nu = A f n ,u> ■ 

(ii) If K is bounded and (5) holds, then Q% nu) = Bff u . 

(Hi) In (i) (resp. (ii)), (5) is a necessary condition for Q# n w = Af n ,u (resp. Q% nu 



Proof: (i) By Proposition 2.1 we have Q% nuj C A f n>u ■ Conversely, if / € N n>u , we know that f*(z) < 
A(1 — | 2 | 2 ) -1 and we can use the argument in the proof of (Theorem 2.3 in [10] ) to prove that / € Q# nw - 
(ii) By question 1, we have Q% nu C B# u . If suffices to prove that B) f u C Q% nul - If / G B# , there exists 
r G (0,1) such that 




dA{z) < A < oo for all a G A. 


I A (o,r) ^ 2 (1 - I Pa{z)) 

Let us first prove that there exists a constant C\ depending on r and AT (see below) such that 


SL u *^ 


W 2 (l - \z\) 

Our first observation in the proof of this estimate is that 


2 a (Mi/M)) dA{z) < miloo + Ci ' 


(9) 


(10) 



I<{log{l/\z\)) 
w 2 (l - \z\) 


dA{z) < BWKWn. 


Let f Ik = {z— (1 — r) k < \z\ < 1 — (1 — r) fe+1 }. We wish to cover fi fc with disks A(a, r) with |a| = 1 — (1 — r) fc+1 , 
it suffices to use roughly C(r(l — r) fc+1 ) -1 such disks, where C is an absolute constant, k = 1,2. Hence . 



K(log(l/\z\)) 

cu 2 (1-| 2 |) 


dA(z) < K(lo 9 l _ )- 1 HC(r(l - r) k+1 )~\ 

< AT(( 1 - r) fc 7 (r))BC(r(l - r) fc+1 ) _1 , 


where y(r) = (1 — r) 1 It follows that 



K(log(l/\z\)) 

cu 2 (l-|z|) 


dA(z) 


< Ar- 1 ^(l-r)- fe " 1 A'((l-r) fe 7(r)) 

1 

< A r _2 (l — r)~ 2 f t~ 2 K(t'y(r)) dt. 

Jo 

p( r ) 

= A 7 (r)r" 2 (l-r)" 2 / s" 2 K(s) ds = C 

Jo 


= C i < oo. 
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The convergence of the integral follows from (5). We have proved that (10) holds for all / € B satisfying 
(10). Since for all b G A, 


sup 


((/o <p b )#{z)? 


dA(z ) = sup / / 

aGA J J A 


Ut{z)Y 


XCA J J Ha ,r)^-Wa{z)\) ' ' J J A(a,r) ^ 2 (1 - \<Pa (z) |) 

It follows from (9) and (10) with /# replaced by (/ o y> 6 )# that 


dA(z) = A. 


sup / / (f*( z )Y 


beAJ J A 


^ 2 (1-M*)I) 


dA(z) = wj>[ [ ((fo^tiz ^^j^ dAiz) < Cl + A||-K~||c 
6eA J J A w (1 - p|) 


this proves Theorem 2.5(ii). 

(iii) As given by Lappan and Xiao [15], there exist functions /i and fa in Af n ,u such that 


C 0 = illf (1 - |z| 2 )UtA Z ) + fn,2( Z )) > 0 
zGA 


r* 


(ii) 


If Q*,n, W = or Q$ >niU = B* w D Af n>u , we have 

oo > sup [ [ (fli^f + ifnAz)) 


> - 


# t ~\\2 B(g(z,a)) 

1 r r , , - # , „ 2 k( 9 (z, 0 )) 


oeAJ Ja 


W 2 (l - |¥>a(^)|) 


cL4(z). 


2 J + 2(Z)) w 2 (1 _|^ oW |) 

I ~l 2\ — 2 ^( 5 (Z,0)) 


cL4(z). 


> (dm i,n „ 2(1 _ lwWI) 

2 9N-2 A '( /o 5(l/ r )) 


cL4(z). 


= kc 0 (1 — r )’ 

Jo w 2 (l-r) 

Hence (5) holds which finishes the proof of Theorem 2. 5 (iii). 


dr. 


Remark 2.1 There is an analogue of (11) for Bloch functions with the general spherical derivatives f^ 1 and 
f * 2 replaced by \f[ n) \ and |/ 2 {n) |. 

Finally we consider the classes 


B 


* 

n,uj,0 


{/ G M(A) : lim f f (f#(z)) 2 dA(z) = 0 for some r€ (0,1)}, 
kHlJ J A(a,r) 


Qiwfi = if e m ( a ) : ,i™/ 


K(g(z, a)) 
w 2 (l - |<p„(z)|) 


dA(z) = 0}, 


■A/^.o = {/ G M( A) : (1 , N ' ) , h /„ # (^) - 0 , |z| - 1} . 


W 2 (l - \ip a (z)\) 

and the weighted general spherical Dirichlet class can be defined by 

UUz)) 2 


= {/ G M( A) : J j 


I A W 2 (l - |v?o(^)|) 
Arguing as in the proof of (Theorem 2.4 in [10]), we deduce: 
Theorem 2.7 Qt, n , u ,o c = ^,0- 

Theorem 2.8 If (5) holds, then Q*, n ,ufl = N n , w ,o- 


dA(z) < oo} 
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Remark 2.2 It suffices to prove that Af n ,u,o C Q^cnu: o- We deduce this using the same argument as in the 
first part, of the proof of (Theorem 2.5 in [10]). We note that in this argument, the growth of K at infinity is 
unimportant since we have Af n ,u,o = &nuj o • 

Theorem 2.9 . 

(i) If I<( 0) > 0, thenV* u =Q * nu . 

(ii) c Q*,n, w,o l f and 0nl v */ A '(°) = °- 

(Hi) Assume that Q% >n<u ± Q*,n, u ,o- I f v t,w = Q*,n, u r then K (°) > 0 • 

M IfV* tU = Q* >n<u = Q* m , then K( 0) = 0 . 

Proof: 

To prove (i), we assume that K(Q) > 0 and note that V# C B 0 = ff n ,u >, o C A f n , u - If K is bounded, it is 
clear that Q% nu = If I\ is unbounded, we use Theorem 2.3 and the fact that nuJ = ^n,u ( we use 

the notation of Theorem 2.3) to obtain that Q*, n , u = N n ,u> H Q* 1 , n , u = n V* u = T> 
the proof of (i) is completely established. 

The proof of (ii) uses the same argument as the proof of Theorem 2.7 in [10] with some simple modifications 
except that we again use the fact that C B# 0 = Af n ,u,o- 

To prove (iii), we remark that assumptions imply that <£. n ^ 0 and use (ii). 

If the assumptions of (iv) hold, we have T>* u C Q ^ nuj0 and the conclusion follows from (ii) . 

Corollary 2.2 V* u C Q* n ^ fi for all p ,0 < p < oo. 


3 General chordal distance 


In this section, we introduce and study some certain new scales of meromorphic functions in the unit disk and 
solve some problems connected with a general Chordal distance in these scales of spaces. 

The chordal distance between the points z and w in the extended complex plane C = CU{oo}is 


_izHT 


Xn(z,w) = 


(l + |z| 2 ) "+ 1 (1 + |id| 2 ) n +! 


-t— if z, w yf oo; n £ N. 


if w = oo. 


(l + |z|2)*+l 

Remark 3.1 If, we put n = 1 in the general chordal distance, we obtain the usual chordal distance see [2]. 
The meromorphic Bergman class Mff is defined as the set of those f £ M (A) for which 


IIP - 

N M, 


= h xMz) ' or %-\j) dA{z) <“• 


w(l - |z|) 

Now, we give the following result: 

Theorem 3.1 Let 1 < p < oo , and — 1 < a < oo and let f £ M( A). Suppose that 

r 1 (i -Wdt 
J\ w \ U (i-\$)i? <00 - 

Then there exists a positive constant C, depending only on p and a, such that 

,(1 -\z\ 2 ) a r 


dA(z) £ c tTtt- 
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Proof: First let p = 1 and let 0 < t < 1. Since 


Xn(f(z),f( 0)) < / f*(tz)\z\dt. 


Fubini’s theorem and integration by parts yield 


Xn(f(z),f(0)) (1 N dA(z) < f [ f*(tz)dt\z\ { \ dA(z) 


/o J D(0,t) 
f*{w)\w 


(1 __ N\ a df 

/n MM . f |„,K TT dA(w) 


W ( X t 


_ M 'i t 3 
* (l - H)“ d t 




\w\ Uj(l 

Jj,ft( w )) \w\dA(w), 


_ M) t 3 


dA(w) 


which is the desired asymptotic inequality for p = 1. If p > 1, choose q > (( p — 1) /p) such that a — pq + p > 0. 
By Holder’s inequality, we obtain 

Xn{f{z)J{ 0)) < [ f*(tz)\z\dt= j f*{l~t\z\) q ^ f 

J 0 Jo 0--t\z |)9 

< ( r f*(tzY {1 - M)P9 dt) 1/p ( f 1 \4 p ~ 1)/p dt . 

- Vo Jn( 1 UP{1 -t\z\) ’ Vo u fS(l-t\z\)(l-t\z\)n/<P-ir 

< {j 1 1 - t\z\r dt\z\(l - |^|r 1 - M ) 1/p 

from which Fubinis theorem yields 


\(p-i)/p 


/A 


Xn(f(z),my {1 lZl X dA W < [ f 1 {f*(tz)) P (l-t\z\Y q dt\z\ 

— t|2|j JaJo 


(i-N ) a+p 


-i -pq 


u0-~t\z\) 


dA{z) 


f 1 [ (/ n # W) ? (i-|Hf> 

Jo J D( 0 ,t) 

A ^ 1 _H^ Q +P- 1 


(1 _M 


\w\\cx-pq+p-l 


dt 


/o JD(0,t) 

(/n # H) f 


w(l - H) t 3 


dA(w) 


dt 


l\w\ w(l - Jfft) i 3 


dA(w) 


< 


/|(tu)>|^(w). 

J A 

Theorem 3.2 Let 1 < p < oo and — 1 < a < oo, and let f £ M( A). Suppose that 


I A 


i-V 1*1 1 “+ 2 dA(w) 

w(i - V4VI)VVVI(i - M 2 ) 2 


where C is a positive constant. Then, 

( Xn(f(z),f{w)) p (1 - \<p w (z) \ 2 ) a 


dA(w)< X [ \y w (z)\ a+2 - 
J A 


dA(w) 


/ a \l-wz\ 4 w(\-\<p w (z)\) 

Proof: By the change of variable z = <p w (u), Theorem 3.1 and Fubini’s theorem 

( Xn(f(z), f(w))) p (1 - \<p w (z)\ 2 ) a 


w(l - \ip w (z)\)\<p w (z)\(l - H 2 ) 2 ' 


1(f) = 


A |1 — toz 14 


w(l - |<Ao(VI) 


dA{z) dA(w) 
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But since 


Then, 


(i-M 2 ) 0 dA(w) 


< 


[ [ (Xn((/oy , w )(M),(/ov? w )(0))) p V " ^ dA(u) 

J J A - M) 

A(u) dA(u 

12)2 


w(i-M) v '(i-|H 2 ) 2 
J J A W(l-|u|) |u| (1-M, 

f f ft#, , \\\pm i m2^(! “ \ u \ 2 ) a dA ( U ) dA ( W ) 

J ju * Mu))n i-i<m«)i ) P W( 1_ M) M ( i_ H 2 )2 


(/^wra-Ni 2 )^ 0 / i^wr +2 


dA(w) 


/ A 


w(l - I <yPiL> (^) I ) I (^) | (1 - M 2 ) 2 


cL4(,z). 


/ t^l«+2_ 




dA(w) 


I A 


w(i - |<p w (2)|)|^(z)|(l - M 2 ) : 


< c. 


/(/)<A f (f#(z)ni-\z\ 2 y + "dA(z). 

J A 

Remark 3.2 In Theorem 3.2, if we put n= 1, we obtain theorem 1.2 in [2j. 


Corollary 3.1 Let 2 < p < oo and f £ M( A). Then there exists a positive constant C, depending only on p, 
such that 


[ [ xnirn - ;nr (i - |z| 2 ) (p/2) ~ 2 (i - m 2 ) (p/2) ~ 2 
J Ja \1-wz\ w(l~\z\) w(l-|w|) 


dA(z)dA(w) <C||/||^. 


An application of Theorem 3.1 with a = 0 to the function ,(foip w )(rz) yields 

Xn(f(z)J(w)) P dA(z) < j (/ff(z)) P ( ^ (1 H l ) \ d f\ Z l\ 
u,r ) JA(w,r) ^V-*- \ z \) \*Pw\Z)\ 


' A (w;. 


(12) 


where A (w,r) = {z : \ip w {z)\ < r} is the pseudohyperbolic disc of (pseudohyperbolic) center w £ A and radius 
r £ (0, 1), and the constant of comparison depends only on r . This fact can be used to prove Theorem 3.3. 
The class M # ^ (p, q, s) consists of those f £ M( A) for which 


Mn,u>(P,q,s) 


sup 

ae A 


(. #(*))’( 


(i-N 2 ) g 

w(l - | 3 |) 


w (i-i^)i 2 r 

^(1 - \<p a (z)\) 


dA(z) < oo. 


For the next result, let \D{z,r)\ denote the Euclidean area of D(z,r), so by [[12], p. 3], we have that 


\D{z,r)\ 


(i-H 2 ) 2 

( 1 - |a| 2 r 2 ) 2 


(13) 


Theorem 3.3 Let 1 < p < oo, —2<q< oo, 0 < s < oo and o < r < 1. Let a,f3,-y,6 £ R. such that 
a + (3 = q — p, and 7 + <5 = s, and let f £ M( A) . Then 


sup 
ae A 


1 A 


1 

\D(z,r)\ 


J D(z,r ) 


X n(f(z),f(w)r{ 


(i-M r 

u{l - \z\) 


u (l-W 2 f 

n w(l- \w\) 


, (1 - |^ a (g)| 2 ) 7 , , (1 - l^aHI 2 ) 15 
0j(l - \(p a (z)\) U)(l - l^aHI) 


) dA(w)) dA(z) < ll/ll 


p 

Mn,u>(p,q,s) 
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Proof: Routine calculations and (15) show that for w £ D(z,r) and a £ A, 

1 — \z \ 2 ~ 1 — |u;| 2 ~ 1 — \wz \ 2 ~ |D(^,r)| 1 / 2 , 

and 

1 - \<Pa{z) | 2 ^ 1 - \Va(w) | 2 , 

where the constants of comparison depend only on r . By (16), (17) and (14), 


(14) 


(15) 


(i-M 2 )“ w (i-H 2 )^ 


\D{z,r)\ J DM 




w(l - \z\) w(l - \w\) 


< 


sup / ( 
ogA J A 

W(1 - \Va{z)\) ^(1 - |v3 a (w)|) 

[if <f#( ~ \ w \ 2 y p \ dA w - izi 2 )g-p~ 2 , , 

flgA J A J D(z,r) ^ n (n(l |in|) |cp^ (in) | w(l-|*|) ^ 


(l-|y> a (^)| 2 ) 8 
W(1 - |<p a (z)|) 


dA{z) 


from which (16), (17) and Fubini’s theorem yield 

i < sup f(f (/*h)»( ( 1 l ? ( l )l !lj ^4 ) dA (‘> 

aeAjA K Jd(z,t) V W(1-|H) n w(l~|Po(w)|) I^WI 


(i-H 2 ) 9 -\,(i-l¥ > «HI 2 ) < 


sup / ( / rriT)(/n # H) p ( (1 )( 

aeAjA JD(z,r) \Vz{w)V Ul{l - M) 


agA J A V W(1-|W|) W(1 - |^a('uO|) 


W(1 - |<^aH|) 

) (tTTI 1- ) dA ( W >- 


dA{w ) 


The class AT of normal functions consists of those f £ M( A) for which the family {foip}, where <p is a 
Mobius transformation of A, is normal in A in the sense of Montel. It is known that / £ M( A) is all normal 
if and only if 

ll/lk„,a, = sup f*{z) ^ ^ Ly 


““r- JH v~/ /I I i\ 

zeA W (1 ~ |~|) 


< 00. 


The following result establishes a sufficient condition for the general normal meromorphic functions to belong 
t0 M n,w(P’<L S )• 

Theorem 3.4 Let 1 < p < 00, —2 < q < 00, 0 < s < 00 and 0 < r < 1 ,and let f £ A f niU . Let a, ( 3 , 7, <5 £ ffi. 
such that a + (3 = q — p, and j + 5 = s. Then 


I p < 


sup / ( 
agA J A 


\D{z,r ) | J DM 


Xn(/(^)> f\ w )) ( I ix )( I \\ ) 


■( 


(1 - |^ a (w)| 2 ) 7/p ^_(l - \y a (z)\ 2 ) 5,p 


W(1 - kaH|) W(1 - \(fa(z)\) 
Proof: Let z.w £ C, and define 


ki-H) /v w(i-M) 

dA(w)) p dA(z). 


F n (z,w) = 


l-\-WZ 


m if ve 


if w = 00. 


A direct calculation shows that \F n (z,w )\ 2 = x^{z,w)/{l — x 2 (z,u>)) for all z,w £ C. Denote the pseudohy- 
perbolic distance between the points z and w in A by p(z,w) = \ip z (w)\. By the uniform (p. x)-contiiiuity of /, 
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there is an n G (0, 1) such that Xn(f (z) , f (w)) < C, for p(z, w ) < n [13], where C is a positive constant. Then, 
it follows that 




Xn(f(z),f{w)) 


< CXn(f(z)J(w)) 


(16) 


for p(z,w) < r\. Since / G M( A), there is an r 2 G (0,1) such that the function g z (w) = F n ((foip z )(w),f(z )) is 
analytic in Z?(0,r 2 ) = {w : p( 0, w) = |w| < r 2 } for all z G A, and hence its Maclaurin series is of the form 

OO 

^2 ak(z)w k in D(0, 7*2). Therefore 
k = 1 


- \z\ 2 ) = |ai| = \\ [ wg z {w) dA(w) 

r JD(0,r) 


< M 

r 6 J D(0,r) 


D(0,r ) 

F n((f0ip z )(w),f(z)) I rfA(w) 


for any r G (0,r 2 ). Now let r < min{ri,r 2 }. Then, we obtain that 

) / vn wH , un ' , Yi mi ) ( , ,/i i . /-m\ ) 


^(i-M) w(l-kl) w(l - l^aWI) 


< 


< 


/ A Jd( 0,r) 

/ (- / 

/a iD( Z ,r) 

/ (- / 

/A 7l)( 2 ,r) 


if.((/f,)w,/w)i dA{z) 

*»(/(«), /G)M(»)I 2 " (2) ’ 


(17) 


(18) 


from which the assertion for r < min{ri,r 2 } follows by (16) and (17). If r > min{ri,r 2 } , choose c > 1 such 
that r* = r/c < min{ri,r 2 }. Then, we easily obtain the assertion for r*. To obtain the assertion for r , it 
remains to make the set of integration larger by replacing D{z,r*) by D(z,r) and note that there is a constant 
C, depending only on c, such that \D(z,r*)\ > C\D(z,r)\ for all zgA. 
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Maximum Norm Superconvergence of the 
Trilinear Block Finite Element 

Jinghong LitUand Yinsuo JM 


In this article we discuss a pointwise superconvergence post-processing tech- 
nique for the gradient of the trilinear block finite element for the Poisson equa- 
tion with homogeneous Dirichlet boundary conditions over a fully uniform mesh 
of the three-dimensional domain 0. First, the supercloseness of the gradients 
between the piecewise trilinear finite element solution Uh and the trilinear in- 
terpolant Hu is given. Secondly, we analyze a superconvergence post-processing 
scheme for the gradient of the finite element solution by using the Z-Z recovery 
technique, which shows that the recovered gradient of Uh is superconvergent 
to the gradient of the true solution u in the pointwise sense of the L°°-norm. 
Finally, a numerical example is given. 


1 Introduction 

Superconvergence of the gradient for the finite element approximation is a phe- 
nomenon whereby the convergent order of the derivatives of the finite element 
solutions exceeds the optimal global rate. Up to now, superconvergence is still 
an active research topic; see, for example, Babuska and Strouboulis [1], Chen 
[2], Chen and Huang [3], Lin and Yan [4], Wahlbin [5] and Zhu and Lin [6] for 
overviews of this field. Nevertheless, how to obtain the superconvergent numeri- 
cal solution is an issue to researchers. In general, it needs to use post-processing 
techniques to get recovered gradients with high order accuracy from the finite 
element solution. Usual post-processing techniques include interpolation tech- 
nique, projection technique, average technique, extrapolation technique, super- 
convergence patch recovery (SPR) technique introduced by Zienkiewicz and Zhu 
[7 9] and polynomial patch recovery (PPR) technique raised by Zhang and Na- 
ga [10]. In previous works, for the linear tetrahedral element, Chen and Wang 
[11] obtained the recovered gradient with 0(h 2 ) order accuracy in the average 
sense of the L 2 -norm by using the SPR technique. Using the L 2 -projection tech- 
nique, in the average sense of the L 2 -norm, Chen [12] got the recovered gradient 
with 0(h l+mm( ' a ' a)) order accuracy. Goodsell [13] derived by using the average 
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Ningbo 315100, China, email: jhliull29@sina.com 

'School of Mathematics and Computer Science, Shangrao Normal University, Shangrao 
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technique the pointwise superconvergence estimate of the recovered gradient 
with 0(h?~ £ ) order accuracy. Brandts and Kri'zek [14] obtained by using the 
interpolation technique the recovered gradient with 0(h . 2 ) order accuracy in the 
average sense of the L 2 -norm. Zhang [15, 16] gave the theoretical analysis for 
the SPR technique for the one-dimensional two points boundary value problem 
and two-dimensional Laplacian equations, which proved two orders higher than 
the optimal convergence rate of the finite element solution at the internal nodal 
points over uniform meshes. Zhang and Victory [17] presented the theoretical 
justification for superconvergence of the SPR technique for a general second- 
order elliptic equation over the quadrilateral meshes. Zhang and Zhu [18, 19] 
also analyzed the SPR technique in details as well as its applications to a pos- 
teriori error estimation. In this article, we consider a SPR recovery scheme by 
using the Z-Z technique, by which the pointwise superconvergence recovered 
gradient from the trilinear finite element approximation can be obtained. We 
shall use the letter C to denote a generic constant which may not be the same 
in each occurrence and also use the standard notations for the Sobolev spaces 
and their norms. 


2 Maximum Norm Supercloseness 

Suppose 12 C R 3 is a rectangular block with boundary, 312, consisting of faces 
parallel to the x-, y-, and z-axes. Moreover, 11 is partitioned into a uniform 
rectangulation T h with mesh size h G (0, 1) such that 12 = (J eeT' 1 We 
consider the following Poisson equation with homogeneous Dirichlet boundary 
value conditions 

/ -A u = /, in 12 

\u = 0, on on. 1 ’ 

The corresponding weak form is 

a(u, v) = (/, v), \/v G Hq(Q), (2.2) 


where 

a(u , v ) s (Vit , Vn) = / Vw • V« dxdydz. 

Jn 

We introduce a trilinear polynomial space Q i, namely 

d(x,y,z)= ^2 a i j k x l y J z k , q&Qi, 

where the indexing set I is as follows: 

I = {{i,3,k) |0 < i,j,k < 1}. 

Denote the trilinear finite element space by 

= {v G (7(0) fl^oW : v\e e Qi(e), Ve G T h ) . 


(2.3) 


162 


Jinghong Liu et al 161-169 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.1, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


LIU, JIA: SUPERCONVERGENCE OF THE TRILINEAR FEM 


Thus the finite element method is to find Uh £ Sq(CI) such that 
a(u h ,v) = (f, v), Sft(fi). 

Obviously, there is the following Galerkin orthogonality relation 

a(u — iih , v) = 0, V v e Sq (Cl) . (2.4) 


Let the element 

e — (*Te h e , %e T ^e) x (y e /c e , y e T /c e ) x ( 2 e d e , Z e T de) == I\ X I 2 X L 3 , 

and let {(, (a’)}°T 0 , {lj{y)}^L o> iX'MIyLo be the normalized orthogonal Legen- 
dre polynomial systems on L 2 (Ii), L 2 (/ 2 ), and L 2 (/ 3 ), respectively. It is easy to 
see that {k(x)lj (y)lk(z)}°°j k=0 is the normalized orthogonal polynomial system 
on L 2 (e). Set 

w 0 (x) = u> 0 (y) = 0)0(2) = 1 , u)j + i(x) = / ij (0 d£, 

J X e — h e 

tij+i(y)=[ lj{£)d(;,u> j+1 {z)=[ ij(0d£,j> 0 . 

Jye-ke J Z e -d e 

Define the trilinear interpolation operator of projection type by LF: U 3 (e) — > 
Q i(e) such that 


II e u(x,y,z) = ^2 Pijk^i(x)d>j(y)u} k (z). (2.5) 

(i,j,k)el 

where /3 0 oo = u{x e -h e , y e -k e , z e -d e ), Aoo = J h d x u(x, y e -k e , z e -d e )li_i{x) dx, 

Pojo = J l2 d y u{x e -h e ,y,z e -d e )lj-i(y) dy, /3 0 ofc = f l3 d z u{x e -h e ,y e -k e ,z)l k -i(z)dz, 
Pij 0 = / JlX j 2 d x d y u(x, y, z e - d e )l,-i(x)lj-i(y) dxdy, fi 0 jk = h 2Xl3 d y d z u(x e - 
h e ,y, z)lj-i(y)l k -i(z) dydz, fiiok = f IlXl3 d x d z u(x,y e -k e , z)l i - 1 (x)l k -i(z) dxdz, 

Pijk = f e d x d y d z ul i - 1 (x)l j - 1 (y)I k _ 1 (z) dxdydz, i,j,k > 1. 

In addition, we define (Ilrt) | e = LFu. Thus we have the global interpolation 
operator of projection type II: U 3 (fl) — » Sq(CI). In [20], we obtained the 
following supercloseness estimate 

Lemma 2.1. Let {' T h } be a regular family of rectangular partitions of fi, 
and u £ II / 3 ’ 00 (D) f) Hq(Q). For Uh and IIm, the trilinear block finite element 
approximation and the corresponding interpolant of projection type to u, re- 
spectively. Then we have the following supercloseness estimate 

\u h - nulp oo,n < CK 2 | In h\ 5 ||it|| 3 , oo, n- (2-6) 
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3 Maximum Norm Superconvergence 

SPR is a gradient recovery method introduced by Zienkiewicz and Zhu. This 
method is now widely used in engineering practices for its robustness in a pos- 
terior error estimation and its efficiency in computer implementation. 

For v € Sg(fi), we denote by R x the SPR-recovery operator (or Z-Z recovery 
operator) with respect to the x-derivative, and begin by defining the point values 
of R x v at the element nodes. After the recovered derivative values at all nodes 
are obtained, we construct a piecewise trilinear interpolant by using these values 
to obtain a global recovered derivative, namely SPR-recovery derivative R x v. 
Obviously R x v € Sq (O) . Similarly, we can define by R y and R z the recovered 
derivatives with respect to the y-derivative and the 2 -derivative, respectively. 
Consequently, we get a recovered gradient operator Rh = (R x , R y , R z ). In the 
following, we mainly discuss the recovery operator R x and its superconvergence 
properties. The superconvergence properties of R y and R z can be similarly 
derived. 

Let us first assume N is an interior node of the partition T h , and de- 
note by lo the element patch around N containing eight elements (see Fig.l). 



FIG. 1. Element Patch Containing Eight Elements 


Under the local coordinate system centered N, we let Sj be the barycenter 
of an element ej C oj , j = 1, 2, • • • , 8. SPR uses the discrete least-squares fitting 
to seek linear function p £ Ri(cu), such that 

\\\p-d x v\\\= min \\\g - 9^1 1|, (3.1) 

gePi(ui) 

where |||ie||| = (X^-i l u, ('Sj)| 2 )^- Obviously, for w £ Pi(w), we have 

IHII = 0 •£=>• w = 0 
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. It is easy to verify that the problem (3.1) is equivalent to the following problem 

8 

$>(£*) - d^SjMSj) = 0, \/g £ Pi(w). (3.2) 

j = i 

Then we define R x v(N ) = p(0, 0,0). If N is a node on the boundary, dCl, of 
Cl, we can calculate R x v(N) by the linear extrapolation from the values of R x v 
already obtained at two neighboring interior nodes, N\ and N 2 , namely 

R x v{N) = 2 R x v(N 1 ) - R x v(N 2 ). (3.3) 

Lemma 3.1. Let w be the element patch around an interior node N, Sj the 
barycenter of the element ej C w, j = 1. • • • .8, and II the trilinear interpolation 
operator of projection type. For every u £ P 2 (ui), we have 

d x (u — nu)(5' :/ ') = 0. (3-4) 

Proof. Obviously, Sj is a Gauss point of the element ej C oj. From the 
definition of the operator II, 

( 1 loo loooo ooooooX 

+ + PijkUi(x)Qj(y)oj k (z). 

i = 0 j — 0 k— 2 i — 0 j — 2 k— 0 i — 2 j — 0 k—0 J 

By the representation of the coefficient 0i : jk and the orthogonality of the Legendre 
polynomial system, we obtain for u £ P 2 {xi), 

d x (u - II u)(Sj) = 0, 

which is the desired result (3.4). 

Lemma 3.2. Let oj be the element patch around an interior node N and II 
the trilinear interpolation operator of projection type. For every u € P 2 {co), we 
have 

d x u — i? a ,IItt = 0 in u. (3-5) 

Proof. From (3.4) and the definition (3.1) of the recovery operator R x , we 
have for u £ P 2 (w), 

R x u = R x Tlu. (3-6) 

Since u £ P 2 {oj), thus d x u £ Pi{ui). So we obtain 

R x u = d x u. (3.7) 

Combining (3.6) and (3.7) yields the desired result (3.5). 

Lemma 3.3. For IIw £ Sq(Q) the trilinear interpolant of projection type to 
it, the solution of (2.2), and R x the ^-derivative recovered operator by SPR, we 
have the superconvergent estimate 

I d x u - Rx^u\ 0 oo Q < C7i 2 |M| 3j00) n. (3.8) 
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Proof. By the triangle inequality, the norms equivalence of the finite- 
dimensional space, and the inverse property, we have 

\d x u - R x ILu\ 0 ^ n = \d x u- R x TLu\ 0 oo e < \d x u\ 0 oo e + |i?JIu| 0>OO)e 

< C (\ d * U \o,oo,e + Ill^nuHl) < C (\d x u\ 0 oo e + |||9 x IIu|||) 

< c (|a*«| 0iOOiU + |9*nu| 0iOOiW ) < c (\d x u\ 0 oo u + h - 1 M 0>oo>UJ ) , 

(3 - 9) 

where u> is an element patch containing the element e. Let uj £ P 2 (w) be 
a quadratic interpolant to u. From (3.5) and (3.9), we obtain by using the 
interpolation error estimate, 

\d x u- R x Ilu\ 0 oo U = \d x (u - m) - R x U(u - u/)| 0>OO;e 

< c (\d x (u - UI )\ 0}OO U] + h- 1 |«-«/| 0 ,oo,u;) ’ 

< IMIs, oo.fi ■ 

This proves the statement. 

As for the y-derivative recovery operator R y and the ^-derivative recovery 
operator R Zl we have the following results similar to (3.8). 

\dyU- R v nu\ 0 oo n < C7i 2 ||w|| 3i00> Q. (3.10) 

\d z u — R z IIu\ 0 oo q < Ch ||u||3,oo,fi- (3-11) 

Set Rh = (R x , R y , R z ). Combining (3.8), (3.10) and (3.11) yields 

|Vu - R h Uu\ 0 oc> n < Ch 2 IMIa, oo.fi- (3.12) 

In the following, we give the main result of this article. 

Theorem 3.1. For Uh £ Sq (12) the trilinear block finite element approximation 
to u, the solution of (2.2), and Rh the gradient recovered operator by SPR, we 
have the superconvergent estimate 

|Vu - RhUh\ 0iOOt n < Ch 2 \ In h \ 3 ||w|| 3j oo.fi- 

Proof. Using the triangle inequality and the norms equivalence of the finite- 
dimensional space, we have 

I Vw — RhUh\ 0t OCj Q < \Rli('Uh nu)^ ^ Q + |Vw P/jIImIq ^ Q 
= \Rh(uh — nw)| 0> 00 ^ e + |Vu — RhTlu\ 0 , ^ q 

< C'flll-R/ l (M/ l -nu)||| + |Vu-i? h nu| 0)OO){1 ) ^ 3 _ 13 ^ 

< c ni|VK - n«)||| + |v« - R h nu\ 0 ^ 

— C — n^l la oo, fi + |Vli — ^ qJ . 

Combining (2.6), (3.12) and (3.13) yields 

|Vu - RhUh\ 0jOOt n < C/i 2 | In ft,|s||M|| 3> oo.fi- 
This proves the statement. 
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4 A Numerical Example 

Example 1. Consider the following Poisson’s equation: 

J -A u = f inft = [0,1] x [0,1] x [0,1], 

\ u = 0 on <9H, 

where 

/ = (— e x (e v — (e — 1 )y — 1) — e y (e x — (e — \)x — 1) 

+7 r 2 (e x — (e — l)x — l)(e v — (e — 1 )y — 1)) sin(7rz). 

The exact solution is 

u = ( e x — (e — l)x — l)(e y — (e — l)y — 1) sin(7rz). 

Let Uh be the trilinear block hnite element approximation to the exact solution u 
and Nq = (0.5, 0.5, 0.5). We solve Example 1 and obtain the following numerical 
results: 


Table 4.1 Results of the derivatives post-processing at the interior vertex Nq 


h 

|Au(iVo) - R x u h (N 0 )\ 

0.25 

1.8364e-003 

0.125 

4.0003e-004 

0.0625 

9.6873e-005 
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HYERS-ULAM STABILITY OF AN ADDITIVE FUNCTIONAL 

INEQUALITY 

MING FANG AND DONGHE PEI* * 


Abstract. In this paper, we prove that the generalized Hyers-Ulam stability of the 
additive functional inequality 

||/(2£ + y + 2z) + /( 2x + 3 y + 3 z) + f(4x + 4 y + 3z)|| < ||8/(x + y + z)|f 
in /3-homogeneous E-spaces. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [32 
concerning the stability of group homomorphisms. Hyers [11] gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was gener- 
alized by Aoki [ ] for additive mappings and by Tli.M. Rassias [22] for linear mappings 
by considering an unbounded Cauchy difference. The paper of Rassias [2 ] has provided 
a lot of influence in the development of what we call generalized Hyers- Ulam stability of 
functional equations. A generalization of the Tli.M. Rassias theorem was obtained by 
Gavruta [9] by replacing the unbounded Cauchy difference by a general control function 
in the spirit of Tli.M. Rassias’ approach. The stability problems for several function- 
al equations or inequations have been extensively investigated by a number of authors 
and there are many interesting results concerning this problem (see [2]— [8] , [10] , [12]— [15] , 
[21]-[24],[25]-[30],[34]). 

We recall a fundamental result in fixed point theory. 

Let X be a set. A function d:IxlA [0, oo] is called a generalized metric on X if 
d satisfies 

(1) d(x,y)=0 if and only if x=y; 

(2) d(x,y)=d(y,x) for all x,y e X\ 

(3) d(x, z) < d(x, y) + d(y, z ) for all x,y, z G X. 

Theorem 1.1 (see[6],[7]). Let (X,d) be a complete generalized metric space and let 
J : X — > X be a strictly contractive mapping with Lipschitz constant L < 1. Then for 
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each given element a? G X, either 

d(J n x, J n+1 x) = oo (1.1) 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo, for all n > no; 

(2) the sequence {J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y — {y G X\ d(J n °x, y ) < oo}; 

(4) d(y, y*) < ^ z d(y , Jy) for all y G Y . 

By the using fixed point method, the stability problems of several functional inequa- 
tions have been extensively investigated by a number of authors(see[5][6][l i][ ]-[ ]). 

We recall some basic facts concerning /(-homogeneous F-spaces. 

Definition 1.2. Let X be a linear space. A nonnegative valued function || ■ || is an 
F-norm if it satisfies the following conditions: 

(FNi) ||a?|| = 0 if and only if x = 0; 

(FN 2 ) ||Aa?|| = ||a?|| for all x G X and all A with |A| = 1; 

(FN 3 ) ||a? + y || < ||a?|| + ||?/|| for all x,y E X] 

(FN 4 ) ||A n a?|| — » 0 provided A n — » 0; 

(FN 5 ) ||Aa? n || — > 0 provided ||a? n || — > 0. 

Then (A", || • ||) is called an F*-space. An F-space is a complete F*-space. 

A F-norm is called /3-homogeneous ((3 > 0) if ||fic|| = \t\ 1 1 1 lc 1 1 for all x G X and all 
t G R (see [31]). 

2. HYers-Ulam Stability In ^-homogeneous F-spaces 

From now on , Let A be a normed linear space and (F a ^-homogeneous F-spaces. 
This paper, we prove that the generalized Hyers-Ulam stability of the additive func- 
tional inequality 

II /(2a? + y + 2z) + f{2x + 3 y + 3 z) + /( 4x + 4y + 3z)\\ < ||8/(x + y + z ) || 
in j3 - homogeneous F-spaces. 

Lemma 2.1. Let f : X — >■ y be a mapping with /( 0) = 0. Then it is additive if and 
only if it satisfies 

| /(2a? + y + 2z) + /( 2x + 3 y + 3 z) + /(4a? + 4 y + 3z)|| < ||8/(x + y + z ) || (2.1) 

for all x,y,z G X. 

Proof. If / is additive, then clearly 

II / (2a? + y + 2z) + /(2a? + 3 y + 3 z) + /(4a? + 4 y + 3^)|| = ||8/(a? + y + z) || 
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for all x,y,z E X . 

Assume that / satisfies (2.1). Suppose that /( 0) = 0. putting z = 0 and replacing y 
by —x in (2.1), we get 

ll/M + /(-nil < 118/(0)11 = 8^11/(0)11 = 0 

and so f(—x) = —f(x) for all x E X . Replacing y by — x — z in (2.1), we have 

II f(-y) + f(~x) + f(x + y)\\ < 0 

for all x, y E X. We obtain 

f(x + y) = f(x) + f(y ) 

for all x, y E X. □ 


Theorem 2.2. Let f : X — >■ y be a mapping with /( 0) = 0. If there is a function 
Lp : A" 3 — y [0, oo) such that 

|| /(2a; + y + 2z) + /( 2x + 3 y + 3 z) + /( 4x + 4y + 3^)|| 

< ||8/(x + y + z)\\ +<p(x,y,z) 

and 

1 

<p(x, V, z ) '■= (- 2 ) J yi (- 2 ) J -) < 00 

i = o z 

for all x,y,z G X , then there exists a unique additive mapping A : X — >■ y such that 

II f(x) - .4(z)|| < -x, 2x) (2.4) 


( 2 . 2 ) 

(2.3) 


for all x E X . 

Proof. Letting y — x and z = —2x in (2.2), we get 

||2 f(-x) + /( 2a;) || < <p(x,x,~2x) 


for all x E X . Thus 


f(x) 


/(- 2x) 




-x, 


-x, 2x) 


for all x E X . 

Hence one may have the following formula for positive integers m, l with m > l, 


m— 1 1 

Asf (— (— 3)Y, -(-2 Yx, (-2)‘2x) 

i=l 


(2.5) 
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for all x G X. It follows from (2.5) that the sequence j is a Cauchy sequence 

for all x G X. Since y is an F-space, the sequence j j converges. So one may 

define the mapping A : X — > y by 


A(x) := lim 


k — ^OO 


f((-2) k x) 

(-2) fc 


Wx g T. 


Taking m = 0 and letting l tend to oo in (2.5), we have the inequality (2.4). 
It follows from (2.2) that 

|| v4(2m + y + 2 z) + A{ 2x + 3 y + 3 z) + A( 4x + 4 y + 3z)|| 

1 


= lim 

h — ^oo 


{~ 2) k3 
+f((-2) k (4x + 4y + 3z)) 

1 


\\f((-2) k (2x + y + 2z)) + f((~2) k (2x + 3 y + 3 z)) 


( 2 . 6 ) 


< lim 

&— >■ OO 


— 2) k3 
< || 8 v 4 (lc + y + z 


\\ 8 f((-‘ 2 ) k ( x + y + z ))\\ + lim 


k—> oo 


[— 2) k3 


v((-2) k x,(-2) k y,(~2) k z) 


for all x,y,z G X. One see that A satisfies the inequality (2.1) and so it is additive by 
Lemma (2.1). 

Now, we show that the uniqueness of A. Let T : X — > Y be another additive mapping 
satisfying (2.4). Then one has 


\\A(x) - T(x)\\ = 


which tends to zero as k — » oo 
all x E X. 


((- 2)0 - ((- 2)0 

(lb ((-2)0-/ ((-2)0 II 
+ ||r((-2)0-/((-2)0ID 
s 2^0 (—(— 2)0 -(- 2)0 (- 2 ) 0 ) 

for all x G X. So we can conclude that A(x) = T(x) for 

□ 


Theorem 2.3. Let f : X — >■ y be a mapping with /( 0) = 0. If there is a function 
: A" 3 — > [0, oo) satisfying (2.2) such that 

^ < oo (2.7) 

for all x,y, z G X , then there exists a unique additive mapping A : X — >■ y such that 

\\f(x) - A(x)\\ < lp(x,x,-2x) (2.8) 


V>{x,y,z) := J^2 /3 V 

3 = 1 


X 


y 


(- 2)0 (— 2 )/ ’ (— 2 ) 


for all x G X . 
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Proof. Letting y = x and z = — 2x in (2.2), we get 

II 2 f(~ x ) + /( 2x)|| < (f -x) 

for all x E X . Thus 

|/W - (-2)/ (ffj 

for all x E X. 

Next, we can prove that the sequence {(—2)"/ ^ ^ j is a Cauchy sequence for all 
x E X ,and define a mapping A : X — * 3^ by 

; = ( -2)”/ (^y) 

for all x E X that is similar to the corresponding part of the proof of Theorem (2.2). □ 

3. Hyers-Ulam Stability for Fixed Point Methods 

Now, using fixed point theorem, we investigate the Hyers-Ulam stability of the func- 
tional inequality (2.1) in /3 - homogeneous F-spaces. 

Theorem 3.1. Let f : X — >■ y be a mapping for which there exists a function ip : X 3 —>■ 
[0, oo) such that 

\\f(2x + y + 2z) + f(2x + 3y + 3z) + f(4:x + 4y + 3z)\\ 

<\\8f(x + y + z)\\+ip(x,y,z) 
for all x,y,z E X . If there exists L E (0, 1) such that 

<p(x,y,z)<2L(p(^,^,^j (3.2) 

for all x,y,z E X . Then there exists a unique additive mapping H : X — >■ y such that 

\\f(x) - H(x)\\ < *_ <p(-x,-x,2x) (3.3) 

for all x E X . 

Proof. It follows from (p(x,y,z) < 2 Lip (|, |, |) that 

lim ^(p(2 3 x,2 J y,2 3 z) = 0 

J — ^OG Z J 

for all x, y,z E X. 

Consider the set 

A:={g:X^y} 

and introduce the generalized metric on A: 

d(g , h) = inf{C G M+ : || g(x) — h(x) || < C<p(— x, —x, 2x),Vx E X}. 

It is easy to show that (A, d) is complete. 


(X x 
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Now we consider the linear mapping J : A — > A such that 

Jg(x) := g(-2x ) 

for all x E X. 

By [6, Theorem 3.1] 

d(Jg, Jh ) < Ld(g, h ) 


for all g,h E A. 

Letting y — x and z = —2x in (3.1), we get 


f(z) 




< 



—x, 2x) 


for all x E X. 

Hence d(f, Jf)<jp. 

By the Theorem (1.1), there exists a mapping H : X —$■ y such that 

(1) H is a fixed point of J, that is 

^H(-2x) = H(x) 


for all x E X . The mapping H is a unique fixed point of J in the set 


(3.4) 


B = {9 6 A : d(f,g) < oo}. 

This implies that H is a unique mapping satisfying (3.4) such that there exists 
C E (0, oo) satisfying 

II H(x) - f(x) || < C(p(*x, - x , 2x) 


for all x E X. 

(2) d(J n f,H ) — » 0 as n — > oo. This implies the inequality 

lim -4^/((-2 )”i) = H(x) 

for all x E X. 

(3) d(f,H ) < jzzd(f, Jf ), which implies the inequality 


—y 

This implies that the inequality (3.3)holds. 
Next, we show that H{x) is an additive mapping. 
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\\H(2x + y + 2 z) + H(2x + 3 y + 3z) + H(Ax + Ay + 3z)|| 

1 


= lim 

k — ^oo 


-2) k P 


\\f((-2) k (2x + y + 2 z)) + /((- 2) k {2x + 3 y + 3 z)) 


+f((~2) k (Ax + Ay + 3z)) 
1 


(3.5) 


< lim 

k — ^oo 


{-2) k P 

< ||8 H(x + y + z 
for all x,y,z G X. 


\\ 8 f((~ 2 ) k i x + y + z ))\\ + lim 


k—>oo 


{-2) k P 


<p((-2) k x,(-2) k y,(-2 ) k z) 


□ 


Theorem 3.2. Let f : X — >• y be a mapping for which there exists a function ip : X 3 — > 
[0, oo) satisfying (3.1) If there exists an L G (0,1) such that 


V{x,y,z) < ^L(p(2x,2y,2z) 

for all x,y,z G X. Then there exists a unique additive mapping H : X — >• y such that 

L 


\\f(x) - H(x)\\ < 


2(1 -L) 

for all x G X . 

Proof. It follows from ip(x,y,z) < 2 Lip (|, |, |) that 


tp(—x, —x, 2x) 


(3.6) 
hat 

(3.7) 


lim 

j -*° o 


2> f — x, — y, —z ) = 0 

r \2-? 2-? 2 J y 


for all x,y,z G T. 

Consider the set 

A :={<?: T -A 3^} 

and introduce the generalized metric on A: 

d(g, h) = inf{C G M + : ||(?(ic) — h(x) || < Cp> (x,x, —2x) ,Wx G T}. 

It is easy to show that (A, d) is complete. 

Now we consider the linear mapping J : A — >■ A such that 

x 


Jg(x ) := -2 9 

for all x G X. 

By [6, Theorem 3.1] 

d(Jg, Jh ) < Ld(g , /i) 

for all g, h G A. 

Letting y = x and z = a; + y in (3.1), we get 


f{x) - (-2)/ < V -®) < ^ (®, x, -2x) 
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for all x G X. 

Hence d(f , J f) < |f. The rest of the proof is similar to the corresponding part of the 
proof of Theorem 3.1. 

□ 
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Abstract 

This paper deals with a characterization of nonlinear systems of the 
form x-y(t) = f (x-y(t),u(t/ 7 )) when the parameter 7 -7 00 . In particular, 
we are interested in the uniform convergence of the sequence of functions 
x-y (yi). Necessary conditions and sufficient ones are derived for this uni- 
form convergence to happen. 


Keywords: nonlinear systems, consistent operator, uniform conver- 
gence 


1 Introduction 

Hysteresis is a nonlinear behavior encountered in a wide variety of processes 
including biology, optics, electronics, ferroelectricity, magnetism, mechanics, 
structures, among other areas. The detailed modeling of hysteresis systems 
using the laws of Physics is an arduous task, and the obtained models are often 
too complex to be used in applications. For this reason, alternative models of 
these complex systems have been proposed [15, 1, 8, 6, 9]. These models do 
not come, in general, from the detailed analysis of the physical behavior of the 
systems with hysteresis. Instead, they combine some physical understanding of 
the system along with some kind of black-box modeling. 

This way of describing hysteresis systems led to the proliferation of hysteresis 
models in the last two decades. A search in the Web of Knowledge database 
gives more than 2000 publications. The question that arises naturally is: do 
these research works describe really hysteresis phenomena? In other words, 
does the researcher who proposes a new hysteresis model have a mathematical 
rule to decide whether the model they propose is indeed a hysteresis one? 

Surprisingly enough, such a rule exists only for a limited number of hysteresis 
processes: those that possess the so-called rate-independence property. This 
property states that, under a time-scale change, the relationship output versus 
input is unchanged. Hysteresis systems that are rate-independent are listed in 
the survey paper [10]. However, in the last two decades, researchers have ac- 
knowledged the importance of rate-dependent processes in applications [4, 3, 2]. 
For this reason, a recent effort [5] proposed a mathematical framework that 

1 E-mail addresses: mohammad.naser@bau.edu. jo (Mohammad Fuad Mohammad Naser), 
bdairmb@yahoo.com (Omar M. Bdair), faycal.ikhouane@upc.edu (Faygal Ikhouane). 
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proposes a rule to decide whether or not a system may be hysteretic. The 
rule proposed in [5] shows that, for an input/output system with input u(t/"f) 
and output x 7 (t), the convergence of the sequence of functions t — > x 7 ("ft) as 
7 — ► oo is a necessary condition for the hysteresis. The previous formulation is 
used to study the hysteresis behavior of the generalized Duhern model [11] and 
the LuGre friction model [12]. 

In the present paper, we consider the differential equation x = f(x, u). Our ob- 
jective is to derive necessary conditions and also sufficient ones for the uniform 
convergence of the sequence of functions t — ► x 1 ("ft) . 

This paper is organized as follows. Section 2 presents the system of study and 
the assumptions under which the study is performed. Sections 3 and 4 present; 
respectively, necessary conditions and sufficient ones for the uniform convergence 
of the sequence of functions x 7 ("ft) as 7 — ► 00. Conclusions are given in Section 

5. 

2 Problem Statement 

The class of systems under study is 

x(t) = f(x(t),u(t)),t> 0, (1) 

z( 0 ) = x 0 , ( 2 ) 

where initial condition Xo and state x(t) take value in R m , and input u G 
L°° (] R + ,R") for some strictly positive integers n and m. The mapping / : 
R m x K™ — ► is a well-defined continuous function. Because of the continuity 

of the right-hand side of ( 1 ), the system (l)-( 2 ) has a maximal solution which 
is defined on an interval of the form ]0,w), oj > 0 [14, p. 67 70]. In this paper, 
we assume that the system (l)-(2) has a unique Caratlreodory solution for all 
(u,xo) G L°° (R + ,R™) x R m . 

Consider the time scale change s 7 (t) = t/"f,V"f > 0 ,Vi > 0. When the input 
u o s 7 is used instead of u, system (l)-( 2 ) becomes 

x 7 (t) = /(i 7 ((),«os 7 (t)), t > 0, (3) 

x 7 (0) = x 0 , (4) 

which can be written for all 7 > 0 as 

t 

cr 7 (t) = xo +7 J /(ct 7 (r),u(r))dr, Vt G [0,w 7 ), (5) 

0 

where <r 7 = x 7 o si / 7 and [ 0 ,w 7 ) is the maximal interval for the existence of 
solutions <t 7 . 

We seek necessary conditions and also sufficient conditions for the uniform con- 
vergence of the sequence of functions ct 7 . 

3 Necessary Conditions 

Our aim in this section is to derive necessary conditions for the uniform cover- 
gence of the sequence of functions cr 7 . 
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Lemma 3.1. Assume that the maximal solution of system (l)-(2) is defined on 
R+ for all (u,Xq) € L°° (R + ,R”) x R m . Suppose that there exists a function 
h : R + x R + — » R + such that 

\x(t)\ </i(|x 0 |,||u|| oo ),Vt>0, ( 6 ) 

for each initial state x$ € R" and each input u € L°° (R + ,R"). Assume that 
there exists a function q u € L°° (R + , R^flC 0 (R + ,R m ) such thatHm-y^^ ||ct 7 — 
Qu 1 1 oo = o. Then, we have f(x 0 ,u( 0)) = 0, ^(0) = x 0 , and f(q u ( t ) ,u(t )) = 
0 , Vt > 0 . 

Proof. From the fact that IMI^ = ||« o s 7 || , V 7 > 0 and Inequality ( 6 ) it comes 
that 

IKIloo ^ h (M , ||«Hoo) = «• V 7 > 0, 

Thus, we get from the continuity of cr 7 that 

|tr 7 (£)| < a, V£ > 0, V 7 > 0. (7) 

Inequality (7) along with the continuity of function / and the boundedness of 
the input u imply that there exists a constant r > 0 independent of 7 , such 
that |/ (cr 7 (t) , u (r))| < r, Vr > 0, V 7 > 0. This means that we can apply the 
Dominated Lebesgue Theorem in Equation (5) and get 

lim [ f (a 7 (t) ,u (r)) dr = f f {q u (r) , u (r)) dr, V£ > 0, ( 8 ) 

'l' - > °° J 0 Jo 

where the continuity of / and the fact that lim 7 ^. (X) ||er 7 — QuWoo = 0 are used. 
By Equation (7) we have ||<r 7 — Xo|| /j — > 0 as 7 — ► 00 . Thus, we obtain from 
(5) and ( 8 ) that 

[ f (qu (t) , u (r)) dr = 0, V£ > 0, 

Jo 

which gives f(q u ( t ) ,u(t)) =0 for almost all t > 0. From the continuity of 
functions f,q u , and u it comes that 

f(q n (t),u(t))= 0, for alH > 0. (9) 

Since <j 7 (0) = Xo, V 7 > 0 it comes that 

q u ( 0 ) = x 0 . ( 10 ) 

Finally, taking t = 0 in (9) and using (10) provides the necessary condition 

f(x o ,u(0))=0, ( 11 ) 

which completes the proof. □ 

Remark 1 . Once chosen an input u, the term w(0) is given so that any 

initial condition xq for which we have lim 7 _ >00 ||cr 7 — q u \\oo = 0 should satisfy 

( 11 ). 
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4 Sufficient Conditions 

In this section, we derive sufficient conditions to ensure that the sequence of 
functions ct 7 converges uniformly as 7 — > 00 . 

Definition 4.1. [7] A continuous function /3 : M+ — > R+ is said to belong to 
class /Cqo if it is strictly increasing, satisfies ft ( 0 ) = 0 , and lim^oo /? (/) = 00 . 

Lemma 4.1. [11] Consider a function z : [O.w) C M+ R+, where u> may be 
infinite. Assume the following 

(i) The function z is absolutely continuous on each compact subset of [0,w). 

(ii) There exist Z\,z^ > such that Z\, z (0) < z-i and z (t) < 0 for almost all t £ 
[0,w) that satisfy z\ < z (t) < Z 2 - 

Then, z(t) < max (z (0) , z±) , Vt £ [0, w) . 

Corollary 4.1. Consider a function z : [0,w) C R+ —> M+, where w may be 
infinite. Assume the following 

(i) The function z is absolutely continuous on each compact subset of [0, ui). 

(ii) There exist a class /Coo function f3 : M+ — > R+ and Z\, Z 2 , 23 > 0 such that 
max (/3 -1 ( 23 ) ,zi,z ( 0 )) < Z 2 , and z ( t ) < —ft (z (t))+Z 3 for almost all t £ 
[0,w) that satisfy Z\ < z(t) < Z 2 - 

Then, z (t) < max (z (0) , z\, /3 _1 ( 2 : 3 )) , V/ £ [0, w). 

Proof. We have z(t) < 0 for almost all t £ [0, w) that satisfy max (fi^ 1 ( 23 ) , z \ ) < 


z (t) < Z 2 , and hence the result follows directly from Lemma 4.1. □ 

Lemma 4.2. Assume that there exists q u £ W 1,00 (M + ,R n ) such that 

f(q u (t),u(t)) = 0, v/ > 0, (12) 

q u { 0) = x 0 . (13) 

Define y 7 : M+ —¥ as 

y 1 (t) = cr 7 (t) - q u (t) = x 7 (7 1) - q u (t) , V 7 > 0, (14) 


for all t £ [0, co 7 ). Suppose that we can find a continuously differentiable function 
V : R m — ► R+ that satisfies the following: 

(i) V is positive definite, that is V(0) = 0 and V(a) > 0,V0 / a € K m . 

(ii) V is proper, that is V (a) — > 00 as |a| — > 0. 

(iii) There exist S > 0 and £ /Coo satisfying: 

• f(yj{t)+q u (t),u(t)) < \y 7 (t)| ), 

(t) (15) 

for all t £ [0, u> 7 ) and V 7 > 0 that satisfy \y 7 (t)| < S. 

Then, 

• w 7 = + 00 , V 7 > 0. Furthermore, there exist Li, 7 * >0 such that ||a; 7 || < 

E,\/j > 7 *, for any solution x 7 of the system (3)-(f). 

4 


dV (a) 
dot 

a=y y 
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• Hindoo ||ct 7 - <7 u 1 1 = 0. 

Proof. Since V is positive definite and proper, there exists pi , p 2 G /C<x> such 
that (see [7, p. 145]) 


Pi (M) < V (a) < (|a|) ,Va € (16) 

From (5), we get for almost all t € [0,w 7 ), V7 > 0 that 

y 7 {t) = 'yf(y 1 {t) + q u {t),u(t))-q u (t), (17) 

2/7 ( 0 ) = 0 - ( 18 ) 

For any 7 > 0, define V 1 : M + -4 M+ as V 7 (t) = V(j/ 7 (t)),Vi € [0, w 7 ). Note 
that the function V 1 is absolutely continuous on each compact subset of [0,w 7 ) 
as a composition of a continuously differentiable function V and an absolutely 
continuous function y 1 . Then, we get for almost all t G [0,w 7 ) and all 7 > 0 
that 


1> 7 (t) = 


dV (a) 
da 




’Vi {t) — 


dV (a) 
da 


<*=Vy(t) 


7/ (2/7 (t)+Qu ( t ) ,u(t)) -q u ( t ) 

(19) 

Let Cl = (0, Pi (5 ) ) . By (16) we have for any 7 > 0, and for almost all t G [0, w 7 ) 
that 

v 7 (t)efl=>|y 7 (t)|<i (20) 

We conclude from (15), (19), and (20) that 


%(t) < ~7 /3 (I2/7 (^D+lls'wlloo 


dV (a) 


da 

<*=1/7 (*) 


, for almost all t G [0,w 7 ),V7 > 0 that satisfy V 1 (t) G Cl. 


Thus, we deduce from the continuity of dV ^ , the boundedness of q u , and (20) 
there exists some b > 0 independent of 7 such that 


V 1 (t) < —Jp (| 2/7 (t)|)+6, for almost all t G [0 ,oj 7 ),V7 > 0 that satisfy V 1 (t) € Cl. 


Hence, (16) implies 

V 1 ( t ) < —^Poj3f l {V 1 (t))+b, for almost all t € [0,w 7 ),V7 > 0 that satisfy V 1 ( t ) G Cl. 

Thus, Corollary 4.1 and the fact that V 1 (0) = 0,V7 > 0, imply that V 1 ( t ) < 

P 2 0/3" 1 (7) , V7 > 7o,Vt G [0, w 7 ) where 70 = pofj -i h ol3i(S) ■ Therefore, (16) 
implies that 

I2/7WI <Pi°p 2 °P~ 1 , V7 > 70, Vt G [0, w 7 ). (21) 

Thus, LOj = +00, V7 > 71 for some 71 > 0, and lim 7 ^. (X) 1 1 2/7 1 1 = 0, which is 

equivalent to lim 7 _ >00 ||cr 7 — q u || = 0. On the other hand, (21) and the fact 

that <r 7 = y 1 + q u imply that there exists some E, 7* >0 such that ||cr 7 || < 

E ,\/ 7 > 7*, and hence ||x 7 || 00 < E ,\/ 7 > 7*. □ 

Lemma 4.3. Consider the nonlinear system [13] 

x = f (x,u) = Ax + $ (x) + R (u) , (22) 

2: (0) = Xo, (23) 

y = Dx, (24) 
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where Xo G A is an m x m Hurwitz matrix 1 , D is an m x m matrix, 
input u € L°° (R + ,R"), state x, output y take values in R m , function R G 
C' 0 (R",R m ), and a locally Lip shitz function $ € C°(R m ,R m ). Assume the 
following: 

(i) The exists q u € W 1,0 ° (M + ,R m ) such that q u (0) = Xg and 

Aq u ( t ) + $(< 2 V (t) ) + R(u (t ) ) = 0,Vt > 0. 

(ii) There exist Ci>0, C2>0,£>0 and r > 2 such that 

| a- [$(a-|-g„(t)) — $(<?« (t ) )] | < Ci \a\ 2 +C 2 \a\ r , for almost all t > 0, Va G that satisfy |a| < f. 

(iii) One has C\ < — > where A max is the largest eigenvalue for the m x m 

positive-definite symmetric matrix P that satisfies 3 

P A + A T P = —Imxin- (25) 

Let x-y, y 1 be respectively the state and the output of (22)-(2f) when we use the 
input u o s-y instead of u. 

Then, 

• All solutions of (22)-(2f) are bounded. Furthermore, there exist E, 7 * > 0 

such that ||x 7 || < E,V 7 > 7*, for any solution x 1 of the system (3)-(f). 

• liiru^oc ||F 7 — Dq u = 0, where F 7 : M + — ► K m is defined as F 7 (t) = 
y-y (7 *) ,vt > 0,V7 > 0. 

Proof. Since $ is locally Lipschitz, the right-hand side of (22) is locally Lipschitz 
relative to x and hence the system (22) has a unique solution. The function q u 
satisfies (12)-(13) in Lemma 4.2 because of (i). 


Consider the continuously differentiable quadratic Lyapunov function candidate 
V : -t- R such that V (a) = a T Pa, Va G R m . Since P is symmetric, we 

have Va G R m that 

A m in M 2 < V (a) = a T Pa < A max |a | 2 , 


where A m i n is the smallest eigenvalue of the matrix P. Thus V is positive definite 
and proper. Since P is symmetric we have 


dV (a) 
da 


2\Pa\ <2A max |a|,VaGR m . 


(26) 


We have by (25) that 
dV (a) 


da 


Aa = 2 Pa ■ Aa = a T ( PA + A T P) a = — |a | 2 , Va G 


(27) 


From Condition (i) we get for all 7 > 0 that 
dV (a) | 

: Vy 


da 


dV (a) 

■ f{y 7 + q u , U) = — 

ol— dOi 


dV (a) 


da 






Ay 7 + Aq u + (y^ + q u ) + R ( u ) J 
Ay-I + $ ( 2/7 + 9u) - $ (Qu) ■ 

(28) 


2 that is each eigenvalue of A has a strictly negative real part. 

3 the existence of the matrix P in (25) is guaranteed because A is Hurwitz [7, p.136]. 
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where y 1 is defined in (14). 

We get from (28), (27), (26) and Condition (ii) that 
dV (a) I 


da 




■f(y-y (t) + q u {t),u(t) ) < (-1 + 2ci A max ) I y 1 (t)\ + 2 c 2 A max | y 1 (f)| r , 


V7 > 0 for almost all t G [0, w 7 ) that satisfy | y 1 (f)| < £, 


(29) 


where [0,w 7 ) is the maximal interval of existence of tr 7 and y 7 . This leads to 


dV (a) 


da 


1 - 2ci A n 


a=y-,(t) 


f{y 7 (t) + q u (t),u(t)) < -- — max \y 1 {t)\ 2 , 


V7 > 0, for almost all t G [0, w 7 ) that satisfy |y 7 (t)| < min ( r a ^ ~ jCi ^ max ; £ j . 

\ V 4c 2 A max J 

(30) 

Thus, (15) in is satisfied with /3 (u) = 1 ^ 2ci 2 Ain ‘ l; v 2 , V v > 0 and <5 = min ^ 

Hence all conditions of Lemma 4.2 are satisfied so that the solution of (22) is 
bounded. Morover, there exist If, 7* > 0 such that < E,V 7 > 7*. 

Futhermore, we have lim^oo || <r 7 — g u || = 0. Thus, we deduce from (24) that 


lim 


■7— >-00 


iF^-DquW^ = 0 . 


Example. Consider the system 


x = —x + x — u, 

x(0) = 0. 


□ 


(31) 

(32) 


where state x takes values in R and input u G W 1 ’ 00 (R + , R) is defined as 
u(t) = 0.1 sin(t),Vf > 0. The system (31)-(32) has the form (22)-(24), with 
x = y, m = n = 1, A = — 1 , 4>(a) = a 3 , R(a) = —a, Va G R, and D = 1. 
Observe that P in (25) equals 1/2 which mean that A m j n = A max = 1/2. We 
have u (0) = 0 and u is bounded with 


<■) e [t 


'mm 5 u max 


Define the function % : 


1_ J_ 

v 

2_ 2 

\/3 5 V3_ 

7 

3\/3’ 3\/3 


] = [-0.1, 0.1], (33) 

as x ( v ) = — v + v 3 ,\/v G 


1 1 

\ 73 ’ Vs 


. The function x is strictly decreasing, bijective and its inverse func- 
tion is continuous. Hence, there exists a function q u G C° (R+, R) 0 L°° (R+, R) 

r . 1 

such that q u {-) G 


1 1 

' V3’ Vs 


, q u { 0) = 0 and 
x(Qu (t) ) = -q u (t) + ql (t) =u(t),\/t> 0. 


(34) 


It can be checked using (33) that < 0.11 (see Figure (lb)). Thus 

q u (•) 7^ ^|. This fact and (34) implies that the function q u = it/ (l — 3 g, a ) 
is bounded so that q u G IF 1,00 (R + ,R). Hence Condition (i) of Lemma 4.3 is 
satisfied. 


<)■ 


On the other hand, we have for all a G R that 

a (<F (a + q u ) — $ ( q u )) = 3 q 2 a 2 + 3 q u a 3 + a 4 . 


(35) 
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Since < 0.11, one has 1 1 3^ || ^ < 0.0363 = C\. Hence it follows from (35) 

that for any (>0we have 

a[$(a + q u (f) ) - <S>(q u (t ) )] < da 2 + (3 WqJ^ + £) a 3 

Va £ that satisfy |a| < £, for almost all t > 0. 

(36) 

Thus, Condition (ii) in Lemma 4.3 is satisfied with C 2 = 3 HgJI^ +£• Moreover, 
we have ci < 1 = — which implies that Condition (ii) in Lemma 4.3 is 

also satisfied. Therefore, the solution of (31)-(32) is bounded, that there exist 
E, 7 * > 0 such that 1 1 1 1 100 < E,\/"f > 7 *, and that lim^oo ||<r 7 — = 

lim-y—^oo H-Fly — tZulloo = 0 (observe that er 7 (-) = F 7 (-) because x (•) = ?/(•)). 
This is illustrated in Figure la. 



(a) F~f (i) versus t for system (31). 



Figure 1: Simulations. 


5 Conclusion 

In [5] a rule for deciding whether a process may or may not be a hysteresis 
is proposed for causal operators such that a constant input leads to a constant 
output. That rule involves checking whether the so-called consistency and strong 
consistency properties hold. In this paper we derived necessary conditions and 
sufficient ones for the uniform convergence of the shifted solutions <r 7 : t — >• 
x 7 (yi) of the system x = /(i,«os 7 ). This uniform convergence is related to 
consistency. Does this mean that the concept of consistency can be extended to 
study operators for which the property that a constant input leads to a constant 
output, that property does not hold? 

This paper explores this issue for systems of the form x = f(x,u), however, 
no clear cut answer may be drawn for the obtained results. 

Indeed, the necessary conditions alone cannot guarantee whether the uniform 
convergence of <r 7 when 7 — > 00 happens or not. The sufficient conditions do 
imply that convergence but do not guarantee that the hysteresis loop of the 
operator is not trivial. In the example, we have seen that q u is a function of u 
so that the hysteresis loop is a curve and we cannot acertain from this whether 
system (31) is a hysteresis or not. This is a future research line. 
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Abstract 

Fuzzy analytical hierarchy process(FAHP) is widely used in multi-criteria 
decision making (MCDM) under uncertain environments. Many works have 
been proposed. However, the existing methods are complex and time con- 
suming. What’s more, the conflict management in AHP is still an open issue. 
To solve these issues, a novel and simple FAHP method is proposed based 
on the canonical representation of multiplication operation on fuzzy numbers 
in this paper. We adopt the main idea of classical AHP, that is the weight 
of each criterion can be determined by its relative ratio. The relative ratio 
can be easily determined in the proposed method. In addition, the aver- 
age method is adopted to handle conflicts in AHP. An example on supplier 
selection is used to illustrate the efficiency of our proposed method. 

Keywords: Analytical Hierarchical Process, fuzzy numbers, fuzzy AHP, 
canonical representation of fuzzy numbers, supplier selection. 


1. Introduction 

Analytical Hierarchy Process(AHP) is a powerful tool for handling both 
qualitative and quantitative multi-criteria factors in decision-making prob- 
lems, developed by Saaty [1] in the 1970s. This method has been extensively 
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studied and refined since then. It provides a comprehensive and rational 
framework for structuring a decision problem, for representing and quanti- 
fying its elements, for relating those elements to overall goals, and for eval- 
uating alternative solutions. With this method, a complicated problem can 
be converted to an ordered hierarchical structure. AHP method has been 
widely applied to multi-criteria decision making situations [2], such as: web 
sites selection[3], tools’ evaluation [4], e-business [5], drugs selection[6], group 
decision [7, 8]and so on[9, 10, 11, 12], 

Multi-Criteria analysis problems require the decision maker to make qual- 
itative assessments regarding the performance of the decision alternatives 
with respect to each independent criterion and the relative importance of 
each independent criterion with respect to the overall objective of the prob- 
lem [13, 14], As a result, uncertain subjective data are present which make 
the decision making process complex. Many math tools are developed. For 
example, evidence theory is heavily studied since it can fuse different data 
which make it widely used in multi-criteria decision making [15, 16, 17]. Due 
to the flexibility to handle linguistic information [18], the fuzzy sets theory is 
also widely used in many uncertain decision makings [19, 20, 21, 22, 23]. As a 
result, the classical AHP is extended to fuzzy AHP (FAHP) [24] and is applied 
to many MCDM applications under uncertain environment, such as environ- 
mental assessment and management [25, 26, 27], supplier management [28], 
group decision making [29], fuzzy MCDM[30], fuzzy MADM [31], and so on 
[32]. 

Two key issues should be solved in the application of fuzzy AHP. One 
issue is that how to determine the weight of each criterion when the elements 
of comparison matrix are fuzzy numbers. Unlike the classical AHP, the eigen- 
vector of fuzzy comparison matrix cannot be obtained directly. Hence, some 
other steps are inevitable to get the final weights in most existing fuzzy AHP 
methods[24, 33], which makes the FAHP more completed to some degrees. 

The other key problem when applying the AHP is to avoid rank reversal [34] . 
Due to the different preference and subjective and objective factors in deci- 
sion making, evidence connected from different sources are often conflicting[35, 
36, 37, 38]. How to deal with conflict and dependence in AHP is still an open 
issue [39, 40, 41, 42], In classical AHP, a well known coefficient, called as 
Consistency index(CI), is used to measure the conflicting degree in decision 
making. In some application systems, the AHP model should be adjusted 
when the Cl is higher than a certain threshold value. The problem stil- 
1 exists in fuzzy AHP. Many methods have been proposed to handle this 
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problem [43, 44], In order to construct decision matrices of pairwise compar- 
isons based on additive transitivity, Herrera- Viedma et al. propose consistent 
fuzzy preference relations [45]. In [43], the distance function between two lin- 
guistic preference relations is defined, then a new Cl is defined based on the 
distance function. In [44, 46], a method is proposed to construct fuzzy lin- 
guistic preference relations, called as fuzzy LinPreRa method. However, it 
should be pointed out that is difficult to give a corresponding Cl in fuzzy 
AHP. 

To handel these two issues mentioned above, we propose a novel and 
simple FAHP in this paper. On the one hand, we use the canonical repre- 
sentation of multiplication operation on fuzzy numbers, presented in [47] , to 
obtain the weigh of each criterion in a straight and easy manner. On the 
other hand, we suggest to use average method to deal with conflicts in AHP 
decision making. The numerical example on supplier selection shows the ef- 
ficiency of our proposed method. The paper is organized as follows. Section 
2 begins with a brief introduction to the basic theory used in the proposed 
method, including AHP, fuzzy set theory and genetic algorithm. A typical 
fuzzy AHP is also introduced in this section. The proposed methodology is 
detailed in section 3. In section 4, our proposed method is applied to supplier 
selection. Section 5 concludes the paper. 

2. Preliminaries 

2.1. Analytical Hierarchy Process [1] 

The first step of AHP is to establish a hierarchical structure of the prob- 
lem. Then, in each hierarchical level, use a nominal scale to construct pair- 
wise comparison judgement matrix. 

Definition 2.1. Assuming (Td, • • • , Ei , • • • , E n ) are n decision elements, the 
pairwise comparison judgement matrix is denoted as M nxn = [m^-], which 
satisfies: 

1 

mu = 

3 nriji 

where each element rn l3 represents the judgment concerning the relative 
importance of decision element E, over Ej . 

With the matrix constructed, the third step is to calculate the eigenvector 
of the matrix. 
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Definition 2.2. Eigenvector ofnxn pairwise comparison judgement matrix 
can be denoted as: w = (wi, • • • ,w^ ■ ■ ■ ,w n ) T , which is calculated as follows: 

Aw = A max -uJ, A max > n (2) 

where A max is the maximum eigenvalue in the eigenvector w of matrix 
Mnxn- 

Before we transform the eigenvector into the weights of elements, the 
consistency of the matrix should be checked. 

Definition 2.3. Consistency index(CI)[ 1] is used to measure the inconsis- 
tency within each pairwise comparison judgement matrix, which is formulated 
as follows: 


Cl 


n — 1 


( 3 ) 


Accordingly, the consistency ratio(ClR) can be calculated by using the 
following equation: 


CR 


Cl 

m 


( 4 ) 


where RI is the random consistency index. The value of RI is related to 
the dimension of the matrix, which is listed in Table 1. 


Table 1: The value of RI(random consistency index) 


dimension 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

RI 

0 

0 

0.52 

0.89 

1.12 

1.26 

1.36 

1.41 

1.46 

1.49 


If the result of CR is less than 0.1, the consistency of the pairwise com- 
parison matrix M is acceptable. Moreover, the eigenvector of pairwise com- 
parison judgement matrix can be normalized as final weights of decision 
elements. Otherwise, the consistency is not passed and the elements in the 
matrix should be revised. 
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2.2. Fuzzy sets 

In 1965, the notion of fuzzy sets was firstly introduced by Zadeh[18], 
providing a natural way of dealing with problems in which the source of 
imprecision is the absence of sharply defined criteria of class membership [48]. 

A brief introduction of Fuzzy sets are given as follows. 

Definition 2.4. A fuzzy set A is defined on a universe X may be given as: 

A = {{x,n A (x)) \x G X} 

where ha ■ X — > [0,1] is the membership function A. The membership 
value pa ( x ) describes the degree of belongingness of x G A" in A. 

For a finite set A = {x^, . . . , Xj, . . . , x n }, the fuzzy set ( A,m ) is often 
denoted by j Ta i Xl )/ Xi , . . . , Ta ( x i )/ x ., . . . , Ta ( x n)/ x ^ j. 

In real application, the domain experts may give their opinions by fuzzy 
numbers. For example, in a new product price estimation, one expert may 
give his opinion as: the lowest price is 2 dollars, the most possibility price of 
the product may be 3 dollars, the highest price of this product will not be in 
excess of 4 dollars. Hence, we can use a triangular fuzzy number (2,3,4) to 
represent the expert’s opinion. The triangular fuzzy numbers can be defined 
as follows. 


Definition 2.5. A triangular fuzzy number A can be defined by a triplet (a, 
b, c) , where the membership can be determined as follows 


A triangular fuzzy number A = ( a,b,c ) can be shown in Fig.(l). 


p A ( x ) 


0, x < a 
f=^, a ^ x 

b—a ’ ^ ^ 

^=f , b ^ x ^ c 
0, x > c 


( 5 ) 


In Fig2. All, N 3, N 5, N 7 and N9 are used to represent the pairwise 
comparison of decision variables from Equalto Absolutely preferred, and TFNs 
N 2, N 4, N 6 and N 8 represent the middle preference values between them. 
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2.3. Canonical representation operation on fuzzy numbers 

In this section, the canonical representation of operation on triangular 
fuzzy numbers which are based on the graded mean integration representation 
method [47], is used to obtain the weight of each criterion in a simple manner. 
The canonical representation operation on fuzzy numbers is applied to many 
decision makings [49, 50]. 

Definition 2 . 6 . Given a triangular fuzzy number A = (oi, 02, 03), the graded 
mean integration representation of triangular fuzzy number A is defined as: 

P(A) = -(op + 4 x (Z2 + 03) (6) 

o 

Let A = (ai, a2, 03) and B = (bi, 62, 63) be two triangular fuzzy numbers. 
By applying Eq.(6), the graded mean integration representation of triangular 
fuzzy numbers A and B can be obtained, respectively, as follows: 

P(A) — |(on + 4 x a-2 + 03) 

P{B) = |(6! + 4 x 62 + 63) 

The representation of the addition operation © on triangular fuzzy numbers 
A and B can be defined as : 

P(A © B) — P(A) + P(B) = — (ai + 4 x 02 + 03) + -(61 + 4 x 6 2 + ^3) (7) 

o o 

The canonical representation of the multiplication operation on triangular 
fuzzy numbers A and B is defined as : 

P(A © B ) = P(A) x P(B) = — (01 + 4 x 02 + 03) x —(61 + 4 x 62 + bf) (8) 

o o 

2.4. FAHP 

In this section, we briefly introduce a typical FAHP method . For detailed 
information, please refer [51, 52], 

In the first step, triangular fuzzy numbers are used for pair-wise compar- 
isons. Then, by using extent analysis method the synthetic extent value Si of 
the pair-wise comparison is introduced and by applying the principle of the 
comparison of fuzzy numbers, the weight vectors with respect to each ele- 
ment under a certain criterion is calculated. The details of the methodology 
are presented in the following steps: 
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Let X = {xi,x 2 , ■ ■ ■ , :r n } be an object set, and U = {ui,u 2 , ■ ■ ■ ,u m } be 
a goal set. According to the method of Changs extent analysis, each object 
is taken and an extent analysis for each goal, g t . is performed. Therefore , m 
extent analysis values for each object can be obtained, with the following 
signs: 

Mg t , M . . . , M™, i = 1, 2, . . . , n, where all the M 3 gi (j = 1, 2, . . . , m) are 
TFN’s. 

Step 1: The value of fuzzy synthetic extent with respect to the ith object is 
defined as 

m f n m 'N — ^ 

s < = E M i® (9) 

j = 1 l i= 1 3=1 J 


In order to obtain M 3 gi: perform the fuzzy addition operation of m extent 


3=1 


analysis values for a particular matrix such that 


m m 


E K = E^’E m i’E 


Uj 


( 10 ) 


3=1 


d = 1 3=1 3=1 


-1 


To obtain ^ X) X) M 3 gi ^ , perform the fuzzy addition operation of M 3 gi (j = 


i=i j = i 

1 , 2 , , m) values such that 


gi v 


n n 


EE M i* = E^’E^’E 

i= 1 j = 1 \ 2=1 i — 1 i=l 

and then compute the inverse of the vector. 


Uj 


(11) 


Step 2: The degree of possibility of M 2 = ( l 2 ,m 2 ,u 2 ) > M\ = (h,mi,ui) is 
expressed as: 


V(M 2 > Mi) 

= hgt{M\ > M 2 ) 

1, 

(I 1 —U 2 ) 


if m 2 > rrii 
77 7—7 7-77 otherwise 

0, if h > U 2 


( 12 ) 
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To compare M x and M 2 both V (M 2 > Mi) and V(Mi > M 2 ) are required. 

Step 3: The degree of possibility for a convex fuzzy number to be greater 
than k convex fuzzy numbers M*(i = 1, 2 , . . . ,k) can be defined as: 

V (M > Mi, M 2 , . . . , M fc ) = V[(M > Mi) and (M > M 2 ) and ... and 

(. M > Mfc)] = min V (M > M,), i - 1.2, ..,/>■ (13) 

Let d'(Ai) = min V (Si > S^), for k — 1, 2, . . . , n; k ^ i. Then the weight 
vector is given by: 


W^^O,^),...,^)) 1, (14) 


Step 4: The weight vector obtained in step 3 is normalized to get the nor- 
malized weights. 

3. The proposed methodology 

One of the most key issue in fuzzy AHP is how to determine the weights 
given the fuzzy pairwise comparison judgement matrix. For example, given 
the linguistic data in Table 2, how can we get the weight of each criterion? 
In the following of this section, we solve the problem step by step. 

Table 2: The Fuzzy evaluation of criteria with respect to the overall objective 



Cl 

C2 

C3 

C4 

C5 

I'Ve 

Cl 

(1,1,1) 

(3/2, 2, 5/2) 

(3/2, 2, 5/2) 

(5/2, 3, 7/2) 

(5/2, 3, 7/2) 

0.3283 

C2 

(2/5, 1/2, 2/3) 

(1,1,1) 

(3/2, 2, 5/2) 

(5/2, 3, 7/2) 

(5/2, 3, 7/2) 

0.2839 

C3 

(2/5, 1/2, 2/3) 

(2/5, 1/2, 2/3) 

(1,1,1) 

(3/2, 2, 5/2) 

(3/2, 2, 5/2) 

0.1798 

C4 

(2/7, 1/3, 2/5) 

(2/7, 1/3, 2/5) 

(2/5, 1/2, 2/3) 

(1,1,1) 

(3/2, 2, 5/2) 

0.1262 

C5 

(2/7, 1/3, 2/5) 

(2/7, 1/3, 2/5) 

(2/5, 1/2, 2/3) 

(2/5, 1/2, 2/3) 

(1,1,1) 

0.0818 
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3.1. Transformation of fuzzy comparison matrix 

Let’s consider the element in the comparison matrix classical AHP. The 
rating in the matrix means the relative importance of the criterion. For 
example, suppose only two criterion in a comparison matrix, listed as follows. 

Example 3.1. The comparison matrix is given as follows 

Ci C 2 

Cl 1 3 ' 

C 2 L 1/3 1 . 

From the matrix, the element C\ 2 = 3 means that weight of the second 
criterion C 2 is three times of that of the first criterion C\ . In addition, the 
eigenvector of comparison matrix can be easily obtained as follows: 

' wi 1 _ T 0.75 ' 
w 2 0.25 

Two important points should be noticed: First point, the sum of the 
eigenvector of comparison matrix should be ONE. For example, w\ + w 2 = 
0.75 + 0.25 = 1. Second point, the ratio of the weight should be coincide 
with the corresponding element in comparison matrix. In Example 3.1, we 
can get w\/w 2 = 0.75/0.25 = 3 = C 12 . 

This idea of AHP can be easily adopted in fuzzy AHP. For example, in the 
Table 2, the element C\ 2 = (3/2, 2, 5/2). According to the above analysis, we 
understand that the weight of the second criterion C 2 is (3/2, 2, 5/2) times 
of that of the first criterion C/ (Notice: for the sake of simplicity, we suppose 
that (3/2, 2, 5/2) is not a linguistic variable N 2 shown in Fig.2, but a simple 
fuzzy number to model the fuzzy variable ’’ABOUT 2”). The only difference 
between this case with Example 3.1 is that one is a crisp number 3 while 
the other is a fuzzy number (3/2, 2, 5/2). How to represent the weight of the 
second criterion C 2 is (3/2, 2, 5/2) times of that of the first criterion C\ in 
the canonical representation of multiplication operation on fuzzy numbers? 
According to the Eq.(8), we obtain the follow result. 

P(A ® B) 

= (1,1,1)® (3/2, 2, 5/2) 

= |(l + 4 x 1 + 1) x |(3/2 + 4 x 2 + 5/2) (15) 

= 1x2 

= 2 
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The Eq.(15) means that the the weight of the second criterion C 2 is 
(3/2, 2, 5/2) times of that of the first criterion C\ could also be stated 
as "the weight of the second criterion C 2 is 2 times of that of the first 
criterion C\ under the canonical representation of multiplication operation 
on fuzzy numbers'" . The other element of the canonical representation of 
multiplication operation on fuzzy numbers can also be determined and shown 
in Table3. 

Table 3: Evaluation of criteria with respect to the overall objective based on canonical 
representation of multiplication operation 



Cl 

C2 

C3 

C4 

C5 

Cl 

1 

2 

2 

3 

3 

C2 

46/90 

1 

2 

3 

3 

C3 

46/90 

46/90 

1 

2 

2 

C4 

212/630 

212/630 

46/90 

1 

2 

C5 

212/630 

212/630 

46/90 

46/90 

1 


We call the matrix in Table3 the comparison matrix with canonical 
representation of multiplication operation (CMCRMO) 

Let’s us see the first row of Table 3. If we suppose that the relative weight 
of the first criterion is 1, then we get that: l)both the the relative weight 
of the second and the third criterion is 2; 2)both the the relative weight 
of the fourth and the fifth criterion is 3. Then, a straight way to obtain 
the corresponding weight is with the simple normalization of these relative 
weights. The result can be shown as follows. 

w l = 1 = 2_ 

CT 1+2+2+3+3 11 

2 2 2 

W c 1 — 1+2+2+3+3 — IT 

W Ci ~ 1+2+2+3+3 — IT (I®) 

_ 3 _ _3_ 

CT 1+2+2+3+3 11 

lift _ 3 _ _3_ 

CT 1+2+2+3+3 11 
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In Eq.(16), the subscript Cj means that the weight is obtained according 
to the criterion C\. The weight in Eq.(16) is not the final weight of each 
criterion since that there exists conflict in this situation, also called rank 
reversal[34, 43, 44, 46, 45]. This problem will be handled in the following 
part. 

3.2. Conflict management with average method 

It should also be mentioned that the second point, namely "the ratio of 
the weight should be coincide with the corresponding element in comparison 
matrix ” can be satisfied on some ideal situations. However, the preference 
order will not be always keep coincided in the whole AHP process. In real 
application, the comparison matrix given by experts may not strictly obey 
the preference order as shown in Example3.2. 

Example 3.2. The comparison matrix is given as follows 



Cj 

c 2 

c 3 

c 4 

Cl 

1 

3 

5 

7 ' 

C 2 

1/3 

1 

i/3 

3 

C 3 

1/5 

3 

1 

2 

c 4 

1/7 

1/3 

1/2 

1 


From the first row of above comparison matrix, we can see that the im- 
portance ranking corresponding to Cj is 

C 1 <C 2 <C 3 < c 4 

. However, from the second row of above comparison matrix, we can see that 
the importance ranking corresponding to C 2 is 

C 1 <C 3 <C 2 < c 4 

The consistency index index defined in Definition2.3 show the conflict in 
preference. In classical AHP, the Cl is used to determine how consistence of 
the comparison matrix. If the value of Cl is higher than a threshold, then 
some adjustments to deal with rank reversal should be made. Though many 
methods have been proposed on this filed, it is still an open issue. In decision 
making with fuzzy AHP, it is also inevitable. For example, see the first line 
of the Table 3, we get the following preference ranking order. 

12 


212 


Yong Deng 201-228 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Table 4: The Fuzzy evaluation of criteria with respect to the overall objective 


Preference ranking order 

Cl 

61 < 62 

= 

63 

< 

64 = 

65 

C2 

61 < 62 

< 

63 

< 

64 = 

65 

C3 

61 = 

= 62 

< 

63 

< 

64 = 

65 

C4 

61 = 

= 62 

< 

63 

< 

64 < 

65 

C5 

61 = 

= 62 

< 

63 

= 

64 < 

65 


As can be seen from Table4, for 6 i, the weight of 62 is equal to 63 . 
However, for 62,63,64 and 65, the weight of 62 is less than 63. There are 
many other conflicts in the ranking order. In this paper, we use average 
to decrease the conflict in the preference order. We average the weights 
of all criteria to get the final weight of each criterion. That is, if we get 
the the comparison matrix with canonical representation of multiplication 
operation (CMCRMO) shown in Table3, we can obtain the final weight of 
each criterion with the normalization of average weight of each criterion. 


Example 3.3. Suppose we get the comparison matrix with canonical repre- 
sentation of multiplication operation (CMCRMO) shown in Tabled, we can 
get the average weight of the five criteria, respectively as follows 


w 

w 

w 

w 

w 


av 1 

Ci - 5 


av 1 

C 2 ~ 5 


av 1 

c 3 “ 5 


av 1 

C 4 - 5 


av 1 

C5 “ 5 


5 

i 

5 

i 

5 

E® 

i 

5 

E® 

i 

5 

E® 


CR _ 1 

C5 “ 5 


CR _ 1 
C 4 ~ 5 


CR _ 1 
C 3 ~ 5 


CR _ 1 
C 2 “ 5 


CR _ 1 
Ci ~ 5 


(3 + 3 + 2 + 2 + 1) 

(3+3+2 + 1 + D 
(2+2+1 + 1 + 1) 

(0 4 - I + « + 212 + 212"! 
'A ' x ' 90 ~ 630 ^ 630/ 

( 1 1 46 1 46 1 gL 2 1 212 \ 

V ~ r 90 _r 90 ” r 630 ” r 630 ) 


(17) 


% 

Here, wff means the average weight of the ith’s criterion, the superscript 
av denotes average, means the canonical representation of multiplica- 

tion operation of the ith’s criterion, the superscript CR denotes canonical 
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representation. The final weight of the ith’s criterion, vo c . , can be obtained 
with the normalization of average weight of each criterion Wq[ and listed as 
follows 


w 


f 

Ci 


+<% +W C 3 + W C 4 + w r 


11 

1698 , 2616 , 3794 . S992 , 1 1 
630 ^ 630 ^ 630 630 


0.3283 


w 


f 

c 2 


W 


£2 


W a c\ + w c 2 + w c 3 + w c\ + w c 5 


5992 

630 

1698 | 2636 ■ 3794 ■ 5992 ■ -i 
630 _r 630 ^ 630 _r 630 


0.2839 





+w% ? +w[ 


u c 1 ~ ruj c 2 


3794 _ 

1698 , 2636 , 6 3794 ■ 5992 ■ = 0.1798 

630 "i” 630 ^ 630 630 


(18) 


w 


f 

Ci 


w 


Ci 


™ a c\ + W C 2 + W C 3 + w Ci + w c 5 


2636 

630 

1698 , 2636 , 3794 , 5992 , i i 
630 ' r 630 ' r 630 630 _r 


0.1262 



, av 

°C 5 


»c\ +™b V 2 +< 


u c A - 


1898 

1698 7 2636 7 6 3 °94 7 5992 7 1 1 = 0.0818 
630 _l_ 630 630 _l " 630 _l_ 


Note that to detail our proposed method in a easily understood way, we 
suppose that the fuzzy number C 12 = (3/2, 2, 5/2) means that the the weight 
of the second criterion C 2 is (3/2, 2, 5/2 )times of that of the first criterion 
Cl 

However, according to the Figure2, the case is verse, where C 12 = (3/2, 2,5/2) 
means that the the weight of the second criterion Ci is (3/2, 2, 5/2 )times of 
that of the first criterion C 2 . As a result, if we use the linguistic variables 
shown in Figure2, the final weight of each criterion are shown in the right 
row in Table2. 


3.3. The proposed fuzzy AHP algorithm 

Here we detail the proposed fuzzy AHP algorithm to determine weight 
vector under uncertain environment step by step. 

Stepl: Construct the analytical hierarchy structure by domain experts. 
In this step, the experts will determine the objective of decision making, the 
relative criteria. In addition, the rating of the comparison matrix, modelled 
by fuzzy numbers can be given by experts through linguistic variables(for 
example, shown in Figue2), listed in Table2. 

Step2: For each criterion, using the canonical representation of multi- 
plication operation on fuzzy numbers to obtain the comparison matrix with 
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canonical representation of multiplication operation (CMCRMO), shown 
in Table3. 

Step3: Determine the average weight of the ith’s criterion w°j . , respec- 
tively by Eq. 19. 



I 


(19) 


where Wq R means the canonical representation weight of multiplication 
operation of the ith’s criterion, the superscript CR denotes canonical rep- 
resentation. In this average process, the conflict in preference is handled to 
achieve a consensus preference. 

Step4: Determine the final weight of the ith’s criterion, w c . , with the 
normalization of average weight of the ith’s criterion Wq j , respectively by 
Eq.20. 



I 


( 20 ) 


4. Numerical Example 

Decision making is widely used in supplier management and selection 
[51, 53, 54, 55, 56, 57, 58]. In this section, a numerical example originated 
from [51] is presented to illustrate the procedure of the proposed model. 

Owing to the large number of factors affecting the supplier selection de- 
cision, an orderly sequence of steps should be required to tackle it. The 
problem taken here has four level of hierarchy, and the different decision cri- 
teria, attributes and the decision alternatives, will be further discussed. The 
main objective here is the selection of best global supplier for a manufac- 
turing firm. Application of common criteria to all suppliers makes objective 
comparisons possible. The criteria which are considered here in selection of 
the global supplier are: 

(Cl)Overall cost of the product 
(C2) Quality of the product 
(C3) Service performance of supplier 
(C4) Supplier profile 
(C5)Risk factor 
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The AHP model of supplier selection can be constructed as shown in Fig 
3 



Figure 3: Hierarchy for the global supplier selection. 

As been seen from Fig 3., the overall cost of the product (Cl) has three 
factors (attributes): 

(Al) Product price , 

(A2) Freight cost 

(A3) Tariff and custom duties . 

The quality of the product (C2) has four factors: 

(A4) Rejection rate of the product , 

(A5) Increased lead time , 

(A6) Quality assessment 
(A7)Remedy for quality problems. 

The service performance (C3) has four attributes: 

(A8) Delivery schedule , 
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(A9) Technological and R&D support , 

(AlO)Response to changes 
(All) Ease of communication . 

The suppliers profile (C4) has four attributes: 

(Al2)Financial status , 

(A13) Customer base , 

(Al4)Performance history 
(Al5)Production facility and capacity. 

The Risk factor (C5) has four attributes: 

(A16) Geographical location , 

(Al7)Political stability , 

(A18) Economy 
(A19) Terrorism. 

Refer [51] for more detailed information about the attributes mentioned 
above. 

After the construction of the decision hierarchy of supplier selection, the 
fuzzy evaluation matrix of the criteria is constructed by the pairwise compar- 
ison of the different criterion relevant to the overall objective using triangular 
fuzzy numbers, which is shown in Table 2. 

The fuzzy evaluation of criteria with respect to the overall objective can 
be listed in Table 2. The final weights of each criteria can be determined by 
the GA method. The detailed calculation process is given in Section 3. The 
results are listed in right side of Table 2. 

In a similar way, the The fuzzy evaluation of the attributes with respect to 
criterion Cl to C6 can be given by domain experts and there corresponding 
results based on GA are listed in Table 5 to Table 9, respectively. 

For the criterion Cl, the summary combination of priority weights can be 
listed in Table 10. Also, the others summary combination of priority weights 
of C2 to C5 are shown in Table 11 to Table 14. 

The Fuzzy evaluation of criteria with respect to the overall objective can 
be shown in 15. As can be seen from Table 15 and Figure 4, the best supplier 
is SI, which is the same to the works in [51] using the commonly used fuzzy 
AHP method mentioned in Section 2.4. 

5. Conclusions 

In this paper, a novel and simple fuzzy AHP is proposed to handle M- 
CDM. In our new method, the weight of each criterion can be determined by 
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Table 5: The fuzzy evaluation of the attributes with respect to criterion Cl 


Cl 

Al 

A2 

A3 

W C i 

Al 

(1, 1, 1) 

(3/2, 2, 5/2) 

(3/2, 2, 5/2) 

0.4747 

A2 

(2/5, 1/2, 2/3) 

(1, 1, 1) 

(3/2, 2, 5/2) 

0.3333 

A3 

(2/5, 1/2, 2/3) 

(2/5, 1/2, 2/3) 

(1, 1, 1) 

0.1920 


Table 6: The fuzzy evaluation of the attributes with respect to criterion C2 


C2 

A4 

A5 

A6 

A7 

Wc2 

A4 

(1, 1, 1) 

(3/2, 2, 5/2) 

(2/3, 1, 3/2) 

(5/2, 3, 7/2) 

0.3703 

A5 

(2/5, 1/2, 2/3) 

(1, 1, 1) 

(2/3, 1, 3/2) 

(3/2, 2, 5/2) 

0.2391 

A6 

(2/3, 1, 3/2) 

(2/3, 1, 3/2) 

(1, 1, 1) 

(3/2, 2, 5/2) 

0.2663 

A7 

(2/7, 1/3, 2/5) 

(2/5, 1/2, 2/3) 

(2/5, 1/2, 2/3) 

(1, 1, 1) 

0.1243 


Table 7: The fuzzy evaluation of the attributes with respect to criterion C3 


C3 

A8 

A9 

A10 

All 

Wes 

A8 

(1, 1, 1) 

(3/2, 2, 5/2) 

(5/2, 3, 7/2) 

(7/2, 4, 9/2) 

0.4264 

A9 

(2/5, 1/2, 2/3) 

(1, 1, 1) 

(5/2, 3, 7/2) 

(5/2, 3, 7/2) 

0.3274 

A10 

(2/7, 1/3, 2/5) 

(2/7, 1/3, 2/5) 

(1, 1, 1) 

(3/2, 2, 5/2) 

0.1566 

All 

(2/9, 1/4, 2/7) 

(2/7, 1/3, 2/5) 

(2/5, 1/2, 2/3) 

(1, 1, 1) 

0.0895 
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Table 8: The fuzzy evaluation of the attributes with respect to criterion C4 


C4 

A12 

A13 

A14 

A15 



W C4 

A12 

(1, 1, 1) 

(3/2, 2, 5/2) 

(3/2, 2, 5/2) 

(7/2, 

4, 

9/2) 

0.4880 

A13 

(2/5, 1/2, 2/3) 

(1, 1, 1) 

(2/5, 1/2, 2/3) 

(3/2, 

2, 

5/2) 

0.2030 

A14 

(2/5, 1/2, 2/3) 

(2/7, 1/3, 2/5) 

(1, 1, 1) 

(3/2, 

2, 

5/2) 

0.1942 

A15 

(2/9, 1/4, 2/7) 

(2/5, 1/2, 2/3) 

(2/5, 1/2, 2/3) 

(1, 1 , 

1) 


0.1148 


Table 9: The fuzzy evaluation of the attributes with respect to criterion C5 


C5 

A16 

A17 

A18 

A19 

Wc 5 

A16 

(1, 1, 1) 

(2/3, 1,3/2) 

(2/3, 1, 3/2) 

(2/3, 1, 3/2) 

0.2331 

A17 

(2/3, 1, 3/2) 

(1, 1, 1) 

(3/2, 2, 5/2) 

(3/2, 2, 5/2) 

0.3438 

A18 

(2/3, 1, 3/2) 

(2/5, 1/2, 2/3) 

(1, 1, 1) 

(3/2, 2, 5/2) 

0.2741 

A19 

(2/5, 1/2, 2/3) 

(2/5, 1/2, 2/3) 

(2/5, 1/2, 2/3) 

(1, 1, 1) 

0.1489 


Table 10: Summary combination of priority weights: attributes of criterion Cl 


Weight 

Al 

0.4747 

A2 

0.3333 

A3 

0.1920 

Alternative priority 
weight 

Alternatives 

SI 

0.71 

0.44 

0.69 

0.6217 

S2 

0.13 

0.36 

0.08 

0.1920 

S3 

0.16 

0.20 

0.23 

0.1862 
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Table 11: Summary combination of priority weights: attributes of criterion C2 


Weight 

A4 

0.3703 

A5 

0.2391 

A6 

0.2663 

A7 

0.1243 

Alternative priority 
weight 

Alternatives 

SI 

0.51 

0.51 

0.69 

0.87 

0.6027 

S2 

0.23 

0.23 

0.08 

0.00 

0.1615 

S3 

0.26 

0.26 

0.23 

0.13 

0.2359 


Table 12: 

Summary combination of priority weights: attributes of criterion C3 

Weight 

A8 

0.4264 

A9 

0.3274 

A10 

0.1566 

All 

0.0895 

Alternative priority 
weight 

Alternatives 





SI 

0.27 

0.69 

0.05 

0.49 

0.3927 

S2 

0.18 

0.08 

0.64 

0.32 

0.2318 

S3 

0.55 

0.23 

0.31 

0.19 

0.3754 


Table 13: Summary combination of priority weights: attributes of criterion C4 


Weight 

All 

0.4880 

A12 

0.2030 

A13 

0.1942 

A14 

0.1148 

Alternative priority 
weight 

Alternatives 

SI 

0.83 

0.45 

0.69 

0.33 

0.6683 

S2 

0.17 

0.45 

0.08 

0.33 

0.2277 

S3 

0.00 

0.10 

0.23 

0.34 

0.1040 
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Table 14: Summary combination of priority weights: attributes of criterion C5 


Weight 

A16 

0.2331 

A17 

0.3438 

A18 

0.2741 

A19 

0.1489 

Alternative priority 
weight 

Alternatives 

SI 

0.72 

0.49 

0.83 

0.27 

0.6040 

S2 

0.00 

0.32 

0.17 

0.18 

0.1834 

S3 

0.28 

0.19 

0.00 

0.55 

0.2125 


Table 15: Summary combination of priority weights: main criteria of the overall objective 


Weight 

Cl 

0.3542 

C2 

0.2696 

C3 

0.1692 

C4 

0.1147 

C5 

0.0923 

Alternative priority 
weight 

Alternatives 

SI 

0.6217 

0.6027 

0.3927 

0.6683 

0.6040 

0.5815 

S2 

0.1920 

0.1615 

0.2318 

0.2277 

0.1834 

0.1938 

S3 

0.1862 

0.2359 

0.3754 

0.1040 

0.2125 

0.2246 
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SI 

S2 

S3 

□ This paper 
■ Ref[21] 

0.5815 

0.6 

0.1938 

0.19 

0.2246 

0.21 


Suppliers 


Figure 4: Comparison of proposed mtlrod with the previous work [21]. 

the the canonical representation of multiplication operation on fuzzy num- 
bers. Instead of obtaining the eigenvector of the fuzzy comparison matrix, 
we get the weight simply by the ratio of each criterion. In addition, we get 
the final weight of each criterion by average method, which can deal with 
conflicts in an efficient manner. The proposed method is applied to supplier 
management under linguistic environment. The results show the efficiency of 
the proposed method. The method can be easily used in other fuzzy decision 
making problems. 
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A QUADRATURE RULE FOR THE FINITE HILBERT TRANSFORM VIA 
SIMPSON TYPE INEQUALITIES AND APPLICATIONS 

SHUNFENG WANG, NA LU AND XINGYUE GAO 


Abstract. In this paper, a quadrature rule on an equidistant partition of the interval [a, b] for the finite 
Hilbert Transform of different classes of absolutely continuous functions via Simpson type inequalities 
is given, which may have the better error bounds than those obtained via trapezoid type inequalities. 
Some numerical experiments for different divisions of the interval [a, b] are also presented. 


1. Introduction 


The finite Hilbert transform plays an important role in scientific and engineering computing. Denote 
by (Tf)(a, b , •) the finite Hilbert transform of the function / : [a, b] —> R, i.e., we recall it 


( 1 . 1 ) 


/UM dT:= i lim 
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O) 

+ 
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la T ~t 7T e-s-0 

yJ d J t-l-fiij 


fir) 
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dr, 


where PV has the usual meaning of the Cauchy principle value. 

There are some important approaches for evaluating finite Hilbert transforms, such as the Gaussian, 
Clrebyshev, TANH, Iri-Moriguti-Takasawa, and double exponential quadrature methods. And for classical 
results on the finite Hilbert transform, see [4, 5, 6, 9, 11, 12, 13, 17]. 

In [5], by the use of trapezoid type rules taken on an equidistant partition of the interval [a, b\, Dragomir 
et al. proved the following inequalities for the finite Hilbert transform of different classes of absolutely 
continuous functions. 


Theorem 1.1. Let f : [a, 6] 
continuous on [a, b]. If 


be a differentiable function such that its derivative f is absolutely 
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for all t € (a, b), where [f;c,d\ denotes the divided difference [f;c,d\ := 
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Theorem 1.2. Let f : [a, 6] — > R. be a twice differentiable function such that the second derivative f" is 
absolutely continuous on [a, b\. Then 


(1.4) 


(T/)(a,M)-— In 

7 r 


b — t 
t — a 


- T n (f;t ) 


1 


12n 2 7r 


ib-a ) 2 

12 


+ \ t ~ 


(&-a)||/'"||[«, &],«,, z/r'eLooM]; 


<< 


q[B(q + l,q + l)}i 
2(2 q + 1)?i 2 7t 


(<- a) 2+lq + {b-t) z+ « J \\f"\\\a,b\,p, if S'" S L p [a,6],p > 1, ^ ^ = 1; 


1 1 


1 


(b — a) 2 


87 m 2 

r o~«)‘ 

367m 2 


+ £ — 


ini[a,6]4i 




*//'" S Loo [a, 6]; 




g[L(g + l,g+l)]l(6-a) 2+ 7 ^ 1 1 

2n(2q + l)n 2 11/ ll[ a ,6]j»» *// € £ P M,p > 1, ^ ? - 1, 

1 

\2 II j*///|| 


/or all t £ ( a,b ), where T n (f;t) is defined by (1.2). 

An extensive literature such as [1, 2, 3, 7, 8, 10, 14, 15, 16, 18, 19, 20, 21, 22] deal with Simpson type 
inequalities. 

In this paper, motivated by [5], by the use of Simpson type inequalities taken on an equidistant 
partition of the interval [a, b], a quadrature formula for the Finite Hilbert transform of different classes 
of absolutely continuous functions is obtained. Estimates for some error bounds and some numerical 
examples for the obtained approximation will also be presented. 


Lemma 2.1. Let u : [a, 6] 
inequalities: 


2 . THE RESULTS 

be an absolutely continuous function on [a, 5] . Then one has the 
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A simple proof of this fact can be done by using the identity 
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and we omit the details. 

The following lemma holds. 

Lemma 2.2. Let u : [a, 6] — > R. be an absolutely continuous function on [a, 6]. Then for any t,r £ 

( a,b),t t and n £ N, n > 1, we have the inequality: 
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□ 


The following theorem in approximating the Hilbert transform of a differentiable function whose de- 
rivative is absolutely continuous holds. 


Theorem 2.1. Let f : [a, b] 

continuous on [a, b\. If 
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Proof. Applying Lemma 2.2 for the function f , we may write that 
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f'{t)(b — a) + f{b) — f(a) b-a 


2(6 — a) , ( 1 \ b-t ( 1\ 

+ A 3iT J E /;t+ ( i + 2)'YT' 1 + (‘ + 2) 


6 n 

n— 1 r 


3 n 


E 

2=1 


. b — t . a — t 

j \t -\- 1 • , t H- i • 

n n 


1\ b — t 


1\ a — t 


2=0 


and 


^ / V-t|||/ ,, ||[i 1 r] I ocdT<||/ ,, ||[ 0)6 ],ooPV [ b |r-i|dr = || /" || [a,b] ,oo [E-a) 2 +(f 
J a J a v 

^ ^ <Z|l/"ll[a,&], P 


a + 6^ 


PV |r-6|5||r|| [t , T])P dr<||/"|| K 6], p P^ / |r-tpdr = 


9 + 1 


(t-a) 1+ 5 + (6-t) i+ t 


i+l 


^ f Wf"\\{t,T],idT = PV f liniM+dr + [ b ||/"||[ t ,r],idr 
J a J a J t 


<||/"||[a,t],i4-a) + ||/"|l[t,6],i(^-i)< 


V, 

a + 6 

2 (6 -a) + 

2 


l/"ll[a,h] > l, 


then, by (2.7) we get 


(2.8) 


1 


PF 


f(t)(b-a) + f(b)-f(a) b-a 


T ~t 


-dr — 


67 m 


37rn 


E 

»= 1 


t — a b — t 

j;t • *, t H • 1 

n n 


2(6 — a) ^ , t — a 

37rn ’ n 

i=0 L 

r 5iin [a , 6 ] >00 

367rn 


( . l\ , b — t 

( ■ 1\ 

( l “h p. ) 1 1 H - 

( 1 + - 

V 2 J n 

V 2/ 


<< 


1 ,, x o / . CL + 6\ 
+(*-—) 


if /" G ioo[a, 6]; 


+ 39+1) 9 ll/ ,/ |l[a,h],p 
7r(g + l) 1+ «n 


1 1 


(t - a) + i + (b - t) + o , if /" G L p [a, b],p > 1, - + - = 1 


p q 


V, 

a + b 

2 (b-a) + 

t 

2 


3ml 

On the other hand, as for the function / 0 : (a, 6) -+ R, fo(t) = 1, we have 

{T,f 0 )(a,b;t) = - In (j — -\ ,t G (a, 6), 
7T \t — a J 

then obviously 

(Tf)(a,b-,t) = -PV f 

^ J a 


b Hr) - m + m ^ 1 DT/ r b m - m ^ , /w _ . /- fc dr 


T — t 


-dr = -PH 
7 r 


dr+ GYYpy 

T — f 7T n T — t 


from which we get the equality: 


(2.9) 


(T/)(a,6;t)-— In 


/(0 1 fb~t\ _ 1 DT/ f b f(r)-f(t) 


= -PV 


7 r \t — a J 7T 

Finally, using (2.8) and (2.9), we deduce (2.4). 


t — t 


-dr. 


□ 


Before we proceed with another estimate of the remainder in approximating the Hilbert Transform for 
functions whose second derivatives are absolutely continuous, we need the following lemma. 

Lemma 2.3. Let u : [a, 6] — > R 6e a function such that its derivative is absolutely continuous on [a, 6]. 
Then one has the inequalities: 


(2.10) 


f b (U u(a) + 4u(^)+u(b) 

J rt(s)ds (b-a) 
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f ( b-a ) 3 


<< 


81 

{b- a) 2+ * 


11^ ll[a,6],oo? ^ ^ Loo[u, &], 


0 A||u"|| [o 6 ] pj i/u" G L p [a,b],p > 1, - + - = 1; : 

2 p q 


(b — a) 2 
24 


ll u II [a, 6] ,1 ) 


where 

( 2 . 11 ) 


A = 


— si d s+ s q s — 


ds 


(i-s) 9 u _s ds + / (1-s) 9 s-- ds 


A simple proof of the fact can be done by the use of the following identity: 


(2.12) 


u(s)ds — 


u{a)+4u(^) +u(b) 


a-\-b 

1 


{b — a) = — - / (s-o) s- 


2 a -|- b 


u"(s)ds 




and we omit the details. 

The following lemma also holds. 


Lemma 2.4. Let u : [a, b] — > R. be a differentiable function such that v! : [a, b\ — > R. is absolutely 
continuous on [a, b] . Then for any t,r G (a, b),t ^ t and n G N, n > 1, we have the inequality: 


1 C T 1 n ~ 1 

— / u(s)ds V 

-t.L w 6 n ^ 


T — t _ __ 

r l r -^l 2 „..// 


i = 0 




T — t 


+ 4 u\t + 


K) 


1\ r — t 


u t H- (i H- 1) 


r — t 


if u" G Loo [a, b]; 


<< 


81n 2 " U ^ t,T l’ 00 ’ 

2 /i < 2 ~M\ u II [t,r],p> If u S L p [a, b\ } p > 1, — + — 1; 

T-t| 


|T-t| 1+ ^ 


24n 2 11 ” ll[t > Tl > 1- 
Proof. Consider the equidistant division of [t, t] (if t < r) 

T — t 

E n : Xi = t + i ■ , i =0, n. 

n 

If we apply the inequality (2.10), we may state that 

i (^ + * ■ at ) + 4u (* +(*+§)' y ) + +(*+!)• y ) T - t 


r x i+ 1 

/ u(s)ds — 
J Xi 

( |r-i| 3 


<< 


81 n 3 ll U ll[xj,Xi+l],00! if U G Lo 

| T — 1| 2+ 9 1 1 

r^ A ll«"ll[x i> x i+1 ],p, if u" e Lp[o,6],p >!,- + - = !; 


2n 2+ * 

|r-f| 2 , 


l 24?r 2 U ll[*4,®i+i],i- 

Dividing by |r — f| > 0 and using a similar argument to the one in Lemma 2.2, we conclude that the 
desired inequality holds. □ 

The following theorem in approximating the Hilbert transform of a twice differentiable function whose 
second derivative /" is absolutely continuous also holds. 
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Theorem 2.2. Let f : [a, b\ — > R. be a twice differentiable function such that the second derivative f" is 
absolutely continuous on [a, b\. Then 


(2.13) 


(27) (a, M) - — In ^ - ?U/; 7 

7T \ t — CL 


l 


81n 2 7r 


(b — a) 2 ( a + b 


(&-«)lini[a,6],oo, 7/"'eioo[a7]; 


<< 


q[(t-a) 2+ -* +{b~t) 2+ -«] A,,,,,,,, 

2(2q + l)n 2 7r 117 ll[o ’ bl ’ p ’ 


z//'" e Lp[a,6],p > 1, y + y = 1; 


1 1 

— I — 
P < l 


1 


24n 2 7r 
f (6 -a) 




243n 2 7r 
q(b — a) 2+ « A 
27r(2 q + l)n 2 


(6-a) 2 , ^ a + & 

4 + 1 

lini[a,6],c 


uniMi.i, 


7/'" G A»M]; 


1 1 


ll/ ,,, || [a, 6], p> 7 / m £ T p [a,6])P >1) — I — — 1 


p q 


i ( 6 ~ a ) 2 N^/ii 
l 48n 2 7r 117 ll[o ’ bl ’ 1; 

for all t € (a, b), where T n (f;t) is defined by (2.3) and A is defined by (2.11). 

Proof. Applying Lemma 2.4 for the function f , we may write that (see also Theorem 2.1) 


(2.14) 


f(r) - m 

T ~t 


' n 


6 n 


3 n 


2 = 1 


2 

3n 


n— i / 

ipM- 7 ) 


z=0 


1\ T — t 

n 


( \r-t \ 5 


<< 


81n 2 
|r-f| 1+ 


|ini[t,r],oo, if /'"GLooM; 


0 2 ^■ll/ ,/, |l[t,r],pj ^ f'" £ -^ p [a, 6],p >1, — I — 1; 

2n z 1 1 ^ p q 

V^Vh.rU. 


for any t, r £ [a, b], t 7 r. Consequently, we may write: 

ft— \ -P ( i rb 


(2.15) 


-PC f lill — - — PV 


T — t 


7T 




6n 


2=1 


2 

3n 


n— 1 


i=0 


/ /. 1\ 

T ~t\ 

dr 

\ t ( $ H" ~ ) 

• 

\ V 2/ 

n 



8i7 pl, /7-‘i 2 ii / "'» I “ 1 .» dT , 

l T - t l 1+ *ll/"'ll[f.'].p dT ' 


since 


^ f I r - t| 2 |ini[ t>T ],ocdr < ||ni[ 0l 6],ooPV f | r - f| 2 dr 

7 a 7 a 


= lini[a,6],o 


(f - a) 3 + (6 - f) 3 


= Iini[a,6],c 


12 




a + b 


{■ b-a ), 


PV I \T-t\ 1 + ^r%t,r],pdT<\\n\[a,b],p PV I \r-t\ 1+ Ur 


l+i 
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= Wf'"\\[aM* 


(b-t) 2+ i +(t-a) 2+ i _ q\\f"\\ la ,b},P ' 


2 + ! 
q 


and 


2(7 + 1 
( b-af 


(b-t) 2+1 « +{t-a ) 2+ * 


+ [ t ~ 


PV [ |T-t|||ni[.,r] tl dT< 

J a 

Then by (2.15), we deduce the first part of (2.13). 

3. NUMERICAL EXPERIMENTS 
For a function / : [a, b] — >• R, we may consider the quadrature formula 

+ ), t £ [a, b\. 


Iini[a,6],l. 


E n (f-a,b,t) := In 

7 r 


b — t 


t — a 


□ 


As shown in the above section, E n (/; a, 6, f) provides an approximation for the Finite Hilbert Transform 
(T/)(o, 6;t) and the error estimate fulfils the bounds described in (2.4) and (2.15). 

If we consider the function / : [1, 2] -+ M, f(x) = exp(a;), the exact value of the Hilbert transform is 

CT/Xa, M) = 


and the plot of this function is embodied in Figure 1. 




If we implement the quadrature formula provided by E n (f; a,b,t) using Matlab and chose the value 
of n = 100, the error E r (f ; a, 6, t) := (T/)(a, b\ t) — E n (f\ a, 5, t) has the variation described in Figure 2. 

x io -14 Figure 3 Figure 4 




For n = 200, the plot of E r (f; a,b,t) is embodied in the following Figure 3, from which we can see 
that the precision of the error gets higher when n gets bigger. 

Now, if we consider another function / : [1,2] -+ M, f(x) = sin(a-), then the exact value of Hilbert 
transform is 


(T/)(a,6;t) 


— Si(— 2 + t) cos (t) + Ci( 2 — t) sin(t) + Si(t — 1) cos(f) 

7T 


sin(t)0(f — 1) 


UG [1,2] 


having the plot embodied in Figure 4. 

If we choose the value of n = 50, then the error E r (f;a,b,t) := (T f)(a,b;t) — E n (f-a,b,t) for the 
function f(x) = sin a;, x £ [a, b] has the variation described in Figure 5. Moreover, for n = 100, the 
behaviour of E r (f; a, b , t) is plotted in Figure 6. 
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x 1 0 -14 Figure 5 x 10 -15 Figure 6 




Remark 1. When n = 100, for function fix) = exp(a:) ; the precision of the error is 10 -06 in [5], while 

the precision obtained here is 10 -12 . When n = 200, we also have the higher precision. For function 

f{x) = sin(a;), it’s the same situation. Therefore, our results may have the better error bounds. 
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A QUADRATURE FORMULA IN APPROXIMATING THE FINITE HILBERT 
TRANSFORM VIA PERTURBED TRAPEZOID TYPE INEQUALITIES 

SHUNFENG WANG, XINGYUE GAO AND NA LU 


Abstract. In this paper, we obtain the error estimation of a quadrature formula in approximating the 
finite Hilbert transform on an equidistant partition of the interval [a, 6], Some numerical examples for 
the obtained approximation are also presented. 


1. Introduction 


In the recent year, many authors tried to consider error inequalities for some known and some new 
quadrature rules. For example, the well-known trapezoid and midpoint quadrature rules were considered 
(see [1], [4], [6], [9], [11], [12], [14], [15], [18], [19] and [20]). In [5], the authors proved the following 
theorem: 

Theorem 1.1. Let f : [a, b] — > R. be a mapping such the derivative (n > 1) is absolutely continuous 

on [a, b ]. Then 


( 1 . 1 ) / f{t)dt = Y^ 


k—0 


1 

(fc + 1)! L 


(ir - a) fc+1 / (fe) (a) + (-1 ) k (b - x) k+1 f (k \b) 


+ 


1 


n\ 


(x-t) n f^\t)dt 


for all x € [a, b] . 


Specially, we can obtain the following identity from (1.1) with x = 


n— 1 


(1.2) 


f(t)dt = 


( b-a ) 


k+ 1 


k—0 


2 k+1 (k + 1)! L 


f (k \a) + (-1 ) k f {k \b) 


(-i r 


t- 


f {n \t)dt. 


In (1.2), for n = 1, we obtain the trapezoid rule 

rb m + f(a 


(1.3) 




The finite Hilbert transform of the function / : (a, b) — > R. is defined as 


f /(T) dr = lim 

rt—e pb 

/ + / 

la T-t e^O 

da J t-\-s 


IY1 

r ( T — t) 


dr 


where PV has the usual meaning of the Cauthy principle value (see [3]). 

In [7], the authors used the inequality (1.3) to approximate the finite Hilbert transform and obtain 
the following theorem: 

Theorem 1.2. Let f : [a, 6] — > R be such that f : [a, 5] — > R is absolutely continuous on [a, 6]. Then we 
have the bounds 


T(/)(a, 6; t ) - ^ In - Jb \f(b) - /(a) + f'(t)(b - a)] 


(1.4) 


II r 




47T 

5||/"ll 


(b- a) 2 / b + a 

4 l 2 


/" g L°° [a, b ] ; 
1 1 


2n(q + l) 1+ * L 

ll/ll 


27 r 


(b-a), 


(t — a) 1+ « + (b — £) 1+< ? I , p > 1, — | — = 1 and f" G L p [a, 6]; 
J p q 

f" € L 1 [a, b\, 


for all t € (a, b), where || • || p are the usual Lebesgue norms in L p [a, 6] (1 < p < oo). 

Key words and phrases, perturbed trapezoid type inequality; numerical integration; finite Hilbert transform. 
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In [8], by the use of trapezoid type rules taken on an equidistant partition of the interval [a, 6], Dragomir 
et al. proved the following inequalities for the finite Hilbert transform of different classes of absolutely 
continuous functions. 


Theorem 1.3. Let f : [a,b\ 
continuous on [a, b]. If 


be a differentiable function such that its derivative f is absolutely 


n— 1 


M ^ rj-i / j? j_\ f'(t)(b-a)+ f(b)-f(a) b-a 

(1.5 T n (/; t) = — + > 

27rn 7 in 


t — a b — t 

/; t t,t-\ i 


then we have the estimate 

(1.6) 


(T/)(a,&;i)- — In 

7T 


b — t 
t — a 


1 

47T71 


<< 


( b ~ a) 2 + ( t _ a + b 

\i+l 


- T n (f-,t ) 

\\n\ia M , 

,l+i‘ 


if f" £ Too [a, b]-, 


27rn(g + l) 1+ « ^ 

1 

2nn 

^(^-a) 2 ||/"||[a, 6],oc, 

q 


(t-a) 1+ i + (b- t) i+ « | ||/"||[a,6],p, if f" e L p [a,b],p > 1, ^ ^ = 1; 


V, 

a + b 

-(&-«) + 

2 


II f" II [a, 6] ,1 , 

if f" £ Too [a, 6]; 


< { J . 1+ 1 (fr~ a) 1+ «ll/"ll[a,b], P , *//" e Lp[a,b\,p > 1, - + - = 1; 

27 t n(q + 1 ) « P Q 

for all t £ (a, &), where [f;c,d\ denotes the divided difference [f;c,d\ := 

If we put n = 2 in (1.2), we can get the perturbed trapezoid rule 

(1-7) £ f(t)dt = _ a) - [/'(&) ^ /'(a)] + i £ (t - 2 /"(i)di, 

Recently, Liu and Pan [16] proved the following inequalities for the finite Hilbert transform of different 
classes of absolutely continuous functions via the above rule (1.7) (see also [13] for other related results). 

Theorem 1.4. Let f : [a, 6] — > R. be such that f" : [a, 5] — > R. is absolutely continuous on [a, b\. Then we 
have the bounds 


(1.8) 


T(/)(a, 6; t) - ^ In 
7 r 


b — t 
t — a 




+ TT (i,_t) + 4fe (a-b)(a + b-2t)-tLd(t-a) 


(b — a) t — 


<< 


imioo 

24t r 

gimip 

87r(2g+l) 1+ i L 


(b~a) 3 

12 


(t — a) 2+ « + {b-t) 2+ * 


, /"' £ L°° [a, b ] ; 


p > 1, — I — = 1 and f"' £ L p [a, b\; 
p q - 


mil 

87T 


t- 


a + b 


+ 


0 b-a) 2 


a 1 [a, b\; 


for all t £ (a, b), where || - Up (1 < p < oo) are f/ie wsrta/ Lebesgue norms in L p [a, b\. 

In this paper, inspired by [8] , we shall derive a quadrature formula in approximating the finite Hilbert 
transform of different classes of absolutely continuous functions. Some numerical examples for the ob- 
tained approximation will be presented in Section 3. 
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2. A QUADRATURE FORMULA FOR EQUIDISTANT DIVISIONS 


Lemma 2.1. Let u : [a, b] — > R. be an absolutely continuous function on [a, b}. Then one has the 
inequalities: 

[u'(b) - «'(a)]| 


(2.1) 


u(a)+u(b ) , , {b — a) 2 , 


J u(s)ds - 9 (b - a) + 


|n ll[a,b],oo i/ H tE -^oo [lb 5 


<< 


f (b-a ) 3 
24 

— — — — rll«"ll[o,6],p. tf u " € L p[a,b],P >!,- + - = !; 
8 ( 2 9 + 1 )t P Q 


2 +i 


1 1 


(6 -a) 2 


l|u ll[a, *>],!■ 


A simple proof of this fact can be done by using the identity 


(6- a) 2 , 


[«'(&) -u'(a)] = ijf 


a + b 


u"(s)ds 


. f b . . u(a) +u(b),, . 

(2.2) / u(s)ds (6 — a) + 

J a " 

and we omit the details. 

The following lemma holds. 

Lemma 2.2. Let u : [a, 6] — ► R. 6e an absolutely continuous function on [a, 6]. LTien for any t,r € 
(a,b),t ^ r and n € N, n > 1, ice have the inequality: 

n —1 


(2.3) 


1 


1 


T — t . 


‘ {s)is - S E 


2=0 


T — t 

u[t + i- ) + u ( t + (i + 1) 


r — t 


. n—l 
T — t ^ 

8n 2 

i=0 L 

r k-*i 2 


U lift 


<< 


24 n 2 

iT-tl 1 ^ 


' ( t+( * + 1) ‘^r) ~ u ‘ ( <+i ‘^r) 

i/u" e Loo [a, b]; 


1 1 


i l|u II [i,r],p) i/ ii £ Ep[a, > 1, T 1, 

8 n 2 ( 2 q + 1) « P 9 


l r ^1 ii nii 

|n ll[t,r],l> 


where 


8 n 2 


[i,r],oo ; =ess sup |u"(s)|, and ||u"|| [tjT]>p := 
s£|£,r| 




u " (s) p |ds 


,P > 1- 


Proof. Consider the equidistant division of [t, t\ (if t < r) given by 

T — t 

£!„ : Xi = t + i ■ , i =0, n. 

n 

If we apply the inequality (2.1) on the interval [xi,Xi + i\, we may write that: 

rxi+i u(t + i- +u(t + (i + l)- T _ t 

L 2 — 

r n-ti 3 , 


+ 


24?r 3 ll[**>^»+l].00 5 ^ M 

It — t| 2+ « 1 1 

— ^ 24- 1 / T II u II [xi if u £ Lp[a, &],p>l, I = 1; 

8 n i ( 2 q + 1 )« P Q 

\r~t? 


8 n 2 
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from which we get 


1 L * « (s)ds -^[“(«+ i ' V) + “( i+(i+i> ' V) 

'( , + <i + 1) ' gt) 


r — t 

(r-i) 


+ 


8 n 2 

f k-t| 2 ,, ,,,, 

24 n 3 II [a:i,a:i + i],oo 5 






if u" G Loo [a, &]; 

] p ; if u G 6] , p 1, — -\~ — 1, 

p q 


\T~t\ 1+l < 

8n 2+ ?(2q + 1)« 

I l r — ^1 \\„."\\ 

{ g n 2 ll[xi,x i+ l],l! 

Summing over i from 0 to n — 1 and using the generalised triangle inequality, we may write 

h I ui ‘ )ds - i £ [“(* + j ' at) + “(' + {i+l) ' T ffr) 


2=0 L 


( T ~t) 
8 n 2 


E 

i—0 


u’ ( t +(* + !)• 


r — t 


il t — t 

— u t + i ■ 


n— 1 

^E 


2= 0 


r — £ 


( -r ~*) 
8 n 2 


I/ “( t + i ~) + “(* + (i + 1) -V) 

/ + (i + 1) • — — - u' + i • — — 


( I 4.12 n— 1 

Ell^Hbo^il.oo, if u" G Loo [a, 6]; 


<< 


24n 3 


2 = 0 

1+1 n-1 


8n^(2g + l)J ££ 

l T — *1 il // il 

q 71 2 ll U ll[x 4 ,x i+ i],li 


^ II [x*,xi+i],pi if u Lp [aff], p > ^ ^ 


i—0 


However, 

n— 1 


^ ^ 11^ II [xi,Xi+i],oo <n\\u || [t,r] ,o 


2=0 
n — 1 

2=0 2=0 


=E 


rXi+i 

1 

V 1 

I7- 1 

rXi+i 

1\ P~ 

P \ 

/ |u"(s)| p ds 

< 

E 

/ |u"(s)| p ds 


J Xi 


. \ 2—0 

J Xi 

J J 


= ra«||W ll[t,r],; 


and 


£ «»"i 


<>*<+ d»i — 


2—0 


E i u "( s )i ds 

2—0 ■ / *< 


|u"(s)|da 


lf u II ft.-ri ,i 5 


and the lemma is proved. 


□ 


The following theorem in approximating the Hilbert transform of a differentiable function whose second 
derivative is absolutely continuous holds. 

Theorem 2.1. Let f : [a, 6] — > R. be a differentiable function such that its derivative f is absolutely 
continuous on [a, b]. If 


(2.4) r„(/;t) = fWib ~ a) + fib) ~ /(<,) + — W 

° 7rr> ' 


2nn 


i- 1 


t — a b — t 

f;t i,t-\ i 

n n 
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1 

8 n 2 

then we have the estimate 


2 /"(*)(« - b )i a + b-2t)~ f(b) + /(a) + /'(&)(& - t) - f'(a)(a - t) 


(2.5) 




1 


7 t \t — a 


247m 2 


(b — a) It — 


a + b 


- T n (/;t ) 


+ g(&-a) 3 


liniMLoo, */ /" , e Loo [0, 6]; 




87rn 2 (2g + l) 1+ 7 L 


87 rn 2 


-(&- a) + t- 


(^a) 2 + i+(6-t) 2 + i] ||/ ,,/ 1| [a,6],p) 

a + 6 s n 


*//'" e L p [a,6],p > 1, £ + y = 1; 


1 1 

- + - 
p g 


liniM],!, 


<< 


I g^(6-O) d ||ni[ 0i6] ,oo, t/r'eLooM; 

r f^V +? ll/ ,// H[a,b],p, *//'" e £ P M,P >!,- + - = !; 

q \ Z / p q 


47rn 2 (2g + 1) 1+ 
for all t € (a, b). 

Proof. Applying Lemma 2.2 for the function f , we may write that 

n— 1 / . \ n— 2 


(2.6) 


/(r) - /(f) 1 


t — t 2 n 


n — i / , \ n— z 

fit) + XI ^ r + * ‘ ^7“) + 

2=1 x 7 


T — t 


t + i i + !)•— — +/'( T ) 


r (r) + g /" (* + « + 1) ■ - g /" 6 + i ■ - /" w 

2=0 X 7 2=1 X 7 


Iini[t,r],oo if/'" € Loo [0,6]; 


<< 


T — t 

8n 2 

( \T~tf 
24 n 2 

g^g liniit.Ti.p, if /'" e L p [0,6],p > 1, 1 + 1 = 1; 

8n 2 (2g + 1) « P <7 


However, 

n— 1 


E ^ b + * ■ ) — E (*+(* + !)- — - ) . E f" ( t + * ■ ) - E f" ( t + (® + x ) 


T — t 


2=1 X 7 2=0 
and then by (2.6), we may write: 


2=1 


r — t 


2=0 


r — t 


(2.7) 


/to - /(f) 




T — t 

( | T~f| 2 
24n 2 

l r — f I 


/'(f) + fi T ) , 1 

2n n 


n— 1 


En*+ 




. r — t 

■ i • 


r — t 
8 n 2 




\\n\[t, 


l+J 


rlini [ t . r ], P , 


8n 2 (2g + 1) « 
for any t,r£ [a, 6], t ^ r. Consequently, we have 


(2.8) 


PV f — — —dr-fpV 

I n T — t 7T 


fit) + f(r) { 1 
2 n 


En*+ 


2=1 


. T — £ 
l • 


dr 
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+ l PV [ ^A [/ " (T) “ l " mr 

' ^ PV Sy~nr\,r^ T , 

< -1 -rPV f\T-t\ 1 + Hn\ [t ^ p dT, 

8 irn 2 ( 2 q + 1 ) i Ja 

.i", /V-‘lll/"'llM,.dr, 


bl .qt) + f(T) | i 
2 n n 


lT.f *+ 


f'(t)(b ~ a) + f(b) — f(a) b-a 


. b — t . a — t 


E „ U ^ 

/;* + *■ ,t + i- 

n 


J - /" 0 )]dr = ^2 ^/"(*)( a “ 6 )( a + 6 “ 2i ) - f(b)+f(a)+f(b)(b-t) - f'(a)(a-t) 


{b~t) 3 -{a-t) s 


PV f b \r-t\ 2 \\n\ [ttT]t00 dT< Iini [o ,6],oo^ f b \t — t\ 2 dr 

J a J a 

= lini [ .,6],oo (6 ~ t)3 ~ (0 ~ t)3 = liniMl.oo (6 -a) (i- a ^ 5 ) 2 + 3 (&-«) 3 
^ / V-i| 1+ "lini[t,T],pdr< ||/'"|| M] , p PV f b \t — i| 1+ « dr 

J a J a 

r(i-a) 2+ U(6-i) 2+ ^l _ g|ini[„, 6] , P r ,2+i . ,, 2 +il 

— 11/ II [a,6],p 2+d _ 2g + 1 a ' d" (b t) q 

PV fa |T “ ^ \(b- a) 2 +(t- , 


then, by (2.8) we get 


1 /■' 
( 2 . 9 ) -PF / 

J a 


f'(t)(b-a) + f(b)-f(a) b~a 


t — a . b — t 


E L — LL V — L 

j;t i,t-\ 1 

n. n. 


+ 7>/"W( a “ & X a + b ~ 2t ) ~ f( b ) + /( a ) + f'(b)(b -t)- /'(a) (a - t) 


lini[a, 6 ], 

247rn 2 


(6 — a) ( i — 


a + &V 4 


+ -(6-a) 3 , if/'" € Loo [a, 6]; 


g|ini[a. & ],p 

87rn 2 (2g + l) 1+ * 

II/"'IImi,.|T,, 


— [fi — a) 2+ * + (6- f) 2+ *l , if/'" e Lp[a,6],p > 1, t + - = 1; 

a L J p a 


87m 2 4 


(6 - a) + t - 


On the other hand, as for the function f 0 : (a, b) -+ R, /o(t) = 1 , we have 


(T, fo)(a, b;t) = - In f j — - 
7r \t — a 


,t G (a, 6), 
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then obviously 

C Tf)(a,b’,t) = -PV [ 

^ J a 


f(r)-m+m dT= i pv 


T — t 


rb f(r)-m dT+ m PV 


T — t 


from which we get 

(2-10) 

Finally, using (2.9) and (2.10), we deduce (2.5). 

3. Some numerical examples 


(T/)(a,M)-— In 

7 r 


b — t 
t — a 


= -PV 

7 r 


f{r) - m 


T — t 


dr. 


For a function / : [a, b] 


, we may consider the quadrature formula 
b — t ' 
t — a J 


E n (f-a,b,t) In 

7 r 


+ T n G [a, b\. 


r b dr 

, T — t 1 


□ 


As shown in the above section, E n (f ; a, &, t) provides an approximation for the Finite Hilbert Transform 
(: Tf)(a,b;t ) and the error estimate fulfils the bounds described in (2.5). 

If we consider the function / : [1, 2] — > M, f(x) = exp(a;), the exact value of the Hilbert transform is 

(Tf)(a, M) = 


and the plot of this function is embodied in Figure 1. 


Figure 1 x -jo - 6 Figure 2 




If we implement the quadrature formula provided by E n (f; a,b,t) using Matlab and chose the value 
of n = 200, the error E r {f ; a, 6, t) := ( Tf)(a , b; t) — E n (f ; a, 6, t) has the variation described in Figure 2. 




For n = 1000, the plot of E r (f; a, 6, t) is embodied in Figure 3, from which we can see that the precision 
of the error gets higher when n gets bigger. 

Now, if we consider another function / : [1, 2] — » R, f(x) = sin(x), then 


(' Tf)(a,b;t ) 


— Si(— 2 + t) cos (t) + Ci{ 2 — t ) sin (t) + Si(t — 1) cos(t) 

7 r 


S iii(()C,(t-l) te[1 . 2| 


having the plot embodied in Figure 4. 

If we choose the value of n = 200, then the error E r (f;a,b,t) := (T f)(a,b;t) — E n (f-a,b,t) for the 
function f(x) = sin x, x € [a, b] has the variation described in Figure 5. Moreover, for n = 1000, the 
behaviour of E r {f ; a, 6, t) is plotted in Figure 6. 
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Pointwise Superconvergence of the Displacement 
of the Six- Dimensional Finite Element 


Yinsuo Jia*and Jinghong LiV 


In this article we first introduce definitions of the regularized Green’s func- 
tion, the discrete Green’s function, the discrete 6 function, and the L 2 -projection 
operator in six dimensions. Then the W‘ 2A -serninorm estimates for the regu- 
larized Green’s function and the discrete Green’s function are derived. Finally, 
pointwise superconvergence of the displacement of the six-dimensional finite 
element is obtained. 


1 Introduction 

There have been many studies concerned with superconvergence of the finite 
element method for partial differential equations. Books and survey papers have 
been published. For the literature, we refer to [1-17] and references therein. It 
is well known that estimates for the Green’s function play very important roles 
in the study of the superconvergence (especially, pointwise superconvergence) 
of the finite element method (see [4, 5, 8, 12, 13, 14, 17]). For one- and two- 
dimensional elliptic problems, one have obtained many optimal estimates for the 
Green’s function (see [17]). Recently, for three-dimensional elliptic problems, the 
IF 2,1 -seminorm optimal estimate with order 0{ \ In ftp) for the discrete Green’s 
function was derived (see [12]). 

In this article, we will discuss estimate for the the discrete Green’s function 
based on the 6D Poisson equation. 

we shall use the symbol C to denote a generic constant, which is independent 
from the discretization parameter ft and which may not be the same in each 
occurrence and also use the standard notations for the Sobolev spaces and their 
norms. 

We consider the following Poisson equation: 

Cu = —A u = f in Cl, « = 0 on dfl, (1.1) 

where fl C 7 Z 6 is a bounded polytopic domain. The weak formulation of (1.1) 

* School of Mathematics and Computer Science, Shangrao Normal University, Shangrao 
334001, China, email: jiayinsuo2002@sohu.com 

'School of Mathematics and Computer Science, Shangrao Normal University, Shangrao 
334001, China, email: ddliul010@163.com 


247 


Yinsuo Jia et al 247-254 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


JIA, LIU: SUPERCONVERGENCE OF THE SIX-DIMENSIONAL FEM 


reads, 

f Find u £ ffg(fi) satisfying 
\ a(u , v) = (/ , v) for all v £ Hq(Q.) 

where 

a(u,v)= / \7u-VvdX, 


Jn 

and 

(f,v)= [ fvdX. 
Jn 


Let {T h } be a regular family of partitions of ft Denote by S h (tt) a continuous 
piecewise m(m > 2)-degree (or tensor-product m-degree) polynomials space 
regarding this kind of partitions and let Sq(CI) = S h {fl) f) Hq (f2). Discretizing 
the above weak formulation using Sq(Q') as approximating space means, 


J Find Uh £ Sq (fi) satisfying 
\ a(u h ,v) = (f,v) for all v £ Sft( fi). 

Thus, the following Galerkin orthogonality relation holds. 

a(u — Uh , v) = 0 \/v £ Sq (fl). (1.2) 

For every Z £ fi, we define the discrete <5 function S z £ Sg(fi), the reg- 
ularized Green’s function G z £ H 2 (fl) f) Hq (12), the discrete Green’s function 
G z £ Sq(Q) and the L 2 -projection PhU £ Sg(fi) such that (see [17]) 

(v,S h z )=v(Z) Vv £ S#(ft), (1.3) 

a(G* z , v) = (S h z , v) Vu £ (1.4) 

a{G* z -G h z ,v) = 0 Vv £ S#(f2), (1.5) 

(u — PhU,v)= 0 \/v £ So (ft), (1.6) 


In this article, we will bound the terms \G* Z \ 2 1 and \G z \ 2 . Here | G z \ 2 
J2eeT h \ G z\ 2 ,i, e - 


2 Estimates for the Regularized Green’s Func- 
tion 


We first introduce the weight function defined by 

<j) = (j){X) = (\X - X\ 2 + 9 2 )~ 3 Vl£0, (2.1) 

where X £ Cl is a fixed point, 9 = 7 h, and 7 £ [6, +00) is a suitable real number. 
For every a £ 1Z, we give the following notations: 


|V“w| 2 = £ \D?v\ 2 ,\V n v\^, 

|/3|=n 


1 



m 


E . 

71=0 


248 


Yinsuo Jia et al 247-254 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


JIA, LIU: SUPERCONVERGENCE OF THE SIX-DIMENSIONAL FEM 


where /3 = (ft, /? 2 , ft, ft, ft, ft), |ft = ft + ft + ft + ft + ft + ft, and ft > 
0, i = 1, • • • , 6 are integers. In particular, for the case of m = 0, we write 


IMU« = 



We assume there exists a real number q 0 (1 < <?o < oo) such that 


IMk, < c(q)\\Cv\\ 0 , q \/veW 2 ^(n)f]w^\n),i< q <q 0l (2.2) 


which is the so-called a priori estimate (see [17]). As in the two-dimensional 
case (see [17]), we can obtain the following Lemma 2.1. 

Lemma 2.1. For (f) the weight function defined by (2.1), we have the following 
estimates : 


< C(a,n)<ft + t, a e K, n = 1,2, (2.3) 


[ (f>dX < C(k) | In 0\, 9<k< 1, (2.4) 

Jn 

[ f a dX<C(a- i)- 1 j- # M)Va>l. (2.5) 

Jn 


For the Zftprojection operator Ph and the discrete 5 function 6%, similar to 
the arguments in the two-dimensional setting (see [17]), we have the following 
results (2.6)-(2.8). 

Lemma 2.2. For PhW the L 2 -projection of w, we have the following stability 
estimate : 

||-P/iHlo,g < C'lMlo.g, 1 < q < oo, (2.6) 

\\Phw\\i,q < C'lklli,?, 6 < g < oo. (2.7) 

Lemma 2.3. For S ^ the discrete S function defined by (1.3), we have the fol- 
lowing estimate: 

\5z(X)\ < Ch- 6 e~ Ch ~^ x - z K (2.8) 


where X, Z £ 0, and C is independent of h, X, and Z. 

In additon, we have the following weighted-norm estimate for 6%. 

Lemma 2.4. For 8 \ the discrete 8 function defined by (1.3) and (f> defined by 
(2.1), we have the following estimate: 


1^1 


< C. 


(2.9) 


Proof. From (2.1) and (2.8), 


1 8\ 



< C [ {\X - Z\ 2 + e 2 f hr 12 e~ Gh 1|A '" z| dX 

Jn 

/»oo 

< C (r 2 + 9 2 ) 3 h~ 12 e~ Ch ~ lr r 5 dr. 

Jo 
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Set h~ 1 r = t, then 

o r°° 

||5z||*-i <C l (t 2 + 'y 2 ) 3 e~ Ct t 5 dt < C, 
which is the result (2.9). 

Lemma 2.5. For G* z the regularized Green’s function defined by (l.f) and </> 
defined by (2.1), we have the following weighted-norm, estimate : 

\\G* z \\^i<C\lnh\K (2.10) 

Proof. From (1.3), (1.4), (1.6), (2.2), (2.6), the inverse estimate, the Sobolev 
Embedding Theorem (see [18]), and the Poincare inequality, we have 

||G||| 2 _i = (G* z ,cj ) -lG* z )=a{G* z ,w) = (S h z ,w) = P h w(Z) < |PMo,oo 

< G/G? \P h w\ 0 q < Ch ~ f M 0 , g < Ch~iql Hli.e 

< Ch~^qi ||w|| 2 3 < Ch~^qi 4>~^G* Z 

< Ch~«ql (f~^G* z , 

(2.11) 

where w £ IF 2,3 (fl) P| IFo’ 6 ^) and Cw = f>~^G* z . Set q = | ln/i| in (2.11), and 
by the Young inequality, we get 

l|G||| 2 -i <C\\nh\i <j>~$G* z <C{e)\\nh\i Pe r l G* z 2 (2.12) 

<P 3 1 1 

In addition, from (1.4) and (2.3), 

[ < Ga(«^-lG|,r^G|) 

< C a(G* z , r iG* z ) + C | ((G|) 2 , \V(cj>~ l)\ 2 ) | 

< C a (G* z ,4>~iG* z ) +G||G||| 2 _j 

< C +G||G|||^_i . 

Combining (2.9), (2.12), (2.13), and choosing e such that eC = |, we immedi- 
ately obtain the result (2.10). 

Theorem 2.1. For G* z the regularized Green’s function defined by (1-4), we 
have the following W 2, 1 -seminorm estimate: 

|G|| 2)1 <G|ln/i|t. (2.14) 

Proof. Obviously, 

\G* z \l A < JjdX-p 2 G* z \^_ x . (2.15) 
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Furthermore, 


V-G 


2 U-i 


I V 2 G| dX = 


■s |V 2 G* Z |)' 


dX 


C 


v 2 (<r l Gz) 

V</r 


dX 


X 2 (/)-^G* z 


dX 


< 

< 

< 


< C\\S h z \ I,_ 1+ G 

< c ||^ 1 + c 

< CII4III 


|VG|| z dx 

J 

G (ll £ (^"’ G J) III + + l°zlj,*-i) 

c(l|£Gill5-. + l|G|||J_,+|GJ|^_ § ) 

a(G|,r | G|)|+G||G|||J_i 

(^r^ljl+GIIGIH^j 

combined with (2.9) and (2.10), we have 

||V 2 G* z ||J_ 1 <G|lnh|t. 

By (2.4), (2.15), and (2.16), we immediately obtain the result (2.14). 


(2.16) 


3 Estimates for the Discrete Green’s Function 

The definition (1.5) shows that G z is a finite element approximation to G* z . In 
this section, we give the IT 2, 1 -seminorm estimate for G z . 

Lemma 3.1. For G* z and G z , the regularized Green’s function and the discrete 
Green’s function, respectively, we have the following estimate: 


\G*z — G z \ 1 , < Ch |ln/i| 5 . 


Proof. Obviously, 


\G% — G z j^ 1 < / <fdX-\G* z -G h 


2 

z li,< 


Similar to the proof of (2.43) in [13], and using (2.16), we have 

\G*z-G h z \l^ < G/i 2 ||V 2 G^_ 1+ G||G^-G|||*_j 
< Ch 2 \\nh\i +C\\G* z -G h z \\l- i . 


(3.1) 


(3.2) 


(3.3) 
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In addition 

||G* Z - G% ||J_§ = (r Hg* z G|), G* z - G|) = a(w, G* z - G h z ) 

= a{w - IIu,, G* z - G h z ) < e \G* Z - G h z \\ ^ + C(s) \w - Uw^. 

(3.4) 

where Cw = </> _ 5 (G z — G z ) and II is an interpolation operator. Using the 
weighted interpolation error estimate in (3.4) (similar to pp.110 Lemma 4 in 
[17]) yields 


\G* Z ~ G||| | < £ \ G* Z - G||; + C(e)h 2 |V 2 W | 


(3.5) 


Further, from the a priori estimate (2.2), (2.5), and the Sobolev Embedding 
Theorem [19], 


V-w 


< Iloilo, § 

< C6~ 2 

< ce ~ 2 


V 2 w 


0,6 - Ce ~ 2 \ 


Hl2,6<^ 


rs(G|-G|) 

2 u 1,2 

<t> s <5| 


< ce 


-2 


c 


(j)^$ (G* z — G|) 
(r®(G* z -G|)) 


ri* r^h A 

i0-i 


\G* z ~G h z \\^ 


2 

0,6 


Similar to the proof of (2.9), we can obtain 

1 2 


<F'6 h z 


< Ch 2 . 


(3.6) 

(3.7) 


Combining (3.5)-(3.7) yields 

\\ G *z - G|||^-| < ( £ + G(£) 7 - 2 )|G* z -G ||^_ 1 

+C(sh- 2 \\G* z -G h z \\l-i + C{e) 1 ~ 2 h 2 . 

Choosing suitable £ and 7 £ [6, +00) such that 0 < (2e + 1 )C < 1 as well as 
C(e)'y~ 2 = From (3.8), 

||G| — G||| 0 — § < (2e + 1) | G* z — G z \ l rj> _ 1 + h 2 . (3.9) 

From (3.3) and (3.9), 


\G*z — Gll^-i < Ch 2 | In /?. | ® . (3.10) 

The result (3.1) immediately follows the results (2.4), (3.2), and (3.10). 
Theorem 3.1. For G | the discrete Green’s function, we have the following 
estimate : 

|G||; i <C|lnft.|T (3.11) 
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Proof. By the triangle inequality, the interpolation error estimate, and the 
inverse property, we have 


< 

I G*z~ 

Gzlh + lGzki 


< 

|G|| 2i 

i + \G* z - HG* Z \^ 

i + |n g* z 

< 

C\G* Z 

| 2 1 +Ch~ 1 \HG* Z 

s~ih 1 

b z lr, 1 

< 

C \G* Z 

l 2 ' l + Ch~ l \G* Z - 

nG zli,i 


+Ch~ 

1 S~lh I 

\ U Z ~ |i i 


< 

C \G* Z 

l 2 , i + G/i _1 \G* Z - 

s~ih 1 

b z 1 1, 1 • 


(3.12) 


Combining (2.14), (3.1), and (3.12) yields the result (3.11). 


4 Superconvergence of the Displacement of the 
Finite Element 

In this section, we give an application of the estimate for the discrete Green’s 
function in finite element superconvergence. 

Let Hu and Uh be the interpolant and the finite element approximation to 
u, the solution of (1.1), respectively. Similar to the proof of [13], we can obtain 
the following lemma. 

Lemma 4.1. Let Sq(LI) be the tensor-product m-degree finite element space. 
Suppose v G Sq(LI) and u G W rn+2 ’°° (Ll) P|idg(fl). Then we have the following 
weak estimate of the second type: 

\a{u-Hu,v)\ < Ch m+2 \\u\\ m+2 , oa \v\ 2 )1 , m > 2, (4.1) 

where \v\% tl = Y, e &r h kk i,e- 

Finally, we give the following superconvergent estimate. 

Theorem 4.1. Let {T h } be a regular family of partitions of D and u G 
4F m+2 ’ °°(0) p| !Ji(I2). For Uh and Hu, the tensor-product m-degree finite ele- 
ment approximation and the corresponding interpolant to u, respectively. Then 
we have the following superconvergent estimates: 

K - n «l 0 ,oo,n < Ch m+ 2 \lnh\~° H to+2)00 , to > 2. (4.2) 

Proof. For every Z G LI, applying the definition of G h z and the Galerkin orthog- 
onality relation (1.2), we derive 

(uh — Hu){Z) = a(uh — Flu , G h z ) = a{u — ITu , G^). (4-3) 

From (3.11), (4.1), and (4.3), we immediately obtain the result (4.2). 
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Estimates for Discrete Derivative Green’s 
Function for Elliptic Equations in Dimensions 

Seven and Up 

Jinghong Liu*and Yinsuo Jia* 


This article will discuss estimates for discrete derivative Green’s function for 
elliptic equations in dimensions seven and up. First, the definitions of some 
terms are given. Then the estimates for the regularized derivative Green’s func- 
tion are derived. Finally, using the triangular inequality, we obtain the estimates 
for discrete derivative Green’s function. The results of the article play important 
roles in the research of superconvergence of finite element methods. 

1 Introduction 

It is well known that estimates for the Green’s function play very important roles 
in the study of the superconvergence (especially, pointwise superconvergence) 
of the finite element method (see [1-8]). For one- and two-dimensional elliptic 
problems, one have obtained many optimal estimates for the Green’s function 
(see [8] ) . Recently, for dimensions three to five, we have obtained some optimal 
estimates for the discrete Green’s function (see [4-7]). At present, we also 
consider the six-dimensional discrete Green’s function and its estimates, and 
some results have been submitted to some Journals. In this article, we will 
discuss estimates for the discrete derivative Green’s function in dimensions seven 
and up. 

we shall use the symbol C to denote a generic constant, which is independent 
from the discretization parameter h and which may not be the same in each 
occurrence and also use the standard notations for the Sobolev spaces and their 
norms. 

We consider the following Poisson equation: 

Cu = —A u = f in fl, « = 0 on dCl, (1.1) 

where f l C lZ d (d > 7) is a bounded polytopic domain. The weak formulation of 

* Department of Fundamental Courses, Ningbo Institute of Technology, Zhejiang University, 
Ningbo 315100, China, email: jhliull29@sina.com 

t School of Mathematics and Computer Science, Shangrao Normal University, Shangrao 
334001, China, email: jiayinsuo2002@sohu.com 
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(1.1) reads, 

J Find u £ ifg(fi) satisfying 
\ a(u , v) = (/ , v) for all v £ Hq(CI). 


where 


and 


a(u,v)= / Vu-'VvdX, 

J o 


(f,v)= [ fv dX. 
Jn 


Let {T h } be a regular family of partitions of Cl. Denote by S h {fl) a contin- 
uous finite elements space regarding this kind of partitions and let Sq(CI) = 
S h (£l) f) Hq (f2). Discretizing the above weak formulation using Sq(£1) as ap- 
proximating space means, 


Find Uh £ Sq (Cl) satisfying 

a(uh , v) = (/ , v) for all v £ Sq(CI). 


For every Z £ D, we dehne the discrete derivative 6 function d. z,e$z G Sq(CI) 
and the L 2 -projection P h u £ Sq(CI) such that 

{v, dz,eS h z ) = d e v(Z) VveSft(Cl). (1.2) 

(u — PhU, v) = 0 Vv £ Sj(fi). (1.3) 

Here, for any direction £ £ R d , \t\ = 1, dz/S z and dgv(Z) stand for the following 
onesided directional derivatives, respectively. 


d z ,(S h z = 


lim 

| AZ|— >0 


$Z+AZ ~ $Z 


|AZ| 


, dev(Z) 


v{Z + AZ)-v(Z) 
lim , . 

| az|— >o \AZ\ 


A Z = \AZ\L 


Let dzjG* z £ H 2 (Cl)nH^(Cl) be the solution of the elliptic problem —AdzjG* z = 
dzjS z . We may call dz,e.G* z the regularized derivative Green’s function. Fur- 
ther, let the discrete derivative Green’s function dz/G z £ Sq(CI) be the finite 
element approximation to dzjG* z . Thus, 

a(dz, e G* z -dz 4 G h z,v) = 0 \/v £ S%(Cl). (1.4) 

In this article, we wall bound the terms \dz/G* z \ 1 1 and | dz t eG z \ . 


2 Regularized Derivative Green’s Function and 
Its Estimates 

We first introduce the weight function defined by 

(t) = (j){X) = (|V - Af + e 2 y^ VI £ Cl, (2.1) 
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where X £ is a fixed point, 9 = 7 h, and 7 € [d, +00) is a suitable real number. 
For every a £ 1Z, we give the following notations: 

|V”w | 2 = £ \D^v \ 2 ,\V n v\^ a = ( f r\V n v\ 2 dx)\\\v\\ 2 mt 

where /3 = (ft, ft, ■ ■ • , ft), \P\ = ft+ftH 1-/3* and ft > 0, i 

integers. In particular, for the case of m = 0, we write 



We assume there exists a real number qo (1 < qo < 00) such that 

IMk, < c(q)\\Cv\\o, q Vu € w 2 ’i(n)nwt’ q (n),i< q < qo , (2.2) 

which is the so-called a priori estimate (see [8]). As in the two-dimensional case 
(see [8]), we can obtain the following Lemma 2.1. 

Lemma 2.1. For (j) the weight function defined by (2.1), we have the following 
estimates: 

\V n r\ < C(a,n)<t> a+ 5, a e H, n = 1,2, (2.3) 


= E i v " v ij- > 

n=0 

= 1, - ■ ■ ,d are 


[ (f>dX < C(k)\ In 9\, 9<k< 1, 

J n 

[ (f a dX < C(a - Vo > 1. 

J n 

[ 4> a dX <(7(1 — a) -1 VO < a < 1. 
Jn 


(2.4) 

(2.5) 

( 2 . 6 ) 


In addition, we also have the following Lemmas. 

Lemma 2.2. For PhW the L 2 -projection of w, we have the following stability 
estimate: 

||-PhH|o,g < CIMkg, 1<9 <+oo. (2.7) 

Lemma 2.3. For dz.edz the discrete derivative S function defined by (1.2), we 
have the following estimate: 


\d z ,i5 h z (X)\ < Ch- d - 1 e~ ch 'I*" 2 !, (2.8) 


where X, Z £ 12, and C is independent of h, X, and Z. 

As for d Z jd h z , we have the following important estimate. 

Lemma 2.4. For dz,eS z the discrete derivative 6 function defined by (1.2) and 
4> defined by (2.1), when a > 0, we have the following estimate: 

\\dzA\\+-«<Ch-^. (2.9) 
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Proof. From (2.1) and (2.8), 

\\dz,e6 h z \\l_ a 

Set h~ 1 r = t, then 
which is the result (2.9). 

Lemma 2.5. Suppose qo > 2 and 0 < £ < 1. For dz/G z the regularized 
derivative Green’s function defined by (l.f) and <f> defined by (2.1), we have the 
following weighted-norm estimate: 

\\dz,e.G* z \\ (t>1 _ e < Cft 1-d+ T. (2.10) 


< C [ (\X - Z\ 2 + e 2 y h~ 2d - 2 e- Ch ^ x ~ z ^dX 
Jn 


< C I (r 2 + 9 2 ) 2 h 

Jo 


2 j_ p2 ^-2d-2 e -C/i- 1 r r d-l^ r 


dzA * < Ch d M - 2 


Proof. Set r = ,r' = thus \ + jy = 1. From (2.5), 


Further, 


II dz,eG* z 


II 


2 

<P 1 ~ £ 


= [ \dz,iG* z \ 2 dX 

Jn 

1 — £ 

< (jj i+e dxy +e wdz^wi^ 

< C(e~ l 6- d ^\\d z ,,G* z \\l^. 


\\dz/G* z \\ 


= (OzjG'z, \d z/ G* z \^ sgndzjG*^ 

= a(d z ,(G* z , w) = ( d Z /S z ,w ) = d t P h w(Z) 

< \ p hw\i,oo ^ Ch -*- 1 ||-P/*Hlo , 9 

< ctt* - 1 ||w|| 09 , 


where q > 1, and w e Hq(Q) satisfies 

a{v,w) = (v, \d z ,eG* z \ 7 sgnd z ,eG* z ^J Vue 


Taking q = d ^ 2 ^+ E ) > ^ anc ^ p = q + 5> we h ave P = 1 + £ < 2. By the a priori 
estimate (2.2) and the Sobolev Embedding Theorem (see [9]), we get 


Thus 


Mo, q <CMk P <C\\dz, e G* z \\l^. 
||0z,/Gzllo, i±£ < Ch~f~ 2 = Ch 2 "^, 
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which results in 

\\dz,nG* z f v _ s < Ch 2 ~ 2d+sd . 

The proof of the result (2.10) is completed. 

Lemma 2.6. For dz/G* z the regularized derivative Green’s function defined by 
(1-4) and dz,e<>z the discrete derivative 6 function defined by (1.2), we have the 
following weighted-norm estimate: 

l|V(0z,/G£)||J_ a < C || d z ,e6 h z \\l- a -* + C \\dz,iG* z \\^_ a+i Va e R. (2.11) 

Proof. Obviously, 

\\V(dz,eG* z )\\l_ a < a(d Z /G* z , r a d z ,eG* z ) + C \\d z/ G* z \\^_ a+i . (2.12) 

Further, 

a(d z , e G* z , <j>~ a d z ,eG* z ) = (dz,e6% , (t>- a d z ,eG* z ) 

< \\dz,t5 h z \\^_ a _2\\dz,e.G* z \\^ a+ 2 (2.1.3) 

< HWdz^zW] '±+\\dz,iG* z \\l _ a+2 ). 

(f> d (p d 

Combining (2.12) and (2.13) immediately yields the result (2.11). 

Lemma 2.7. Suppose — | < a < | and qo > 2. For dz/G* z the regidarized 
derivative Green’s function defined by (1-4), we have the following weighted- 
norm estimate: 

l|V(3z,/G£)|| 0 _ a < Ch^ (2.14) 

Proof. From (2.9), 

\\dz,iS h z \\ , r ^2 KCh^. (2.15) 

From (2.10), 

\\dz,eG* z \\^_ a+ i<Ch^. (2.16) 

Combining (2.11), (2.15) and (2.16) immediately yields the result (2.14). 
Theorem 2.1. Suppose qo > 2 and d > 7. For dz/G z the regularized derivative 
Green’s function defined by (l-4)> we have the following estimate: 

i)zjG* z \ lA < Ch t* (2.17) 

Proof. Obviously, 

I dz,eG* z \ hl < " II V(d z/ G* z )\\^_ a . 

When 0 < a < |, we have by (2.6) and (2.14) 

dt.cc- 1 ) 

\dz,eG* z \ 1 ! < G inf = Ch 3 ^ , 

a 1 — a 

which is the result (2.17). 
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3 Discrete Derivative Green’s Function and Its 
Estimates 

In this section, we will consider the estimates for discrete derivative Green’s 
function. Similar to the two-dimensional setting (see [8]), the following result 
holds. 

Lemma 3.1. Suppose Uh £ Sq(CI) is the finite element approximation to u, we 
have the following estimate: 

\\u-u h \\l^ a < Ch 2s || V s+1, ii||^_ Q , + Cj~ 2 ||u - u%- a+i , (3.1) 

where 7 = f • From the result (3.1), we get the following result. 

Lemma 3.2. Suppose qo > 2 and 0 < a < min{|, 1 — X + |}, then we have 

\\dz,tG* z -d z ,eG h z \\ 1 ^ c ,<Ch'^. (3.2) 

Proof. From (3.1), 

|| d z ,eG* z - d z ,tG h z || 1)( 0_ a 

< Ch 2 p 2 {d z ,e.G* z )\^_ a + C || d z ,eG* z - d z , e G h z ||“_ a+3 

< G ( h 2 \\S7 2 (d z/ G* z )\\l_ a + || d z ,eG* z - d z ^G h z ||*- a+ f ) . 

Similar to the Lemma 6 in [8, Chapter 3], we obtain 

\\d Z ,eG* z — d z ,eG z H^-o+f < —5; || d z ,eG* z — d z ^G z || 1|( ^_ a . 

Then we have 

|| d z ,tG* z - d z , e G h z ||^_„ < Ch 2 ||V 2 (a z ,/G^)f|J_ 0 . (3.3) 

Similar to the arguments of the result (2.14), when 0 < a < ^ and q 0 > 2, we 
can get 

||V 2 (^G|)|| <r „ < Ch**#*. (3.4) 

Combining (3.3) and (3.4) immediately yields the result (3.2). 

Lemma 3.3. Suppose qo > ■ For d Z jG* z and d z ^G z , the regularized deriva- 

tive Green’s function and the discrete derivative Green’s function, respectively, 
we have the following estimate: 

| d Z jG* z -d Zti G%\ 1 ' 1 <Ch i ^. (3.5) 

Proof. Obviously, 

| d z/ G* z - d z , t G%\l < [ cj> a dX- \d Z jG* z - d z/ G h z \l . (3.6) 

J n 
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When d > 7 and 0 < a < min{|, 1 — ^ + |}, from (2.6), (3.2) and (3.6), 

\dz/G* z - d z ,eG h z \l 1 < C(1 — a) _1 /i d (“ _1 ). 

Since q Q > , we have | < 1 — ^ | . Thus, 

I d z ,iG* z - < C inf (1 - a)" = Ch A ~ d , 

0<a<± 

which shows the result (3.5) holds. 

In the following, we give the estimate for the discrete derivative Green’s 
function. 

Theorem 3.1. Suppose qo > an d d>7. For d z ,eG z the discrete derivative 
Green’s function defined by (1-4), we have the following estimate: 

\dz,(G z \ 11 < Ch^. (3.7) 

Proof. By the triangular inequality, 

\dz,eG h z \ hl < \dz,eGz\i,i + \dz,eG* z -d z ,eG h z \ 1A . (3.8) 

From (2.17), (3.5) and (3.8), we immediately obtain the result (3.7). 
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Existence of Solutions to a Coupled System of Higher-order Nonlinear 
Fractional Differential Equations with Anti-periodic Boundary Conditions 

Huina Zhang a,b , Wenjie Gao b ’* 

a College of Science, China University of Petroleum (East China), Qingdao, 266555, P.R. China 
b Institute of Mathematics, Jilin University, Changchun, 130012 , P.R. China 


Abstract 

In this paper, the authors study a coupled system of nonlinear fractional differential equations of order 
a, f3 € (4,5), the differential operator is taken in the Caputo sense. By using the Schauder fixed point 
theorem and the contraction mapping principle, the existence and uniqueness of solutions to the system 
with anti-periodic boundary conditions are obtained. Two examples are given to demonstrate the feasibility 
of the results. 

Keywords: Coupled system; Fractional differential equations; Anti-periodic boundary conditions; 
existence; uniqueness. 


1. Introduction 

Recently, fractional differential equations have proved to be valuable tools in various fields of science 
and engineering. Indeed, we can find numerous applications in control, porous media, fluid flows, chemical 
physics and many other branches of science, see[l-3]. As a result, there are many papers dealing with the 
existence and uniqueness of solutions to nonlinear fractional differential equations, see[4-10]. 

Anti-periodic boundary value problems arise in the mathematical modeling of a variety of physical 
process, many authors have paid much attention in such problems, for examples and details of anti-periodic 
boundary conditions, the interested readers may refer to [11-17]. On the other hand, the coupled systems 
of nonlinear fractional differential equations have been a subject of intensive studies [17-21]. 

It should be noted that in [18-21], the study objects are coupled systems, but not the case of Caputo frac- 
tional derivatives. In [11 16], the authors only studied the existence of solutions for anti-periodic boundary 
value problems of fractional differential equation but not the coupled system. Motivated by [17], we consider 
a coupled system of nonlinear fractional differential equations in the sense of Caputo with a nonlinear term 
containing the derivatives of unknown functions. 

In this paper, we study the existence and uniqueness of solutions to the following coupled system of 
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nonlinear fractional differential equations 

' c D a x(t) + f(t, y(t), c D p y(t )) = 0 ,t € [0, T ], 
c D^y{t) + g(t,x(t), c D q x(t)) = 0,f e [0, T], 
a;( fc )(0) = -x( k \T),k = 0,1, 2, 3, 4, 

, = —y^ k \T), fc = 0, 1, 2, 3, 4, 

where 4 < a, /3 < 5, a ~ q > 1 ,/3 — p > 1, c D a denotes the Caputo fractional derivative of order a, 
f,g : [0, T) xKxRaM are given continuous functions. 

This paper is organized as follows. In Section 2, we recall some basic definitions and preliminary results. 
In Section 3, we prove the existence of solutions to (1.1) by means of the Schauder fixed point theorem. 
Then, we obtain the uniqueness of solutions to the system by the contraction mapping principle. At the 
end, two examples are given to illustrate the applicability of our results. 


2. Background Materials 


For the convenience of the readers, we present here the necessary definitions and lemmas [2], which are 
used throughout this paper. 


Definition 2.1. The Riemann-Liouville fractional integral of order a > 0 of a function y : (0, oo) — > R. is 
given by 

I a y(t ) = [ (t~ s) a ~ 1 y{s)ds , 

r («) Jo 

provided the right hand side is pointwise defined on (0, oo). 


Definition 2.2. The Caputo fractional derivative of order a > 0 of a continuous function y : (0,oo) — x R 
is given by 


c D a y(t) = 


y {n) (s) 


-ds, 


T(n - a) J 0 (t - s ) a - n+1 

where n = [a] + 1, [a] denotes the integer part of number a, provided that the right side is pointwise defined 
on (0, oo). 


Lemma 2.3. For any y € C[0,T], the unique solution of the boundary value problem 


m(f) = l/(t),fe [0,T],4<g<5, 
a;«(0) = -#>(T),fe = 0,1, 2, 3, 4 


can be written as 


x(t) = f 
Jo 


G(t,s)y(s)ds, 


where G(t, s) is the Green’s function given by 


G(t,s) = { 


2(t—s) q ~ 1 — (T—s) q ~ 1 (T—2t)(T—s) q ~ 2 t(T—t)(T—s) q ~ 3 

' 4T(q— 1) ' 4T(g-2) 

(2Tt 3 —tT 3 — t 4 )(T—s) q - 5 n , , . . T 


2T(q) 

(OTt 2 -4t 3 -T 3 )(T-s) q ~ 4 
+ 48r( 9 -3) 48r( 9 -4) 

(T-s) 9_1 (T—2t)(T—s) q ~ 2 t{T —t)(T — s) q ~ 3 

2T(q) ' 4r(q-l) ' 4T(q-2) 

{OTt 2 — At 3 —T 3 )(T— s) q ~ 4 
- 1 - 48T(g-3) 


4T(g— 2) 

(2 Tt 3 -tT 3 -t 4 )(T-s) q - 3 n . , . . T 

48T(q— 4) , U 


2 
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Let 


G\ (t, s) — < 


G 2 (t, s) — < 




(T-2t)(T-g)° 


t(T-t)(T-s)° 


1 1 

T(a) ' 4T(a-l) ' 4T(a-2) 

(6Tt 2 -4t 3 -T 3 )(T-s)““ 4 (2 Ti 3 -tT 3 -t 4 )(T-s)“ -5 n ^ ^ ^ T 

+ 48T(a-3) + 48 T(q— 4) , U < S < t < 1 , 

■ ( T - , (T-2t)(T-sr- 2 t(T-tyTs)°- 3 

2r(a) V “r 4T(a— 1) + 4T(a-2) 

, (6Tt 2 -4t 3 -T 3 )(T-s)““ 4 , {2Tt 3 -tT 3 -t i )(T-s) a ~ 5 n ^ + ^ ^ 

+ 48T(a-3) + 48T(a— 4) , U < t < S < J . 

(t-s) ,3_1 -i(T-s) ,3_1 , (T-2t)(T-s)' 3-2 , t(T—t)(T—s] 

r(0) + 4T(/3 — 1) + 4T®-2) 


0-3 


4T(/3 — 1) ' 4T(/3— 2) 

(6Tt 2 -4t 3 -T 3 )(T-s) /3_4 (2Tt 3 -tT 3 -t i )(T-s) f> ~ 5 n ^ ^ ^ T 

+ 48T(/3-3) + 48IY/3-4) , U < S < t < 1 , 

1 (m _ .3,9-1 , (T—2t)(T—s) l3 ~ 2 t{T-t)(T-sf- 3 

2 r(/3) V 4 - " r 4T(/3 — 1) " r 4T(/3— 2) 

, (6Tt 2 -4t 3 -T 3 )(T-s) /3_4 , (2Tt 3 -tT 3 -t i )(T-s) f> - 5 n „ + „ „ „ T 
' 48rC/3-3'l + 481X3-41 , u < t < s < 1 . 


4814,3—3) 1 48r(/3— 4) 

We call (Gi,G 2 ) Green’s function for Problem (1.1). 

Define the space 


C = {s(i) : x(t) £ G 4 [0,T],a: (fe) (0) = —x^ k \T),k = 0, 1,2, 3, 4}, 


and 


X = {x(t) : x(t) £ C and { c D q x)(t) £ G[0, T]} 

endowed with the norm 

IMU = max max | x M (t) | + max | ( c D q x){t) |, 
o<*<4te[o,T] te[o,r] 

where isN. 

Lemma 2.4. ( X , || • ||x) is a Banach space. 

Proof. Apparently X is a subspace of G 4 [0,T], so we only need to prove that X is closed. Let x n (t) be 
a sequence converging to some x (t) in (X, || • ||x), then it is clear that x„(t) is a converging sequence in the 
space G 4 [0,T] and hence x £ C. Furthermore, the uniform convergence of ( c D q x n )(t ) to ( c D q x)(t) implies 
that ( c D q x)(t) £ G[0,T] and therefore x(t) £ X. The proof is complete. 

Similarly, we can define the Banach space 

Y = {y(t) : y(t) £ C and ( c DP)y(t ) £ C[0,T]} 


endowed with the norm 


My = 


max max | y {l) {t) | + max | ( c D p y)(t ) |, 
o<*<4te[o,T] te[o,T] 


where i E N. 

For (x,y) £ (X,Y), let 


IK^i y)\\xxY = max{||x|| x , My}- 


Then clearly ( X x Y, || • ||.yxf) is a Banach space. 
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Consider the following coupled system of integral equations: 

f x (t) = / 0 T G 1 (t.,s)f{s,y{s), c D p y(t))ds, 

1 Vi*) = fo G 2 (t,s)g(s,x(s), c D«x(t))ds. 

The following lemma states that Problem (1.1) is equivalent to Problem (2.2) and therefore the study of a 
system of differential equations is turn into the study of a system of integral equations. 

Lemma 2.5. Assume that f,g : [0, T\ x R. x R — > R. are continuous functions. Then (x,y) € (X,Y) is a 
solution of (1.1) if and only if (x,y) € (X,Y) is a solution of system (2.2). 

Proof. The proof is immediate from the discussion above, we omit the details here. 

Let F : X xY — > X x Y be an operator defined as F(x,y)(t ) = (Fiy(t), F 2 x(t)), where 

Fiy{t)= [ Gi(t,s)f(s, y(s), c D p y(t))ds, F 2 x(t) = f G 2 (t,s)g(s,x(s), c D q x{t))ds. 

Jo Jo 

It is obvious that a fixed-point of the operator F is a solution of Problem (1.1). 

Now we present the main results of this paper. 


3. Main Results 

In this section, we will discuss the existence and uniqueness of solutions to Problem (1.1). 

Lemma 3.1. ^ 7j/ The Green's functions Gi(t, s),G 2 (t, s) satisfy the following estimates: 

s 0 T i gi(m) i ds < + 5fl, - i4tt ;t i + i 4h ) = u u t e [o,n (3 

f 0 T I G 2 (t,s) I d S < pjgijd + = u 2 ,te [0, T], (3 

Jo < T^fd + « 3 - 3 - 2 + 14a - 12 ) = u 3 ,t€ [o,r], (3 

fo T < T^fd + ^- 3 ^ 2 4 + 8 14/3 ~ 12 ) = U 4 ,t e [0, T\. (3 

Theorem 3.2. Assume that one of the following conditions is satisfied: 

(Hi) there exist positive constants A , B and constants bi, Ci > 0, 0 < pt,9i < 1 for i = 1,2 such that 

I f(t,x,y) \<A + b 1 \x \ P1 +b 2 \ y | p2 , | g(t,x,y) |< B + ci \ x \ 01 +c 2 | y f 2 ; 

( H 2 ) there exist constants U,ki > 0, 0 < 7*, <pi < 1 for i = 1,2 such that 

I f(t,x,y ) |< h | x | 71 +l 2 | y | 72 , | g(t,x,y ) |< h \ x \ Vl +k 2 \ y | V2 ; 

(H 3 ) there exist constants di,Oi > 0 > 1 fori = 1,2 such that 

I f(t,x,y) |< di | x | 51 +d 2 | y I* 2 , | g(t,x,y ) |< o x \ x | ei +a 2 \ y | £2 ; 

then Problem (1.1) has a solution. 
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Before proving Theorem 3.2, we define a ball B in the Banach space X x Y as 


B = {(x(t),y(t))\{x(t),y(t)) £ X x Y, ||(x,y)||xxr < R,t £ [0,T]}, 


where 


R > max{3[/AAi, (SC/Mi) 1 ^, (SUhXi)^ ,SKBX 2 , (3ATciA 2 ) r ^, (3ATc 2 A 2 ) r ^}. 


U = max{C/i , C/ 3 , C/ 5 , C/ 6 , C/ 7 }, where C /5 


r ~ 2 ^3 , 
r(a-i) '2 ' 


a 2 — a — 2 
16 


), CC 6 


T““ 3 (a+3) 
4T(a-2) > 


by the expression of U by replacing the corresponding a with /3 in each case, Ai 
r(b]-p+2)+r lpl ~ p+1 

T([p]-p+2) 


C/7 


= 2 ^- 3 ) 1 K is defined 

r ([4]-g+2)+T [9l_9+1 x 
r([g]— g+2) ’ 


Proof . 


Part 1: Let {Hi) be valid. 
Step 1 : F : B — > B. 


rsGiu,,) 

< 

r 

{t-s) a ~ 3 

(T-s )“" 3 i {T - 2t){T - s) a ~ 4 

t{T - t){T - s) a ~ 5 

Jo dt 2 ds 


Jo 

T{a-2) 

2T{a — 2) + 4r(a — 3) 

4Y{a - 4) 


r j~ , ct — 2 rpcY — 2 j^a—2 

- r(a- 1 ) + 2T{a — 1) + 4T(a - 2 ) + 16r(a - 3) 

T a ~ 2 3 a 2 -a- 2 

~ T(a- 1) ( 2 + 16 5 ’ 



< I" 

{■ t-s) a ~ 4 (T-s )“- 4 1 {T -2t){T - s) a ~ 5 

Jo dt 3 

-Jo 

r(a-3) 2r(a — 3) + 4T(a - 4) 


rj~<ci—3 r j~'cx — 3 j~ia — 3 

- T(a — 2) + 2T(a-2) + 4T(a - 3) 
_T^(a + 3) 

4T(a - 2) 6 ’ 


a/ 4 


ds 


< 


< 


(t~s) 


a — 5 


(■ T-s ) 


a— 5 , 


r(a - 4) 2T(a - 4) 

r J~ l CX. — 4 rj-ict — 4 


(is 


T(a — 3) 2T(a-3) 

Q r T 1 ct — 4 

= = c/ 7 . 

2L(a — 3) 

Let C/ = max{C/i, C/ 3 , C/ 5 , C/ 6 , C/ 7 }, when k = 0, 1, 2, 3,4, we have 


I {Fiy) ik \t) | =| £ dG ^ S) f{s,y{s), c D p y{t))ds \ 

< £ I dG £ S) I ( A + + b 2 R p2 )ds 

< U(A + biR Pl + b 2 R P2 ) = M. 
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On the other hand, we can get 


As a result 


\ c D q Fiy(t)\ = 


< 


< 


1 

T([q] + l-q) 
M 

T([q] + l-q) 
MT ^~ q+1 



T([q] + 2 -qy 


s )M- q \( Fl y)M +1 \s)\d S 


s) [q] ~ q ds 


\\ F iy\\x = 


max max | (F iy ) M (t) | + max | ( c D q F iy )(t ) | 

o<j<4te[o,T] te[o,T] 


< M + 


MT^ q ]~ 9 +1 
r([q] + 2-q) 


M Ai 


= U(A + b\R Pl + 6 2 i? P2 )Ai 

RRR 

< — I 1 — = R. 

~ 3 3 3 


Similarly 


||F 2 ;r|k- = max max I (F 2 x)^'\t) I + max I ( c D p F 2 x)(t) I 
0<i<4tg[0,T] te[o,T] 

< K(B + ci R ei + c 2 R 92 )\ 2 < R- 

Hence, we conclude that || F(x, y)\\xxY = max{||Fi?/||x, H-F^Hy} < R, in consequence, F : B B. 

Step 2: F is continuous. This follows easily from the continuity of f,g,x(t),y(t ) and Gi(t,s),G 2 (t,s). 
Step 3: F(B) is relatively compact. Let us set 


Mr = max{| f(t,y(t), c D p y(t)) |: t G [0,7], ||y|| y < R, \\ c D p y\\ < R}, 
Ni = max{| g(t,x(t), c D q x) |: t G [0,T], ||a;||x < R, \\ c D q x\\ < R}. 


( FivYit ) I = 


dGifri 

dt 


< Ah 


r 

dGi(t,s) 

Jo 

dt 


-f{s,y{s), c D p y(s))ds 


ds < M 1 U 3 . 


Hence, for t\,t 2 G [0,7], we have 

I (Fiy)(t 2 ) - (Fiy)(ti) |< [ \ (F 1 y)\s) \ ds < AhU 3 \ t 2 - h 

•7*1 


Similarly, we can get 

I (F 2 x){t 2 ) - {F 2 x){t 1 ) |< [ | ( F 2 x)\s ) | ds < N x Ui \ t 2 - h \ . 

J *i 

By the Arzela-Ascoli theorem, we can obtain that F(B) is an equicontinuous set, the operator F : B — >• B 
is completely continuous. Thus, Problem (1.1) has one solution by the Schauder fixed-point theorem. 
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Part 2: Let (H 2 ) be valid. In this part, let 

R > max{(2Uh\i)^ ,(2Ul 2 \i)^ ,(2Kki\ 2 )^ ,(2Kk 2 \4 r ^}- 

We can also get the result by repeating arguments similar to part 1. 

Part 3: Let (U 3 ) be valid. In this part, let 

0 < R< mm^{2Ud 1 X 1 )~^* t ;{2Ud2Xiy^ 1 ,(2Ka 1 X 2 )~^ 1 ,(2Ka 2 X2r^Y 

We can also get the result by repeating arguments similar to part 1. Here we omit it. This completes 
the proof. 

Example 3.1. Consider the system 

c D 17 ^x(t) + sint + (y(t)) 2 / 3 + ( c D 5 / 2 y(t)f /5 = 0, 0 < t < 1, 
c D 9 ' 2 y(t) + 1 1 / 2 + 0 r(f )) 1 / 3 + ( c D 11 / 4 a;(t )) 4/7 = 0, 0 < t < 1, 
a;( fc )(0) = -xW(l),k = 0,1, 2, 3, 4, 

. y( fc )(0) = -yW(l),fc = 0,l,2,3,4. 

The system satisfies (Hi) and hence Theorem 3.2 implies the existence of the solution to system (3.5). 

Theorem 3.3. Let fund g satisfy the following growth conditions : 

(Hi) there exist four positive constants Li, L 2l Hi, H 2 such that 

I f(t,xi,yi) - f(t,X2,yi) |< Li\xi - x 2 \ + L 2 \yi - y 2 \, 


(H 2 ) 


I g(t,xi,yi) - g(t,x 2 ,y 2 ) \< Hi\xi - x 2 \ + H 2 \yi - y 2 1, 
t G [0, T],Xi, yi G R, i = 1, 2. 

max{Li,L 2 }b r i = Qi < 1, max{Lfi, H 2 }U 2 = Q 2 < 1. 


Then Problem (1.1) has a unique solution. 
Proof. Let (xi,yi), (x 2 ,y 2 ) G X x Y, then 


(Fiyi - Fiy 2 )(t) \ = [ Gi(t, s)f(s, yi(s), c D p yi(s))ds - [ Gi(t, s)f(s,y 2 (s), c D p y 2 (s))di 

Jo Jo 

< [ \ Gi(t,s) \\ f(s, yi(s), c D p yi(s)) - f(s, y 2 (s), c D p y 2 (s)) \ ds 

Jo 

< Ui(Li\yi(s) - y 2 (s)\ +L 2 \ c D p yi(s) - c D p y 2 (s ) |) < max{L 1 ,L 2 }t/'i||j/i -y-AW- 


Analogously, 

| (F 2 x 1 - F 2 x 2 )(t) | < [ | G 2 (t, s) || g(s,xi(s), c D q xi(s)) - g(s,x 2 (s), c D q x 2 (s)) | ds 

Jo 

< U 2 (Hi\xi(s) - x 2 (s)| + H 2 \ c D q xi(s) - c D q x 2 (s ) |) < max.{Hi,H 2 }U 2 \\xi - x 2 ||x- 
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Thus, 


II F(x 1 ,y 1 ) - F(x 2 ,y 2 ) \\xxy =|| (Fiyi - Fiy 2 ,F 2 xi - F 2 x 2 ) ||a'xf 

= max{|| F 1 y 1 - F x y 2 || x , || F 2 Xi - F 2 x 2 ||y} 

< max{<5i || j/i - 2/2 ||y,<32 || x\ - x 2 || x } 

< max{Qi,Q 2 } max{|| 2/1 - y 2 ||y,|| aq - x 2 ||x} 

= max{Q 1; Q 2 } || (aq,2/i) - {x 2l y 2 ) || Xx y • 

Hence, we conclude that Problem (1.1) has a unique solution by ( H 2 ) and the contraction mapping 
principle, this ends the proof. 


(3.6) 


Example 3.2. Consider the system 

[ C D 17 / A x{t) + Li sin y{t) + L 2 1+ ^ 5/ y 2 ( y {t) = 0, 0 < t < 1, 
c D 9 / 2 y(t) + Hi arctanx(t) + H 2 = 0, 0 < t < 1, 

a/ fe )(0) = ), fc = 0,1, 2, 3, 4, 

^ 2/ (fc) (0) = — 2/ (fe) (1), & = 0, 1, 2, 3, 4. 

Where T = 1, f(t,y(t), c D p y(t)) = L x smy(t) + L 2 1+ fp , g{t,x(t), c D q x(t)) = Hi arctanx(i) + 

H 2 1 C + TnZl% r a= 1 i,p = l,p = 5/2, g = 11/4 and Li,L 2 ,Hi,H 2 > 0. 

Noting that 

1 i . v . . i 1 


(sin //)' | = | cos 2 / |< 1,| (arctanx)' | = 


1 + x 2 ’ ^ 1 + v ^ (l-i. 


(1 + ^) 2 


< 1, 


we have 


I f{t,yi(t), c D p yi(t))-f(t,y 2 (t), c D p y 2 (t)) \ 


< Li | sin i/i (t) 


sin 2/2 (t) | +L 2 


c D 5/2 yi(t) 

1 + c D 5 / 2 yi(t) 


c D 5/2 V2(t) 

1 + c D 5 / 2 y 2 (t) 


< Li | 2/1 (t) - 2 / 2 (i) I FL 2 | c D 5/2 yi(t) - c D b/2 y 2 (t) \ 


< max{Li,L 2 } || 2/i “ 2/2 ||y, 


g(t, aq(t), e D q xi(t)) - g(t, x 2 (t), c D q x 2 {t )) 


c Z) 11 / 4 2;i(f) 

< #i | arctanxi(t) - arctanx 2 (t) | +i? 2 - +e D n/ 4x ^ 

< Hi | xi(t) - a; 2 (t) | +H 2 | c Z? 11/4 :ei(/:) - c H 11/4 a; 2 (t) | 

< max{Hi,i? 2 } || xi - x 2 || x , 

T' 


c T> 11 / 4 a: 2 (t) 


1 + c U 1:L / 4 a; 2 (t) 


Ui = 

U 2 = 


T(a + l) v 2 

j'P 


.3 5a 4 — 14a 3 + 55a 2 + 146a 

L + '7/?0 / 


768 


3 5/3 4 — 14/3 3 + 55/3 2 + 146/3 

( n / 


0.1229, 


0.0920. 


r(/3 + l) v 2 ' 768 

as long as we let max{Li,L 2 } < 0 i 9 2 g , maxjifi, H 2 } < Q 0 g 2Q , it will have Qi < 1 ,Q 2 < 1, then we can 
conclude from Theorem 3.3 that system (3.6)has a unique solution. 
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Abstract 

In this paper, we discuss the existence of fixed points for a class of Lipschitzian 
type mappings and asymptotic pointwise Lipschitz type mappings in hyperbolic 2- 
uniformly convex metric spaces. In the same space setting, we deal the problem 
of approximation of fixed points via modified Mann iteration process. Our result 
generalizes and extends the corresponding results of Dehaish et al. [7], Goebel and 
Kirk [8], Kirk and Xu [18] and Sahu et al. [24] and many others in this direction. 
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1 Introduction 

Let C be a nonempty subset of a metric space X and T : C — > C be a mapping. Then T 
is called 

(1) nonexpansive if d(Tx , Ty ) < d(x, y ) for all x,y G C; 

(2) asymptotically nonexpansive [8] if for each n e N, there exists a constant k n > 1 
with lim, woo k n = 1 such that 


d(T n x,T n y)<k n d(x,y ) 


for all x,y G C; 
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(3) a pointwise contraction [3] if there exists a function a : C — > [0, 1) such that 

d(Tx , Ty ) < a(x)d(x , y ) 


for all x,y € C; 

(4) an asymptotic pointwise contraction [17] if for each n G N, there exists a function 
a n : C —> [0, 1) such that 

d(T n x,T n y ) < a n (x)d{x,y ) 

for all x, y 6 C, where a n — ► a : (7 — ► [0, 1) pointwise on C\ 

(5) pointwise asymptotically nonexpansive [18] if there exists a sequence {a n } for each 

integer n E N, a function exists a function : C — > [1, oo) 

d(T n x,T n y) < a n (x)d{x,y ) 

for all x,y € C, where a n (x) — > 1 pointwise on (7; 

(6) asymptotically nonexpansive in the intermediate sense [5] provided T is uniformly 
continuous and 

limsup sup d(T n x,T n y ) — d(x,y )) < 0; (1.1) 

n — >oo x,y&C 

(7) asymptotically nonexpansive type [13, 16] if 

lirn sup sup ( d ( T n x , T n y ) — d(x, y)) < 0 

n—>oo y£C 


for all x € C. 

There is a class of mappings which lies strictly between the class of contraction map- 
pings and the class of nonexpansive mappings. The class of pointwise contractions was 
introduced in Belluce and Kirk [3] and later it was called generalized contraction in [12]. 
Banach’s celebrated contraction principle was extended to this larger class of mappings as 
follows: 

Theorem 1 . 1 . ([3, 12]) Let C be a nonempty weakly compact convex subset of a Banach 
space and T : C C a pointwise contraction. Then T has a unique fixed point, x*. and 
{T n x} converges strongly to x* for each x € C. 

Kirk [17] combined ideas of pointwise contraction [3] and asymptotic contraction [15] 
and introduced the concept of an asymptotic pointwise contraction. He announced that 
an asymptotic pointwise contraction defined on closed convex and bounded subset of a 
super-reflexive Banach space has a fixed point. 

In [18], Kirk and Xu introduced the concept of asymptotically pointwise and proved 
that every pointwise asymptotically nonexpansive mapping defined on a closed convex 
Banach space has a fixed point. 

The class of asymptotically nonexpansive mappings in the intermediate sense which 
is essentially wider than that of asymptotically nonexpansive was introduced by Bruck 
et al. [5]. It is known that [16] if C is a nonempty closed convex bounded subset of a 
uniformly convex Banach space X and T is a self mapping of C which is asymptotically 
nonexpansive in the intermediate sense, then T has fixed point. 


272 


D. R. Sahu et al 271-285 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Iteration Process for Pointwise Lipschitzian Type Mappings 3 


On the other hand, if c n = max{sup x£C (d(T n x,T n y) — d(x,y), 0}, then (1.1) reduces 
to relation 


d(T n x,T n y) <d(x,y) + c n (1.2) 

for all x,y G C and n G N. The classes of mappings more general than the class of 
mapping satisfying (1.2) were studied in Alber et al. [2] as the class of total asymptotically 
nonexpansive mappings and in Sahu [22] as the class of nearly Lipschitzian mappings. 

Fix a sequence {a n } in [0, oo) with a n — > 0. A mapping T : C — » C is said to be nearly 
Lipschitzian with respect to {a n } ([22]) if for each n G N, there exists a constants k n > 0 
such that 


d(T n x, T n y) < k n (d(x , y) + a n ) (1.3) 

for all x,y € C. The infimum of the constants k n in (1.3) is called nearly Lipschitz constant 
and is denoted by rj(T n ). A nearly Lipschitzian mapping T with the sequence {a n . rj(T n )} 
is said to be 

(1) nearly contraction if y(T n ) < 1 for all n 6 N, 

(2) nearly uniformly L- Lipschitzian if rj{T n ) < L for all n 6 N, 

(3) nearly uniformly k-contraction if r)(T n ) < k < 1 for all n G N, 

(4) nearly nonexpansive if rj(T n ) = 1 for all n £ N, 

(5) nearly asymptotically nonexpansive if r/(T n ) > 1 for all n G N with lim, woo r/(T n ) = 

1. 

The corresponding Lipschitzian type mappings (for instance, contraction type map- 
pings) concerning asymptotically nonexpansive mappings in the intermediate sense and 
total asymptotically nonexpansive mappings are not defined in Brack et al. [5] and Alber 
et al. [2]. The notion of nearly Lipschitzian mappings allows to define different classes 
of Lipschitzian types mappings, for example, nearly contraction, nearly nonexpansive, 
nearly asymptotically nonexpansive, nearly uniformly L- Lipschitzian etc. Therefore, the 
fixed point theory of nearly Lipschitzian mappings is of fundamental importance. Some 
properties and existence and convergence results for nearly Lipschitzian mappings are 
studied in [22, 23]. The perturbation of a nonexpansive mapping as a sequence of nearly 
nonexpansive mappings is studied and its applications are given in [26, 25]. 

Recently, Sahu et al. [24] introduced some new classes of pointwise nearly Lipschitz 
type mappings in Banach spaces and studied some existence theorems in Banach spaces. 
Inspired by the work of Kirk and Xu [18] and Sahu et al. [24] studied the existence of 
fixed points of pointwise nearly Lipschitzian mappings in Banach spaces. In [24], it is 
shown that the asymptotic center of every bounded orbit of a pointwise asymptotically 
nonexpansive mapping is fixed point of the mapping in a uniformly convex Banach space. 

In [27], Schu considered modified Mann iterations for asymptotically nonexpansive 
mappings on a convex subset of a Banach space. Recently, Khan et al. [11] have in- 
troduced and studied the convergence of a general iteration scheme of asymptotically 
quasi-nonexpansive mappings in convex metric spaces and CAT(0) spaces. 

Recently, Dehaish et al. [7] studied the existence of a fixed point of a single and a family 
of asymptotic pointwise nonexpansive mappings defined on uniformly convex hyperbolic 
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spaces. They also discussed the behavior of the following modified Mann iteration process 
associated with asymptotic pointwise nonexpansive mapping T : 

x n+ i = t n T n (x n ) © (1 - t n )x n , n G N, (1.4) 

where {t n } C [0, 1] be bounded away from 0 and 1 and x\ G C is an arbitrary point. 

The purpose of this paper is to extend the notion of the pointwise Lipschitzian type 
mappings introduced in [24] and establish existence and convergence theorems for fixed 
points for the class of pointwise nearly asymptotically nonexpansive mappings in the frame- 
work of hyperbolic 2-uniformly convex metric spaces. Our results generalize, extend and 
unify the corresponding results of Dehaish et al. [7], Goebel and Kirk [8], Kirk and Xu 
[18] and Sahu et al. [24] and many others in this direction.. 


2 Preliminaries 

2.1 Uniformly convexity in metric spaces 

Let (X, d) be a metric space. Suppose that there exists a family X of metric space segments 
such that any two points x, y G X are end points of a unique metric segment [x. y] G X . 
Here [. x,y\ is an isometric image of the real line interval [0 ,d(x,y)\. We shall denote by 
tx © (1 — t)y the unique point z of [x, y] which satisfies 

d(x, z) = (1 — t)d(x, y) and d(z,y) = td(x,y), 


where t G [0, 1]. Such metric spaces are usually called convex metric spaces [20]. Moreover, 
if 

d(ap © (1 — a)x, aq © (1 — a)y) < ad(p, q) + (1 — a)d(x, y), 
for all p,q,x,y G X, and a G [0, 1], then X is said to be a hyperbolic metric space (see 
[21]) '/ 

It is easy to see that norrned linear spaces are hyperbolic spaces. As nonlinear examples, 
one can consider the Hadamard manifolds [6], the Hilbert open unit ball equipped with 
the hyperbolic metric [9], and the CAT(0) spaces [14, 16, 19] (see Example 2.8). 

Definition 2.1. ([10]) A subset C of a hyperbolic metric space X is convex if [x, y] C C 
whenever x,y G C. 

Definition 2.2. ([10]) Let (X, d) be a hyperbolic metric space. We say that X is uniformly 
convex if for any a G X, for every r > 0, and for each £ > 0, 


1/1 1 

5(r, e) = inf <] 1 d I -x © -y, a ) : d(x, a) < r, d(y, a) < r, d(x, y)>re\ > 0. 


From now onward we assume that X is a hyperbolic metric space and if (X, d) is 
uniformly convex, then for every s > 0, £ > 0, there exists p (s, e) > 0 depending on s and 
£ such that 

6(r, e) > p (s, e) > 0 for any r > s. 
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Remark 2.3. If ( X , d ) is uniformly convex, then we have the following: 

(1) 5(r, 0) = 0 and 8(r, e) is an increasing function of e for every fixed r. 

(2) For n < r 2 , the following holds: 


T2 


r i 


r i 


1 1 - S' r 2 ,e — < 5(r i, e). 


T2 


(3) If ( X , d ) is uniformly convex, then (. X , d) is strictly convex, that is, whenever 


1 i 

d(x, a) = d(y, a) = d[ -x © -y, a ) , 


for any x,y, a G X, then we must have x = y. 

Recall that a hyperbolic metric space X is said to have property ( R ) [10] if any non- 
increasing sequence of nonempty, convex, bounded, and closed sets has a nonempty inter- 
section. 

The following theorem was proved by Kharnsi and Khan [10]. 

Theorem 2.4. ([10]) Assume that (X,d) is complete and uniformly convex. Let C be 
nonempty, convex, and closed. Then for any x G X, there exists a unique best approximant 
of x in C , that is, a unique xq G C such that 


d(x, xo ) = d(x, C). 

Note that any complete and uniformly convex metric space has the property (R) (see 
[ 10 ]). 

We need the following results for our main results. 

Lemma 2.5. ([10] Lemma 2.2) Let (X,d) be uniformly convex. Assume that there exists 
r > 0 such that 

f 1 1 \ 

lirn sup d(x n , a) < r, lirn sup ri(y n , a) < r and lim d a, —x n © -y n = r. 
n^oo n^oo n^oo \ 2 2 J 

Then lim, woo d(x n , y n ) = 0. 

The following metric version of the parallelogram identity, also known as the inequality 
of Bruhat and Tits, has been established in [10]. 

Theorem 2.6. ([10]) Let (X,d) be uniformly convex. Fix a G X. For each r > 0 and 
for each e > 0, denote 

^(r, e) = inf ^d 2 (a, x) + ^d 2 (a, y) - d 2 ^o, ^ x © ^ j, 

where the infimum is taken over all x, y € X such that d(a , x) < r, d(a , y) < r and 
d(x, y) > re. Then ^(r, e) > 0 for any r > 0 and each e > 0. Moreover, for a fixed r > 0, 
we have 
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(i) T(r, 0 ) = 0 ; 

(ii) ^(r, e) is non-decreasing function of e; 

(iii) if lim, woo \H(r, t n ) = 0 , then lim, woo t n = 0 . 

The notion of p-uniform convexity was studied extensively by Xu [28], its nonlinear 
version for p = 2 has been introduced by Khamsi and Khan [10] using the above function 
as follows. 

Definition 2.7. ([10]) We say that (X,d) is 2 -uniformly convex ii 

C x = inf : r > 0, e > o| > 0. 

From the definition of Cx, we obtain the following inequality: 

( 1 i \ \ \ 

a, -x® -y) + C x d 2 (x,y ) < -d 2 (a, x) + -d 2 (a, y) 
for any a G X and x, y G X. 

Example 2.8. Let ( X , d) be a metric space. A geodesic from x to y in X is a mapping c 
from a closed interval [0, l] C R to X such that c(0) = x, c(l ) = y, and d(c(t), c(t r )) = \t—t'\ 
for all t, t! G [0, /]. 

In particular, c is an isometry and d(x, y) = l. The image a of c is called a geodesic (or 
metric) segment joining x and y. The space (A, d) is said to be a geodesic space if every 
two points of X are joined by a geodesic, and X is said to be uniquely geodesic if there is 
exactly one geodesic joining x and y for each i,i /6 X, which will be denoted by [x, y ], and 
called the segment joining x to y. A geodesic triangle A(aq, X 2 , £ 3 ) in a geodesic metric 
space (X,d) consists of three points xi,X 2 ,x^ in X (the vertices of A) and a geodesic 
segment between each pair of vertices (the edges of A). 

A comparison triangle for the geodesic triangle A(aii, # 2 , £ 3 ) in (X,d) is a triangle 
A(xi, X 2 , X 3 ) := A(x\, X 2 , X 3 , ) in M 2 such that d^{xi,Xj) = d(xi,Xj) for i,j G {1,2,3} 
such triangle exists (see [4] ) . 

A geodesic space is said to be a CAT(0) space if all geodesic triangles of appropriate 
size satisfy the following comparison axiom. 

Let A be a geodesic triangle in X and let A C i 2 be a comparison triangle for A. 
Then A is said to satisfy the CAT(0) inequality if 

d{x,y) < d(x,y). 

for all x, y G A and all comparison points x. y G A. 

Complete CAT(0) spaces are often called Hadamard spaces (see [16]). If x,y\,y 2 are 
points of a CAT(0) space and if yo is the midpoint of the segment [2/1 , 2/2] 5 which will be 
denoted by yi ® V2 ; then the CAT(0) inequality implies 

d2 ( x ’ \ Vl 0 \ V2 ) - \ d2( < x ' yi ^ + ~ ^d 2 {yi,V2)- ( CN ) 
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This inequality is the (CN) inequality of Bruhat and Tits [4]. As for the Hilbert space, 
the (CN) inequality implies the CAT(O) spaces are uniformly convex with 

5(r,e) = 1 - 

The (CN) inequality also implies that 

r*E* 

*(r, £ ) = — . 

Thus, a CAT(O) space is 2-uniformly convex with Cx = \- 

We need the following more general inequality for convergence of Mann iterations. 

Theorem 2.9. ([7]) Let (X,d) be 2-uniformly convex. Then, for any a £ (0,1), there 
exists Cx > 0 such that 

d 2 (a, ax 0(1 — a)y) + Cx min{a 2 , (1 — a) 2 }d 2 (x, y) < ad 2 {a , x) + (1 — a)d 2 (a, y ) 
for any a, x,y £ X . 

Recall that $ : X — > R + is called a type if there exists {.x n } in X such that 

4>(x) = limsupd(x, x n ). 

n— >oo 

Theorem 2.10. ([10, Theorem 2.4]) Assume that (X,d) is a complete and uniformly 
convex. Let C be a nonempty closed bounded and convex subset of X . Let $ be a type 
defined on C . Then any minimizing sequence of $ is convergent. Its limit is independent 
of the minimizing sequence. 

In fact, if X is 2-uniformly convex, and $ is a type defined on a nonempty closed 
convex bounded subset C of X, then there exists a unique xq £ C such that 

$ 2 (.to) + 2C x d 2 (xo, x) < 4> 2 (x) (2.1) 

for any x £ C. In this inequality, one may find an analogy with Opial property used in 
the study of the fixed point property in Banach and metric spaces. 

2.2 Pointwise Lipschitzian type mappings and fixed points 

First, we extend some wider classes of nonlinear mappings studied by Sahu et al. [24] in 
a metric space setting. 

Definition 2.11. ([24]) Let C be a nonempty subset of a metric space ( X , d) . A mapping 
T : C — > C is said to be 

(1) pointwise nearly Lipschitzian with sequence { («„(•), a n )} if, there exists a sequence 
{a n } in [0, oo) with a n — > 0 and for each n £ N, there exists a function a n (.) : C — > (0, oo) 
such that 

d(T n x, T n y) < a n (x)(d(x, y) + a n ) 
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for all x,y G (7; 

(2) pointwise nearly uniformly a (-) -Lipschitzian with sequence {a n } if, there exists a 
sequence {a n } in [0, oo) with a n —> 0 and there exists a function a(-) : C — > (0, oo) such 
that 

d(T n x, T n y ) < a(x)(d(x, y ) + a n ) 

for all x,y G C\ 

(3) asymptotic pointwise nearly Lipschitzian with sequence {(«„(•), a n )} if, there exists 
a sequence {a n } in [0, oo) with a n — > 0 and for each n G N, there exists a function 
a n (.) : C — > (0, oo) and with a n — > a : C — > (0, oo) pointwise such that 

d(T n x, T n y) < a n (x)(d(x, y) + a n ) 

for all x,y G C. 

We say that, an asymptotic pointwise nearly Lipschitzian mapping is 

(1) pointwise nearly asymptotic nonexpansive li a n (x) > 1 for all n G N and a n (x) — > 1 
pointwise, 

(2) pointwise asymptotically nonexpansive [18] a n = 0 and a n (x) > 1 for all n G N and 
a n (x) — > 1 pointwise. 

(3) a asymptotic pointwise nearly contraction if a n — > a pointwise and a(x) < k < 1 
for all i£C. 

A point x G C is called a fixed point of T if T{x) = x. The fixed point set of T is 
denoted by Fix(T ). 

3 Existence theorem 

First, we prove the existence of fixed point for a pointwise nearly asymptotically nonex- 
pansive mapping in a 2-uniformly convex metric space. 

Theorem 3.1. Let C he nonempty closed convex and bounded subset of a complete hy- 
perbolic 2-uniformly convex metric space (A, d). Let T : C — ► C be a continuous pointwise 
nearly asymptotically nonexpansive mapping. Then T has a fixed point in C . Moreover, 
the set of fixed points is closed and convex. 

Proof. Fix x G C. Define the function $(y) = limsup n _ >0O d(T n (x), y) on C. By (2.1), 
there exists a unique iv G C such that 

$ 2 (o;) + 2C x d 2 {u, y) < ® 2 (y) 

for all y G C. In particular, we have 

$ 2 (o;) + 2 C x d 2 (uj, T n {u)) < $ 2 (T n (o;)) (3.1) 

for all n > 1. Observe that 

T(T n (cu)) = limsup d{T m {x),T n {uj)) 

m— kx) 

< limsup d(T n (T m - n (x)),T n (cj)) 

m^> oo 

< limsup [a n (u>)(d(T m ~ n (x),uj) + a n )] 

m—>oo 

< a n (w)($(w) + a n ) (3.2) 
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for all n > 1. Hence, from (3.1) and (3.2), we have 

§ 2 {u) + 2C x d 2 {u},T n {u)) < $ 2 (T n ( w)) 

< (a n (<v)(<L(a;) + a n )) 2 

= a 2 (cv)[d) 2 (w) + a 2 + 23>(u ;)a n ] 

for all n > 1. By the definition of T, a n {uj) —> 1 pointwise and a n —> 0 as n —> oo. Thus, 
lim, woo d(u ;, T n (uj)) = 0, i.e., T n (uj) —> lu &s n —> oo. By the continuity of T, we have 

T(u) = T( lim T n (u>)] = lim T n+1 ( u) = u. 

\ n— >oo / n— >00 

Closedness of Fix(T ): Let {x n } be a sequence in Fix(T ) such that lim, woo x n = x 
for some x G C. Now it remains to show that x G Fix{T). Note that 


d(T n (x n ), T n (x)) < a n (x)(d(x n , x) + a n ), 


which implies that 

lim d(T n (x),x n ) = 0. 

n—> oo 

Since 

d(x, T n {x)) < d(x, x n ) + d(x n , T n (x), 

we have, lim^oo d(x, T n (x)) = 0. By continuity of T, we have Tx = x. 

Convexity of Fix(T ): Let x,y G Fix(T). We only need to prove that z = G 
Fix{T). Without loss of generality, we assume that x ^ y. Note that 


d(x,r\z)) = d(T n (x),T n (z )) 

< a n (x)(d(x, z) + a n 

. , xV Y ® ©3/ . , 

< a n (x) d [x, — — ) + a n 


= «nW( -d(x,y) + a, 


for all n > 1. Similarly, we have 


T ”(Y) < «n(y) ( 2 d (x, V ) + o, 


for all n > 1. By triangular inequality, we have 

d(x,y) < d(x,T n (z)) + d(T n (z),y) 

1 


< a n (x) ^-d(x, y) + a n J + a n (y) ^-d(x, y) + a, 
= (a n (x) + a n (y))(^-d(x,y) + a n \ 


it follows that 


lim d(x,T n (z)) 

n— >oo 


lim d{T n (z),y) = d(x,y). 

71 — » OO 
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Note 


d ( x, < I d{x, z ) + \d(x, T n (z )) 


< - d(x, z ) + -a n (x) -d(x, 2 ) + a n , 


1 ® Olni^x) ^ ^ ^ | CX n (F)a v 

a[x, z) -| - 


Similarly, we have 


, . 2:©T n (z)\ 1 . 1 . .. 

d ( s/> — g — J - 2 + 2 d ( y ’ T 

1 1/1 

< o + o a «(y) ( *) + a ' 


2 W7 ' 2 

1 + «n(y) 


d{y,z) 


a n (y)a n 


Thus, 


,, . . 2:®T n (z) 

d(x, y) < d x, ) + d 


z © T n (z) 


<y 


1 + a n (x) d(x,y) 1 + a n (y) d(x,y) a n (x) + a n (y) 

< On 

2 2 2 2 2 

Taking limit as n —> oo both the sides, Hence, we have 


lim d ( x, 


z © T n {z) 


= lim d ( y, 


z © T n (z)\ d(x, y) 


Using Lemma 2.5, we conclude that lim n _ >0O d(z, T n (z)) = 0. Therefore, we must have 
T(z ) = z, i.e., G Fix(T). This completes the proof. □ 

Remark 3.2. Theorem 3.1 is a natural generalization of Proposition 3.4 and Theorem 
3.8 of Sahu et al. [24] in the framework of a hyperbolic 2-uniformly convex metric space. 
Theorem 3.1 extends the results of Dehaish et al. [7, Theorem 3.1], Goebel and Kirk 
[8, Theorem 1], and Kirk and Xu [18, Theorem 3.4] to the class of pointwise nearly 
Lipschitzian mappings which essentially wider than the class of mappings appearing in 
[7], [8] and [18]. 


4 Convergence of Mann iteration process 

Lemma 4.1. Let C be nonempty, closed, convex, and bounded subset of a complete hy- 
perbolic 2-uniformly convex metric space (X,d). Let T : C — ► C be a pointwise nearly 
asymptotically nonexpansive with sequence {(a n (-), o„)} such that T is uniformly contin- 
uous. Assume that Y^=i a n < 00 an d Y^=i( a n(p) — 1) < oo for all p e Fix(T). Let 
{t n } C [0, 1] be bounded away from 0 and 1, i.e., there exist two real numbers a,b such 
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that 0 < a < t n < b < 1. The modified Mann iteration process is defined by (1.4). Then we 
have the following: 

(a) lim n _ >0O d(x n ,p ) exists for all p £ Fix(T). 

( b ) lim, woo d(x n , T n (x n )) = 0 and lim n _ >0O d(x n , T m (x n )) = 0 for all m > 1, provided 
that L = sup ngN sup^gp a n (x) < oo. 

Proof, (a) Let 5(C) = sup x y£C d(x,y) be the diameter of C. Let ui £ Fix(T). Set 
5 n := d(x n ,Lu), (i n = a n (ui) and = a n L. From (1.4), we have 

5n + 1 — d(x n +\ , co) 

= d(t n T n (x n ) © (1 - t n )x n ,uj) 

< t n d(T n (x n ), u) + (1 - t n )d(x n , u) 

< t n d(T n (x n ),T n (u)) + (1 - t n )d(x n , u) 

© tn@-n(^) (d(x n , uj) © a n ) © (1 in)d(x n , tv) 

© t n QL n (ui)d(x n i lo) © a n t n a n (u) © (1 tn)d(x n , to) 

< a n (w)d(x n , u) + a n (u)a n 

© finfin © Tn 

for all n > 1. Noticing that ~ 1) < 00 an d Yl^=\ 7 n < oo.for all n > 1. Therefore, 

from [1, Lemma 6.1.5], we conclude that linx^oo d(x n ,ui) exists. 

( b ) First, we prove that lim , wo 0 d(x n ,T n (x n )) = 0. By Theorem 3.1, T has a fixed 
point ui £ C. Lemma 4.1 implies that lim, woo d(x n , cv) exists. Set r = lim^oo d(x n , u). 
Without loss of generality, we may assume r > 0. Note 

lim sup d(T n (x n ) , u) = limsup d(T n (x n ),T n (uj)) 

n— >oo n— >oo 

© limsup(a n (u>)(d(x n , uj) + a n )) = r. 

n— >oo 

On the other hand, from (1.4), we have 

d(x n -\-ii oj) © t n d(T (x n ) , tv) © (1 t n )d(x n , u>) 
for all n > 1. Let U. be a non-trivial ultrafilter over N. Then lim^ t n = t £ [a, b\. Hence 
r = Y\md(x n+ \,u) < t\\md(T n (x n ),u) + (1 — t)r. 

IA U 

Since f / 0, we get lim^ d(T n (x n ),Lu) > r. Hence 

r < liminf d(T n (x n ),u>) < limsupd(T n (x n ),a;) < r. 

n >oo n — >oo 

So linin^oo d(T n (x n ,Lu) = r. Since X is 2-uniformly convex, Theorem 2.9 implies 

C x min{t 2 , (1 - t n ) 2 }d 2 (x n , T n (x n )) < t n d 2 (x n , u) + (1 - t n )d 2 (T n (x n ), u) 

-d 2 (x n+ 1 , 07), 


where Cx > 0 depends only on X. Since 

Cx min{t 2 , (1 - t n ) 2 } > min{a 2 , (1 - b) 2 } > 0, 


281 


D. R. Sahu etal 271-285 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


12 D. R. Sahu, S. Dashputre and S. M. Kang 

and 

lim | t n d 2 (x n , u) + (1 - t n )d 2 (T n (x n ), u) - d 2 (x n+1 ,ix) 1 = 0, 

n— >oo I I 

we get 

lim d(x n ,T n (x n )) = 0, 

n— >oo 

which finish the prove of our claim. 

Next, we prove that lim, woo d(x n , T m (x n ) = 0, for all m > 1. The uniform continuity 
of T implies that 

lim d(Tx n ,T n+1 (x n )) = 0. 

n— »oo 

From (1.4), we have 

d(x n+ 1 , x n ) < d(x n , T n (x n )) — > 0 as n -» oo. 


Note that 

d(x n , T(x n )) < d(x n , x n+ {) + d(x n+1 ,T n+1 (x n+ i)) + d(T n+1 (x n+1 ), T n+1 (x n )) 
+d(T n+1 (x n ),T(x n )) 

X d(x n , x n _|_i) T d(x n -\- 1 , T (x n -|_i)) T x,f) 

+a n+1 ) + d(T n+1 (x n ),T(x n )) 

— d{x n , x n _|_i) 4- d(x n+ i, T (x n -|_i)) + Z/((i(.T n -)-i , x n ) -j- (in+i) 

+d(T n+1 (x n ),T(x n )) 

for all n > 1. Hence, we get lim^-Hx, d{x n T[x n )) = 0. Again, from the uniform continuity 
of T, we have 

lim d(T(x n ),T 2 {x n )) = 0, 

n— xx) 

it follows that 

d{x n , T 2 (x n ) < d(x„, T(x„)) + d(T(x n ),T 2 (x n )) ^ 0 as n oo. 

Inductively, we have 

lim d(x n ,T m (x n ) = 0 

n— xx) 

for all m > 1. This completes the proof. □ 

We now establish main result of this section. 

Theorem 4.2. Let C be nonempty, closed, convex, and bounded subset of a complete 
hyperbolic 2-uniformly convex metric space (X,d). Let T : C — > C be a pointwise nearly 
asymptotically nonexpansive with sequence {(«„(•), a n )} such that. T is uniformly continu- 
ous and sup neN sup xeC a n (x) < oo. Assume that YlnLi a n < cx> and ( &n{p ) — 1) < oo 
for all p G Fix(T). Let {t n } C [0, 1] be bounded away from 0 and 1, i.e., there exist two 
real numbers a, b such that 0 < a < t n < b < 1. The modified Mann iteration process is 
defined by (1.4). Consider the type 4>(x) = limsup,, woo d(x n , x) on C. If lo is the minimum 
point of <h, that is, 4>(o;) = inf{4>(x) : x G C}, then T(oj) = oj. 
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Proof. Suppose that ui is the minimum point of <F. For any m, n > 1, we have 


+Cxd 2 {u T m^ )) < }_ d 2 {Xn ^ ) + }_ d 2 (Xn>T m (w) ). 


Letting limit as n — > oo, we get 


+ CxdV, r») < ^$ 2 (u;) + U 2 (T m (co)) 


for any m > 1. Using Lemma 4.1, we get 

$(T m (cv)) = lim sup d(x n , T m (uj)) 

n— >oo 

< lim sup d(x n , T m (x n ) + d(T m (x n ),T m (uj)) 

n— > oo 

< limsupd(T m (x n ), T m (uj)) 

n— > oo 

< lim sup(a m (u;) (d(x n , u>) + a m )) 

n—>oo 

= + a m ) 

for any m > 1. Since a; is the minimum point of <3?, we have 

^ w) 

<3>(o;) < 4>' 

for any m > 1. From (4.1), we have 


$ 2 (cv) + C Y h 2 (cv,T m (a;)) < T 2 


2 / CU © T m (<jj) 


+ C x d 2 (u}, T m (io)) 


(4.1) 


< U 2 h + U 2 (t”( W )) 

< ^<L 2 (cv) + i [a m (u;)($(u;) + a m )] 2 
for 77i. > 1. Taking limit superior as m — 7 oo, we get 

<h 2 (o;) + Cy limsupd 2 (a;, T m (co)) < <h 2 (a;). 

m—>oo 

This implies that \im. m ^ 00 d{u,T m {u)) = 0. Therefore, T{u) = c o, i.e., u G Fix(T). This 
completes the proof. □ 

Remark 4.3. Theorem 4.2 extends the result of Dehaish et al. [7, Theorem 4.1] to 
pointwise nearly Lipschitzian mapping which essentially wider than the mapping appearing 
in [7]. 
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Abstract 

This work is devoted to the regularity properties of the American 
options value function, when there are brusque variations in prices. 
We assume that there are finite number of jumps in each finite time 
interval and the asset price jumps in the proportions which are in- 
dependent and identically distributed. These properties can be used 
to investigate the optimal hedging strategies, optimal exercise bound- 
aries etc. for the options in jump-diffusion process. 

Keywords: American Option, Jump-Diffusion Model, Poisson Pro- 
cess, Lipschitz Continuity, Weak Derivatives. 


1 Introduction 

The pricing of options and the corporate liabilities have been developed significantly after 
the classical paper by Black and Scholes (1973). Although several techniques for the 
calculation of the value of the European option have been proposed in closed-form, the 
American options are still open for further research and consideration, causing an extensive 
literature on numerical methods. 

Recently, in Israel and Rincon (2008), the American options problem using inequality 
variational systems, and numerical methods based on finite elements and finite difference 
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techniques is solved properly. Indeed, as it lias been proposed also in Jaillet et. al. (1990), 
the problem to find the value of a put American option can be equivalent to getting the 
solution of a system of variational inequalities provided that this formulation respects some 
necessary hypotheses, see also Isreal and Rincon (2008). Jaillet, Lamberon and Lapeyre 
(1990) rely on the link between the optimal stopping and variational inequality in order 
to exploit the theory of American options. Pham (1997) investigated the regularity of the 
value function of the put American option in jump-diffusion process using the properties 
of the optimal exercise boundary. For more detailed discussion on the value function of 
the American options we refer the readers to the papers by Chiarella and Kang (2011), El- 
Karoui, et. al. (1998), ellot and Kopp (1990), Hussain and Shashiashvili (2010), Hussain 
and R.ehman (2012), and books Glowinski, et. al. (1981), Karatzas and Shereve (1998), 
Lamberton and Lapeyre (1997), Slireve (2004) etc. 

We assume the interest rate and volatility are Lipschitz functions of time, payoff is 
arbitrary bounded from below convex function, and use purely probabilistic approach to 
obtained rigorous estimates for the first and second order derivatives of the value function 
of the put American options in order to use these results in our next work to construct uni- 
form approximations for the discrete time hedging strategies as well as for the investigation 
of the optimal exercise boundary of the put American options. 

In Section 2, we set the basic notation and we formulate our model. Thus, we consider 
a financial market with two assets, i.e. the value of a money market account and the share 
of a stock whose price jumps proportionally at some times tj following the Poisson process, 
similarly as in Pham (1997). Note that in order to deal with this problem, following also the 
existing literature, we recall that the American options value function can be considered 
as the value of a function of an equivalent optimal stopping time problem. Thus, some 
preliminary results are presented here. Finally, in Section 3, the regularity properties of a 
put American option are derived solving a system of variational inequalities. 


2 Notation - Preliminary Results 

Let (HjJ 7 , P) be a probability space on which we define a standard Wiener process 
W = (W t )o<t<T, a Poisson process N = (N t )o<t<T with intensity A and a sequence 
(Uj)j> l °f independent, identically distributed random variables taking values in (—1, oo). 
Assume that the time horizon T < oo is finite and the cr-algebras generated respectively 
by (W t )o<t<T, (N t ) 0 < t < T , and ( Uj )j>i are independent. Denote by (J)) 0 <t<T the P- 
completion of the natural filtration of (W t ), (N t ) and ( Uj)Ij<N t , j > 1,0 < t < T. 

On a filtered probability space (fi, J 7 , Tt, P)o<t<T consider a financial market with 
two assets m*, 0 < t < T, the price of a unit of a money market account at time t, and 
St, 0 < t < T, the value at time t of the share of a stock whose price jumps in the propor- 
tions Ui, U 2 , •.., at some times t\,t 2 , . . ., see also Pham (1997). We assume that the Tj’s 
correspond to the jump times of a Poisson process. 

The evolution of the assets m t and S t obeys the following ordinary and stochastic 
differential equations respectively, 

drrit = r(t)mtdt , mo = 1, 0 < t < T, 
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dS t = S t - | b(t)dt + a(t)dW t + d 

We assume that {b(t),E t )o<t<T is a certain, progressively measurable process; the deter- 
ministic time-varying interest rate r(t) and the volatility a(t) are continuously differen- 
tiable functions of time, and the following requirements are satisfied: 


0 < r(t) < r, 0 < a < a(t) < a, \b(t)\ < r, 
I r(t) - r(s ) | + | a(t) - er(s)| < K\t - s|, 


( 1 ) 


where s,t € [0, T] and r, a, a and K are some positive constants. 

From the above stochastic differential equation, the dynamics of St can be described 
by: 


s t = s. 



exp 


1 ( b{u) ' 


a 2 (u) 


du ■ 


cr(u)dW u 


It is known, see for instance Lamberton and Lapeyre (1997), that the discounted stock 
price St = e~^o r ( u ) du s t j s a martingale if and only if 


b{u)du = / r(u)du — XtE{Ui). 


( 2 ) 


In this brief paper, we investigate the regularity properties of the American option 
value function with a nonnegative, non-increasing convex payoff function g(x),x > 0. We 
assume that g(0) = g(0+). Of course, a typical example of this family of functions is the 
put American option with payoffs g(x) = (L — x) + where L is the exercise price. 

In the next paragraphs of this section, we present some necessary and preliminary 
results for the better understanding, and evaluation of our main outputs. 

First, it is necessary to recall that the American option value function v(t,x),x > 
0, 0 < t < T, can be considered as the value function of a relevant optimal stopping 
problem (see, for instance Karatzas and Shereve (1998), Section 2.5). In particular 


v(t, x) = sup E 
TG7t,T 


exp r(v)dv^j g(S T (t, x)) 


, x > 0, 0 < t < T, 


(3) 


where 7t,r denotes the set of all stopping times r such that t < r < T, and the stochastic 
process S u (t, x),t < u < T satisfies the same stochastic differential equation as above, i.e. 


dS u (t,x) = S u -(t,x) b(u)du + a(u)dW u + d 



t <u <T, 


(4) 


with the initial condition S t (t, x) = x, x > 0. 

The unique solution (S u (t, x), J r u )t< u <T of (4) is given by the exponential 


S u (t,x ) 


x 


N u 

n 


ij=l+N t 



exp 




/ u 

cr(u)dW u . 


3 


288 


Sultan Hussain et al 286-297 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Condition (2) leads to 


S u (t,x) = exp 


lnx + (r(u) - \E{U\) — du + /“ a(u)dW u + ln(l + Uj) 

v 7 i—Nt+i 


Now, we can introduce the new stochastic process (X u (t, x), X u )t< u <T 


X u (t,y) = y+ ( r(u) — XE(Ui) — 


a 2 {v) 


N u 


dv+ <r(v)dW v + ln(l + Uj), 

Jt j=N t + 1 


t < u <T, —oo < y < oo, Uj £ (—1, oo), j = 1,2,.. .. 


Remark 2.1. Profoundly, 

S u (t,x ) = exp [X u (t, lnx)] , t < u < T x > 0, (5) 

and for an arbitrary stopping time t, t < t < T, we obtain 

g(S T (t, x)) = *P(X T (t, lira;)), 

where if(y) = g{e v ), — oo < y < oo is the new payoff function. 

Now, it is clear that the corresponding optimal stopping time problem is derived 
straightforwardly by just substituting (5) into (3), having now 


u{t, y) = 


sup 


E 


exp 


r{v)dv 


if{X T {t,y)) \ , 


( 6 ) 


reTt.T L Vat J J 

with 0 < t < T and — oo < y < oo, then we obtain 

v(t, x) = u(t, In a;), x > 0, 0 <t<T. 

In what follows, the next known result, from Hussain and Sliashiaslivili (2010), is 
needed 


Lemma 2.2. Let g( x),x > 0 be a nonnegative, non-increasing convex function. Then the 
new payoff function defined by ip(y) = g(e y ),—oo < y < oo is Lipschitz continuous, that 
is, 

|t%2) - ip ( yi )\ < g ( 0)|2/2 ^ 2/1 1 , 2/1, 2/2 G R. 


Thus, using the scaling property of the Brownian motion we can express the value 
function u(t,y ) of the optimal stopping time problem (6), see Jaillet, et. al. (1990), as 
follows 


u(t , y) = sup E 
tGTo.i 


exp 


(- It +T(T t] r(v)dv ) il)(y + j{ +T{T t] (r(v) - XEfU^ 



dv 


+ f y/T — t a(t + v(T — t))dW v + 

Jo 


Nt + -r(T — t) 

E 


t= i 


ln(l + Uj) 


( 7 ) 


where 7o,i denotes the set of all stopping times r with respect to the filtration ( E u )o< u <i 
taking values in [0, 1]. 

Finally, we conclude the preliminary results of this section by proving the following 
theorem. 
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Theorem 2.3. The value function u(t, y), 0 < t < T, — oo < y < oo of the optimal stopping 
problem (6) is Lipschitz continuous in the argument y and locally Lipschitz continuous in 
t i.e. 

\u(t, y) — u(t, z)\ <g(0) \y - z\, y, z e R, 0 < t < T, (8) 

\u(t,y)-u(s,y)\<-^==\t-s\, (9) 

where A is some nonnegative constant depending on parameters f, a, g( 0), A, E(U\), K 
and T. 


Proof. Fixing any r in 7 t.T and y, z € K, and using Lemma 2.2, we take 

E exp ^ r(v)dv^j if(X T (t, y)) — E exp r(v)dv^j ip(X T (t, z)) 

< E\X r (t,y) - X T (t,z)\ 

< g{$)\y-z\. 


Benefiting ourselves by the well-known property that the difference between supre- 
mums is less or equal than the supremum of difference leads to the result (8). To show the 
second part of the theorem, i.e. (9), we shall use the expression (7) for the value function 
u(t,y). 


Take any t € 7o,i we can write 

t+riT—t) 


\ \l — tj / 2 / \ \ f*T 

y + J ^r(v) - XElJx - J dv + y/Y^t J a(t + v(T - t))dW v 


N t + T(T-t) 

E Ml + Uj))-Ee~S: 

3 = 1 


+ t(T->) 


r{v)dv ip(y- 

N s+?(T-s ) 


/■s+t(T— s) 


r(v) — XEUi — 


a 2 (v) 


dv 


pT s_ r' r t J ~ s ) \ 

+VT — s / a(s + v(T — s))dW v + E ln(l + [/,)] 
J o ,= i / 


< E 


e ~ r(v)dv _ e - //+ T f' r - S ) r(v)di 


y + 


ri+r(T— i) 


r(v) - XEU-! - 


a 2 (v) 


dv 


/>T Af t + T (T-t) , 

+VT — t / a(t + v(T — t))dW v + E ln(l + Uj) J + e _ ^ 
Jo j=1 J 


>+r (T-e) 


r(v)dv s 
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/ ft+r(T-t) / 2/ \\ ft 

ipyy + J yr(v) — AEUi — j dv + \/T - t J a(t + v(T — t))dW v 


N t + T(T-t) 

E mi + u i 

i= i 

fS+r(T— s 


/ fS+T(l-s) / 2 / \ \ ft 

—ip\y + J ( r(v) — AEU\ — J dv + \/T — s J a(s + v(T — s))dW v 


N. 




E Ml + Uj) 

j - 1 


< g(0)E 


grfi 


t+r(T-t) 


v)dv _ - / 


> + t(T-s) , 


■( v)dt 


+ 


r t+r(T t) 


r(v) — AEUi — 


M) 


dv 


fS + T(T — S ) 


r(v) - AEUi - 


\v) 


dv 


J (VT — tcr(t + v(T — t)) — \/T — scr(s + v(T — s))^ dW v 


N t + T (T-t) 

E Mi + Uj) 

j = N s _|_ T ( T _ s )+l 

Let us denote R{u ) = r(v)dv, 0 < u < T, and using the mean value theorem, we 
can write 


( 10 ) 


e - Jt+T(T-t) r ( v ) dv _ Js + t(T- 3) r ^ dl 


< 


R+tiT—t) 


r{v)dv — 


!>s+t(T—s) 


r(v)dv 


< \{R{t + t(T - t)) - R(t)) - (R(s + r(T - s)) - R{s))\ 

< 2 f\t — s|. 

( 11 ) 


Similarly, we use the same arguments and obtain 


ft+t(T—t) 


r{v) - A E(Ui) - ) dv - 


s+RT-s) f 2 , \ 

r(v)-AE(Ui)-^ 


dv 


d 2 


<2 ( r + \E\Ui\ + — ) \t — s\. 


(12) 


Moreover, we fix r, 0 < r < 1, and 0 < s < t < T, using the requirement (1), on a(t) we 
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write 


E 


J (\/T — t a(t + v(T — t)) — \/T — s cr(s + v(T — s))j dW v 

< E J (VT — t cr(t + v(T — t)) — \/T — s a(s + v(T — s))^ dv 

< J (y/T — t a(t + v(T — t)) — \JT — s a(s + v(T — s))J dv 

< 2 f (T — t) (a(t + v(T — t)) — a(s + v[T — s))) 2 dv 

Jo 

+2 (VT -t-y/T- a 2 (t + v(T - t))dv. 


From here we obtain 
E 


J (VT — t cr(t + v(T — t)) — \/T — s <j(s + v(T — s))J dW v 
2 K 2 T 2 + d 2 


T-t 


-( t-sY 


(13) 


Since (Uj)j> i be a sequence of independent, identically distributed, integrable random 
variables, therefore we can find 


E 


N, 


t + r(T-t) 


e in (i + Uj) 

j = -^s+T(T-s)+ 1 


E Y. |ln(l + C/y)| 

j — N S + T(T-B) + 1 


iV, 


t+T (T-t)-N g+T (T-,) 


= E 


E 


|ln(l + Uj) | 


n, 


3 = 1 

(t-»)(l-r) 


= e y i ln d + ^-)i- 

3 = 1 

Since N t is an increasing function of time and r < 1 so we can write 


E 


N, 


t + i-(T-t) 


E ln d + u o) 

t = A r s + x(T-a) + 1 


N, 


(t-a) 


< E Y l ln (l + Uj)\ 

3 = 1 

= £(JV t _,)£l|lii(l + [7i)| 
= A E |ln(l + C/i)| (t — s), 


(14) 


Substituting (11)-(14) in (10) and using the fact that the difference between supremums 
is less or equal than difference supremum of the difference, we complete the proof. □ 


In the next section, the main results of the paper are presented. 


3 Variational Inequalities 

In this section, the variational inequalities of the value function are developed in order to 
investigate the regularity results of the value function (3). Let S t = e~ Jo r ( u ) du g t j s the 
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discounted stock price, then the discounted price function 

v(t,x) = e-ti r W du v(t,xeti r W du ), 0<t<T,x>0 (15) 

of the option at time t is C 2 on [0,T) x R + (see, Laberton and Lapeyre (1997)) and 
between the jump times, satisfies 

v(t,S t ) = v(0,S o ) + J -^(u,S u )du + J — (u, S u )S u (-XE(U 1 )du + a(u)dW u ) 

1 pt o2 ~ Nt 

+ 2 / g^(u,S u )a 2 (u)S^du + Y^ (v(rj,S Tj ) - v{tj, S Tj -f) . (16) 

J o ' j= 1 

The function v(t, x) is Lipschitz of order 1 with respect to x and with S Tj _ = S Tj (1 + Uj), 

J = 1,2 

The process 


N t 

Mt = Y (v{Tj,S Tj )~ v{Tj,S Tj -fj - A 

3 = 1 


v(u, S u ( 1 + z)) — v(u, S u ) ) dis(z)du (17) 


is a square integrable martingale, where v(z) is the law of the process U . 
Combining (16) and (17) we obtain that 


Ht,S t ) - 


dv 


dv 


1 


,d 2 i 


U,s u ) - XEU\S u ^{u, S u ) + ^a 2 {u)Sl^^{u, S u ) 


-A / (v(u, S u (l + z)) - v(u, S u )) dv(z) 


du 


is a martingale, see Israel and Rincon (2008), and therefore 

dv 


dv 


d u {u,S u ) - \EUiS u — (u, S u ) 


1 


;)- ;• 

c r2 (w)S'2 — (u, S u ) - A / [v(u, S u (l + z)) -v(u, S u )) dv(z) < 0 


(18) 


a.e. in [0,T) x K. 


From Pham (1997), we know that if the payoff function is convex and non-increasing 
then the price function of the put American contingent claim is a convex function of the 
stock. 

Therefore, we can write 


d 2 v{t, x) 
dx 2 - 


(19) 


a.e. in [0,T) x R. 


Theorem 3.1. The mapping g(t,x) = x v(t,x) is Lipschitz continuous in x and locally 
Lipschitz continuous in the argument oft, i.e. 


| s{t,x) - g{t,y) | < 2 g(0)|x — y |, 0 <t<T, 0 < x < y < oo, (20) 

k (t, x) - ?(s, x)\ < fj== k - s l- o <s<t<T, x>0, (21) 

where the constant C is the function off, a, g(0), A, E(U\), K and T. 
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Proof. Consider that v(t, x) = u(t , lnx), x > 0, 0 < t < T, we can write 


\s(t,x) - s(t,y)\ = \x u(t, \nx) - y u(t, In y)\ 

< \x u(t , In a;) — x u(t, lny)| + |ar u(t, lny) — y u(t , lnj/)|. 

Using the bound (8) and the mean value theorem we arrive to (20). 

The expression (21) derives using the same arguments as previously, and the bound (9). □ 

Proposition 3.2. The second order weak partial derivative d of the value function 

(3) satisfies with respect to x the local Holder estimate 


d 2 v(t, x) 


dx 2 


< 


D 


Vr^t 


, x > 0, 0 <t<T, 


where D is a nonnegative constant depends on the parameters r, a, a, g( 0), A, E\U\\, 

E (wk)' K > T - 

Proof. Using the expression (15), and from (18) and (19), we obtain the system of in- 
equalities 

-r(t)v(t,x) + - XxEU ie ~fo r ^ du ^l + ^a 2 (t)e~ 2 r(u)du &»£*) 

—A f (v(t, x{\ + z)) — v(t, x)) dv{z) < 0 a.e. in [0, T) x R, 

> 0 , * > 0 . 


Also since v(t, x) = u(t, In a;), x > 0, 0 < t < T, we have 

{ dv(t,x) du(t,\nx) dv(t,x ) 1 du(t,\n x) 

dt dt ’ dx x dy ’ 

d 2 v(t,x ) 1 d 2 u(t, In x) 1 du(t,\nx) c\ ^ j- ^ 'T' \ n 

dx 2 — T 2 dip x 2 dlj ’ 


( 22 ) 


(23) 


Substituting the latter relations and using the results of the Theorem 2.3 in the system of 
inequalities (22), we have 


d 2 v(t, x) 


< 


< 


< 


dx 2 
2 e 2 So r(v)dv 


2 e 


2rT 


rg(0) 


r(t)v(t, x) - 
A 

+ VT~^t. 


^l+XxElU, 

Xg^EUhl + \g(0)E 


dv(t, x) 
dx 
Wi\ 


+ A 


(v(t, x(l + z)) — v(t, x)) du(z) 


1 + Ui 


D 


x 2 VT^t' 

Thus, the required result is derived. 


□ 


Before, we proceed with the main result of this section, we need to state and prove 
the following result. 
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Lemma 3.3. For the function 7 (t,y) = y dl ’gy V ^ , 0 < t\ < t 2 < T, y > 0, of the value 
function (3) we have the following bound 


\l(h,y) - l(ti,y)\ < 
+ 
+ 


rV+h 


h(t- 2 ,y) - j{t 2 , z)\dz + 


ry+h 


\l(ti,y) — j{ti, z)\dz 


L jy 


( V + h)\v(t 2 ,y + h) - v(h,y + h ) I + y\v(t 2 ,y) - v(hy)\ 

ry+h 

/ \v(t 2 ,z) - v(ti,z)\dz 


where h > 0. 

Proof. We can express the difference 

7 (^ 2 , y) - i{h,y) = 7 (^ 2 , y) - i(t 2 ,z) + j(t 2 ,z) - i{ti,z) + 7 (^, 2 ) - 7 (ti,y), 
for any positive real number z. 

Integrating both sides with respect to 2 over the interval [y,y + h], we obtain 


7 O 2 , y) - l(ti, y) = 


ry+h ry+h 

/ {'y{t 2 ,y)-'y(t 2 ,z))dz+ ( 7 (^ 2 , z) - 7 (^ 1 , z))dz 

Jy Jy 


ry+h 


('y(t 1 ,z)-'y(t 1 ,y))dz 


(24) 


dz 


Simplifying the second integral, we have 
r v+h , . . . , , r v+h fdv(t 2 ,z) v(t u z ) 

l «*>.*) -rth, *)>■** = l 

= (y + h)(v(t 2 ,y + h) - v(ti,y + h)) -y{v(t 2 ,y) -v(t 1 ,y)) 

ry+h 

- / (v{t 2 ,z) - v(ti,z))dz. 

Jy 

Combining the latter expression with (24), the proof is complete. □ 

In the next, a very interesting result for the value of a put American option is derived. 

Theorem 3.4. The mapping 7 (t,x) = x dV gf x ' > satisfies with respect to time argument 
local Holder estimate with exponent i.e., 


1 / \ / M G - \- x H . ,1 

\h{t, x) — 7 (s, a;) | < —j==-\t, - s\ 2 , 0 < s < t < T, x > 0, 


(25) 


where G and H are positive constants depend on the parameters r , a, a, g(0), X, E(U\), 

^ V H-C71 ) ’ 


I\ and T . 


Proof. From the continuity of dV gf L ' > and the relations (23), using Proposition 3.2 we can 
write 


|7(f,x)— 7(f,y)| = 


dv(t,x) dv{t,y) 
dx ^ dy 


< 


D 


sfT^t 


c — 2 /| , 0 <t<T, 0 < x < y < 00 . 

(26) 
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Application of the bounds (21) and (26) in Lemma 3.3 gives 


\j(t 2 ,y) -7(*i,2/)l < t 


/■!/+/» jj rV+h jj 

L vr=r 2 {z - v)dz + L W^ {z ~ v)dz 


C{v+h) \t 2 -h\ + S^v^h\ + ! 


Vr^h 

y+h q 


VT~h 


VT^h' 




| t 2 - ti\dz 


2 D 


, 2 2 C y C h C h 

w^rf + tt=t 2 lh ~ + lh ~ fl1 + w^rJ t2 ~ fl1 


Let us choose h = C* \t% — t \\ 2 from the latter estimate we get 


l7(*2,y) < 


1 


< 


Vt^T 2 

2 


VT^h 

lined at t 

From here, the required result is derived. 


2 D C* + 
2 D C* + 


‘2Cy 

C* 

2Cy 

C* 


1^2 — ^i| 2 +2 C\t 2 — ti| 
+ 2Tc) \t 2 -h\K 


the minimum of which is attained at the point C* = \ . 


□ 
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Abstract 

In this paper, we obtain a sufficient condition for the existence of the solution 
for a second-order difference equation with summation boundary value problem 
at resonance, by using some properties of the Green’s function, the Schaefer’s 
fixed point theorem and intermediate value theorem. Finally, we present an 
example to show the importance of these result. 

Keywords: boundary value problem; resonance; fixed point theorem; existence. 

(2010) Mathematics Subject Classifications: 39A05; 39A12. 

1 Introduction 

The study of the existence of solutions of boundary value problems for linear second- 
order ordinary differential and difference equations was initiated by Ilin and Moi- 
seev [1]. Then Gupta [2] studied three-point boundary value problems for nonlinear 
second-order ordinary differential equations. Since then, nonlinear second-order three- 
point boundary value problems have also been studied by many authors, one may see 
[3-6] and references therein. Also, there are a lot of papers dealing with the resonant 
case for multi-point boundary value problems, see [7-11]. 

In [8], J.Liu, S.Wang and J. Zhang studied the existence of multiple solutions for 
boundary value problems of second-order difference equations with resonance: 

AVf-1) =g{t,u), t G (1, 2, ..., T}, (1.1) 

u(0) = 0, u(T + 1) = 0. (1.2) 

Using Morse theory, critical point theory, minimax methods and bifurcation theory. 

1 Corresponding author 
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2 S. Chasreechai and T. Sitthiwirattham 

In this paper, we study the existence of solutions of a second-order difference 
equation with summation boundary value problem at resonance 

A 2 u(t ~ 1) + f(t, u(t)) = 0, te {1, 2, T}, (1.3) 

v 

w(0) = 0, u(T + 1) = a u(s), (1.4) 

S=1 

where — ^ L = 1 T > 3, n G {1, 2, ..., T — 1} and f is continuous function. 

av(v + 1) 

In this paper, we are interested in the existence of the solution for problem (1.3)- 
(1.4) under the condition AjjhU- — which is a resonant case. Using some properties 
of the Green’s function G(t, s ), intermediate value theorems and Schaefer’s fixed point 
theorem, we establish a sufficient condition for the existence of positive solutions of 

p roblem = L 

Let N be a nonnegative integer, Njj = {k G N| i < k < j} and N p = No lP . 
Throughout this paper, we suppose the following conditions hold: 

(H) f(t,u) G C(fTr+i x R, R) and there exist two positive continuous functions 
p(t),q(t ) G C(Nt+i, R + ) such that 

\f(t,tu)\ <P(t)+q(t)\u\ m ,t G Nt+i, (1-5) 

where 0 < m < 1. Furthermore, lim f(t,tu ) = oo, for any t G Ni t. 

ix— > zboo 

To accomplish this, we denote (7 (Nt+i, i?),the Banach space of all function u with 
the norm defined by ||tt|| = max{w(f) | t G Nt+i}. 

The proof of the main result is based upon an application of the following theorem. 

Theorem 1.1. ([12]). Let X be a Banach space and T : X — > X be a continuous and 
compact mapping. If the set 

{iGl : x — A T(x), for some X G (0, 1)} 

is bounded, then T has a fixed point. 

The plan of the paper is follows. In Section 2, we recall some lemmas. In Section 
3, we prove our main result. Illustrate example is presented in Section 4. 

2 Preliminaries 

We now state and prove several lemmas before stating our main results. 
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Lemma 2.1. The problem (1.3)-(1.4) is equivalent to the following 

T 

u(t) = Y s )/( s > M ( s )) + + ( 21 ) 

s=l ' 

where 

at(T + 1 — s) — \atfrj — s)(r] — s + 1) 

— (T + l)(a — l)(t — s), s G D 

G(t, s ) = + ^ _ < at(T + 1 - s) - \oit{r) - s){j] - s + 1), s G N t ,„_ i 

at{T + 1 — s) — (T + l)(a — l)(f — s), s G 

at(T + 1 — s), s G D 

(2.2) 

Proof. Assume that u(t) is a solution of problem (1.3)- (1.4), then it satisfies the 
following equation: 

t - 1 

u{t) = Ci + C 2 t - 53^ - s)/(s,«(s)), 

5=1 

where C'i , C 2 are constants. By the boundary value condition (1.3), we obtain C\ = 0. 
So, 

t-i 

u{t) = C 2 t-Y( t - s )f( s ’ u ( s ))- ( 2 - 3 ) 

s=l 

From (2.3), 

S=1 5=1 Z=1 

= 7h±tl C2 _ig(,_ S )(,_ s + i Ms ). 

5=1 

From the second boundary condition, we have 

T >7-1 

(2 T + 2-ap(p + l))C 2 = 2j3( r + l ~ s)f(s,u(s)) + aY(v ~ s)(v - s + l)f(s,u(s)). 

5=1 5=1 

i 2 ' 4 ) 

Since YY) = ^ then (2.4) is solvable if and only if 

T >7-1 

Y ( T + 1 ~s)f(s,u(s)) = - s)(v - S + l)f(s,u(s)). 
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Note that 


u 


(T + 1) - E “M = < T + !) C 2 - E< T + 1 - »)/(».«(»)) 


5=1 


S=1 


h(h + 1) C2 + 1 - s )(ri + 1 - s)/(s, u(s)), 


5 = 1 


and then 

C 2 


2T + 2 — 77(77 + 1) 

1 v-i 


u(T + 1) - ^u(s) + + 1 - s)f(s,u(s)) 


5 = 1 5=1 


- ^ ~s){v + 1 - s)f(s,u(s)) 


s= 1 

a 


(T+l)(a-l) 

1 '? _1 


m(T + 1) - + ^(T + 1 - s)f(s,u(s)) 


5= 1 5=1 


- ^ - s)(rj + 1 - s)/(s,«(s)) 


S=1 


We now use that u (T + 1) = 


2(r + i) 
v(v + 1) 


u(s) to get 


a 

(T + l)(a 


v 



( r +i )-E“(») 

5=1 


u(T+l) 
T+l ’ 


and 


^ (T+l)(a-l) 

<r+ii 

T+l 


T 

J2(T + 1 -s)/(s,«(s)) 

S=1 


1 ,?_1 

2 “ s )('^ + 1 ~ s )/( s > M ( s )) 


Hence the solution of (1.3)- (1.4) is given, implicity as 


u{t) 


at 

(T + l)(a 


1) 


r T 

^(T + 1-s)/(s,m(s)) 

" 5=1 


t-1 

5 = 1 


<r + i) 

T + l 


1 r?_1 

2 ^2(v~s)(v + l -s)f(s,u(s)) 


(2.5) 


According to (2.5) it is easy to show that (2.1) holds. Therefore, problem (1.3)- 
(1.4) is equivalent to the equation (2.1) with the function G(t, s ) defined in (2.2). The 
proof is completed. □ 
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Lemma 2 . 2 . For any (t, s ) G Nt+i x Nt+i, G(t, s ) is continuous, and G(t, s) > 0 for 
any ( t,s ) G x 


Proof. The continuity of G(t,s) for any (t,s) G Lfr+i x N^+i, is obvious. Let 


9i{t,s) 


at(T + 1 — s) 



s){v 


s + 1 ) — (T + l)(a 




where s G Ny-i flNi fl _i. 


Here we only need to prove that gi(t,s) > 0 for s G D Ni jr? _i, the rest of 

the proof is similar. So, from the definition of gi(t,s),r) G N^t-i and the resonant 
condition = 1, we have 

arj(ri+l) ’ 


gi(t, s ) = at(T + 1 
= (T + l)(f 

> (T + l){t 

> {T + l){t 

> (T + l)(t 

> {T+l){t 
> 0 , 


s) - ^ at(rj - s)(rj - s + 1) - (T + l)(a - 1 ){t - s ) 
s) + as{T + 1 — t) — -od(r) — s)(rj — s + 1) 

s) ~ | [tviv + !) - 2 s(T + 1 - t)] 


' V(V + 1 ) 

s~ !) 


for s G fl Since t > s and 77(77 + 1) > 2 (T + 1 — t) where T > 3. The 

proof is completed. □ 


Let 


Then 


G*(t,s) 


1 

(T + l)(a 


G*(t, s ) — jG(t, s ). 

(2.6) 

a(T + 1 — s) — \a{r) — s)(rj — s + 1) 


- K T + 1 )(«- 1 )( t - s )> 

s G n Ni )7? . 

a(T + 1 — s) — \a(r] - s)( 77 - s + 1), 

s G 

a{T + 1 - s) — \{T + l)(a - 1 ){t - s), 

s G 

ol(T +1 — s), 

s g N t> T n n v ,t- 


(2.7) 


Thus, problem (1.3)-(1.4) is equivalent to the following equation: 


T 

u(t) = J^tG*(t,s)f(s,u(s)) + 

5=1 


qr+y 
r + i 


( 2 . 8 ) 
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By a simple computation, the new Green’s function G*(t,s) has the following 
properties. 

Lemma 2.3. For any ( t,s ) G N-r+i x Nt+i, G*(t, s) is continuous, and G*(t,s) > 0 
for any ( t,s ) G x Furthermore, 


lim G* (t, s) := G*(0,s) 

t—> o 

1 (a(T+ 1 - s) - \a(r] — s)(rj - s + 1), s G Ni, r i 

= (T + l)(a-l) \a(T + 1 - s), s G N„, T . 

(2.9) 


Lemma 2.4. For any s G Npr, G*(t, s ) is nonincreasing with respect tot G Nt+i , and 
for any s G N^+i, AtG A l t,s ' > < 0, and AtG A j t '^ = 0 for t G N s . That is, G*(T + 1, s) < 
G*(t,s ) < G*(s,s) where 


G*(t, s) < G*(s, s) 

1 f a(T + 1 — s) — — s)(rj — s + 1), s G 

' (T + l)(a-l) |a(T + l-s), sG\ t 

(2.10) 

G*(t,s) > G*(T + 1, s) 

_ 1 f (T + 1 )(T + 1 - s) - \a(r) - s)(r) - s + 1), s G Ni, v -i 

" (T + l)(a-l) | (T + 1)(T + 1 — s), seR, hT - 

(2.11) 


Let 


Then u(T + 1) 


u(t) = tw(t). 

(T + 1 )w(T + 1), and equation (2.8) gives 

T 

w{t) = Y G *(t, s )/( s , sw(s)) + w(T + 1). 

S=1 


Now we have 


Then y(T + 1) 


= w(T + 1) - 


y(t) 


i 

T + 1 


y(t) = w{t) — w(T + 1). 

w(T + 1) = 0, and equation (2.13) gives 

T 

■ Y G *(*> s ( y ( s ^ + w ( T + x )))- 


( 2 . 12 ) 


(2.13) 


(2.14) 


(2.15) 


We replace w(T + 1) by any real number A, then (2.15) can be rewritten as 

1 T 

y(t) = tt— - Y s )/( s > s (y( s ) + A ))- ( 2 - 16 ) 

' 1 S=1 
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The following result is based on the Schaefer’s fixed point theorem. We define an 
operator T on the set = C'(Mr+i) as follows: 

1 T 

T y(t ) = y~o 1 G *(*> + A ))- ( 2 - 17 ) 

1 S=1 

Lemma 2.5. Assume that f E C(Nt + i x R,R), Y1^=i G*(t, s )q( s ) < T + 1 and (1.5) 
holds. Then the equation (2.16) has at least one solution for any real number A. 


Proof. We divide the proof into four steps. 

Step I. T maps bounded sets into bounded sets in fh Let us prove that for any R > 0, 
there exists a positive constant L such that for each y E B R = {y E C^Nt+i x R ) : 
||y|| < R}, we have ||(T?/)(t)|| < L. Indeed, for any y E B R , we obtain 


(Ty)(t) I = 7fT —J2G*(t,s)f(s,s(y(s) + X)) 


m , I / j \ 7 /«/ \ 7 \ / ' 'V/ 

I ^ ‘ 1 3=1 I 

T T 

< ^ E G- (*. »)?(») + ftt S G ' (i> s)k(s) + A|m 

5=1 5=1 

T T 

< jTy E G '(i. »)?(») + yhy E G '(i. »)?W(II»WII + 

5= 1 5=1 


T + 1 


^G*(s,s)p(s) + 


( fl + M)'" E G * (s - sMi 


:= L. 


(2.18) 


Step II. Continuity of T. Let e > 0, there exists <5 > 0 such that for all t E Nt+i 
and for all x, y E B R with | (t,t(x(t) + A) — (t,t(y(t) + A)| < 5, we have 

| f(t,t(x(t) + A) - f(t,t(y(t) + A) | < e. 

Then, we obtain 

T 

G*(t, s)[f(s, s(x(s) + A)) - f(s, s(y(s) + A))] 

s=l 
T 

J2 G *(t,s) =e. 

5=1 

This means that T is continuous in fh 



Step III. T{B r ) is equicontinuous with B R defined as in Step II. Since B R is 
bounded, then there exists M > 0 such that |/| < M. 
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For any e > 0, there exists 6 > 0 such that for ti, t 2 £ Nt+i 

\G*(t 2 ,s) - G*(ti,s)\ < 

Then we have 

|(T ! ,)(« 2 )-(T !/ )(i 1 )| < 

< 


This means that the set T(B R ) is an equicontinuous set. As a consequence of 
Steps I to III together with the Arzela’-Ascoli theorem, we get that T is completely 
continuous in Q. 

Step IV. A priori bounds. We show that the set 


— ^2 I G*(t 2 , s ) - G*(ti, s)||/(s, s(y(s) + A)) 

' 1 S=1 

T 

M 

— ^|G*(« 2 , S )-G*(i., S )| 


E = {y G (7(Nt+i,M) / y = yTy for some y e (0, 1)} is bounded. 

By Lemma 2.1, assume that there exist y G d B R with ||?/(£)|| = R and y e (0, 1) such 
that y = yTy. It follows that 


\y(t)\ = 


< 


< 


< 




T + 1 


J ~2G*(t,s)f(s,s(y(s ) + A)) 


5 — 1 

T 


^ 5^G*(s,s)|/(s,s(y(s) + A))| 

=i 

T T 

J2 G *( s » s )p( s ) + G *( s > s M«) (lb( s )ll + 


T + 1 
1 

T + 1 
1 

T + 1 


m S= 1 

T 


s=l 


£ G *(«. s)p(s) + IVAyh £ G*(s, s) 9 (f 


S=1 


S=1 


:= L. 


(2.19) 


This shows that the set E is bounded. By the Schaefer’s fixed point theorem, we 
conclude that T has a fixed point which is a solution of problem (1.1). □ 


3 Main Results 

In this section, we prove our result by using Lemmas 2.5-2. 7 and the intermediate 
value theorem. 
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Theorem 3.1. Assume that (HI) holds. If Y^=i G*(s, s)q(s) < 1, then the problem 
(1.3)-(1.4) has at least one solution, where 


G*(s,s) = 


a(T + 1 — s) - - s)(rj - s + 1), s G 

(T + l)(a - 1) } a(T + 1 - s), s G R, hT 


Proof. Since (2.19) is continuously dependent on the parameter A. So, we should 
only investigate A such that y(T + 1) = 0 in order that u(T + 1) = A. 

Equation (2.16) is rewrite as 


y\(t) = ^ T -py^G'*(t,s)/(s,s(7/ A (s) + A)), t G Nr+ 1 . 


(3.1) 


5 — 1 


where A is any given real number. 

Equation(3.1) show that there exists A such that 

„ T 


LW - V\(T + 1) = Y. G "( T + L *)/(*, «(!/a(s) + A)) 


(3.2) 


S=1 


and we can observe that, y x (T + 1) is continuously dependent on the parameter A. 

To prove that there exists A* such that y x *(T +1) = 0, we must to show that 
lim Li A) = oo and lim Li A) = — oo. 

A— >-oo A^— oo 

Firstly, we prove that lim L( A) = oo by supposing that lim L( A) < oo as aeon- 


A — y oo 


A — ^oo 


tradiction. Therefore there exists a sequence {A n } with lim L( A) = oo such that 

n— >■ oo 

lim L(\ n ) < oo. This implies that the sequence (L(A n )} is bounded. Since the 

\fi — y oo 

function f(t,ty ) is continuous with respect to t G and y E R, we have 

f(tR(y\n(t) + An)) > o , t G N t + i (3.3) 

where A n is large enough, Assuminh that (3.3) is true and using (3.1), we have 

lj\ > 0 , t G fTr + i. 

Therefore, 


lim f(t,t(y Xn (t) + A n )) = oo , t G N t +i- 

A n — >-oo 


lim f(t,tu ) = oo , t G Nt+i- 

A— >-oo 


From (H), we get 
From (3. 2), (3. 5) and (3.6), we have 

T 

lim 2 /a„(F + 1) = lim G*(T + 1, s)/(s, s(7/ An (s) + A n )) 

A n — XX) wv, -4 ' 


(3.4) 

(3.5) 

(3.6) 

(3.7) 


S=1 
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f(T-l) 

> lim V G*(T+l,s)f(s,s(yx n (s) + K)) 

A n — >0O z 

s=\(T-l) 

= oo, (3.8) 


we find that this result contradicts our assumption. 

We define 

S n = {t e N t+ i | f(t, t(y Xn (t) + A n )) < 0}. 
where A n is large. Note that S n is not empty. 

Secondly, we divide the set S n into set S n and set S n as follows: 

S n = {t G S n I y Xn + A n > 0} and S n = {t G S n \ y Xn + A n < 0} 

where S n D S n = 0, S n U S n = S n . So, we have from (H) that S n is not empty. 

In addition, we hnd from (H) that the function f(t,tu ) is bounded below by a 
constant for t G Ny+i and A G [0, oo). Thus, there exists a constant M(< 0) which is 
independent of t and A n , such that 

f(t,t(yx n (t) + A .„)) > M , te S n , (3.9) 

Let h( A n ) = mirp 6 5 ' n y Xn (t ) and using the dehnitions of S n and set S n , we have 


K An) = min y Xn (t) 
t£.S n 


-\\yx n (t)\\ 


Su- 


it follows that h(\ n ) — > — oo as A n — > oo since if h( A n ) is bounded below by a constant 
as A n — * oo, then (3.7) holds. Therefore, we can choose large A ni such that 


h( A n ) < 


T+ 1 


max 


- 1 , 


M eL g * g ) - eLi ( g > s )p( g ) 

1 -ELi G*(s,s)q(s) 


(3.10) 


for n > n\. Employing (H), (3.1), (3.8), (3.9), the dehnitions of S n , and set S n , for 
any \ n > A ni , we have 

yx n (t) > YdT[J2 G *(S’S)f(s,s(y Xn (s) + \n)) 

+ 1 s£S n 

> Y~P[ ^ G *( S , S )/( S , S (^„(s) + An)) 

S(E.Sn 

+ fTi ^ G *( s,s ^ ~ ^( s )l y*n( s ) + A «D 

StzSn 
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> 


T+ 1 

It follows that 

. . 1 

UXnV') — p y \ 

1 

> 

“ T + 1 

which implies that 


M Y G*(s,s) - Y G *{s,s)p(s) - Y G *( s > s M s )lbA„(s) + A, 


seSn 


s£Sn 


s eS„ 


m y G *( s > s ) - Y G *( s > ~ s )^( s )ii^„(s) + a. 


™lls„ 


s=l 

T 


s=l 

T 


s=l 

T 


- Y j G'(s,s) P (s) - Y j G\s,s)q(s)h(\, 


h(\ n ) > 


S=1 


T+ 1 


5 = 1 


S=1 


, t G S'n, 


1 - ELi G*(s,s)g(s) 


This result contradicts (3.9). Thus, the proof that lim L( A) = oo is done, using a 

A— >-oo 

similar method, we can prove that lim L( A) = — oo. 

A — y — oo 


Notice that L( A) is continuous with respect to A G (— 00 , 00 ). From the inter- 
mediate value theorem, there exists A* G (— 00 , 00 ) such that L( A*) = 0 , that is, 
y{T + 1) = y\*(T + 1) = 0, which satisfies the second boundary value condition of 
(1.2). The proof is completed. □ 


4 Example 

In this section, we give an example to illustrate our result. 
Example Consider the BVP 


A 2 u(t - 1) + t 2 + ^u(t) = 0, 

t G N i ; 4, 

(4.1) 

5 2 

w(0) = 0, m (5) = -^E(s). 


(4.2) 


5=1 


Set a — |, rj — 2, T = 4, f(t,u) = t 2 + \u(t). So we have 

2(r + 1) = 1 and = f2 + i u (*)■ 

Now we take q(t) = |. It is easy to check that 

4 1 4 4 

= ±o° and ^G*(s,s)g(s) < — J^(5 - s)s = - < 1. 

S=1 5=1 

Thus the conditions of Theorem 3.1 are satisfied. Therefore problem (4.1)-(4.2) 
has at least a nontrivial solution. □ 
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Abstract 

Quadratic mean in statistics is a statistical measure defined as the 
square root of the mean of the squares of a sample. In this paper, we inves- 
tigate the situations in which the input data are expressed in fuzzy values 
and develop some fuzzy quadratic mean operators, such as fuzzy weighted 
quadratic mean operator, fuzzy ordered weighted quadratic mean oper- 
ator, and fuzzy hybrid quadratic mean operator. Especially, all these 
operators can reduce to aggregate interval or real numbers. Then based 
on the developed operators, we present an approach to group decision 
making and illustrate it with a practical example. 


1 Introduction 

Information aggregation is an essential process of gathering relevant informa- 
tion from multiple sources by using a proper aggregation technique. Many tech- 
niques, such as the weighted average operator [5], the weighted geometric mean 
operator [1], harmonic mean operator [2], weighted harmonic mean (WHM) 
operator [2], ordered weighted average (OWA) operator [17], ordered weighted 
geometric operator [3, 13], weighted OWA operator [8], induced OWA operator 
[21], induced ordered weighted geometric operator [15], uncertain OWA operator 
[14], hybrid aggregation operator [10] and so on, have been developed to aggre- 
gate data information. However, yet most of existing aggregation operators do 
not take into account the information about the relationship between the val- 
ues being fused. Yager [18] introduced a tool to provide more versatility in the 
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information aggregation process, i.e. , developed a power-average (PA) operator 
and a power OWA (POWA) operator. In some situations, however, these two 
operators are unsuitable to deal with the arguments taking the forms of multi- 
plicative variables because of lack of knowledge, or data, and decision makers’ 
limited expertise related to the problem domain. Based on this tool, Xu and 
Yager [16] developed additional new geometric aggregation operators, including 
the power-geometric (PG) operator, weighted PG operator and power-ordered 
weighted geometric (POWG) operator, whose weighting vectors depend upon 
the input arguments and allow values being aggregated to support and reinforce 
each other. 

Quadratic mean in statistics is a statistical measure defined as the square 
root of the mean of the squares of a sample, which is a conservative average 
to be used to provide for aggregation lying between the max and min opera- 
tors. Consider that, in the existing literature, the quadratic mean is generally 
considered as a fusion technique of numerical data, in the real-life situations, 
the input data sometimes cannot be obtained exactly, but fuzzy data can be 
given. Therefore, how to aggregate fuzzy data by using the quadratic mean? 
is an interesting research topic and is worth paying attention to. In this pa- 
per, we develop some fuzzy quadratic mean (FQM) operators. To do so, the 
remainder of this paper is arranged in the following sections. Section 2 reviews 
some basic aggregation operators. Section 3 develops some FQM operators, such 
as fuzzy weighted quadratic mean (FWQM) operator, fuzzy ordered weighted 
quadratic mean (FOWQM) operator, fuzzy hybrid quadratic mean (FHQM) 
operator, and so on. Section 4 presents an approach to multiple attribute group 
decision making based on the developed operators. Section 5 illustrates the pre- 
sented approach with a practical example. Section 6 ends the paper with some 
concluding remarks. 


2 Basic aggregation operators 

We review some basic aggregation techniques and some of their fundamental 
characteristics. 

Definition 2.1 [5] Let WAA : R n — > R, if 

n 

WAA(oi, a 2 , . . . ,a„) = ^wjaj, (1) 

i = i 

where R is the set of real numbers, a,j ( j = 1,2 is a collection of 
positive real numbers, and w = (w±,W 2 ,---,w n ) T is the weight vector of aj 

(, j = 1.2 n). with Wj > 0 and Y^j=i w j = A then WAA is called the 

weighted arithmetic averaging (WAA) operator. Especially, if Wi = 1, Wj = 0, 
j ± i, then WAA(ai, a 2 ...,a n ) = a t ; if w = (£, . . . , ^) T , then the WAA 
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operator is reduced to the arithmetic averaging (AA) operator, i.e. , 


AA(oi,o 2 , ■ • ■ ,a n ) 


1 

n 


n 

3 = 1 


Definition 2.2 [2] Let WQM : ( R+) n -A R+, if 


WQM(ai, a 2 , • . . , a n ) 



( 2 ) 


( 3 ) 


where R + is the set of all positive real numbers, (ij (j = 1,2,..., n) is a collection 
of positive real numbers, and w = {w\,W 2 , ■ ■ ■ ,w n ) T is the weight vector of aj 
( j = 1,2 with Wj > 0 and Y^j=i w j = 1) then WQM is called the 
weighted quadratic mean (WQM) operator. Especially, if wy = 1, Wj = 0, j 7^ i, 
then WQM(ai, a 2 . . . , a n ) = cq; if w = (A, . . . , ^) T , then the WQM operator 

is reduced to the quadratic mean (QM) operator, i.e., 

/ y n _ a 2 \ ’ 

QM( ai , o 2 , . . . , a n ) = I ^ 3 ~ 1 J I . (4) 


The WAA and WQM operators first weight all the given data, and then 
aggregate all these weighted data into a collective one. Yager [17] introduced 
and studied the OWA operator that weights the ordered positions of the data 
instead of weighting the data themselves. 

Definition 2.3 [17] An OWA operator of dimension n is a mapping OWA : 
R n — > R that has an associated vector w = (u!i,u> 2, ■ ■ ■ ,to n ) T such that u)j > 0 
and = 1- Furthermore, 

n 

OWA(ai,q 2 , ...,a n )= y ^Wjbj, (5) 

3 = 1 

where bj is the jth largest of (i = 1, 2, . . . , n). Especially, if w t = 1 , Wj = 0, 
j ± i, then b n < OWA(ai,a 2 , . . . ,a n ) = bi < bi\ if w = F) T , then 

^ n 1 n 

OWA(ai, a 2 , . . . , a n ) = - ^ bj = - ^ a j = AA(ai, a 2 , . . . , a n ). (6) 


3 Fuzzy quadratic mean operators 

The above aggregation techniques can only deal with the situation that the 
arguments are represented by the exact numerical values, but are invalid if the 
aggregation information is given in other forms, such as triangular fuzzy number 
[9], which is a widely used tool to deal with uncertainty and fuzzyness, described 
as follows: 
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Definition 3.1 [9] A triangular fuzzy number a can be defined by a triplet 
[a L ,a M ,a u }. The membership function pa(x) is defined as: 


H&{x) = 


x—a 

a^-a-c- ’ 
x—a u 
n.M- n U > 


x < a L \ 
a L < x < a M ; 
a M < x < a u ; 
x > a u , 


where a u > a M > a L > 0, a L and a u stand for the lower and upper values of 
a, respectively, and a M stands for the modal value [9]. Especially, if and two of 
a L ,a M and a u are equal, then a is reduced to an interval number; if all a L ,a M 
and a u are equal, then a is reduced to a real number. For convenience, we let 
17 be the set of all triangular fuzzy numbers. 

Let a = [a L ,a M ,a u ] and b = [b L ,b M ,b u ] be two triangular fuzzy numbers, 
then some operational laws defined as follows [9]: 

(1 ) a + b=[a L ,a M ,a u ] + [b L ,b M ,b u ] = [a L + b L ,a M + b M ,a u + b u % 

(2) A a = A [a L ,a M , a u } = [Aa L , A a M , A a u ]; 

(3) ax b= [a L ,a M ,a u ] x [b L ,b M ,b u ] = [a L b L ,a M b M ,a u b u ] 

( 4 ) & = [a L ,a M ,a u ] = [at 7 » a" ’ 

In order to compare two triangular fuzzy numbers, Xu [12] provided the 
following definition: 

Definition 3.2 [12] Let a = [a L ,a M , a u ] and b = [ b L , b M , b u ] be two triangular 
fuzzy numbers, then the degree of possibility of a > b is defined as follows: 

p(a > h) = 6 max 1 1 - max _ & qL + , o) , o| 

+(1 ~ <*) max { 1 ~ max ( a u _ aM + b u _ b M > °) >°}> 5e I 0 ’ 1 ] ( ? ) 


which satisfies the following properties: 

0 < p(a > b) < 1, p{a > a) = 0.5, p(a > b) + p(b > a) = 1. (8) 


Here, S reflects the decision maker’s risk-bearing attitude. If <5 > 0.5, then the 
decision maker is risk lover; If d = 0.5, then the decision maker is neutral to 
risk; If 6 < 0.5, then the decision maker is risk avertor. 

In the following, we shall give a simple procedure for ranking of the triangular 
fuzzy numbers a* (i = 1,2, ...,n). First, by using Eq. (7), we compare each 
a,i with all the a,j ( j = 1,2, ... ,n), for simplicity, let ptj = p(ai > a.j), then we 


develop a possibility matrix [14] 

as 



/ Pn 

Pl2 ■ 

• • Pin \ 

P = 

P21 

P22 ■ 

• • P2n 


\Pnl 

Pn 2 ■ 

Pnn ' 
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where p tj > 0, Pij + pji = 1 , pa = \ , i, j = 1 , 2, . . . , n. 

Summing all elements in each line of matrix P, we have pi = X)j=i Piji 
i = 1,2 ,n. Then, in accordance with the values of pi (i = 1, 2, . . . , n), we 
rank the a j (i = 1, 2, . . . , n) in descending order. 

Now, based on operational laws, we extend the WQM operator (3) to fuzzy 
environment: 

Definition 3.3 Let a j = [ a j 2 , aj 1 , a V] (j = 1,2,..., n) be a collection of trian- 
gular fuzzy numbers, and let FWQM : 12” — > 12, if 


FWQM(di,d 2 ,...,a„) 



( 10 ) 


where w = (w\,W 2 , • • • , w n ) T be the weight vector of dj ( j = 1,2, ... , n), with 
Wj > 0 and )Cj=i w j = 1) then FWQM is called a fuzzy weighted quadratic 
mean (FWQM) operator. 


Especially, if Wi = 1, Wj = 0 , j / i , then FWQM(di, d 2 , . . . , d„) = ap if 
w = (-, ^) T , then the FWQM operator is reduced to the fuzzy quadratic 

mean (FQM) operator: 


FQM(di,a 2 , . . . ,d„) = 


'ZU “IV 


(id 


By the operational laws and Eq. (10), we have 


FWQM(di, a 2 , . . . , a n ) = ( I = \ '52 w il a j ' a Y 

\i= 1 J \J =1 


w i K L ) 2 1 1 EE w j (°f ) 2 . 

k i=i / \i=i / \i=i 


(12) 


and then by Eq. (12), we have 


FQM(di, d 2 , . . . , a n ) 


E”=i(«t) 2 V 7 e"„«) 2 V /'e;„(«5') 2 V 


(13) 


Especially, if the triangular fuzzy numbers dj = [dj 2 , aj 1 , a^] (j = 1, 2, . . . , n) 
are reduced to the interval numbers dj = [ajbaj 7 ] (j = 1,2, ...,n), then the 
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FWQM operator is reduced to the uncertain weighted quadratic mean(UWQM) 
operator: 


UWQM(oi,o 2 , • • • , a n ) 





.(14) 


If w = (i, , -) T , then the UWQM operator is reduced to the uncertain 

quadratic mean(UQM) operator: 


UQM(di, d 2 , • • • ,a n ) 


n I 

(“i 


'£;=i«) 2 ' 


(15) 


If cij = a 1 - = cij , for all j = 1,2, then Eqs. (14) and (15) are, 

respectively, reduced to the WQM operator (3) and the QM operator (4). 

Example 3.4 Given a collection of triangular fuzzy numbers: di = [2, 3, 4] , a .2 = 
[1,2, 4], S 3 = [2,4, 6 ], S 4 = [1,3,5], let w = (0.3, 0.1, 0.2, 0.4) T be the weight vec- 
tor of a,i (i = 1, 2, 3, 4), then by Eq. (12), we have 

FWQM(Si, S 2 , S 3 , S 4 ) = 

= [1.5811,3.1464,4.8580], 


i = 1 


5] w Mf) 2 


uu\a 


U \ 2 


Based on the OWA and FQM operators and Definition 3.2, we define a fuzzy 
ordered weighted quadratic mean (FOWQM) operator as below: 


Definition 3.5 Let a j = [a^a^,^ 7 ] (j = 1,2 ,...,n) be a collection of tri- 
angular fuzzy numbers. A FOWQM operator of dimension n is a mapping 
FOWQM : — > fl, that has an associated vector u> = (wi, 0 J 2 , ■ ■ ■ , w„) T such 

that uij > 0 and Ej=i = 1- Furthermore, 


FOWQM(Si,S 2 , . . . ,a n ) 



1 




,( 16 ) 
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where a a (j) = 


rjL a M „U 

^U) ,a ^U) ,(lcr U) 


(. 3 = and (ct( 1), cr(2), , . . , a(n)) is 

a permutation of (1, 2, . . . ,n) such that a CT (j_ i) > a CT (j) for all j. 


However, if there is a tie between Oj and dj by their average (a, + a j)/ 2 in 
process of aggregation. If k items are tied, then we replace these by k replicas of 
their average. The weighting vector w = (w\,W 2 , ■ ■ ■ ,w n ) T can be determined 
by using some weight determining methods like the normal distribution based 
method, see Refs [11, 20] for more details. 

Similarly to the OWA operator, the FOWQM operator has the following 
properties: 


Theorem 3.6 Let dj = [a !- , a 1 - 1 , a 1 - ] ( j = 1,2 , ...,n) be a collection of trian- 
gular fuzzy numbers, the following are valid: 

(1) Idempotency: If all dj (j = 1,2,..., n) are equal, i.e., dj = a, for all i, 
then 


FOWQM(ai, a, 2 , • ■ • , d n ) = a. 

(2) Boundedness: Let a~ = [min J (aj J ),min J (a^ f ),min J (a^ / )] and a + = 
[ma Xj (af), ma xj ( aj 1 ) , max^ (a ^ )] , then 

d~ < FOWQM(ai, 02, . . . , d n ) < a + . 

(3) Monotonicity: Let a* = [a 1 -* , o* f * , a 1 -*] ( j = 1,2,..., n) be a collection 
of triangular fuzzy numbers, then if a j < a^* , a ^ < dj 1 * and a V < a L -* for all 
j, then 

FOWQM(oi,a 2 ,...,a„) < FOWQM(a],^, . . . , a*). 

(4) Commutativity: Let o' = [a T j , aj 1 , a 1 - ] (j = 1, 2, . . . , n) be a collec- 
tion of triangular fuzzy numbers, then 

FOWQM(o!, os, ...,a n ) = FOWQM(o , 1 , o' 2 , ...,d' n ), 
where (a^, a^, . . . , d' n ) is any permutation of (oi, 02 , . . . , a n ). 


Especially, if w = ^) T , then the FOWQM operator is reduced 

to the FQM operator; if the triangular fuzzy numbers dj = [a ^ , o;^ , ] (j = 

1,2, ... ,n) are reduced to the interval numbers dj = [ajb a L j } ( j = 1 , 2 ,..., n), 
then the FOWQM operator is reduced to the uncertain ordered weighted quadratic 
mean (UOWQM) operator: 


UOWQM(ai,a 2 ,...,o n ) = 




2 



,(17) 
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where a a (j) = (<r(l), a( 2), . . . , tr(n)) is a permutation of (1,2,..., n) 

such that a CT (j_i) > for all j. If there is a tie between dj and dj, then we 
replace each of dj and dj by their average (dj + dj)/ 2 in process of aggregation. 
If fc items are tied, then we replace these by k replicas of their average. 

If af = aY = Oj, for all * = 1, 2, . . . , n, then the UOWQM operator is reduced 
to the ordered weighted quadratic mean (OWQM)operator: 


OWQM(ai,a 2 , . . . ,a n ) 



(18) 


where bj is the jth largest of (ij (j = 1,2,..., n). The OWQM operator (18) has 
some special cases: 

(1) If co = (1,0,..., 0) T , then 


OWQM(ai, <22, . . . , a n ) = max{aj} = b\. 
(2) If uj = (0, 0, ... , 1) T , then 

OWQM(ai,a 2 , . . . ,a n ) = min{aj} = b n . 


(3) If toj 

(4) If a j ■■ 


= 1, Wi = 0, i / j, then 

b n < OWQM(ai, a 2 , . . . ,a n ) = bj <b\. 
= (-,-,..., -) T , then 

^ n 7 n . 7 ' n, ' 7 


OWQM(ai,a 2 , ...,a n ) = 


'ZUtY 


2^7 = 1 


= QM(ai, a 2 , . . . , a n ). 



(19) 

( 20 ) 
( 21 ) 


( 22 ) 


Clearly, the fundamental characteristic of the FWQM operator is that it 
considers the importance of each given triangular fuzzy number, whereas the 
fundamental characteristic of the FOWQM operator is the reordering step, and 
it weights all the ordered positions of the triangular fuzzy numbers instead of 
weighing the given triangular fuzzy numbers themselves. By combining the 
advantages of the FWQM and FOWQM operators, in the following, we develop 
a fuzzy hybrid quadratic mean (FHQM) operator that weights both the given 
triangular fuzzy numbers and their ordered positions. 

Definition 3.7 Let dj = [a/,- . a 1 - 1 , a^] {j = 1,2,..., n) be a collection of trian- 
gular fuzzy numbers. A FHQM operator of dimension n is a mapping FHQM : 
Q n fl, which has an associated vector oj = (wi, w 2 , • • • , w n ) T with u>j > 0 and 
YYj = i u j = 1) such that 

FHQM(ai,d 2 ,...,d n ) = 


8 
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Q =1 


Q =1 


<fl) 2 


X>j(<#tf)) 2 

Q =1 


,(23) 


where d CT (j) = 


“*0)’ 


•M 

Vi)’ 


at/ 

Vi) 


is the jth largest of the weighted triangular 


fuzzy numbers dj (dj = nwjdj, j = 1,2 w = (w\,w 2 , . . . ,w n ) T is the 

weight vector of a j (j = 1 , 2 ,..., ?r) with Wj > 0 and Y^j=\ = 1 , and n is the 

balancing coefficient. 

Especially, if w = (^, . . . , ^) T , then d j = dj, j = 1, 2, . . . , n, in this case, 

the FHQM operator is reduced to the FOWQM operator; if uj = (^, . . . , ^) T , 

then 


FHQM(di, a 2 , ■ . . ,a n ) 





nu, i«i) 




nW % a <3) 



1 

2 


(24) 


which we call the generalized fuzzy weighted quadratic mean (GFWQM) oper- 
ator. 

Moreover, if the triangular fuzzy numbers dj = [ a j, aj 1 , a 1 -] (j = 1,2, , n) 
are reduced to the interval numbers dj = [a^a 1 -] (j = 1,2, ...,n), then the 
FHQM operator is reduced to the uncertain hybrid quadratic mean (UHQM) 
operator: 


UHQM(di,d 2 , . . . ,a n ) 








2 


, (25) 


where V j) is the jth largest of the weighted interval numbers dj (dj = nWj dj , j = 
1, 2, . . . , n), w = (rui , w 2 , ■ ■ ■ , w n ) T is the weight vector of dj (j = 1 , 2 ,..., n) 
with Wj > 0 and Y^j=i w j = 1) an d n is the balancing coefficient. Especially, 
if w = (-, j l ) T , then dj = dj, j = 1,2, ... ,n, in this case, the UHQM 

operator is reduced to the UOWQM operator. 

If af = af = at, for all* = 1, 2, . . . , n, then the UHQM operator is reduced 
to the hybrid quadratic mean (HQM) operator: 


HQM(ai, a 2 , . . . ,a n ) 


Xv ® 2 

m'=i 


(j) 


2 


(26) 
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where a a (j) is the jth largest of the weighted interval numbers dj (■ dj = nwjdj , j = 
1,2, ... ,n), w = (rui , w 2 , ■ ■ ■ , w n ) T is the weight vector of aj ( j = 1,2, ... , n) 
with Wj > 0 and w j = f an d n is the balancing coefficient. Especially, 
if w = (^, . . . , ^) T , then dj = aj, j = 1,2 ,...,n, in this case, the HQM 

operator is reduced to the OWQM operator. 

Example 3.8 Given a collection of triangular fuzzy numbers: di = [2,4,5], 
a 2 = [1,3,4], <23 = [2,3,5], <24 = [3,4,5], and <25 = [2,5,8], and w = (0.20,0.25, 
0.15, 0.25, 0.15) t be the weight vector of dj ( j = 1,2, 3, 4, 5). Then we get the 
weighted triangular fuzzy numbers: 

hi = [2,4,5], a 2 = [1.25,3.75,5], d 3 = [1.5,2.25,3.75], 
a 4 = [3.75,5,6.25], a 5 = [1.5,3.75,6]. 

By using Eq. (9) (without loss of generality, set <5 = 0.5), we construct the 
following matrix: 


/ 0.5000 

0.5833 

0.9545 

0.0385 

0.4864 \ 

0.4167 

0.5000 

0.8462 

0 

0.4154 

0.0455 

0.1538 

0.5000 

0 

0.1250 

0.9615 

1 

1 

0.5000 

0.8571 

V 0.5136 

0.5846 

0.8750 

0.1429 

0.5000/ 


Summing all elements in each line of matrix P, we have 


pi = 2.5628, p 2 = 2.1782, p 3 = 0.8243, p 4 = 4.3187, p 5 = 2.6160 


and then we rank the triangular fuzzy number a,; (z = 1,2,3, 4, 5) in descending 
order in accordance with the values of pi (i = 1, 2, 3, 4, 5): 


(Zcr(l) (Z4, &<j(2) ^5} ^cr(3) ^1? ^cr(4) ^2 •> ^cr(5) ^3* 

Suppose that oj = (0.1117, 0.2365, 0.3036, 0.3265, 0.1117) T is the weighting vec- 
tor of the FHQM operator (derived by the normal distribution based method 
[11]), then by Eq. (23), we get 


FHQM(d 1; a 2 , a 3 , a 4 , a 5 ) = 


o a cr(j) 


G =1 






u' =1 




= [2.0196,4.0166,5.4955]. 


4 Approaches to multiple attribute group deci- 
sion making with triangular fuzzy information 

For a group decision making with triangular fuzzy information, let X={;ri, x 2 , ■ ■ ■ , 
x n } be a discrete set of n alternatives, and G = {G\,G 2 , ■ ■ ■ , G m } be the set of 
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to attributes, whose weight vector is w = ( W\,W 2 , • ■ • ,w m ) T with > 0 and 
YaL i w i = 1) and let D = {d\,d, 2 , • • ■ , d s } be the set of decision makers, whose 
weight vector is v = (vi, V 2 , ■ ■ ■ , v s ) T , where Vk > 0 and Yt—i v k = 1- Suppose 

that = (a\^) m x n is the decision matrix, where = 
is an attribute value, which takes the form of triangular fuzzy number, of the 
alternative Xj € X with respect to the attribute G, £ G. 

Then, we utilize the FWQM and FHQM operators to propose an approach 
to multiple attribute group decision making with triangular fuzzy information, 
which involves the following steps: 

Step 1. Normalize each attribute value aff in the matrix into a corre- 
sponding element in the matrix = (f^) m x n = \rij L ( k \ rij U W ] ) 

using the following formulas: 


L(k) M(k) U(k) 


s (*0 _ 


i(fc) 


E tl * 
7 = 1 


(k) 

ij 


a, 


L(k) 




EU^ u(ky 


M(k) 


U(k) 


ELi aij M{k) ’ ELi a-H L(k) 


Ak) 


for benefit attribute G*, 






i M/w 






E"=i(i/«b i(fc) )’ E"=i(i/«b- M(fc) )’ E?=i(i/o<^ (fc) ) 


for cost attribute G 


(27) 


(28) 


where i = 1, 2, . . . , to, j = 1, 2, . . . , n, /c = 1, 2, . . . , s. 
Step 2. Utilize the FWQM operator: 


tf> =FWQM(fg > ,f>§ ) ,. 


E»*(0 2 


^4=1 


( m \ 2 

13w j (fg i) ) 2 J 

( m \ 2 / m \ 

, f j 


1 

2 


(29) 


to aggregate all the elements in the jth column of R <k ^ and get the overall 
~(k) 

attribute value f( of the alternative a:,,- corresponding to the decision maker 
dfc ■ 

Step 3. Utilize the FHQM operator: 


fj = FHQM(f( 1) , r( 2) , . . . , r( s) ) = ( 


V/c=l 


^fe=l 


■M<r(k ))\2 




• M((r(fc)) \ 2 
j ' 


\k = 1 


* ( 


■ U(a(k))^2 


(30) 


^fc=i 
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to aggregate the overall attribute values r ] k ' 1 ( k = 1,2, ... ,s) corresponding to 
the decision maker dk ( k = 1, 2, . . . , s) and get the collective overall attribute 
value fj, where fj' ^ ^u(a(k )) ] l ar g es t of the 

weighted data r/ ^ (r/' > = svkfj k \ k = 1,2, ...,s), oj = (uq, w 2 , . . . , w s ) T is 
the weighting vector of the FHQM operator, with w*, > 0 and Ylk= l = 1- 

Step 4. Compare each fj with all r* (i = 1,2 ,...,n) by using Eq. (9), 
and let Pij = p(f,; > fj), and then construct a possibility matrix P = ( Pij) nX m 
where p^ > 0, pij + pji = 1, pa = 0.5, i,j = 1, 2, . . . , n. Summing all elements 
in each line of matrix P , we have pi = Y^j=iPiji * = 1,2, ...,n, and then 
reorder fj (j = 1,2, , n) in descending order in accordance with the values of 
Pj U = 1,2 

Step 5. Rank all the alternatives Xj ( j = 1,2, ... , n) by the ranking of fj 
(j = 1,2, ... ,n), and then select the most desirable one. 

Step 6. End. 


5 Illustrative example 

In this section, we use a multiple attribute group decision making problem 
of determining what kind of air-conditioning systems should be installed in a 
library(adopted from [6, 7, 12, 22]) to illustrate the proposed approach. 

A city is planning to build a municipal library. One of the problems facing 
the city development commissioner is to determine what kind of air-conditioning 
systems should be installed in the library. The contractor offers five feasible al- 
ternatives, which might be adapted to the physical structure of the library. 
The alternatives Xj ( j = 1,2, 3, 4, 5) are to be evaluated using triangular fuzzy 
numbers by the three decision makers dk (k = 1,2,3) (whose weight vector 
is v = (0.4, 0.3, 0.3) r ) under three major impacts: economic, functional, and 
operational. Two monetary attributes and six nonmonetary attributes (that 
is, G\. owning cost (S/ft 2 ), G 2 : operating cost ($/ft 2 ), G3: performance (*), 
G4: noise level (Db), G5: maintainability (*), G§: reliability (%), G7: flex- 


Table 1: Triangular fuzzy number decision matrix A/ 1 ) 



Xl 

x 2 

X3 

X4 

X5 

G\ 

[3.5, 4.0, 4.7] 

[1.7, 2.0, 2.3] 

[3.5, 3.8, 4.2] 

[3.5, 3.8, 4.5] 

[3.3, 3.8, 4.0] 

g 2 

[5.5, 6.0, 6.5] 

[4.8,54,5.5] 

[4.5, 5.2, 5.5] 

[4.5, 4.7, 5.0] 

[5.5, 5.7, 6.0] 

g 3 

[0.7, 0.8, 0.9] 

[0.5,0.56,0.6] 

[0.5, 0.6, 0.7] 

[0.7,0.85,0.9] 

[0.6, 0.7, 0.8] 

g 4 

[35,40,45] 

[70, 73, 75] 

[65, 68, 70] 

[40, 42, 45] 

[50, 55, 60] 

g 5 

[0.4,0.45,0.5] 

[0.4,0.44,0.6] 

[0.7,0.76,0.8] 

[0.9,0.97,1.0] 

[0.5,0.54,0.6] 

g 6 

[95, 98, 100] 

[70, 73, 75] 

[80, 83, 90] 

[90, 93, 95] 

[85, 90, 95] 

g 7 

[0.3,0.35,0.5] 

[0.7,0.75,0.8] 

[0.8, 0.9, 1.0] 

[0.6,0.75,0.8] 

[0.4, 0.5, 0.6] 

G s 

[0.7,0.74,0.8] 

[0.5,0.53,0.6] 

[0.6, .68, 0.7] 

[0.7, 0.8, 0.9] 

[0.8, .85,0.9] 
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ibility (*), G$ : safety (*), where * unit is from 0—1 scale, three attributes 
G i, G* 2 , and G 4 are cost attributes, and the other five attributes are benefit 
attributes, suppose that the weight vector of the attributes Gi (i = 1, 2, . . . , 8) 
is to = (0.05, 0.08, 0.14, 0.12, 0.18, 0.21, 0.05, 0.17) r ) emerged from three impacts 
is Tables 1-3. 


Table 2: Triangular fuzzy number decision matrix A l 2 - 1 



Xl 

x 2 

x 3 

X4 

*5 

Gi 

[4.0, 4.3, 4.5] 

[2.1, 2.2, 2.4] 

[5.0, 5.1, 5.2] 

[4.3, 4.4, 4.5] 

[3.0, 3.3, 3.5] 

g 2 

[6.0, 6.3, 6.5] 

[5.0, 5.1, 5.2] 

[4.5, 4.7, 5.0] 

[5.0, 5.1, 5.3] 

[7.0, 7.5, 8.0] 

g 3 

[0.7, 0.8, 0.9] 

[0.4, 0.5, 0.6] 

[0.5, .55, 0.6] 

[0.7,0.75,0.8] 

[0.7, 0.8, 0.9] 

g 4 

[37, 38, 39] 

[70, 73, 75] 

[65, 66, 67] 

[40, 42, 45] 

[50, 52, 55] 

g 5 

[0.4, 0.5, 0.6] 

[0.5,0.55,0.6] 

[0.8,0.85,0.9] 

[0.8,0.95,1.0] 

[0.4,0.44,0.5] 

g 6 

[92,93,95] 

[70, 75, 80] 

[83, 84, 85] 

[90,91,92] 

[90, 93, 95] 

g 7 

[0.4,0.45,0.5] 

[0.8,0.85,0.9] 

[0.7,0.73,0.8] 

[0.7,0.85,0.9] 

[0.4,0.45,0.5] 

g 8 

[0.6, 0.7, 0.8] 

[0.6,0.65,0.7] 

[0.5, 0.6, 0.7] 

[0.7,0.76,0.8] 

[0.7, 0.8, 0.9] 


Table 3: Triangular fuzzy number decision matrix Yb 3 - 1 



Xl 

X2 

X3 

X 4 

X5 

Gi 

[4.3, 4.4, 4.6] 

[2.2, 2.4, 2.5] 

[4.5, 4.8, 5.0] 

[4.7, 4.9, 5.0] 

[3.1, 3.2, 3.4] 

g 2 

[6.4, 6.7, 7.0] 

[5.0, 5.2, 5.5] 

[4.7, 4.8, 4.9] 

[5.5, 5.7, 6.0] 

[6.0, 6.5, 7.0] 

g 3 

[0.8,0.85,0.9] 

[0.5, 0.6, 0.7] 

[0.6, 0.7, 0.8] 

[0.7, 0.8, 0.9] 

[0.7,0.75,0.8] 

g 4 

[36, 38, 40] 

[72, 73, 75] 

[67, 68, 70] 

[45,48,50] 

[55, 57, 60] 

g 5 

[0.4,0.46,0.5] 

[0.4,0.45,0.6] 

[0.8,0.95,1.0] 

[0.8,0.85,0.9] 

[0.5,0.55,0.6] 

g 6 

[93,94,95] 

[77, 78, 80] 

[85, 87, 90] 

[90, 94, 95] 

[90, 96, 100] 

g 7 

[0.4, 0.5, 0.6] 

[0.8, 0.9, 1.0] 

[0.8,0.86,0.9] 

[0.6, 0.7, 0.8] 

[0.5,0.57,0.6] 

G 8 

[0.7,0.78,0.8] 

[0.5,0.55,0.6] 

[0.6, 0.68, 0.7] 

[0.8,0.85,0.9] 

[0.8,0.85,0.9] 


To select the best air-conditioning system, we first utilize the approach based 
on the FWQM and FHQM operators, the main steps are as follows: 

Step 1. By using Eqs. (27) and (28), we normalize each attribute value a:^ 
in the matrices (k = 1, 2, 3) into the corresponding element in the matrices 
R (k) = ihj) 8X5 (k = 1 , 2 , 3) (Tables 4-6): 

Step 2. Utilize the FWQM operator (29) to aggregate all elements in the 
jth column R( k ^ and get the overall attribute value r^: 

= [0.1736, 0.2029, 0.2436] , = [0.1473,0.1751,0.2167], 

= [0.1689, 0.1985, 0.2354] , = [0.2043,0.2422,0.2759] , 

= [0.1687,0.1991,0.2370] , 

= [0.1770, 0.2044, 0.2417] , = [0.1622,0.1878,0.2191] , 
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Table 4: Normalized triangular fuzzy number decision matrix R^ 


G i 
G 2 

g 3 

g 4 

G 5 

G 6 

G 7 

Gs 


an 

[ 0 . 12 , 0 . 16 , 0 . 21 ] 
[ 0 . 15 , 0 . 18 , 0 . 21 ] 
[ 0 . 18 , 0 . 23 , 0 . 30 ] 
[ 0 . 22 , 0 . 26 , 0 . 32 ] 
[ 0 . 11 , 0 . 14 , 0 . 17 ] 
[ 0 . 21 , 0 . 22 , 0 . 24 ] 
[ 0 . 08 , 0 . 11 , 0 . 18 ] 
[ 0 . 18 , 0 . 21 , 0 . 24 ] 


x 2 

[ 0 . 25 , 0 . 32 , 0 . 43 ] 
[ 0 . 18 , 0 . 21 , 0 . 24 ] 
[ 0 . 13 , 0 . 16 , 0 . 20 ] 
[ 0 . 13 , 0 . 14 , 0 . 16 ] 
[ 0 . 11 , 0 . 14 , 0 . 21 ] 
[ 0 . 15 , 0 . 17 , 0 . 18 ] 
[ 0 . 19 , 0 . 23 , 0 . 29 ] 
[ 0 . 13 , 0 . 15 , 0 . 18 ] 


X3 

[ 0 . 14 , 0 . 17 , 0 . 21 ] 
[ 0 . 18 , 0 . 20 , 0 . 25 ] 
[ 0 . 13 , 0 . 17 , 0 . 23 ] 
[ 0 . 14 , 0 . 15 , 0 . 17 ] 
[ 0 . 20 , 0 . 24 , 0 . 28 ] 
[ 0 . 18 , 0 . 19 , 0 . 21 ] 
[ 0 . 22 , 0 . 28 , 0 . 36 ] 
[ 0 . 15 , 0 . 19 , 0 . 21 ] 


x& 

[ 0 . 13 , 0 . 17 , 0 . 21 ] 

[ 0 . 20 , 0 . 23 , 0 . 25 ] 

[ 0 . 18 , 0 . 24 , 0 . 30 ] 

[ 0 . 22 , 0 . 25 , 0 . 28 ] 

[ 0 . 26 , 0 . 31 , 0 . 34 ] 

[ 0 . 20 , 0 . 21 , 0 . 23 ] 

[ 0 . 16 , 0 . 23 , 0 . 29 ] 

[ 0 . 18 , 0 . 22 , 0 . 27 ] 


x 5 

[ 0 . 14 , 0 . 17 , 0 . 22 ] 
[ 0 . 16 , 0 . 19 , 0 . 21 ] 
[ 0 . 15 , 0 . 20 , 0 . 27 ] 
[ 0 . 16 , 0 . 19 , 0 . 23 ] 
[ 0 . 14 , 0 . 17 , 0 . 21 ] 
[ 0 . 19 , 0 . 21 , 0 . 23 ] 
[ 0 . 11 , 0 . 15 , 0 . 21 ] 
[ 0 . 21 , 0 . 24 , 0 . 27 ] 


Table 5: Normalized triangular fuzzy number decision matrix R ^ 


G i 

g 2 

G 3 

g 4 

G5 

Ge 

g 7 

G s 


*1 

[ 0 . 15 , 0 . 16 , 0 . 19 ] 
[ 0 . 17 , 0 . 18 , 0 . 19 ] 
[ 0 . 18 , 0 . 24 , 0 . 30 ] 
[ 0 . 25 , 0 . 27 , 0 . 29 ] 
[ 0 . 11 , 0 . 15 , 0 . 21 ] 
[ 0 . 21 , 0 . 21 , 0 . 22 ] 
[ 0 . 11 , 0 . 14 , 0 . 17 ] 
[ 0 . 15 , 0 . 20 , 0 . 26 ] 


£2 

[ 0 . 28 , 0 . 32 , 0 . 36 ] 
[ 0 . 21 , 0 . 22 , 0 . 23 ] 
[ 0 . 11 , 0 . 15 , 0 . 20 ] 
[ 0 . 13 , 0 . 14 , 0 . 15 ] 
[ 0 . 14 , 0 . 17 , 0 . 21 ] 
[ 0 . 16 , 0 . 17 , 0 . 19 ] 
[ 0 . 22 , 0 . 26 , 0 . 30 ] 
[ 0 . 15 , 0 . 19 , 0 . 23 ] 


X3 

[ 0 . 13 , 0 . 14 , 0 . 15 ] 
[ 0 . 21 , 0 . 24 , 0 . 26 ] 
[ 0 . 13 , 0 . 16 , 0 . 20 ] 
[ 0 . 15 , 0 . 15 , 0 . 16 ] 
[ 0 . 22 , 0 . 26 , 0 . 31 ] 
[ 0 . 19 , 0 . 19 , 0 . 20 ] 
[ 0 . 19 , 0 . 22 , 0 . 27 ] 
[ 0 . 13 , 0 . 17 , 0 . 23 ] 


X4 

[ 0 . 15 , 0 . 16 , 0 . 17 ] 

[ 0 . 20 , 0 . 22 , 0 . 23 ] 

[ 0 . 18 , 0 . 22 , 0 . 27 ] 

[ 0 . 22 , 0 . 24 , 0 . 27 ] 

[ 0 . 22 , 0 . 29 , 0 . 34 ] 

[ 0 . 20 , 0 . 21 , 0 . 22 ] 

[ 0 . 19 , 0 . 26 , 0 . 30 ] 

[ 0 . 18 , 0 . 22 , 0 . 26 ] 


£5 

[ 0 . 19 , 0 . 21 , 0 . 25 ] 

[ 0 . 13 , 0 . 15 , 0 . 17 ] 

[ 0 . 18 , 0 . 24 , 0 . 30 ] 

[ 0 . 18 , 0 . 20 , 0 . 21 ] 

[ 0 . 11 , 0 . 13 , 0 . 17 ] 

[ 0 . 20 , 0 . 21 , 0 . 22 ] 

[ 0 . 19 , 0 . 14 , 0 . 17 ] 

[ 0 . 18 , 0 . 23 , 0 . 29 ] 


Table 6: Normalized triangular fuzzy number decision matrix R ^ 


Gi 

G 2 

g 3 

g 4 

G 5 

G 6 

G 7 

Gs 


£1 

[ 0 . 15 , 0 . 17 , 0 . 18 ] 
[ 0 . 16 , 0 . 17 , 0 . 19 ] 
[ 0 . 20 , 0 . 23 , 0 . 27 ] 
[ 0 . 26 , 0 . 28 , 0 . 31 ] 
[ 0 . 11 , 0 . 14 , 0 . 17 ] 
[ 0 . 21 , 0 . 22 , 0 . 24 ] 
[ 0 . 08 , 0 . 11 , 0 . 18 ] 
[ 0 . 18 , 0 . 21 , 0 . 24 ] 


£2 

[ 0 . 28 , 0 . 30 , 0 . 35 ] 
[ 0 . 20 , 0 . 22 , 0 . 24 ] 
[ 0 . 12 , 0 . 16 , 0 . 21 ] 
[ 0 . 14 , 0 . 15 , 0 . 16 ] 
[ 0 . 11 , 0 . 14 , 0 . 21 ] 
[ 0 . 15 , 0 . 17 , 0 . 18 ] 
[ 0 . 19 , 0 . 23 , 0 . 29 ] 
[ 0 . 13 , 0 . 15 , 0 . 18 ] 


X3 

[ 0 . 14 , 0 . 15 , 0 . 17 ] 
[ 0 . 22 , 0 . 24 , 0 . 25 ] 
[ 0 . 15 , 0 . 19 , 0 . 24 ] 
[ 0 . 15 , 0 . 16 , 0 . 17 ] 
[ 0 . 20 , 0 . 24 , 0 . 28 ] 
[ 0 . 18 , 0 . 19 , 0 . 21 ] 
[ 0 . 22 , 0 . 28 , 0 . 36 ] 
[ 0 . 15 , 0 . 19 , 0 . 21 ] 


Xi 

[ 0 . 14 , 0 . 15 , 0 . 16 ] 

[ 0 . 18 , 0 . 20 , 0 . 22 ] 

[ 0 . 17 , 0 . 22 , 0 . 27 ] 

[ 0 . 21 , 0 . 22 , 0 . 25 ] 

[ 0 . 26 , 0 . 31 , 0 . 34 ] 

[ 0 . 20 , 0 . 21 , 0 . 23 ] 

[ 0 . 16 , 0 . 23 , 0 . 29 ] 

[ 0 . 18 , 0 . 22 , 0 . 27 ] 


£5 

[ 0 . 20 , 0 . 23 , 0 . 25 ] 
[ 0 . 16 , 0 . 17 , 0 . 20 ] 
[ 0 . 17 , 0 . 20 , 0 . 24 ] 
[ 0 . 17 , 0 . 19 , 0 . 20 ] 
[ 0 . 14 , 0 . 17 , 0 . 21 ] 
[ 0 . 19 , 0 . 21 , 0 . 23 ] 
[ 0 . 11 , 0 . 15 , 0 . 21 ] 
[ 0 . 21 , 0 . 24 , 0 . 27 ] 


4 2) = [0.1744, 0.1974, 0.2314] , = [0.1977,0.2342,0.2676] , 

rf } = [0.1717,0.1979,0.2333] , 

f' 3) = [0.0714, 0.0795, 0.0892] , = [0.0573,0.0638,0.0772] , 

f ( 3 3) = [0.0699, 0.0831, 0.0959] , = [0.0782,0.0879,0.1004] , 

r {3) = [0.0704,0.0781,0.0890] . 

Step 3. Utilize the FHQM operator (30) (suppose that its weight vector 
is w = (0.243, 0514, 0.243) T determined by using the normal distribution based 
method [11], let a — 0.5) to aggregate the overall attribute value rf' 1 ( k = 1, 2, 3) 
corresponding to the decision maker dk {k = 1, 2, 3), and get the collective overall 
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attribute value fy. 

h = [0.1568, 0.1818, 0.2160], r 2 = [0.1385,0.1619,0.1939], 
f 3 = [0.1536, 0.1771, 0.2086] , r 4 = [0.1791, 0.2119, 0.2417] , 
h = [0.1523,0.1771,0.2095] . 

Step 4. Compare each fj with all r, (i = 1,2, 3, 4, 5) by using Eq. (9) 
(without loss of generality, set 6 = 0.5), and let Pij = p(fi > fj ), and then 
construct a possibility matrix: 


/ 0.5 

0.8558 

0.5869 

0.0553 

0.5882 

0.1442 

0.5 

0.2209 

0 

0.2301 

0.4131 

0.7791 

0.5 

0 

0.5031 

0.9447 

1 

1 

0.5 

1 

V 0.4118 

0.7699 

0.4969 

0 

0.5 


Summing all elements in each line of matrix P, we have 

Pi = 2.5861, p 2 = 1.0952, p 3 = 2.1953, p 4 = 4.4447, p 5 = 2.1786 

and then we reorder fj (j = 1. 2, 3, 4, 5) in descending order in accordance with 
the values of pj (j = 1, 2, 3, 4, 5): 

f 4 > fi > f 3 > f 5 > f 2 . 

Step 5. Rank all the alternatives Xj (j = 1,2, 3, 4, 5) by the ranking of fj 
(j = 1,2, 3, 4, 5): 


X4 >- X\ >- x 3 >- x 5 >- x 2 
and thus the most desirable alternative is X 4 . 


Table 7: Comparison of the proposed approach with other approaches 



Xu’s approach [ 12 ] 

Park et al.’s approach [ 7 ] 

Proposed approach 

Solution method 




Aggregation stage 
Exploitation stage 

FWHM operator 
FHHM operator 

FWCHM operator 
FHCHM operator 

FWQM operator 
FHQM operator 

Ranking of 
alternatives 

X4 >~ *5 X3 y xi >~ X2 

X4 >~ xi y X3 *5 *2 

X4 >~ xi y X3 >~ *5 X2 


From the above analysis, the results obtained by the proposed approach are 
slightly different to the ones obtained Xu’s [12] approach but the same with Park 
et al. [7] approach (see Table 7). It perfectly depends on how we look at things, 
and not on how they are themselves. Therefore, depending on aggregation 
operators used, the results may lead to different decisions. However, the best 
alternative is X4. 
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6 Conclusions 

In this paper, we have extended the traditional quadratic mean to fuzzy envi- 
ronments and introduced the FWQM operator. Based on the FWQM operator 
and Yager’s OWA operator [17], we have developed the FOWQM operator and 
the FHQM operator. It has been shown that both the FOWQM and FWQM 
operators are the special cases of the FHQM operator. It has also been pointed 
out that if all the input fuzzy data are reduced to the interval or numerical data, 
then the FHQM operator is reduced to the UHQM operator and the HQM op- 
erator, respectively. In these situations, the WQM operator and the OWQM 
operator are the two special cases of the HQM operator; the UWQM operator 
and the UOWQM operator are the two special cases of the UHQM operator. 
Then, based on the FWQM and FHQM operators, we present an approach to 
multiple attribute group decision making with triangular fuzzy information and 
illustrate it with a practical example. 
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Abstract. In this paper, we show that the parametric general nonlinear nonconvex set- valued 
variational inequality is equivalent to the parametric general Wiener-Hopf equations. We used the 
equivalence formulation to study the sensitivity analysis for general nonlinear nonconvex set-valued 
variational inequalities without assuming the differentiability of the given data. 
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fixed point, general Wiener-Hopf equations, relaxed (^-accretive mapping, locally Lipschitz continuous 
mappings, uniformly r - prox regular sets, uniformly smooth Banach spaces. 
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1 Introduction 

Variational inequality theory has become a very effective and powerful tools for study- 
ing a wide range of problems arising in pure and applied sciences which include the 
work on differential equations, mechanics, control problems in elasticity, general equi- 
librium problems in economics and transportation, obstacle, moving, and free bound- 
ary problems (see [1,3,5,8-10]). 

Sensitivity analysis for the solutions of variational inequalities with single-valued 
mappings has been studied by many authors by quite different techniques. By using 
the projection methods, Anastassiou et al. [2], Agarwal et al. [4], Dafermos [6], 
Faraj and Salahuddin [7], Kim et al. [11], Kyparisis [12], Khan and Salalruddin 
[13], Liu [14], Lee and Salahuddin [15], Noor and Noor [16], Qiu and Magnanti [18], 
Salahuddin [19,20], Yen and Lee [23], and Verma [24] studied the sensitivity analysis 
for the solutions of some variational inequalities with single- valued mappings in finite 
dimensional spaces, Hilbert spaces and Banach spaces. 

Noor and Noor [16] introduced and considered a new class of variational inequal- 
ities on the uniformly prox regular sets which are called the general nonlinear non- 
convex variational inequalities. We note that the uniformly prox regular sets are 
nonconvex and include the convex sets as a special cases (see [5,17]). 

In this paper, we developed the general framework of sensitivity analysis for the 
general nonlinear nonconvex set-valued variational inequalities. For this, we estab- 
lished the equivalence between the parametric general nonlinear nonconvex set-valued 
variational inequalities and parametric general Wiener-Hopf equations by using the 

°This work was supported by the Kyungnam University Research Fund, 2015. 
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projection techniques (see [11,21]). This fixed point formulation is obtained by a suit- 
able and approximate rearrangement of the parametric general Wiener-Hopf equa- 
tions. We would like to point out that the Wiener-Hopf equations technique is quite 
general unified flexible and provides us with new approach to study the sensitivity 
analysis of general nonlinear nonconvex set- valued variational inequalities and related 
optimization problems. We used this equivalence to develop the sensitivity analysis 
for general nonlinear nonconvex set-valued variational inequalities without assuming 
the differentiability of the given data. 


2 Preliminaries 


Let X be a real Banach space with dual space X*, (-, •) be the dual pairing between 
X and X * , and CB(X) denotes the family of all nonempty closed bounded subsets 
of X. The generalized duality mapping J q : X — > 2 X is defined by 

J q (u) = {/* G X* : <u, n = ||«r, ||/1 = Hull 9 - 1 }, Vu G X, 


where q > 1 is a constant. In particular J 2 is a usual normalized duality mapping. It 
is known that in general J g (u) = ||u|| 9-2 J 2 (u) for all u ^ 0 and J q is single-valued if 
X* is strictly convex. In the sequel, we always assume that X is a real Banach space 
such that J q is a single- valued. If X is a Hilbert space then J q becomes the identity 
mapping on . The modulus of smoothness of X is the function px : [0, oo) — > [0, oo) 
is defined by 

Px(t) = sup j*(||u + u|| + ||u-u||) - 1 : ||u|| < 1,|M| < *}■ 


A Banach space X is called uniformly smooth if 


lim 

t — >-0 


Px{t) 

t 


= 0 . 


X is called (/-uniformly smooth if there exists a constant c > 0 such that 


p x [t) < ct q , q > 1 . 


It is well known that the Hilbert spaces, L p ( or l p ) spaces, 1 < p < oo and the Sobolev 
spaces W m ’ p , 1 < p < oo are all (/-uniformly smooth. Note that J q is single-valued if 
X is uniformly smooth. Concerned with the characteristic inequalities in (/-uniformly 
smooth Banach spaces. Xu [22] proved the following results. 

Lemma 2.1. [22] The real Banach space X is q-uniformly smooth if and only if there 
exists a constant c q > 0 such that for all u,v G X , 

\\u+vr<\\ur+ q (v,j q (u))+c q \\v\\ q . 


Let K, be a nonempty closed subsets of X and we denote d) c(-) or d(-,JC) the usual 
distance function to the subset 1C, that is, 

d K (u) = inf ||u-u||. 

vG/C 

The set of all projections of u onto K, is given by 

-Pjc(u) = {u G K, : d/c(u) = 1 1 u - u|| } . 
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Definition 2.2. The proximal normal cone of 1C at a point u £ X is given by 
N£(u) = {£ € X : u € Pk(u + af) for some a > 0}. 


Lemma 2.3. [5] Let K, be a nonempty closed subset of X. Then f £ N£(u) if and 
only if there exists a constant a = a(f, u) > 0 such that 

((, v — u) < a\\v — tt|| 2 , \/v € 1C. 


Lemma 2.4. [5] Let 1C be a nonempty closed and convex subset in X . Then f G 
N£ ( u ) if and only if 

((, v — u) < 0, \/v € JC. 


Definition 2.5. Let / : X — > R be a locally Lipschitz continuous mapping with 
constant r near a given point u £ X, i.e. , for some e > 0, 

I f(v) - f(w) |< r\\v - u>||, V v,w £ B(u;e), 

where B(u; e) denotes the open ball of radius r > 0 and centered at u. The generalized 
directional derivative of / at u in the direction z, denoted by f°(u;z) is defined as 
follows: 

f o, ^ y f(v + tz)~ f(v) 

f (u; z) = lim sup , 

where v is a vector in X and t is a positive scalar. 

Definition 2.6. The tangent cone T/c(u) to /C at a point u £ K, is defined as follows: 

T k {u) = {v £ X : d° K (u;v) = 0}. 

The normal cone of 1C at u by polarity with Tjc(u) is defined as follows: 

Nk(u) = { (:(C,v}<0, Vu € T k («)}. 

The Clarke normal cone N^(u) is given by 

Ng(ii) =cd{N£{u)}, 

where W(S) is the closure of the convex hull of S. 

It is clear that N£(u) C N£(u). The converse is not true in general. Note that 
(u) is always closed and convex, where as N£ (u) is always convex but may not 
be closed (see [5,17]). 

Definition 2.7. [17] For any r £ (0, +oo], a subset fC r of X is said to be normalized 
uniformly r- prox regular (or uniformly r-prox regular) if every nonzero proximal nor- 
mal to IC r can be realized by an ?’-ball, that is, for all u £ IC r and all 0 ^ £ £ N£ (u) 
with HCII = 1, 

(C,u - u) < -^||v - u|| 2 , V v £ K r . 
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Proposition 2.8. [17] Let r > 0 and IC r be a nonempty closed and uniformly r-prox 
regular subset of X . Set 

U{r) = {u £ X : 0 < d/c r {u ) < r}. 

Then we have the following statements: 

(i) For all u € U(r), we have P/c r {u) ^ 0; 

(ii) For all r' £ (0,r), Pjt r is Lipschitz continuous with constant 5 = onU(r'); 

(iii) The proximal normal cone is closed as a set-valued mapping. 

Assume that T : X — >■ 2 X is a set-valued mapping and h : X — >■ X is a nonlinear 
single-valued mapping. For any constant p > 0, we consider the problem of finding 
u £ X, x £ T(u) such that h(u) £ X r and 

(px + h(u) — u, v — h(u)) + — li e — h(u)\\ 2 > 0, Vn £ lC r . (2.1) 

2 r 

The equation (2.1) is called a general nonlinear nonconvex set- valued variational in- 
equality. 

Now we consider the problem of solving general Wiener-Hopf equations. To be 
more precise, let Q/c r = / — /i _1 Pjc r where P/c r is the projection operator, h _1 is 
the inverse of nonlinear operator h and I is an identity operator. For given nonlinear 
operators, z,u £ X,x £ T(u ) such that 

TP Kr z + p~ 1 Q Kr z = 0 (2.2) 

is a called general Wiener-Hopf equation. 

Lemma 2.9. [17] u £ X, x £ T(u),h(u ) £ K r is a solution of (2.1) if and only if 
u £ X, x £ T(u), h(u) £ K r satisfies the relation 

h(u) = P)c r [u — px\, (2.3) 

where Pjc t is the projection of X onto the uniformly r-prox regular set K r . 

Lemma 2.9 implies that the general nonlinear nonconvex set- valued variational 
inequality (2.1) is equivalent to the fixed point problem (2.3). 

Now, we consider the parametric version of equations (2.1) and (2.2). To formulate 
the problem, let T be an open subset of X in which parameter A takes values. Let 
x\(u) £ T\(u) be a given operator defined onlxF and takes values in X x X.From 
now, we denote X\ (u) £ T\(u) unless otherwise specified. The parametric general 
nonlinear nonconvex set-valued variational inequality problem is to find (w, A) £ X x 
r,a;A(n) £ T\(u) such that 

{px\{u) + h\(u) — u,v — h\(u)) > 0, \/v £ K r . (2-4) 

We also assume that for some X £ B, problem (2.4) has a unique solution u. Related 
to parametric general nonlinear nonconvex set-valued variational inequality problem 
(2.4), we consider the parametric general Wiener-Hopf equation. We consider the 
problem of finding (z, A) £ X x T,x\(u) £ T\(u) such that 


T x P Kr z + p 1 Qjc r z = 0, 


(2.5) 
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where p > 0 is a constant and Qk. t z is defined on the set (z, A) with A € T and takes 
values in B. Equation (2.5) is called a parametric general Wiener-Hopf equation. 

Lemma 2.10. Let X be a real Banach space. Than the following two statements are 
equivalent: 

(i) Yin element u € X,x\(u) € T x (u) is a solution of (2-4), 

(ii) The mapping 

F\(u) =u - h\(u) + P/c r [u - px\(u )] 

has a fixed point. 

One can established the equivalence relation between inequality (2.4) and equation 
(2.5) by using the projection techniques. 

Lemma 2.11. Parametric general nonlinear nonconvex set-valued variational in- 
equality (2-4) has a solution (u, A) € X x r, x A (u) € T x (u) if and only if parametric 
general Wiener-Hopf equation (2.5) has a solution (z, A) £ X x T,x x (u) £ T x (u), 
where 


h x (u) = P Kr z 

( 2 . 6 ) 

z = u — px x (u). 

(2.7) 


From Lemma 2.11, we know that Parametric general nonlinear nonconvex set- 
valued variational inequality (2.4) and parametric general Wiener-Hopf equation (2.5) 
are equivalent. 

We used these equivalence to study the sensitivity analysis of general nonlinear 
nonconvex set-valued variational inequalities. We assume that for some A £ T, prob- 
lem (2.5) has a solution z and B is a closure of a ball in X centered at z. We want 
to investigate those condition under which for each A in a neighbourhood of A, then 
(2.5) has a unique solution 2 (A) near z and the function 2 (A) is (Lipschitz) continuous 
and differentiable. 

Definition 2.12. Let T : X x r — > 2 X be a set-valued mapping. Then the operator 
T\(-) is said to be locally relaxed t/xaccretive if there exists a constant tp > 0 such 
that 

(X\ (u) - X\(v),j q (u - V)) > - lfi\\u - A G T, 

and locally D-Lipschitz continuous if there exists a constant /? > 0 such that 
I|£a(«) -®a(«)|| < D(T x (u),T x (v)) < f)\\u-v\\, 
where D : 2 X x 2 X — > (— 00 , 00 ) U{+°°} i s the Hausdorff metric i.e., 

D(A, B) = | sup inf ||w — w||, sup inf ||u — w|| 1, VH, B £ 2 X . 

I ueAv^B u eBveA J 


Definition 2.13. A single-valued mapping h : X x fl — > X is said to be locally 
Lipschitz continuous if there exists a constant 7 > 0 such that 

\\h x (u) - /i A (v)|| < 7ll« - v\\,\/u,v G X, 

and locally strongly accretive if there exists a constant £ > 0 such that 

(h x (u) - h x (v),j q (u - v)) > £|| it - v\\ q ,\/u,v £ X, A £ P. 
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3 Main Results 

In this section, we derive the main results of this paper. We consider the case when 
the solutions of the parametric general Wiener-Hopf equation (2.5) lies in the interior 
of B. 

We consider the map: for all (z, A) € X x r,a:A(w) G T x (u), 

F\(z) = Pic r z - px x (u) =u- px\{u), (3.1) 

where 

hx(u) = P Kr z. (3.2) 

We have to show that the map F\(z) has a fixed point, which is a solution of paramet- 
ric general Wiener-Hopf equation (2.5). First of all we prove the map F x (z) defined 
by (3.1) is contractive with respect to z uniformly in A G T. 

Lemma 3.1. Let Pjc r be a locally Lipschitz continuous operator with constant S = 
-rf-, . Let h : X x T X be a locally Lipschitz continuous with constant 7 > 0 
and locally strongly accretive mapping with respect to the constant £ > 0. Let T : 
r x X — >■ 2 X be a locally D-Lipschitz continuous with respect to the constant /? > 0 
and locally relaxed ip-accretive mapping with respect to the constant tp > 0. Then for 
all z\, Z 2 G X and A G T, we have 



\\f x ( Zi ) - f x {z 2 )\\ < e\\ Zl ^ z 2 \\, 

(3.3) 

where 

<5 Wl + qpp + Cqpipv r 

(3.4) 


0= — z , «= V 1 - 9? + c </7 9 

1 — K, 

for 

p q Cqfi<l +pqp+ 1 < s . 

(3.5) 


Proof. For all Z \ , Z 2 G £>, A G T, from (3.1) we have 

II-Fa(zi) - F x (z 2 )\\ = \\u - v - p{x x (u) - x A (v))||. (3.6) 

Since T x (-) is a locally D-Lipschitz continuous mapping, we have 

II^a(w) -®a(v)|| < D(T x (u),T x (v)) < f3\\u-v\\. (3.7) 

Using the locally relaxed (p-accretivity and locally D-Lipschitz continuity of T x (-). we 
have 

||u - v - p{x x (u) - o;a(u ))|| 9 < ||u - v\\ q - qp(x x (u) - x x (v), j q (u - v)) 

+c q p q \\x x (u) - x x (v)\\ g (3.8) 

< ||u - v\\ g - qp(-(fi\\u - v\\ q ) + c q p q p q \\u - u||« 

< (1 + qpp + c q p q /3 q )\\u-v\\ q . 

From (3.6) and (3.8), we have 

||^a( 2 i) - Fa ( 22 ) || < i/l + qpip + CgpipoWu - u||. (3.9) 
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Also from (3.2) and locally Lipschitz continuity of projection operator P/c r with con- 
stant 6, we have 

||«-v|| < \\u - v - (h x (u) - hx(v))\\ + WPic^) - Pjc r (z 2 )\\ (3.10) 

< || u-v- ( h\(u ) - /ia(«))|| + 6\\zi - z 2 \\. 

Since h x is a locally Lipschitz continuous with constant 7 > 0 and locally strongly 
accretive mapping with constant £ > 0, we have 

\\u - v - (h x (u) - h x (v))\\ q < \\u-v\\ q -q(h x (u)-h x (v),j q (u-v)) 

+c q \\h x (u) - h x (v)\\ q 

< ||u - i^ll 9 - qf\\u - u|| 9 + c g 7 9 ||u - v\\ q 

< ~ + Cgl^Wu - v\\ q . 

It implies that 

||w - v - ( h x {u ) - /i A (^))|| < V 1 - + c ql q \\ u - v \\- (3- 11 ) 

From (3.10) and (3.11), we have 

||tt - u|| < k\\u - u|| + (5||2 i - z 2 ||, 
where k = ^Jl — qf + c q ^ q . From which we have 

||« — v|| < ||zi — z 2 \\. (3.12) 

1 — K 

Combining (3. 9), (3. 12) and (3.3), we have 

•p/1 + qpq> + c a piBi 

\\F x {zi) - F x (z 2 )\\ < (1 - a) || 2:1 - z 2 \\ + a6— ||^i - ^|| (3.13) 

1 — K 

= (1 - a)||zi - z 2 \\ + a0\\z\ - z 2 \\. 

It follows from (3.4) that 9 < 1. Hence the mapping F x (z) defined by (3.1) is contrac- 
tive and has a fixed point z{X) which is the solution of parametric general Wiener-Hopf 
equation (2.5). 

Remark 3.2. From Lemma 3.1, we see that the map F x (z) defined by (2.4) has a 
unique fixed point z(A), that is, z(A) = F x (z). Also by assumptions, the function z 
for A = A is a solutions of parametric general Wiener-Hopf equation (2.5). Again by 
Lemma 3.1, we know that z for A = A is a fixed point of F x (z) and it is also a fixed 
point of Fj(z). Consequently, we conclude that 

2 (A) =z = Fj(z(X)). 

Using Lemma 3.1, we can prove the continuity of the solution 2(A) of parametric 
general Wiener-Hopf equation (2.5). However for the sake of completeness and to 
convey the idea of the technique involved, we give the proof. 

Lemma 3.3. Assume that the operator T x (-) is locally D -Lipschitz continuous with 
respect to the parameter A and h x {-) is a locally Lipschitz continuous mapping. IfT x { •) 
is a locally Lipschitz continuous mapping and the mapps A — > P/c rX z, A — ► h x (u), A — > 
T x (u) are continuous (or Lipschitz continuous), then the function z(X) satisfying (3.3) 
is (Lipschitz) continuous at A = A. 
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Proof. For all A G T invoking Lennna 3.1 and the triangle inequality, we have 

||*(A) - 2 (A) || < \\F x (z(X)) - F x (z( A))|| + \\F x (z(X)) - F x (z(A))|| (3.14) 

< 0|N(A)-2(A)|| + ||F a (2(A))-F x (2(A))||. 

From (3.1) and the fact that the operator T A (-) is locally D-Lipschitz continuous with 
respect to the parameter A, we have 

||F a ( 2 (A))-F x ( 2 (A))|| = \\u(X) - u(X) - p{T x (u(X)) - T x (u(A)))|| (3.15) 

< PP l|A-A||. 

Combining (3.14) and (3.15), we obtain 

IKA)-2(A)||< i ^||A-A||, va,agp. 

This completes the proof. 

Now, we are in a position to state and prove the main result of this paper. 

Theorem 3.4. Let u be a solution of parametric general nonlinear nonconvex set- 
valued variational inequality (2-4) andz be a solution of parametric general Wiener- 
Hopf equation (2.5) for A = A. Let h\(u) be a locally strongly accretive and locally 
Lipschitz continuous mapping. Let T\(u) be a locally D-Lipschitz continuous and 
locally relaxed ip-accretive mapping with respect to ip > 0 for all u € B. If the mapps 
A — > Pjc r , A — > h\(u), A — > T\(u) are Lipschitz (continuous) at A = A, then there exists 
a neighbourhood M. ofT of X such that for A € M., parametric general Wiener-Hopf 
equation (2.5) has a unique solution 2 (A) in the interior ofB,z{\) = 2 and 2 (A) is 
(Lipschitz) continuous at A = A. 

Poof. The proof follows from Lemma 3.1, 3.3 and Remark 3.2. 
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1 Introduction and Preliminaries 

The concept of fuzzy sets was introduced initially by Zadeh [17] in 1965. Since then, 
to use this concept in topology and analysis, many authors have expansively devel- 
oped the theory of fuzzy sets and applications. George and Veeramani [5], Kramosil 
and Miclralek [7] have introduced the concept of fuzzy topological spaces induced by 
fuzzy metric which have very important applications in quantum particle physics, 
particularly in connections with both string and .E-infinity theory which were given 
and studied by El Naschie [1-4]. Many authors [6,9,10,13-15] have proved fixed point 
theorems in fuzzy (probabilistic) metric spaces. 

Definition 1.1. A binary operation * : [0, 1] x [0, 1] —> [0, 1] is a continuous t-norm 
if it satisfies the following conditions: 

(1) * is associative and commutative, 

(2) * is continuous, 

(3) a * 1 = a, for all a € [0, 1], 
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(4) a * b < c * d, whenever a < c and b < d, for each a, b,c,d£ [0, 1] . 

Two typical examples of a continuous f-norm are a*b = ab and a * b = min(a, b). 

Definition 1.2. [11] A 3-tuple (X, M, *) is called a fuzzy metric space if X is an 
arbitrary (non-empty) set, * is a continuous f-norm and M is a fuzzy set on X 2 x 
(0, oo), satisfying the following conditions for each x,y,z £ X and t, s > 0, 

(1) M(x,y,t ) > 0, 

(2) M (x, y, t) = 1 if and only if x = y, 

(3) M(x,y,t) = M(y,x,t), 

(4) M(x,y,t ) * M(y,z,s) < M(x,z,t + s), 

(5) M(x, y , .) : (0, oo) — > [0, 1] is continuous. 


Definition 1.3. [11] A 3-tuple (X, M, *) is called a 6-fuzzy metric space for b > 1 
if X is an arbitrary nonempty set, * is a continuous f-norm and M is a fuzzy set on 
X 2 x (0, oo), satisfying the following conditions for each x,y,z € X and t, s > 0, 

(1) M(x,y,t ) > 0, 

(2) M (x, y, t) = 1 if and only if x = y, 

(3) M(x,y,t) = M(y,x,t), 

(4) M(x,y, f) * M(y,z, f) < M(x,z,t + s), 

(5) M(x, y, .) : (0, oo) — > [0, 1] is continuous. 


It should be noted that, the class of b- fuzzy metric spaces is effectively larger than 
that of fuzzy metric spaces, since a 6-fuzzy metric is a fuzzy metric when 6=1. 

We present an example shows that a 6-fuzzy metric on X need not be a fuzzy 
metric on X. 

/ \ — | x — y\P 

Example 1.4. Let M(x,y,t) = e * , where p > 1 is a real number. We show 

that M is a 6-fuzzy metric with 6 = 2 P_1 . In fact, obviously conditions (1) , (2) , (3) and 

(5) of definition 1.3 are satisfied. Let f(x) = x p (x > 0). Then we know that it is a 
convex function, for 1 < p < oo. So, we have 


a + c 
2 


<-(<** + <?), 


it implies that (a + c) p < 2 P 1 (a p + c p ). Therefore, we have 


\x — y\ p 
t + s 


< 

2 P_1 

\x-z\ p ! op 



t + s 

< 

2 P_1 

\x-z\P ! OJ> . 


\x- z \ p \z-y\ p 
t / 2 P-i + s/2 p_1 ' 


\z-y\ p 

t + s 

\z-y\ p 


s 
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Thus, for each x,y,z £ X we obtain 

-\*-y\ p 

M(x,y,t + s ) = e *+ s 

> M{x,z,-^zi)* M(z,y,^ ZI ), 

where a* c = ac for all a,c £ [0, 1], So condition (4) of definition 1.3 is hold and M 
is a 6-fuzzy metric. 

It should be noted that in preceding example, for p = 2 it is easy to see that 
(X, M, *) is not a fuzzy metric space. 

Example 1.5. Let M(x,y,t ) = e T 11 or M(x,y,t) = t+d * x y ) , where d is ab-metric 
on X and a * c = ac for all a,c £ [0, 1]. Then it is easy to show that M is a 6- fuzzy 
metric. In fact, obviously conditions (1),(2),(3) and (5) of definition 1.3 are satisfied. 
Since d is a 6-metric, for each x,y,z £ X we have 

d(x, y) < b[d(x, z) + d(z, y)] . 


Therefore, we obtain 


M(x,y,t + s ) = 


> 


~ d(x,y ) 

e *+ s 


h d( X ,z) + d(z,y) 

e *+ s 



— d(x,z) 

> I e *7^ 


-d(z,y) 

e s/t 


M(x,z, l -) * M(z,y, ^). 


So condition (4) of definition 1.3 is hold and M is a 6-fuzzy metric. Similarly, we can 
show that M(x,y,t) = t+d * x ^ is also a 6-fuzzy metric. 

Next, we need the following definitions and propositions in 6-metric spaces for our 
main theorems. 


Definition 1.6. Let / : R — > R be a function. Then / is called 6-nondecreasing, if 
x > by implies that f(x) > f(y) for each x,y £ R. 

Lemma 1.7. [11] Let (X,M,*) be a b-fuzzy metric space. Then M(x,y,t) is 6- 
nondecreasing with respect to t, for all x,y in X. Also, 

M (x,y, b n t) > M(x,y,t),\/n £ N. 


Let (X,M,*) be a 6-fuzzy metric space. For t > 0, the open ball B(x,r,t) with 
center x £ X and radius 0 < r < 1 is defined by 

B(x,r,t ) = {y £ X : M(x,y,t) > 1 - r}. 

We recall the notions of convergence and completeness in a 6— fuzzy metric space. 
Let ( X , M, *) be a 6-fuzzy metric space. Let r be the set of all A C X with 
x £ A if and only if there exists t > 0 and 0 < r < 1 such that B(x, r, t ) C A. Then 
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t is a topology on X (induced by the 6-fuzzy metric M). A sequence {x n } in X 
converges to x if and only if M(x n ,x,t) -> 1 as n -> oo, for each t > 0. It is called 
a Cauchy sequence if for each 0 < £ < 1 and t > 0, there exists no € N such that 
M(x n ,x m ,t) > 1 — £, for each n,m> no . The 6-fuzzy metric space (X, M, *) is said 
to be complete if every Cauchy sequence is convergent. A subset A of AT is said to 
be F-bounded if there exists t > 0 and 0 < r < 1 such that M(x, y, t) > 1 — r, for all 
x, y £ A. 

Lemma 1.8. [11] Let (X,M,*) be a b-fuzzy metric space. Then the following asser- 
tions hold: 

(i) If sequence {x„} C X converges to x, then x is unique, 

(ii) The convergent sequence {x n } C X is Cauchy. 

We have the following propositions in a 6-fuzzy metric space. 

Proposition 1.9. [11] Let (X,M,*) be a b-fuzzy metric space and suppose that {£„} 
and {y n } are convergent to x,y respectively. Then we have 

M(x,y , p) < lim sup 1l ^ 00 M(x n , y n ,t) < M(x,y,b 2 t) 

and 

M(x,y,p) < lim inf n ^. 00 M(x n ,y n ,t) < M(x,y,b 2 t). 


Proposition 1.10. [12] Let (X,M,*) be a b-fuzzy metric space and suppose that 
{ x n } is convergent to x. Then, for all y £ X we have 

M(x,y, l ~) < lim sup n ^ yoo M(x n , y,t) < M(x,y,bt) 

and 

M(x,y, -) < liminf n ^. 00 M(x n ,y,t) < M(x,y,bt). 
b 

Lemma 1.11. A b-fuzzy metric is not continuous in general. 

Throughout, in this paper we assume that lirn^oo M(x,y,t) = 1. 

Lemma 1.12. Let ( X , M, *) be a b-fuzzy metric space and suppose that M(x, y , kt) > 
M(x, y,t), for all x, y £ X, 0 < k < 1 and t> 0. Then x = y. 

Proof. Since, M(x,y,kt) > M(x,y,t), it follows that 

M(x,y,t) > M(x,y , ^) > ••• > M(x,y,-^). 

Hence, we can get M(x,y,t) > limn^oo M(x,y , 4^) = 1, therefore, x = y. 

In 2010, Vats et al. [16] introduced the concept of weakly compatible. Also, 
in 2010, Manro et al. [8] introduced the concepts of weakly commuting, l?-weakly 
commuting mappings, and l?-weakly commuting mappings of type (P), (Af), and 
(A g ) in a G- metric space. 

We will introduce these concepts in a 6-fuzzy metric space. 


4 


339 


Jong Kyu Kim et al 336-345 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Definition 1.13. The self-mappings / and g of a 6-fuzzy metric space (X, M, *) are 
said to be compatible if 

lim M(fgx n ,gfx n ,t) = 1 

n— >■ oo 

and 

lim M(gfx n , fgx n ,t) = 1, 

n—> oo 

whenever {a:„} is a sequence in X such that lim„_ > , 00 fx n = linin^oo = 2 , for 
some z £ X. 

Definition 1.14. A pair of self-mappings ( f,g ) of a 6-fuzzy metric space (X, M, *) 
is said to be 

(1) weakly commuting if M(fgx,gfx,t) > M(fx,gx,t), for all x € X. 

(2) P-weakly commuting if there exists some positive real number R such that 

M(fgx,gfx,t ) > M{fx,gx, A), \/ x g X. 

Remark 1.15. If R < 1, then P-weakly commuting mappings are weakly commuting. 

Definition 1.16. A pair of self-mappings (/, g) of a 6-fuzzy metric space (X, M, *) 
are said to be 

(1) P-weakly commuting mappings of type ( Af ) if there exists some positive real 
number R such that M(fgx,ggx,t) > M(fx,gx, -|), for all x g X. 

(2) P-weakly commuting mappings of type (A g ) if there exists some positive real 
number R such that M(gfx, ffx,t) > M(gx, fx, Jj), for all x g X. 

(3) JS-weakly commuting mappings of type (P) if there exists some positive real 
number R such that M(ffx,ggx,t) > M(fx,gx , -|), for all x g X. 

Remark 1.17. The self-mapping / of a 6-fuzzy metric space (X,M,*) is said to 
be ^-continuous at x g X if and only if it is 6-sequentially continuous at x, that is, 
whenever {x' n } is 6-convergent to x, {f(x n )} is 6-convergent to f(x). 

_| x-y \ 2 

Example 1.18. Let M(x,y,t ) = e < , fx = 1 and 

rx = { 1 ' X e *5’ 

\ — 1, otherwise , 

for each x,y £ R, where a*c = ac. Then it is easy to see that a pair of self-mappings 
(/, g) of a 6- fuzzy metric space is weakly commuting, P-weakly commuting, and R- 
weakly commuting of type (P), (Af), and (A g ). 


2 The Main Results 

Now we are in a position to introduce the main results of this paper. 

Theorem 2.1. Let (X,M,*) be a b-fuzzy metric space and ( f,g ) be a pair of non- 
compatible self-mappings with fX C gX (fX denotes the closure of fX). Assume 
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that the following condition is satisfied: 

M(fx, fy, kt) > mm{M(gx,gy,b 2 t),M(fx,gx,b 2 t),M(fy,gy,b 2 t)}, (2.1) 

for all x, y £ X and 0 < k < 1. If (/, g) is a pair of R-weakly commuting mappings 
of type (A g ), then f and g have a unique common fixed point (say z) and both f and 
g are not b-continuous at z. 

Proof. Since / and g are non-compatible mappings, there exists a sequence { x n } C 
X, such that 

lim fx n = lim gx n = z, z £ X, 

n—>o o n—>o o 

but either lim^^ M(fgx n , gfx n , t) orjim n ^ 00 M(gfx n ,fgx n ,t) does not exist or 
exists and is different from 1. Since z £ fX C gX, there must exist a u £ X satisfying 
z = gu. We can assert that fu = gu. If not, from condition (2.1) and Propsition 1.10, 
we obtain 

M ( fu , gu , bkt) 

> lim sup (fu, fx n , kt) 

> lim sup^^ min {M (gu, gx n , b 2 t), M (fu, gx n , b 2 t), M (fx n , gu, b 2 t ) } 

> min { M(gu , gu, bt),M(fu, gu, bt), M(fu, gu, bt )} 

= M(fu,gu,bt), 

that is, M(fu,gu,kt ) > M(fu,gu,t). Hence, by Lemma 1.12, we get fu = gu. Since 
(/, g) is a pair of .R-weakly commuting mappings of type (A g ), we have 

M(gfu,ffu,t) > M(gu, fu, -^) = 1. 

It means that ffu = gfu. Next, we prove ffu = fu. From condition (2.1), fu = gu 
and ffu = gfu, we have 

M(fu, ffu, kt) > min{M (gu, gfu, b 2 t), M (fu, gfu, b 2 t),M(gu, ffu, b 2 t)} 

= M (fu, ffu, h 2 t) 

> M(fu,ffu,t). 

From Lemma 1.12, we have fu = ffu, which implies that fu = ffu = gfu, and so 
2 = f u is a common fixed point of / and g. 

Next we prove that the common fixed point 2 : is unique. Actually, suppose that 
w is also a common fixed point of / and g. Then using the condition (2.1), we have 

M(z,w,kt) = M(fz,fw,kt) 

> min{M (gz, gw, b 2 t),M (fz, gw, b 2 t), M(fw, gz, b 2 t)} 

= M(z, w, b 2 t) 

> M(z,w,t), 

which implies that z = w, so that uniqueness is proved. 

Now, we prove that / and g are not ^-continuous at z. In fact, if / is 6-continuous 
at z, then for the 6-convergent sequence {x n } to x, we have 

lim / fx n = fz = z and lim fgx n = fz = z. 

n—> 00 n— >■ 00 
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Since / and g are i?-weakly commuting mappings of type (. A g ), we get 
M(gfx n ,ffx n ,t) > M(gx n ,fx n ,^). 

Hence, by Proposition 1.9, we have 

M( lim gfx n ,z,b 2 t) > limsup n ^ 00 M(gfx n ,ffx n ,t) 

n—too 

> limsup^^M (gx n , fx„, 
it follows that limn^oo gfx n = z. Hence, we can get 


lim M(fgx n ,gfx n ,t ) > M(z,z ,^) = 1. 

n—¥ oo 0^ 


Therefore, we have 

lim M(fgx n ,gfx n ,t) = 1. 

n— >■ oo 

This contradicts with / and g being non-compatible. So / is not 6-continuous at z. 
If g is 6-continuous at z, then for the ^-convergent sequence {x n } to x, we have 


lim gfx n = gz = z and lim ggx n = gz = z. 

n—too n—t oo 


Since / and g are I?-weakly commuting mappings of type (Ag), we get 


M(gfx n ,ffx n ,t) > M (gx n , f x n , — ) . 


Hence, we have 


M(z, lim ffx n ,b 2 t ) > limsup n ^ 00 M(gfx n ,ffx n ,t) 

n—> oo 

> lim sup^oo M (< gx n ,fx n ,^) 

it implies that 

lim ffx n = z = fz. 

n—> oo 

This contradicts with / being not 6-continuous at z, which implies that g is not 
6-continuous at 2 . This completes the proof. 

For the case b = 1 in Theorem 2.1, we have the following corollary. 


Corollary 2.2. Let (X,M,*) be a fuzzy metric space and ( f,g ) be a pair of non- 
compatible selfmappings with fX C gX . Assume that the following condition is sat- 
isfied: 

M(fx, fy, kt) > min {M(gx,gy,t),M(fx,gx,t),M(fy,gy,t)}, (2.2) 

for all x,y £ X and 0 < k < 1. If (/, g) is a pair of R-weakly commuting mappings 
of type (Ag), then f and g have a unique common fixed point (say z) and both f and 
g are not b-continuous at z. 
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3 Example 


Next, we give an example to support for the main Theorem 2.1. 

Example 3.1. Let X = [2, 20] and a*c = ac, for all a,c £ [0, 1] and let M be a fuzzy 
set on X x X x (0, +oo) defined as follows: 

M(x,y,t ) = e - L_rJii , 

for all t £ R + . Then (X, M, *) is a fuzzy metric space. We define mappings / and g 
on X by 

, f 2, x = 2 or x £ (5, 20], 

/I= i6, *e(2,5] 

and 

f 2, x = 2, 

gx = < 18, x £ (2,5], 

{ se(5,20]. 


Clearly, from the above definitions, we know that f(X) C g(X), and (f,g) is a pair 
of non-compatible self-mappings. To see that / and g are non-compatible, consider 
a sequence { x n } = {5 + ^}. Then we have fx n — ► 2 ,gx n —> 2 ,fgx n —> 6 and 
gfx n — » 2. Thus 

lim M(gfx n ,fgx n ,t) = e“‘ ^ 1. 

n— >■ oo 

On the other hand, there exists R = 1 such that 


and 


M(gfx, ffx,t) 


(2-2) 



_ ( 2 - 2 ) 
e * , 


x = 2, 
x £ (2,5], 
x G (5, 20] 


M(fx, gx, t) = 


( 2 - 2 ) 

t 

5 

(18 — 6 ) 

* , 

( 2 ^- 2 ) 


x = 2, 

se (2,5], 

x G (5,20], 


for all x £ X. Hence, it is easy to see that in every cases, we have 


M ( gfx , ffx, t) > M ( gx , fx,t). 

That is, (f,g) is a pair of i?-weakly commuting mappings of type (A g ). 

Now we prove that the mappings f and g satisfy the condition (2.1) of Theorem 
2.1 with k = 1. To do this, we consider the following cases: 

Case (1) If x, y £ {2} U (5, 20], then we have 

M(fx, fy, kt) = M(2, 2, kt) = 1 

> min { M ( gx , gy, t ), M (/x, gx, t), M ( fy , gy, t ) } , 

and hence (2.1) is obviously satisfied. 
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Case (2) If x, y € (2, 5], then we have 

M(fx,fy,kt) = M(6, 6, kt) = 1 

> min {M (gx, gy , t), M (fx, gx, t), M ( fy , gy, t ) } , 

and hence (2.1) is obviously satisfied. 

Case (3) If x € {2} U (5, 20] and y £ (2, 5], then we have 

M(fx,fy,kt) = M(2, 6, kt) = e~& 

and 

( -^ i 2 - 18 i „ 

g t 2* — 2 

M(gx,gy,t) = { ,£+l_i S | 

[ e~—t , x e (5,20]. 

Thus we obtain 

M (fx, fy, t) > min {M (gx, gy, t ) , M(fx, gx, t) , M(fy, gy, t ) } , 

for all x, y in X. Thus all the conditions of Theorem 2.1 are satisfied and 2 is a 
uniquecommon fixed point of / and g. 

Acknowledgments: This work was supported by the Basic Science Research Pro- 
gram through the National Research Foundation(NRF) Grant funded by Ministry of 
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On hesitant fuzzy filters in B> E-algebras 

Young Bae Jun 1 and Sun Shin Ahn 2 '* 

1 Department of Mathematics Education, Gyeongsang National University, Jinju 52828, Korea 
1 Department of Mathematics Education, Dongguk University, Seoul Of 620, Korea 

Abstract. The notions of hesitant fuzzy subalgebras and hesitant fuzzy filters are introduced and related prop- 
erties are investigated. Relations between a hesitant fuzzy subalgebras and a hesitant fuzzy filters are discussed. 
The problem of classifying hesitant fuzzy filters by their 7 -inclusive filter will be solved. Given a special set, we 
provide conditions for this set to be a hesitant fuzzy filter. 


1. Introduction 

In 2007, Kim and Kim [4] introduced the notion of a BE- algebra, and investigated several 
properties. In [1], Ahn and So introduced the notion of ideals in AK-algebras. They gave several 
descriptions of ideals in BE-algebras. Song et al. [7] considered the fuzzification of ideals in B 77- 
algebras. They introduced the notion of fuzzy ideals in B E- algebras, and investigated related 
properties. They gave characterizations of a fuzzy ideal in B E- algebras. 

The notions of Atanassov’s intuitionistic fuzzy sets, type 2 fuzzy sets and fuzzy multisets etc. 
are a generalization of fuzzy sets. As another generalization of fuzzy sets, Torra [8] introduced 
the notion of hesitant fuzzy sets which are a very useful to express peoples hesitancy in daily life. 
The hesitant fuzzy set is a very useful tool to deal with uncertainty, which can be accurately and 
perfectly described in terms of the opinions of decision makers. Also, hesitant fuzzy set theory 
is used in decision making problem etc. (see [6, 10, 11, 12, 13, 14]), and is applied to residuated 
lattices and MTL-algebras (see [3, 5]). 

In this paper, we introduce the notions of hesitant fuzzy subalgebras and hesitant fuzzy filters 
of BA-algebras, and investigate their relations and properties. We consider characterizations of 
hesitant fuzzy fuzzy subalgebras and hesitant fuzzy filters of B E- algebras. Given a special set, 
we provide conditions for this set to be a hesitant fuzzy filter. Given a special set, we provide 
conditions for this set to be a hesitant fuzzy filter. 
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°Key words: (Transitive, self distributive) BE-algebra, Filter, Hesitant fuzzy subalgebra(filter). 
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2. Preliminaries 

Let K{t) be the class of all algebras of type r = (2,0). By a BE-algebra we mean a system 


(X; *, 1) G K(t ) in which the following axioms hold (see [4]): 

(Vx G A") (x * x = 1), (2.1) 

(Vx G X) (x* 1 = 1), (2.2) 

(Vx Gl) (1 *i = x), (2.3) 

(Vx, y, z G X) (x * (y * z) = y * (x * z)). (exchange) (2.4) 

A relation “<” on a BE-algebra X is defined by 

(Vx, y G X) (x < y x *y — 1). (2.5) 

A BE-algebra (X; *, 1) is said to be transitive (see [1]) if it satisfies: 

(Vx, i/,zG X) (y * z < (x * y) * (x * z)). (2.6) 

A BE-algebra (X"; *, 1) is said to be self distributive (see [4]) if it satisfies: 

(Vx, y,zG X) (x * (y * z) = (x * y) * (x * z)). (2.7) 

Every self distributive BE-algebra (X; *, 1) satisfies the following properties: 

(Vx, y,z & X) (x < y =$■ z * x < z * y and y * z < x * z) , (2.8) 

(Vx, y G X) (x * (x * y) — x * y) , (2.9) 

(Vx, y, z £ X) (x * y < (z * x) * (z * y)) . (2.10) 


Note that every self distributive BE-algebra is transitive, but the converse is not true in general 
(see [1]). 

Definition 2.1. ([4]) Let (X; *, 1) be a .BE-algebra and let F be a non-empty subset of A". Then 
F is a filter of X if 
(FI) 1 G F ; 

(F2) (Vx, ?/ G X)(x * y,x G F =>• y G F). 

3. Hesitant fuzzy filters 

Definition 3.1. ([8]) Let E be a reference set. A hesitant fuzzy set on E is defined in terms of a 
function that when applied to E returns a subset of [0, 1], which can be viewed as the following 
mathematical representation: 

He '■= {( e , hsie)) \e G E} 

where h E : E — >• <^([0, 1]). 
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Definition 3.2. Given a non-empty subset A of A", a hesitant fuzzy set 

H x ■= {(x,h x (x))\x G X} 
on satisfying the following condition: 

h x {x) = 0 for all x ^ A (3.1) 

is called a hesitant fuzzy set related to A (briefly, A-hesitant fuzzy set ) on A", and is represented 
by Ha {(£, h^(ic)) | x G A}, where h A is a mapping from A" to <^([0, 1]) with h A (x) = 0 for 
all x A. 

Definition 3.3. Given a non-empty subset (subalgebra as much as possible) A of X, let H x '■ = 
{(x,hA(x)) | x G A} be an A-hesitant fuzzy set on A. Then Ha '■= {(x, h A {;x)) \ x G A} is 
called a hesitarit fuzzy subalgebra of X related to A (briefly, A-hesitant fuzzy subalgebra of A") if 
it satisfies the following condition: 

(Vx, y G A) (h A (x *y)Q h A (x) n h A {y)) ■ (3.2) 

An A-hesitant fuzzy subalgebra of A with A = A is called a hesitant fuzzy subalgebra of A. 
Example 3.4. Let A = {0, 1, a, b , c} be a .BE-algebra with the following Cayley table: 


* 

1 a 

b 

c 

1 

1 a 

b 

c 

a 

1 1 

a 

a 

b 

1 1 

1 

a 

c 

1 1 

a 

1 


For a subalgebra A = {l,a, b} of A, let Ha '■= {(x,hA(x)) \ x G A"} be an A-hesitant fuzzy set 
on A defined by 

Ha — {(1, [0, 1]), (a, (0, |]), (6, (J, »]), (c,0)} 

Then H A is an A-hesitant fuzzy subalgebra of A. 

Definition 3.5. Given a non-empty subset (subalgebra as much as possible) A of A, let Ha '■= 
{(x,hA(x)) | x G A} be an A-hesitant fuzzy set on A. Then Ha '■= {(x,hA(x)) \ x G A} is 
called a hesitant fuzzy filter of X related to A (briefly, A-hesitant fuzzy filter of A) if it satisfies 
the following condition: 

(Vx G A) (h A (x) C h A { 1)) , (3.3) 

(Vx, y G A) {h A {x *y) D h A {x) C h A (y)) . (3.4) 

An A-hesitant fuzzy filter of A with A = X is called a hesitant fuzzy filter of A. 
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Example 3.6. (1) Consider a B E-algebra X = {1 ,a,b,c} as in Example 3.4. Let Hx '■ = 
{ (ar, h x (x)) \ x G X} be a hesitant fuzzy set on X defined by 

H X = {(1, [0,1]), (a, (0,1)), (6,(1, |])), (c, (0,1))} 

Then H\ is a hesitant fuzzy subalgebra of X, but not a hesitant fuzzy filter of X since h A {b * 
a) n h A (b) = h A ( 1) n h A {b) = [0, 1] n (|, f] ^ h A (a ) = (0, §). 

(2) Let X = {0, 1, a, b , c} be a B E-algebra with the following Cayley table: 


* 

1 

a 

b 

c 

1 

1 

a 

b 

c 

a 

1 

1 

a 

a 

b 

1 

1 

1 

a 

c 

1 

a 

a 

1 


Let Hx {(a;, hx(x))\x G X} be a hesitant fuzzy set defined by 

Hx = {(1, [o, 1]), (a, (0, i)), (6, (0, !)), (c, (0, |))} 

It is routine to verify that H x '■= {(a;, h x (x))\x G X} is a hesitant fuzzy filter of A". 

Proposition 3.7. Let H A : = {(x, h A (x))\x G X} be an A-hesitant fuzzy filter of X where A is 
a subalgebra of X. Then the following assertions are valid. 

(i) (Vx, y G A){x <y=> h A (x ) C h A (y)), 

(ii) (Vx, y, z G A)(h A (x * (y * z )) n h A (y) C h A (x * z)), 

(iii) (Va , x G A)(h A (a) C h A ((a * x) * x). 

Proof. Let x, y G A be such that x < y. Then x * y — 1. It follows from (3.3) and (3.4) that 
h A {x) = h A ( 1) n h A (x) = h A (x *y)n h A (x) C h A (y). 

(ii) Using (3.4) and (2.4), we have h A (x * z) A h A (y * (x * z)) D h A (y) = h A (x * (y * z)) D h A (y) 
for all x,y,z G A. 

(iii) Take y := (a * x) * x and x := a in (3.4). Then we have 

h A ((a * x) * x)) D h A (a * ((a * x) * x)) fl h A (a) 

= h A ((a * x) * (a * x)) fl h A (a) 

= h A ( 1) n h A (a) = h A (a ) 

by using (2.4), (2.1) and (3.3). □ 

Corollary 3.8. Every hesitant fuzzy Liter Hx '■= {(x, hx{x)) \x G A} of X satisfies the following 
properties: 

(i) (Vx, y G X){x <y^ h x (x) C h x {y)), 

(ii) (Vx, y,z e X)(h x (x * {y * z)) fl h x (y) C h x (x *z)), 
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(iii) (Va , x G X)(Iia(q>) Q /ia((o * x) * x). 

We provide conditions for a hesitant fuzzy set to be a hesitant filter. 

Theorem 3.9. Let A be a subalgebra of a BE-algebra X. Every A-hesitant fuzzy set satisfies 

(3.3) and Proposition 3.7(H). Then it is an A-hesitant fuzzy filter of X. 

Proof. Taking x 1 in Proposition 3.7(h) and using (2.3), we obtain Iia(z) = Iia( 1 * z) D 
Ha( 1 * (y * z)) D h A (y) = hA(y * z) n hA(y) for all y,z G A. Hence Ha = {(x, Jia(x)) \x G X} is an 
A-hesitant fuzzy filter of X. □ 

Corollary 3.10. Let Ha '■= {(x, 1ia(x)) \x G X} be an A-hesitant fuzzy set for a subalgebra A 
of X. Then is an A-hesitant fuzzy filter of X if and only if it satisfies (3.3) and Proposition 
3.7(H). 

Theorem 3.11. An hesitant fuzzy set Ha of X, where A is a subalgebra of X, is an A-hesitant 
fuzzy filter of X if and only if it satisfies the following conditions: 

(i) (Vx,?/ G A)(h A (y*x) D h A (x)), 

(ii) (Vx, a, b G A)(/i^((a * (b* x)) * x) D h^(a ) D /i^(6)). 

Proof. Assume that Ha '■= {(x, Iia(x))\x G A"} is an A-hesitant fuzzy filter of X. Using (3.3), 

(3.4) , (2. 4), (2.1) and (2.2), we get h,A(y*x) D Ha(x* ( y*x)) fl Iia(x) = /i j 4(1)H/ia(x) = Ha(x) for all 
x,y G A. It follows from Proposition 3.7 that Iia((ci* ( b*x)) *x ) D hA((a*( y b*x))*(b*x))r\hA(b) D 
fiA^ci) D h a {b) for all x, a, b G X. 

Conversely, let Ha(X) = {(x, /la(x))|x G A} be an A-hesitant fuzzy set of X satisfying condi- 
tions (i) and (ii). If we take y x in (i), then Ixa( 1) = h^(x * x) A Ha{x) for all x G A. Using 
(ii), we obtain hA(y) = ^(1 *y) — h^(((x *y) * (x* y)) * y) A Iia(x *y) fl /i^(x) for all x, y G A. 
Hence Ha is an A-hesitant fuzzy filter of X. □ 

Proposition 3.12. Let H x '■= {(x, h x (x) \x G A"} be a hesitant fuzzy set on X. Then H x is a 
hesitant fuzzy filter of X if and only if 

(Vx, y, z G X )(z <x*y=y h x (y ) D h x (x) fl h x (z)). (3.5) 


Proof. Assume that H x is a hesitant fuzzy filter of X. Let x,y,z G X be such that z < x * y. 
By Proposition 3.7 and Definition 3.5, we have h x (y) D h x (x * y) fl h x (x) D h x (z ) fl h x (x). 

Conversely, suppose that H x satishes (3.5). By (2.2), we have x < x * 1 = 1. Using (3.5), we 
have h x ( 1) D h x (x) for all x G X. It follows from (2.1) and (2.4) that x < (x * y) * y for all 
x, y G X. Using (3.5), we have h x (y) D h x (x * y) fl h x (x). Therefore H x is a hesitant fuzzy 
filter of X. □ 
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As a generalization of Proposition 3.12, we have the following results. 

Theorem 3.13. Let H x '■= {(a;, h x {x) \x G X} be a hesitant fuzzy filter of X. Then 

n 

JJ w* * X = 1 =► hx(x) 5 n 7 f =1 h x (w i ) (3.6) 

1=1 

for all x. , w n G X, where n"=i Wi * x = w n * (w n -i * (• • • w\ * x) ■ ■ ■ )). 

Proof. The proof is by induction on n. Let H x be a hesitant fuzzy filter of X. By Proposition 
3.7(i) and (3.6), we know that the condition (3.6) is true for n = 1 , 2 . Assume that H x satisfies 
the condition (3.6) for n = k, i.e., Y\ k i=1 w i * x = 1 =7 D \ =l h x (wi) for all ,Wk € X. 

Suppose that n^i' u>i* x = 1 for all x, wi, ■ ■ ■ , uy , uy +1 G X. Then 

h x {w 1 *x)D n ^hxiwi). 

Since Hx is a hesitant fuzzy hlter of A", it follows form (3.4) that 

hx{x) D hx(w i * x) fl hx(wi) 

5 (n i= 2 h x(wi)) n h x (w i) 

= nf+i hxiwf). 

This completes the proof. □ 

Theorem 3.14. Let H x = {(x, h x {x))\x G X} be a hesitant fuzzy set of a B E-algebra satisfying 
(3.6). Then H x is a hesitant fuzzy filter of X. 

Proof. Let x,y,z G X be such that z < x*y. Then z*(x*y) = 1 and so h x (y) 5 h x (x) fl h x (z ) 
by (3.6). Using Proposition 3.12, H x is a hesitant fuzzy hlter of X. □ 

Theorem 3.15. A hesitant fuzzy set H x '■= {(x, h x (x) \x G X} of a BE-algebra X is a hesitant 
fuzzy filter of X if and only if the set H x ( 7 ) := {x G X\h x {x) 5 7 } is a filter of X for all 
7 G £*([0,1]) whenever it is nonempty. 

Proof. Suppose that H x is a hesitant fuzzy hlter of X. Let x, y G X and 7 G <^([0,1]) be such 
that x * y E H x (y) and x G H x ( 7 ) . Then h x (x * y) ~D 7 and h x (x) D 7 . It follows from (3.3) 
and (3.4) that h x { 1) 5 h x (y) 5 h x (x * y) D h x (x) D 7 . Hence 1 G H x ( 7 ) and y G H x ( 7 ), and 
therefore H x ( 7 ) is a hlter of X. 

Conversely, assume that H x ( 7 ) is a hlter of X for all 7 G <£^([0, 1]) with H x ( 7 ) 0- For any 

x G X, let h x (x) = 7 . Then x G H x (y). Since H x ( 7 ) is a hlter of X, we have 1 G h x { 7 ) and so 
Ay(x) = 7 C /i x (l). For any x, y G X, let h x (x *y) = y x * y and h x (x) = y x . Take x*y e H x ( 7) 
and x G H x ( 7 ) which imply that y G H x (y). Hence h x (y) 5 7 = 7 ^* 3 , Pi 7 ^ = hx(x * y) fl h x (x). 
Thus H x is a hesitant fuzzy hlter of X. □ 
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The filter H\( 7) in Theorem 3.15 is called the hesitant 7- inclusive set of H x {(x, hx(x))\x G 

X}. 

We make a new hesitant fuzzy filter from old one. 


Theorem 3.16. Let H x {(x,hx(x))\x G X} he a hesitant fuzzy set on a BE-algebra X. 
Define a hesitant fuzzy set H x on X by 


h* x : X ->• £>([ 0 , 1 ]), x 


h x (x) if x G H x ( 7) 
5 otherwise 


where 7 is any subset of [ 0 , 1 ] and 5 is a subset of [ 0 , 1 ] satisfying S C D x£HxLi)hx{x)- If H x is a 
hesitant fuzzy filter of X, then so is H x . 


Proof. Assume that H x is a hesitant fuzzy hlter of X. Then H x (7) is a hlter of X for all 
7 G £*([ 0 , 1 ]) by Theorem 3 . 15 . Hence 1 G H x { 7) and so h* x ( 1) = h x { 1 ) D h x {x) D h* x {x) 
for all x G X. Let x,y G X. If x * y G H x (7) and x G H x ( 7), then y G H x ( 7). Hence 
/ia-(j/) = 5 h x [x *y) fl h x (x) = fr^(x * y) n h/^(x). If x * y ^ #*(7) or ® ^ then 

h x (x * y) = S or h* x (x) = 5. Thus D 5 = h* x (x * y) fl h* x {x). Therefore H x is a hesitant 

fuzzy hlter of X. □ 


For two elements a and H of X, consider a hesitant fuzzy set H x b 

: X -> 1]), inb 1 

A L 7 1 72 otherwise 


{(x, hx(x))|x G X} where 
1 


where 71 and 72 are subsets of [ 0 , 1 ] with 72 C 7^ In the following example, we know that there 
exist a,b G X such that H x b is not a hesitant fuzzy hlter of X. 


Example 3.17. Let X = (0, l,a, 6, c} be a HE-algebra with the following Cayley table: 


* 

1 

a 

b 

c 

1 

1 

a 

b 

c 

a 

1 

1 

a 

c 

b 

1 

1 

1 

c 

c 

1 

a 

b 

1 


Let H x := {(x, hx(x))\x G X} be a hesitant fuzzy set defined by 

Hx — {(1, [0, 1]), (a, (0, |)), (b, (|, |)), (c, (§, !))} 

Then H\ a is not a hesitant fuzzy hlter of X since h l x (a *b) P\ hy a (a) = [ 0 , 1 ] ^ h x a (b) = ( 0 , |). 

Now we provide a condition for the hesitant fuzzy set H x b to be a hesitant fuzzy hlter of X 
for all a, b G X. 
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Theorem 3.18. If X is a self distributive B E-algebra, then the hesitant fuzzy set H x b is a 
hesitant fuzzy filter of X for all a,b G X. 

Proof. Let a,b G X. Obviously, h a x (l) D h a x (x) for all x G X. Let x,y G X be such 
that a * (b * (x * y)) ^ 1 or a * (b * x) ^ 1 . Then h a x {x * y) = 72 or h a x (x) = 72. Hence 
h a x (x *y) fl h a x (x) = 72 C h a x (y ). Assume that a * (b * (x * y)) — 1 and a * (b * x) — 1 . Then 

1 = a * (b * (x * y)) 

= a * ((b * x) * (b * y)) 

= ( a * (b* x)) * (a * (b* y)) 

= 1 * (a* (b*y)) 

— a* (b *y ) 

and so h a x {x * y) 0 h a x (x) = 71 = h a x {y). Therefore H x b is a hesitant fuzzy Liter of X for all 
a, b G X. □ 

Theorem 3.19. Every filter of a B E-algebra can be represented as y-inclusive set of a hesitant 
fuzzy filter. 

Proof. Let F be a Liter of a BE- algebra X. For a subset 7 of [ 0 , 1 ], deLne a hesitant set H x by 

hx :X^ni [0,1]),«~{2 l X x f F 

Obviously, F = H x ( 7). We now prove that H x is a hesitant fuzzy Liter of A". Since 1 G H x ( 7), 
we have FIxiX) = 7 5 hx(x) for all x G X. Let x,y G X. II x * y,x G F, then y G F since F 
is a Liter of X. Hence hx(x * y) = hx(x) = hx(y) = 7 and so h x (x * y) P\ hx{x) C hx(y)- If 
x * y G F and x ^ F, then hx(x * y) = 7 and hx(x) = 0 which imply that hx(x * y) P\ hx(x) = 
70 0 = 0 C hx(y)- Similarly, if x*y £ F and x G F, then hx(x*y ) P\hx{x) C hx(y )• Obviously, 
if x * y ^ F and x ^ F, then h x (x * y) P\ hx(x) C hx(y)- Therefore Hx is a hesitant fuzzy Liter 
of X. □ 

Let Hx = {(x,h(x))\x G X} be a hesitant fuzzy set on X. For any a, b G X and k G N, 
consider the set 

hx[a k ; 6] := {a: G X\h x (a k * (b* x)) = hx( 1 )} 

where hx(a * (a * (• • • * (a* (a*x)) ■ ■ ■ ))) in which a appears k- times. Note that 1 , a, b G H\[a k ] b] 
for all a, b G X and k G N. 

Proposition 3.20. Let H x '■= {(x,h x (x))\x G A"} be a hesitant fuzzy set on X satisfying (3.3) 
and hx(x * y) — hx(x) U hx(y) for all x, y G A. For any a,b G A and k G N, if x G bx[« fc ; 6], 
then y * x E hx[a k ] b\ for all y G A. 
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Proof. Assume that x G hx[a k ; b\. Then hx(a k * (b * x )) = hx(I) and so 

h x (a k * (b * (y * x ))) = h x {a k * (y * b * x)) 

= h x (y * ( a k * (b * x ))) 

= h x (y ) U h x (a fc *(b*x)) 

= h x (y) U hx{ 1) = hx(l) 

for all y G A" by (2.4). Hence y * x G hx[a fc ; 6] for all y G A". □ 

Proposition 3.21. Let Hx '■ = {(^, h x ))\x G A"} be a hesitant fuzzy set on a BE-algebra X. If 
an element a G A" satisfies a* x = 1 for all i G X, then h x [a k ; 6] = A = [6 fc ; a] for all b G A and 
fcGN. 

Proof. For any x G A, we have 

hx{a k * (b* x)) =hx{a ki * (a* (b* x))) 

=hx{a k i * (6 * (a * x))) 

=hx(a k ~ 1 * (b * 1)) 

and so x G hx[a fc ; b\. Similarly, x G a}. □ 

Proposition 3.22. Let X be a self distributive BE-algebra and let Hx '■= {(x,hx(x))\x G A"} 
be a order reversing hesitant fuzzy set of X with the property (3.3). If b < c in X, then 
hx [o k ; c] C hx[a k ; b] for all a G A and fcGN. 

Proof. Let a, 6, c G A" be such that b < c. For any k G N, if a; G h_v[a fc ; c], then 

h x (l) =h x (a k * (c*x)) 

= h x (c * (a k * x)) 

C h x (b * ( a k * x)) 

= h x (a k * (b *x)) 

by (2.4) and (2.8). Hence h x (a k * (b * x)) = hx( 1)- Thus x G h x [a k ',b], which completes the 
proof. □ 

The following example shows that there exists a hesitant fuzzy set Hx of A", a, b G A and 
fcGN such that h x [a k ; b] is not a filter of X. 
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Example 3.23. Let X = {0, 1, a, b, c} be a B E-algebra with the following Cayley table: 


* 

1 

a 

b 

c 

1 

1 

a 

b 

c 

a 

1 

1 

a 

a 

b 

1 

1 

1 

a 

c 

1 

a 

a 

1 


Let H x '■= {(x, h x (x))\x G X} be a hesitant fuzzy set defined by 

ff x = {(l,[0,l]),(a,(l,5)),(6,(5,i)),(c,(!,|))} 

Then hx[c ; b] = {x G X\hx(c* (b*x)) = hx(l )} = {1, a, b} is not a filter, since a*c — a G hx[c, b\ 
and c ^ hx [c; b\ . 

Theorem 3.24. H x '■= {(x, hx(x))\x G X} be a hesitant fuzzy set on a self distributive BE- 
algebra X in which hx is injective. Then hx[a k ; b] is a filter of X for all a,b G X and k G N. 

Proof. Assume that X is a self distributive B E-algebra and hx is injective. Obviously, 1 G 
hx[a k ',b]. Let a,b,x,y G X and k G N be such that x * y G hx[a k ',b] and x G h x [a k ',b]. Then 
hx(a k * (b* x)) = hx( 1) which implies that a k * (b*x) = 1, since hx is injective. Using (2.7), we 
have 

h x { 1) = h x (a k * (b* (x* y))) 

= hx(a k ~ l * (a * (b * (x * y)))) 

= hx(a k ~ l * (a * ((6 * x) * (b * y)))) 

= h x ((a k * (b* x)) * (a fc * (b * y))) 

= h x { 1 * ( a k * (b* y)) 

= h x (a k *(b*y)) 

which imply that y G hx[a k ] b\. Therefore h x [a k ] b] is a filter of X for all a, b G X and k G N. □ 

Theorem 3.25. Hx '■= {(x, hx(x))\x G X} be a hesitant fuzzy set of a self distributive BE- 
algebra X satisfying the condition (3.3) and hx(x * y) = hx(x) D hx(y), for all x, y G X. Then 
h x [a k ; b] is a filter of X for all a,b G X and fcGN. 

Proof. Let a,b G X and k G N. Obviously, 1 G hx[a k ',b]. Letx,y G X be such that x*y G hx[a k ]b\ 
and x G hx[a k ] b\. Then h x (a k *(b* (. x*y ))) = hx( 1) and hx(a k * (b*x)) = hx(l), which implies 
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from the hypothesis that 

h x ( 1) = h x (a k * (6 * (x * y))) 

= hx(a k * ( a * (b * (x * y )))) 

= * (a * ((6 * x) * (b * y)))) 

= hx((a k * (b* x)) * ( a k * (b* y ))) 

= hx{a k * {b * x)) fl hx(a k * ( b*y )) 

= h x ( 1) n h x (a k * (b*y)) 

= h x (a k * (b*y)). 

Hence y E hx[a k ; 6] and therefore hx[a k ; 6] is a filter of X for all a,b E X and k E N. □ 

Proposition 3.26. Hx '■= {(x,h x (x))\x E X} be a hesitant fuzzy set of a BE-algebra X in 
which hx is injective. If F is a filter of X, then the following holds. 

(Va, b G F)(Vk G N)(h x [a k ; b] CF), (3.7) 

Proof. Assume that F is a filter of X and let a,b E F and k E N. If x E h x [a k ',b], then 
hx(a * (a fc_1 * (b * x))) = h x (a k * (b * x)) = bx(l) and so a* (a fc_1 * (6 * x)) = 1 G F since h x is 
injective. Since F is a filter of X, it follows from (F2) that ci k ~ l * (b * x) E F. Continuing this 
process, we obtain b * x E F and so x E F. Therefore hx[a k ', b] F F for all a,b E F and k E N. 

□ 

Theorem 2.27. H x := {(x, hx(x))\x E X } be a hesitant fuzzy set of a BE-algebra X. For any 
subset F of X, if the condition (3.7) holds, then F is a filter of X. 

Proof. Suppose that the condition (3.7) holds. Obviously, 1 G hx[a k ]b] C F. Let x,y E X be 
such that, x * y E F and x E F. Then 

h x (x k * ((x *y)* y)) = h x (x k ~ l * (x * ((x *y)* y))) 

= h x (x k ~ 1 * ((x *y)*(x* y))) 

= h x (x k ~ 1 * 1) = h x ( 1) 

and hence y E hx[a k ] b] C F, where b = x * y. Therefore F is a filter of X. □ 

Theorem 3.28. H x '■= { (x, h x (x)) |x G A"} be a hesitant fuzzy set of a BE-algebra X. If F is 
a Liter of X, then 

(Vfc GN)(F = U {h x [a k -, b\\a, b E F}). 
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Proof. Let F is a filter of X. By Proposition 3.26, the inclusion U {h x [a k ; b]\a, b E F} C F holds. 
Let x E F. Since x E hx[ l fc ; x\ for all fceN, it follows that 

F C U{h x [l k ]x}\x E F} 

C U {h} c[a k ; b]\a, b E F}. 

This completes the proof. □ 

Theorem 3.29. If Hx '■= {(x,h x (x))\x E A"} is a hesitant filter of X, then the set 

H 0 := {a: G X\ h x (a) C h x (x)} 

is a hlter of X for all a G X. 

Proof. Let x,y G X be such that x * y G H 0 and x G H n . Then h x (a) C h x (x * y) and 
h x (a) C h x {y). By (3.3) and (3.4), we have h x (a) C h x (x * y) F h x (x) C H x (y) Q h x (l) and 
so 1 G H a and y G R a . Therefore H a is a hlter of X. □ 

Theorem 3.30. Let a G A arid H x := {(x, bx(x))|x G A} be a hesitant fuzzy set on X. Then 
the following properties are valid: 

(i) if H a is a hlter of X, then H x '■= {(x, h x (x))\x G A} satishes: 

(Vx, y G X)(h x (o) C h x {x *y) n b x (x) /ix(a) ^ h x (y)). (3.8) 

(ii) if H x := {(x, /?x(x))|x G A"} satishes the condition (3.3) and (3.8), then H a is a hlter of 
X. 

Proof, (i) Assume that H a is a hlter ofX and let x, y G A be such that h x (a ) C H x (x*y)DH x (x). 
Then x * y E H a and y E H a . Since H a is a hlter of X , we obtain x E H a . Therefore h x (a) C 

h x (y)- 

(ii) Let H x := {(x, b.v(x))|x G A"} be a hesitant fuzzy set on X in which the conditions (3.3) 
and (3.8) hold. Then 1 E H a . Let x,y E X be such that x * y E H a and x E H a . Then 
h x (a) C h x (x * y) and h x (a) C h x (x). Hence H x (a) C h x fx *y) D h x (x). Using (3.8), we have 
h x (a) C h x (y), i.e., y E H a . Thus H a is a hlter of X . □ 
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A fixed point approach to the stability of nonic functional equation in 
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Abstract In this paper, a new nonic functional equation is introduced. The solution of this func- 
tional equation can also be determined in certain type of groups using two important results due to 
Szekelyhidi. Using the fixed point theorems due to Brzd§k and Cieplinski, we give some Ulam-Hyers 
stability results for the nonic functional equation in non- Archimedean spaces. 

Keywords Ulam-Hyers stability; nonic functional equation; non- Archimedean space; fixed point 
method. 

Mathematics Subject Classification(2010) 39B82; 39B52; 46H25. 

1 Introduction and preliminaries 

In this paper R and N denote the sets of reals and positive integers, respectively. Moreover, R + := [0, oo) 
and No := N U {0}. 

A valuation is a function | • | from a field K into R + such that 0 is the unique element having the 0 valuation, 
|rs| = |r| • |s| and the triangle inequality holds, i.e. , 

|r + s| < |r| + |s|, Vr , s £ IK. 

A field K is called a valued field if IK carries a valuation. The usual absolute values of R and C are examples of 
valuations. 

Let us consider a valuation which satisfies a stronger condition than the triangle inequality. 

Let IK be a field. A non- Archimedean valuation on IK is a function | • | : IK — > R such that 

(1) |r| > 0 and equality holds if and only if r = 0. 

(2) |rs| = |r||s|, r , s € IK. 

(3) |r + s| < max{|rj, |s|}, r, s £ IK. 

Any field endowed with a non- Archimedean valuation is said to be a non- Archimedean field. In any such field 
we have 1 1 1 = | — 1 1 = 1 and |n x 1| < 1 for all n £ N, where 1 is the neutral element of the semigroup (IK, •), 
1x1 = 1 and (n + 1) x 1 = (n x 1) + 1 for n £ N. 

Let X be a linear space over a field IK with a non- Archimedean valuation | • |. A function || • || : X — > R + is a 

non- Archimedean norm if it satisfies the following conditions: 
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E-mail addresses: xutianzhou@bit.edu.cn (T.Z. Xu), dingyaliding@126.com (Y. Ding), jrassias@primedu.uoa.gr (J.M. Rassias). 


359 


Tian-Zhou Xu et al 359-368 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


(1) ||x|| = 0 if and only if x = 0; 

(2) ||rx|| = |r|||x|| for all r € IK and x € A; 

(3) Ik + 2/II < max{||x||, ||j/||} for all x,y £ X. If || • || : X -> R+ is a non- Archimedean norm in X, then the 
pair (A, || • ||) is called a non- Archimedean normed space. Then (A, || • ||) is called a non- Archimedean norrned 
space. 

Let A be a non- Archimedean normed space. Let {x n } be a sequence in A. Then { x n } is said to be convergent 
if there exists x € X such that lim ||x„ — x|| = 0. In that case, x is called the limit of the sequence {x n } and 

n— too 

we denote it by lim x n = x. A sequence {x n } in A is said to be a Cauchy sequence if lim ||x n + p — x„|| = 0 for 

n— too n— >oo 

all p = 1,2,.... Due to the fact that 

||x„ — x m || < max{||xj+i — Xj|| : m < j < n — 1} (n > to) 

a sequence {x n } is Cauchy if and only if {x„+i — x n } converges to zero in a non- Archimedean normed space. 

The most important examples of non- Archimedean spaces are p-adic numbers. The p-adic numbers have 
gained the interest of physicists because of their connections with some problems coming from quantum physics, 
p-adic strings and superstrings (see [15]). 

In this paper, we first introduce the following new nonic functional equation 

f(x + 5 y) - 9/(x + Ay) + 3 6/(x + 3 y) - 84/ (x + 2 y) + 126/(x + y) - 126 /(x)+ 

84/ (x - y) - 36/ (x - 2 y) + 9/(x - 3 y) - f(x - Ay) = 9 \f(y). 

It is easy to see that the function f(x) = ax 9 is a solution of the functional equation (1). Every solution of the 
functional equation (1) is said to be a nonic mapping. 

The study of stability problems for functional equations is related to a question of Ularn [20] concerning the 
stability of group homomorphisms and affirmatively answered for Banach spaces by Hyers [10]. The result of 
Hyers was generalized by Aoki [2] for approximate additive mappings and by Rassias [17] for approximate linear 
mappings by allowing the Cauchy difference operator CDf(x,y) = f{x + y) — [/(x) + f(y )] to be controlled by 
e(||x|| p + ||y|| p ). In 1994, a further generalization was obtained by Gavru(a [7], who replaced e(||x|| p + ||y|| p ) by 
a general control function <p(x,y). We refer the reader to (see for instance [1,3-6,8,11- 14,16,18,21,22]) and 
references therein for more information on Ulam’s problem during the last seventy years. 

From now on S denotes a nonempty set and A stands for a complete non- Archimedean normed space. Given 
a set Z ^ 0 and functions <p : S — > S and F : S x Z ^ Z, we define an operator C ^ : Z s Z s ( Z s denotes the 
family of all functions mapping a set S into a set Z) by 

££(«)(*) := F(t, a(ip(t))), a G Z s ,t G S. 

Moreover, if A : S x R + — > R + , then we write A t := A(f, • ),t G S. 

For explicitly later use, we recall the following results by Brzd§k and Cieplinski [4]. 


Theorem 1 Let A : S x R + — > K+,/ : S — > A, T : X s — > X s , ip : S — » S,e : S — > K+ and 

\\T(a)(t) — T(/3)(t)\\ < A(t, ||a(<^(t)) — /3(<p(t))\\), a,p€X s ,t€S. (2) 

Assume also that A t is nondecreasing for every t G S, lim (C{t) n (£)(t) = Oft G S) holds and 

n— >oo ^ 

\\T(f)(t) - f(t)\\ < e(t), teS. (3) 


Then for each t G S the limit 


lim T"(/)(t) =: A(t) 


(4) 
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exists and the function A G X s is the unique fixed point of T with 


||/(0 - A(t)\\ < sup {C^) n (e)(t) =: h(t), t G S. 

nEN o 


( 5 ) 


Corollary 1 Let F : S x X ^ X , <p : S —> S, A : S x K + — > R + , / : S — » X, s : S — » K + and 

\\F(t,x)-F(t,y)\\<A(t,\\x-y\\), t £ S,x,y £ X. (6) 

Assume also that, for every t G S, A t is nondecreasing, lim (C^) n (e)(t) = 0(f G S) holds and 

n— >oo ^ 

\\f(t)-F'(t,f(ip(t)))\\<e(t), teS. (7) 


Then for each t G S the limit 

lim (C$nm =: A(t) 

n— >oo r 

exists and the function A G X s is the unique solution of the functional equation 

A{t) = F(t,A(ip(t))) 


( 8 ) 

(9) 


such that (5) holds. 


We end this section with two corollaries, which are immediate consequences of Corollary 1. 


Corollary 2 

Let a : S — » K\{0}, ip : S — » S , f : S X , 6 : S — > K+, 



ll/(<p(0) - <*(0/(011 < £(0> 

(10) 

and 

lim iJ'OOLr". 

n ^°° irii=o a (v? i (0)i 

Then there exists a unique solution A G X s of the functional equation 

(11) 


A(<p{t)) = a(t)A{t) 

(12) 

such that 

11/(0 -4(011 < sup , n „ ( ' teS. 

new 0 IHi=o a W (0)1 

(13) 

Corollary 3 

Let b : S — » IK, if : S — > S , f : S — > X , e : S — » R+, 



11/(0 -00/(0(0)11 < e(0. 

(14) 

and 

n 

lim TT 6(o*(0) £ (0 n+1 (0) = 0: t £ S. 

n— >oo 

(15) 


U=o I 

Then there exists a unique solution B G X s of the functional equation 

Bit) = b(t)B(m) (16) 


such that 


||/(0 ^ 5(0|| < max l e(0, sup 
I nEN 0 


nwo) 


£ (0 n+1 (0) 


t. G S. 


2—0 


(17) 
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2 Solution of the nonic functional equation on commutative groups 

In this section, we solve the functional equation (1) on commutative groups with some additional requirements. 
A group S is said to be divisible if for every element b £ S and every neff, there exists an element a £ S 
such that na = b. If this element a is unique, then S is said to be uniquely divisible. In a uniquely divisible 
group, this unique element a is denoted by That the equation na = b has a solution is equivalent to saying 
that the multiplication by n is surjective. Similarly, that the equation na = b has a unique solution is equivalent 
to saying that the multiplication by n is bijective. 

The following two important results due to Szekelyhidi (see [19] for the details). 

Theorem 2 Let G be a commutative semigroup with identity, S a commutative group and n a nonnegative 
integer. Let the multiplication by n\ be bijective in S. The function f : G —> S is a solution of Frechet functional 
equation 

A Xl ,... ;Xn+1 /(x 0 ) = 0 (18) 

for all Xo,Xi , . . . , x n +\ £ G if and only if f is a polynomial of degree at most n, i.e., f is given by 

f(x)=A n (x) + --- + A 1 (x) + A°(x), x£G, (19) 

where A 0 (a;) = A 0 is an arbitrary element of S and A n (x) is the diagonal of an n-additive symmetric function 
A n :G n S. 


Theorem 3 Let G and S be commutative groups, n a nonnegative integer, pi, ifi additive functions from G into 
G and <p>i{G) C = 1, 2, . . . , n + 1). If the functions f,fi'.G—> S(i = 1, 2, . . . , n + 1) satisfy 

n+1 

f(x) + J2f l {<Pi{x) + i/j i (y))=0, (20) 

»= l 

then f satisfies Frechet functional equation A Xl) ...,x n +if(. x o ) = 0- 
Using the results, we have the following theorem. 


Theorem 4 Let S be a commutative group and V be a linear space. Then the function f : S — >• V satisfies the 
functional equation (1) for all x,y £ S, if and only if f is of the form 

f(x) = A 9 (a;), x £ S, 

where A 9 (a;) is the diagonal of the 9-additive symmetric map Ag : S 9 — > V. 


( 21 ) 


Proof. Assume that / satisfies the functional equation (1). We can rewrite the functional equation (1) in the 
form 

f( x ) - tL/(z + 5 y) + Trf(x + 4 y) - |/(a: + 3 y) + \f{x + 2 y) - /( x + y) 

h 26 2 14 1 7 l 3 

- y) + jf{x - 2 y) - — /( X - 3 y) + —/(a; - 4 y) + 2880 f(y) = 0. 

Thus by Theorems 2 and 3, / is of the form 

9 

f(x) = y^A*(a;), x £ S, 

i = 0 


( 22 ) 


where A°(x) = A° is an arbitrary element of V, and A* (a;) is the diagonal of the i-additive symmetric map 
Aj : S l — > V for i = 1,2, ...,9. Replacing x = 0,y = 0 in (1), one finds /( 0) = 0. Hence A°(x) = A° = 0. 
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Replacing x = 0, y = x and x = x,y = —x in (1) and adding the two resulting equations, we get /(— x) = —f{x) 
for all x € S. So the function / is odd. Thus we have A 8 (a;) = A 6 ( x) = H 4 (x) = A 2 {x) = 0 for all x € S. It 
follows that f(x) = A 9 (x) + A 7 (x) + A 5 (x) + A 3 (x) + A 1 (x). Replacing (x,y) with (0, 2x) in (1), one obtains 


/(10a:) - 8/(8x) + 27/(6x) - 48/ (4x) - (9! - 42)/(2x) = 0. 

Replacing (x,y) with (5x, x), one gets 

/( lOx) - 9/(9x) + 36/ (8x) - 84/(7x) + 126/(6x) - 126/(5x) + 84/(4x) 
-36/(3®) + 9/ (2x) - (9! + l)/(s) = 0. 

Subtracting equations (23) and (24), we find 

9/(9x) - 44/ (8x) + 84/(7x) - 99/(6x) + 126/(5x) - 132/(4x) 

+36/ (3x) - (9! - 33)/(2x) + (9! + l)/(x) = 0. 

Replacing (x,y) with (4x, x), and multiplying the resulting equation by 9, one obtains 

9/(9x) - 81/(8x) + 324/(7x) - 756/(6x) + 1134/(5x) - 1134/(4x) 
+756/(3x) - 324/(2x) - 9(9! - 9 )/(x) = 0. 

Subtracting equations (25) and (26), we get 

37/(8x) - 240/(7x) + 657/(6x) - 1008/(5x) + 1002/(4x) - 720/(3x) 

— (9! - 357)/(2x) + (10! - 80)/(x) = 0. 

Replacing (x,y) with (3x, x), and multiplying the resulting equation by 37, one finds 

37/ (8x) - 333/(7x) + 1332/(6x) - 3108/(5x) + 4662/(4x) - 4662/(3x) 
+3108/(2x) - 37(9! + 35)/(x) = 0. 

Subtracting equations (27) and (28), we arrive at 

93/(7x) - 675/(8x) + 2100/(5x) - 3660/(4x) + 3942/(3x) - (9! + 2751)/(2x) 
+(47-9! + 1215)/(x) = 0. 

Replacing (x,y) with (2x, x), and multiplying the resulting equation by 93, one finds 

93/(7x) - 837/(6x) + 3348/(5x) - 7812/(4x) + 11718/(3x) - 11625/(2x) 
-93(9! - 75 )/(x) = 0. 

Subtracting equations (29) and (30) and then dividing by 2, we arrive at 

81/(6x) - 624/(5x) + 2076/(4x) - 3888/(3x) - * (9! - 8874)/(2x) 

+(70 • 9! - 2880)/(x) = 0. 

Replacing (x,y) with (x, x), and multiplying the resulting equation by 81, one finds 


(23) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 


81/(6x) - 729/(5x) + 2916/(4x) - 6723/(3x) + 9477/(2x) - 81(9! + 90)/(x) = 0. (32) 


Subtracting equations (31) and (32), we arrive at 

105/(5x) - 840/(4x) + 2835/(3x) - * (9! + 10080)/(2x) + (151 • 9! + 4410)/(x) = 0. (33) 

Replacing (x,y) with (0, x), and multiplying the resulting equation by 105, one finds 


105(5x) - 840/ (4x) + 2835/(3x) - 5040/(2x) - 105(9! - 42)/(x) = 0. (34) 


Subtracting equations (33) and (34), we arrive at 

/(2*) = 2 9 /(x). (35) 

By (35) and A n (rx) = r n A n {x) whenever x £ S and r € Q, we obtain 2 9 (A 9 (x)+A 7 (x)+7l 5 (x)+7l 3 (x)+A 1 (x)) = 
2 9 Yl 9 (x) + 2 7 A 7 (x) + 2 5 j4 5 (x) + 2 3 A 3 (x) + 2 A 7 {x). It follows that ^4 7 (x) = A b (x) = A 3 (x) = ^4 7 (x) = 0 for all 
x £ S. Hence f{x) = H 9 (x). The converse is easily verified. □ 
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3 Stability results 

Throughout this section, we assume that S' is a commutative group and X is a complete non-Archimedean 
normed space. For a given mapping / : S — > X, we define the difference operators 

Df (x, y) := /(* + 5 y) - 9 f(x + 4 y) + 36 f(x + 3 y) - 84 f(x + 2 y) + 126/(x + y) 

-126 f(x) + 84 f(x -y)- 36 f(x - 2 y) + 9 f(x - 3 y) - f(x - Ay) - 9 \f(y) 

for all x,y € S. 


Theorem 5 Let ip : S 2 


be a function such that 


lim |2| yn ip (2 n x, 2 n y) = 0, x,y G S. 

n— >oo 

Assume also that f : S —> X be a mapping such that 

II Df(x, y)|| < ip(x, y), x,y G S. 

Then there exists a unique nonic mapping T : S — >• X such that 

II f(x) - T(x)|| < sup \2\^ (n+1) 5{2 n x), x £ S, 

n£N 0 

where 

8{x) := max jj210|</?(0, x), ^yp<7>(0, 3x), ^yp<y?(3x, —3a;), ^|<^(2a;, —2x), 

j^y l<P(x, ~x), ^p<^(0, 0). ^ypY>(0, 4a 0’ ^rpV( 4a; - ~ 4a 0’ l 162 !^ x), 
^Vj(3x, — 3x), \93\ip(2x, x), |37|<^(3x, a;), |9|<p(4x, a:), <p{ 5x, x), ip( 0, 2a;), 
|^|^(0,8ar), j^<p(8x,-8x), j^<p(0,6x), |^^(6x, -6a:) | . 

Proof. Replacing x = y = 0 in (37), we get 


||/(0)|| <pj¥>(0,0). 

Replacing x and y by 0 and x in (37), respectively, we get 

||/(5*) - 9f(Ax) + 36/(3*) - 84/ (2a;) + 126/(*) - 126/(0) + 84/(-*) 

— 36/(— 2a;) + 9/(-3x) - /(-4a;) - 9!/(a;)|| < if{0, x) 

for all x € S. Replacing x and y by x and —x in (37), respectively, we have 

II / ( — 4*) - 9/(— 3*) + 36/(— 2x) - 84 f(-x) + 126/(0) - 126/(*) + 84/(2*) 

- 36/(3* ) + 9/(4* ) - /(5x) - 9!/(-x)|| < <p{-x,x) 

for all x € S. By (40) and (41), we obtain 

11/0*0 + /(-*)|| < ~max{<p(0,x),v?(*,-*)} 

for all x £ S. Replacing x and y by 0 and 2x in (37), respectively, and using (39) and (42), we find 

11/(10*) - 8/(8*) + 27/(6*) - 48/(4*) - (9! - 42)/(2x)|| 

< max ^(0, 2*), ^ y?(0, 8*), ^ <p(8x, -8x), ^ <p(0, 6*), ^ <p(6x, -6x), 

Pj^ ( °, 4a; )’ j^( 4a: ’ “ 4x )> '^ 2x ' - 2x )} 
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for all x € S. Replacing x and y by 5x and x in (37), respectively, we get 

||/(102’) - 9/(9a;) + 36/(82) - 84/(72) + 126/(62) - 126/(52) + 84/(42) 
-36/(32) + 9/(22) - (9! + 1)/(2)|| < +(52,2) 

for all x € S. By (43) and (44), we obtain 

|| 9/(92) - 44/(82) + 84/(72) - 99/(62) + 126/(52) - 132/(42) 

+36/(32) - (9! - 33)/(22) + (9! + 1)/(2)|| 

< max 1^(52, 2 ), 1 / 5 ( 0 , 22 ), p|+( 0 , 82 ), |^yy¥ 5 ( 82 , — 82 ), |Jyy+ 5 ( 0 , 62 ), 

1 |4| |4| 1841 

|— + ( 62 ,- 62 ), + (0,42), p| + (42, -42’), p| + ( 22 ,- 22 ’) 

for all x € S. Replacing 2 and y by 42 and 2 in (37), respectively, and using (39) we have 
||/(92) - 9 /( 82 ) + 36/(72) - 84 /( 62 ) + 126/(52) - 126/(42) 

1 


+84/(32) - 36/(22) - (9! - 9)/(2)|| < max j+(42,2), p|+(0,0) 

for all 2 € S'. By (45) and (46), we get 

||37/(82) - 240/(72) + 657/(62) - 1008/(52) + 1002/(42) 

-720/(32) - (9! - 357)/(22) + (10! - 80)/(2)|| 

< max j|9|+(42,2’), p|+(0, 0), +(52, 2 ), +(0, 22 ), y^y|+(0, 82 ), ^+( 82 ,- 82 ), 

p 775 ( 0 , 62 ), p|+( 6 a;, - 62 ), p|+(0, 42 ), pj+(42, -4ar), j||+( 22 , -2®) 

for all x € S. Replacing 2 and y by 32 and 2 in (37), respectively, then using (39) and (42), we have 
||/( 82 ) - 9/(72) + 36/(62) - 84/(52) + 126/(42) - 126/(32) + 84/(22) 

-(9! + 35)/ ( 2 ) || < max j+(32, 2 ), ^+(0, 0), ^+(0, 2 ), ^+( 2 , - 2 ) 

for all x € S. By (47) and (48), we get 

|| 93/(72) - 675/(62) + 2100/(52) - 3660/(42) 

+3942/(32) - (9! + 2751)/(22) + (47 • 9! + 1215)/(2)|| 

< max j| 37 |+( 32 , 2 ), pj+( 0 , 0 ), pj+( 0 , 2 ), ^+(2,-2), | 9 |+( 42 , 2), 

+(52, 2 ), +(0, 22 ), ,4+(0, 82 ), ^+( 82 , - 82 ), 7 VT 7 +(0, 62 ), 


+ V (6x,-6 I ),hj 


9!| 

+ (0,42), 


n 9!T V ’ |8!| 

14 1841 

P|+(42, -42), |pV( 2 2, -22) 


for all x € S. Replacing 2 and y by 22 and 2 in (37), respectively, then using (39) and (42), we have 
||/(72) - 9/(62) + 36/(52) - 84/(42) + 126/(32) - 125/(22’) - (9! - 75)/(2)|| 

< max j +(22, 2), pj|+( 0 , 22), ^+(22, -22’), ^+(0,2), ^+(2,-2), pj+( 0 , 0 ) 

for all x € S. By (49) and (50), we get 

324/(52) + 2 
+(70 - 9! — 2880)/(2)|| 

< p max 1 193 |+( 22 , 2 ), p|+( 22 ,- 22 ), py+( 0 , 2 ), ^+( 2 ,- 2 ), ^^+(0,0), 

|37|+(32, 2 ), |9|+(42, 2 ), +(52, 2 ), +( 0, 22 ), -^|+(0, 82 ), pj+( 8 + ~ 8x )> 

1 1 |4| |4| 

P| + (0, 62 ), p| + ( 62 ,- 62 ), p| + (0,42), p| + (42,-42) 


|| 81 /( 62 ) - 624/(52) + 2076/(42) - 3888/(32) - -(9! - 8874) f(2x) 


( 44 ) 


(45) 


(46) 


(47) 


(48) 


(49) 


(50) 


(51) 
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for all x £ S. Replacing x and y by x and x in (37), respectively, then using (39) and (42), we have 


11/(6*) - 9/(5®) + 36/(4®) - 83/(3®) + 117/(2®) - (9! + 90)/(®)|| 

< max j</?(®, ®), M„( 0 , 0), py<£(0, ®), pp(®, -*), 7 ^( 0 , 2®), 

Pi^( 2 ®, - 2x )> pr ¥>(°> 3 ®)> p|^( 3:r ’ ~ 3a; ) 


for all x £ S. By (51) and (52), we get 


,9! 


|| 105/(5®) - 840/(4®) + 2835/(3®) - (- + 5040)/(2®) + (151 • 9! + 4410)/(®)|| 

< max | |81|<p(®, ®), M„( 0> 0), ipp<p(0, ®), ipp</?(®, ~ x ), py 7 >( 2 ®, ~ 2x )> 

SU 3a 0> -3*), idr^(2ai, *), ^(3®, x), j|U(4®, *), 


, 2 | 


| 2 | 

<p(8x, —8®), 


, , |8!. 

j^ <0 ’ 2l) - jT^ 0 ' 8 ^ T2T9TJ 

1 1 | 2 | | 2 | 

6a; )> - 6a; )’ pf^(°> 4a; )’ pp 4x ’ - 4x ) 


( 52 ) 


(53) 


(54) 


for all x € S. Replacing x and y by 0 and x in (37), respectively, then using (39) and (42), we have 

||/(5®) - 8/(4®) + 27/(3®) - 48/(2®) - (9! - 42)/(®)|| 

< max j<p(0, ®), pp(0, 3®), pp( 3 ®, ~^ x ), pp(0, 2x )> pp( 2a b - 2x )’ 

||^ ( ®’ ~ x ^ °)> |p^(°, 4®), p^(4x, -4®)^ 

for all x £ S. By (53) and (54), we get 

11/(2®) - 2 9 /(®)|| < -pmax||210|v?(0,®),ipyl^(0,3®),ipyl^(3®,-3®), 

p^(2®, ~ 2x )’ p[^(*> "*)> °)> 4x ^ 

pyp l 7 ? (4®, —4®), |162|<p(®, ®), ^|y(3®, -3®), |93|<p(2®, ®), 

|37|<p(3®, ®), |9|y>(4®, ®), <^(5®, ®), <p(0, 2®), pp(0, 8®), 

Pi^(8*, -8®), 6®), pp(6®, -6*) 

=: S(x), x £ S. 

By Corollary 2, there exists a unique mapping T : S —> X such that T( 2®) = 2 9 T(®) and (38) holds. By (8) in 
Corollary 1, 

T(x) := lim (£*) n (f)(x) = lim 2~ 9n f(2 n x), x £ S. (56) 

n — >00 r n — >00 

It remains to show that T is a nonic map. By (37), we have 

\\Df( 2”®, 2 n y)/2 9n \\ < |2|- 9 >(2"®, 2 n y) (57) 


(55) 


for all x,y £ S and n £ N. So, by (36), (54) and (55), \\DT(x, y)|| = 0 for all x,y £ S. Thus the mapping 
T : S — > X is nonic. □ 

Similar to Theorem 5, one can prove the following result. 


Theorem 6 Assume that the multiplication by 2 n (n £ N) be bijective in S. Let <p : S 2 — ► K+ be a function such 
that 

„ 1 ™ o l 2 l 9 >(|c|i)= 0 ’ X ^ €S - ( 5g ) 
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Assume also that f : S X be a mapping such that 

\\Df(x,y)\\ <(p(x,y), x,y G S. (59) 

Then there exists a unique nonic mapping T : S —> X such that 

\\f{x) - T(x ) || < max j<5 , sup |2| 9(n+1) 5 } 1 x e s > ( 60 ) 

where S(x) is defined as in Theorem 5. 


Proof. From (55), we have 


f(x)-2 9 f^ <<5(|), xeS. 


By Corollary 3, there exists a unique mapping T : S X such that T{x) = 
Corollary 1, 

T(x) := lim (£$nM) = lim 2 9 ”/ 

n—f 00 ^ n — >00 

The rest of the proof is similar to the proof of Theorem 5. 


(61) 

2 9 T(§) and (60) holds. By (8) in 

x € S. (62) 

□ 


Corollary 4 Let S be a non- Archimedean normed space and X be a complete non- Archimedean normed space 
with |2| < 1. Let e, A be positive numbers with A ^ 9, and f : S —> X be a mapping satisfying 


\\Df(x,y)\\ < e(||a:|| A + ||y|| A ), x,y G S. 


Then there exists a unique nonic mapping T : S X such that 


\\f(x)-T(x)\\< 


2e|H| A 
|9!| 2 • |2| 9 ’ 
2 £ |MI a 
|9!| 2 • |2| A ’ 


A > 9 ,x € S; 
A < 9 ,x € S. 


Proof. Let <p : S 2 — > K + be defined by ip(x, y) = e(||x|| A + \\y\\ x ) for all x, y G S. Then the corollary is followed 
from Theorems 5 and 6. □ 


Similar to Corollary 4, one can obtain the following corollary. 


Corollary 5 Let S be a non- Archimedean normed space and X be a complete non- Archimedean normed space 
with |2| < 1. Let e, A, p be positive numbers with A + p 9, and f : S X be a mapping satisfying 

\\Df(x,y)\\ < e||a;|| A • ||y|| M , x,y G S. 


Then there exists a unique nonic mapping T : S X such that 


\\f(x)-T(x)\\< 


kll 


A -\-fi 


|9!| 2 • |2| 9 ’ 
e||a;|| A+At 
|9!| 2 • 1 2 1 a +m ’ 


A + /j>9,ieS; 
A + p < 9, x € S. 
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ABSTRACT 

Our aim in this paper is to study the global stability character and the periodic nature of the solutions of the 
difference equation 

bx n —k CX n — s 

X n -\-l — CLXn—l j ; 5 R — 0? 1? •••) 

a + ex n -t 

where the initial conditions x_ r , x^ r+ i, x_ r+ 2 , ..., x$ are arbitrary positive real numbers, r = ma x{l,k,s,t} is 
nonnegative integer and a, b , c, d, e are positive constants. 

Keywords: stability, periodic solutions, global attractor, difference equations. 

Mathematics Subject Classification: 39A10 


1. INTRODUCTION 


Our goal in this paper is to investigate the global stability character and the periodicity of the solutions of the 
difference equation 

bx n —k T CX n — s , . 

x n +i = ax n _i H — , n = 0,l,..., (1) 

d + ex n -t 

where the initial conditions x_ r , X-r+i, x_ r + 2 , ..., Xq are arbitrary positive real numbers, r = max{7, k, s, t} is 
nonnegative integer and a, b , c, d. e are positive constants. 

Recently there has been a lot of interest in studying the global attractivity, the boundedness character and 
the periodicity nature of nonlinear difference equations see for example [1-20]. 

The study of the nonlinear rational difference equations is interesting and attractive to many researchers 
working in this field It is quite challenging and rewarding, many real life phenomena are modelling using these 
equations. Examples from economy, biology, etc. may be obtained in [3,7,11,12] The study of some properties 
of these equations via the global attractivity, the boundedness and the periodicity of these equations is of great 
interest. For examples in the articles [11,12,15]. Recently, many researchers have investigated the behavior of 
the solution of difference equations for example: In [1] Ahmed investigated the behavior of the solutions of the 
difference equation 

X n -2k-\-l 

Xn+1 ~ _L1 i TT fe ' 

±1 ± Ib = l Xn-2i+l 

Elabbasy et al. [8] studied the boundedness, global stability, periodicity character and gave the solution of some 
special cases of the difference equation 

OLX n —k 

Xn -\- 1 — 


/3 + 7EU0 x n- 
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Elabbasy et al. [9] investigated the global stability, periodicity character and gave the solution of some special 
cases of the difference equation 


x n +\ — a + 


dXn—lXn—k 
cx n — s b 


Yalgmkaya [32] has studied the following difference equation 


Xn-\- 1 — Ot ~p 


%n—m 

ryt /c 


For some related work see [21-35]. 

Here, we recall some basic definitions and some theorems that we need in the sequel. 
Let I be some interval of real numbers and let 

F : I k+1 -> I, 


be a continuously differentiable function. Then for every set of initial conditions X-k, X-k+i, ...,£o € I, the 
difference equation 

Xn+l ~ F(x n , T n _i, ..., X n —k)i xi ~ 0, 1, ..., (2) 

has a unique solution {x n })(L_ k . 

A point x £ I is called an equilibrium point of Eq. (2) if 

x = f(x,x,...,x). 

That is, x n = x for n > 0, is a solution of Eq.(2), or equivalently, x is a fixed point of /. 

Definition 1.1. ( Periodicity ) 

A sequence {x n }^L_ k is said to be periodic with period p if x n+p = x n for all n > —k. 

Definition 1.2. (Stability) 

(i) The equilibrium point x of Eq.(2) is locally stable if for every e > 0, there exists 6 > 0 such that for all 

X-k,X-k+i, ...,X-i,Xo € / with 

| x-k - x\ + \x- k+ i -x\ + ... + |x 0 - x\ < 5, 

we have 

\x n — a?| < e for all n > — k. 

(ii) The equilibrium point x of Eq.(2) is locally asymptotically stable if x is locally stable solution of Eq.(2) 
and there exists 7 > 0, such that for all X-k,X-k+i, ...,X-i, Xo € I with 

| X-k - x\ + \X-k+\ -x\ + ... + | T 0 - x\ < 7 , 

we have 

lim x n = x. 

n — >00 

(iii) The equilibrium point x of Eq.(2) is global attractor if for all X-k,X-k+ 1 , ...,t_i, xq € /, we have 

lim x n = x. 

n — >00 

(iv) The equilibrium point x of Eq.(2) is globally asymptotically stable if x is locally stable, and x is also a 
global attractor of Eq.(2). 

(v) The equilibrium point x of Eq.(2) is unstable if x is not locally stable. 
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The linearized equation of Eq.(2) about the equilibrium x is the linear difference equation 


Un+i — 


X' dF(x,x,...,x) 

2^ dx n -i yn-f 
i = 0 


Theorem A [26] Assume that p,q £ R and k £ {0, 1, 2, Then 

\p\ + M < i, 

is a sufficient condition for the asymptotic stability of the difference equation 

x n+ i + px n + qx n -k = 0, n = 0,l,.... 


Remark 1. Theorem A can be easily extended to a general linear equations of the form 

*Tn+fe T Pl%n-\-k—l T ••• T Pk%n — 0, Tl — 0, 1, 

where pi,p- 2 , —,Pk & R and k £ {1, 2 , Then Eq.(f) is asymptotically stable provided that 

E \Pi\ < !• 

i—1 


(3) 


(4) 


Consider the following equation 

X n +1 — , *Tn— 1 , •* ‘X n — K ) 71 — 0,1,2... (5) 

The following theorem will be useful for the proof of our results in this paper. 

Theorem B [27]: Let [a,/3] be an interval of real numbers and assume that 

g:[a,f3] k+1 ^[a,p], 

is a continuous function satisfying the following properties : 

(a) g(xi,Xz, ...,Xh+i) is non-increasing in one component (for example x a ) for each x r (r ^ a) in [a,0\, and 
is non-increasing in the remaining components for each x a £ [a, f }\ ; 

(b) If (to, M) £ [a, 0\ x [a, 0] is a solution of the system 

M = g(m, m, ..., m, M, to, ...to, to) and m = g(M, M , ..., M, to, M , ..., M, M), 

then 

to = M. 

Then Eq.(5) has a unique equilibrium x £ [a,@] and every solution of Eq.(5) converges to x. 


2. LOCAL STABILITY OF THE EQUILIBRIUM POINT OF EQ.(l) 

In this section we study the local stability character of the solutions of Eq.(l). The equilibrium points of Eq.(l) 
are given by the relation 

bx + cx 


x = ax + , , . 

cd + dex 

If a ^ 1, then the equilibrium points of Eq.(l) is given by 


x = 0 


and 


b + c + d(a — 1) 

T = — 

e(l — a) 
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Let / : (0, oo) 4 — » (0, oo) be a function defined by 


f(u 0 ,u 1 ,u 2 ,u 3 ) = au o + 


bu\ + Cll 2 
d + eu 3 


Therefore at x = b + c + d ( a 11 

e(l —a) 

d f(x, x, x, x) 


du 0 

df(x, x, x, x) 


du 2 

Then we see that at x = 0 


a = -c 0 , 

c(o — 1) 
0 + c) 


df(x,x,x,x) b(a—l) 
du\ (b + c ) 


= -ci, 


@f(x, X, Xj x) (a-ljffcl-c-d+ad) 

“ ^ C2 ’ d^ 3 ~ TO “ ^ C3 


df( x,x,x,x) df(x,x,x, x) b 

o ^ Co 5 ~1 Cl 

ouq ou\ d 


df( x,x,x,x) c df( x,x,x,x) 

dui d 2 ’ dui 


= 0 = c 3 


Then the linearized equation of Eq.(l) about x is 

Vn+l + CoUn—l + Cl Un—k + C2 Vn—s T C3 Un—t = 0- 


Theorem 2.1. Assume that 

d{ 1 - q) 

(6 + c) ' 

TTien t/ze positive equilibrium point x = 0 of Eq.(l) is locally asymptotically stable. 
Proof: It is follows by Theorem A that, Eq.(6) is asymptotically stable if 


and so 

This completes the proof. 
Theorem 2.2. Assume that 


|C3 1 + |C2 1 + |Ci| + | C 0 | < 1. 



b 

d 


+ M < 1, 


d( 1 — a) 
(b + c) ' 


3 < 


d( 1 — a) 

Ip + W' 


a < 1 


Then the positive equilibrium point x = 11 of Eq.(l) is locally asymptotically stable. 

Proof: It is follows by Theorem A that, Eq.(6) is asymptotically stable if 


and so 


This completes the proof. 


(a— l)(b+c— d-\-ad) 


c(a— 1) 

_L 

b(a— 1) 

(b+c) 

1 

(b+c) 

1 

(b+c) 


+ |a| < 1. 


o„ d(a- l) 2 ^ Q 

3a . < 3, 

(b + c) 


d(l — a) 
(b + c) ■ 
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3. EXISTENCE OF PERIODIC SOLUTIONS 

In this section we study the existence of periodic solutions of Eq.(l.l). 

Theorem 3.1. Eq.(l) has a prime period two solutions if and only if 

e 2 (b + c + d + ad) 2 (a + l) 2 — Aade 2 {a + 1)(6 + c + d + ad) > 0 , , k,l,s,t — even. (7) 


Proof: First suppose that there exists a prime period two solution 

-,p,q,p,q,-> 

of Eq.(l). We will prove that Condition (7) holds. 

We see from Eq.(l) ( when k,l,s,t— even ) that 

bq + cq bp + cp 

p = aq +— ; , q = ap+— . 

d + eq d + ep 

dp + epq = adq + aeq 2 +bq + cq, 

dq + epq = adp + aep 2 +bp + cp. 


Then 

and 


(8) 

(9) 


Subtracting (8) from (9) gives 

d(p ~q) = ad(q - p) + ae(q 2 - p 2 ) + b(q - p) + c{q - p). 

Since p 7^ q, it follows that 


p + q = - 


(b + c + d + ad) 


ae 


Again, adding (8) and (9) yields 

2 epq + d(p + q) = ad(p + q) + ad(p + q) 2 + 2 aepq + b(p + q) + c(p + q ). 
It follows by (10), (11) and the relation p 2 + q 2 = (p + q) 2 — 2 pq for all p,q £ R, that 

d(a + b + c + d + ad) 


pq = 


ae 2 (a + 1) 


( 10 ) 

( 11 ) 

( 12 ) 


Now it is clear from Eq.(10) and Eq.(12) that p and q are the two positive distinct roots of the quadratic 
equation 

t 2 + (' (fc+c+d+ad) ^ t + (' d ( a+b+e+d+ad) ) = 


and so 
thus 


ae 2 (a + 1 )t 2 + e{a + l)(b + c + d + ad)t + d(a + b + c + d + ad) = 0, 

((a + 1)(6 + c + d + ad)) 2 > 4 ad(a + 1 )(b + c + d + ad), 

(a + 1)(6 + c + d + ad) > 4 ad. 


Therefore Inequality (7) holds. 

Second suppose that Inequality (7) is true. We will show that Eq.(l) has a prime period two solution. Assume 


that 


— e(a+l)(b+c+d+ad) + ^/£ eAB T 

P - 2ae 2 (a+l) - 2ae 2 A ’ 
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and 

q = ~ e ^ 2 ^ , where .4 = (a+1), B = (a + b + c + d + ad) 

where £ = e 2 (a + 1 ) 2 {b + c + d + ad) 2 — 4 ade 2 (a + l)(b + c + d + ad). 

We see from Inequality (7) that 

e 2 (a + l) 2 (b + c + d + ad) 2 — 4ade 2 (a + 1 )(b + c + d + ad) > 0, 


then after dividing by e 2 (a + 1)(6 + c + d + ad) we see that 

=> (a + l)(b + c + d + ad) > 4ad, 

Therefore p and q are distinct real numbers. 

Set 


x-i = p, x-i+i=q, j X-k = q'i x- k+ i = p, 

x- s = p, x - s + i = q, x- t = p, x-t+i = q, and x 0 = q. 


We wish to show that 
It follows from Eq.(l.l) that 


xi = X-i = p and x 2 = Xq = q. 


x\ = ax_i + 


bx-k + cx-s 
d + ex-t 


bp + cp 

= ap+ — = ap + 

d + ep 


( b + c)p 
d + ep 


(b + c)(=t §&&) 

= ap H 4 — v- . 

Multiplying the denominator and numerator of the right side by 2ae 2 A gives 

x = ap + ( b + c K~ eAB +^) 

1 ^^2 aeiAd-eiAB+e^’ 


Multiplying the denominator and numerator of the right side by {2 ae 2 Ad — e 2 AB — e^} 


(6+c)(-eAB+ v /|)(2ae 2 Ad-e 2 AB-e v /?) 

Xl = aP + (2ae 2 Ad-e 2 AB+e^)(2ae 2 Ad-e 2 AB-e^) ’ 

(b+c) )—2ade 3 A 2 B+e 3 A 2 B 2 —e(e 2 A 2 B 2 —4ade 2 AB)+2ade 2 A\/£) 

P (2 ade 2 A—e 2 AB) 2 — (e^) 2 

(b+c)[2ade 3 AB(2-A)+2ade’ 2 A^] 

— a P + e 2 A 2 (4a 2 d 2 +B 2 —4adB) — e‘ i A 2 B^+Aiade 4 AB ’ 

Replacing A = (a+1) and B = (b + c+d + ad) in denominator of above equation gives 

(b-\-c)^2ade 3 AB(l—a)-\-2ade 2 Ay/£^ 

4 a 2 d 2 e 4 (a+1) 2 — 4ade 4 (a+1) 2 (b-\-c+d+ad)+4ade 4: (1+a) (6+c+d+ad) 
(b-\-c)^2ade 3 AB(l-a)-\-2ade 2 Ay/£^ 

dp H - 4 a 2^2 e 4(' a _|_i^2_4 a ^ e 4^ a _|_2) 2 (6+c+d+a(i)+4ade 4 (l+a)(6+c+d+a<i) 

(5+c) [2ade 3 AB(l-a)-\-2ade 2 Ay/t\ 

~ a P 4a 2 de 2 (a+l)(b+c) 
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Dividing numerator and denominator by(6 + c) we get 

2ade 3 AB(l—a)+2ade 2 A\/£ eB(l — a) + y/£ 

Xl ~ a P 4a 2 de 2 (a+l) ~ a P 2ae 2 

Now inserting the value of p we get 

—eAB + eB{ 1 — o) + \/£ 

Xl = 2^A 2^ 

_ ' / —eAB+\A eS(l — a) + vT\ — eAB+a,\/£— eB{l — a)(l+a) — (a+l)-/? 

2 g 2 y A a J 2ae 2 (a-fl) 

—eaB(a + 1 ) — eB + eBa 2 — 

2 ae 2 (a + 1) 

putting the value of£?= (6 + c + d + ad) we get 

_ -e(b+c+d+ad)(a+l)-y/^ _ 

X1 2ae 2 (a+l) ' 

Similarly as before one can easily show that 

x 2 = p. 

Then it follows by induction that 

X 2 n = P and X 2 n+i = q for all n > — 1. 

Thus Eq.(l) has the positive prime period two solution 

-,p,q,p,q,-, 

where p and q are the distinct roots of the quadratic equation (13) and the proof is complete. 

The following Theorems can be proved similarly. 

Theorem 3.2. Eq.(l) has a prime period two solutions if and only if 

e 2 (a + l) 2 (d + ad + b + c) 2 — 4 e 2 (ad + b + c)(a + 1 )(d + ad + b + c) > 0, t — odd , l, k, s — even. 


Theorem 3.3. Eq.(l) has a prime period two solutions if and only if 

e 2 (a + l) 2 (d + ad — b — c) 2 — 4e 2 ad(a + l)(d + ad — b— c) > 0 , l — even ,s,k,t~ odd. 


Theorem 3.4. Eq.(l) has a prime period two solutions if and only if 

e 2 {d — ad + b + c) 2 (a — l) 2 — 4e 2 (a — 1 ) 2 {b + c)(d — ad + b + c) > 0, l,t— odd, s, k — even. 


Theorem 3.5. Eq.(l) has a prime period two solutions if and only if 

e 2 (a + 1) 2 (6 + c — d — ad) 2 + 4 ae 2 (a + 1 )(b + c— d— ad){d —b — c)> 0, l,t — even, s, k — odd. 


375 


E. M. Elsayed et al 369-379 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.2, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


4. GLOBAL ATTRACTIVITY OF THE EQUILIBRIUM POINT OF EQ.(l) 

In this section we investigate the global attractivity character of solutions of Eq.(l). 

Theorem 4.1. The equilibrium point x of Eq.(l) is global attractor. 

Proof: Let p, q are a real numbers and assume that / : [p, q ] 4 — >- [ p , q] be a function defined by 

. bui+ cu 2 

f{u 0 ,ui,u 2 ,u 3 ) = au 0 + -t- . 

a + eu 3 

We can easily see that the function f(uo,ui,U 2 ,u 3 ) increasing in uo,Ui,U 2 and decreasing in u 3 . 
Suppose that (m, M) is a solution of the system 


m = /(m, m, m, M ) and M = f(M, M, M , m). 


Then from Eq.(l), we see that 


m = am 


{b + c)m 
d + eM ’ 


M = aM + 


(■ b + c)M 
d + em 


That is 


or, 


then d + eM = d + em. Thus 
then the proof is complete. 


. b+c b+c 

1 -a—- 1 -a=- , 

d + eM d + em 

b+c b+c 
d + eM d + em ’ 

M = m. It follows by the Theorem B that x is a global attractor of Eq.(l) and 


s. NUMERICAL EXAMPLES 


For confirming the results of this paper, we consider numerical examples which represent different types of 
solutions to Eq. (1). 

Example 1. We assume 1 = 3, k = 2, s = 3, t = 2 x- 3 = 7, x _2 = 2, x-\ = 1, x 3 = 9, a = 0.1, b = 0.2, c = 
0.9, d = 0.6 e = 0.3. See Fig. 1. 

Example 2. See Fig. 2, since l = 4, k = 3, a ;_4 = 12, x- 3 = 7, x _2 = 9, x_i = 10, £0 = 5, a = 0.9, b = 
2, c = 7, d = 3. 



plot of x(n+1)= a.X(n-l)+((b.X(n-k)+c.X(n-s))/((d+e.X(n-t)))) 


200 400 600 800 1000 


Figure 2. 

Example 3. We consider 1 = 3, k = 2, X- 3 = 12, x _2 = 7, X-\ = 9, Xo = 10, a = 0.3, b = 1.5, c = 11, d 
See Fig. 3. 
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Example 4. See Fig. 4, since l = 3, k = 4, x -4 = 12, x _3 = 7, x _2 = 9, x_i = 10, xq = 5, a = 0.6, b = 
2, c = 7, d = 4. 


plot of x(n+1)= a.X(n-l)+((b.X(n-k)+c.X(n-s))/((d+e.X(n-t)))) 
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plot of x(n+1)= a.X(n-l)+((b.X(n-k)+c.X(n-s))/((d+e.X(n-t)))) 



Figure 3. 


Figure 4. 
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PERIODIC ORBITS OF SINGULAR RADIALLY SYMMETRIC 

SYSTEMS 

SHENGJUN LI 1 - 2 , WULAN LI 3 AND YIPING FU 1 


Abstract. We study the existence of periodic orbits of planar radially sym- 
metric systems with a singularity. These orbits have periods which are large 
integer multiples of the period of the forcing, and rotate exactly once around 
the origin in their period time. The proof is based on the use of topological 
degree theory and a fixed point theorem in cones. 


1. Introduction 

In the paper [11], Fonda and J.Urena have studied the periodic, subharmonic 
and quasi-periodic orbits for the radially symmetric system 

(l.l) x + f(t, M)A = 0, ieR 2 \{0}, 

where / £ C((R/TZ) x (0, oo),K) may be singular at the origin. As mentioned in 
[10], many phenomena of the nature obey to laws of (1.1), such as the Newtonian 
equation for the motion of a particle subjected to the gravitational attraction of a 
sun which lies at the origin. Setting p(t) = |a;(t)|, they proved the following result: 
Theorem 1.1 Suppose that f{t,p ) > 0 for t. £ [0 ,T],p > 0 and satisfies the 
following conditions: 

(Ai) lim f(t,p)/p = 0, for a.e. fsR. 

p—too 

(A 2 ) There exists some function h £ L) oc (R) and some number r 0 > 0 
such that 


\f(t,p)\ < h(t)p, on M x [r 0 ,+oo]. 

Then, there exists a connect set C of T-radially periodic solutions of (1.1) which 
goes from zero to infinity. 

We look for solutions x(t ) £ M 2 which never attain the singularity, in the sense 
that 


x(t) ^ 0, for every t, G R. 

Using the same idea in [8], we may write the solutions of (1.1) in polar coordinates 
x(t) = p(t) (cos <p(t), sin tp(t)). 


2000 Mathematics Subject Classification. Primary 34C25. 

Key words and phrases. Periodic orbits, singular radially symmetric systems, topological de- 
gree theory, fixed point theorem in cone. 
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Then we have the collisionless orbits if p(t) > 0 for every t. Moreover, equation 
(1.1) is equivalent to the following system 


( 1 . 2 ) 


P+f(t,P ) -^3=0, 
P 2 P = P, 


where p is the angular momentum of x(t). Recall that p is constant in time along 
any solution. 

If x is a T-radially periodic, then p must be T-periodic. We will prove the 
existence of a T-periodic solution p of the first equation in (1.2). We thus consider 
the boundary value problem 


P + f(t,p) = 

p(0) = p(T), p(0)=P(T). 


Let p = 0, (1.3) can be written the singular T-periodic problem 


(1.4) 


P + f(t,p) = 0. 


The question about the existence of non-collision periodic orbits for scalar e- 
quations and dynamical systems with singularities has attracted much attention 
of many researchers over many years. See[5, 7, 12, 13, 15, 24]. Usually, the proof 
is based on variational approach [1, 2, 6, 16, 22], the method of upper and lower 
solutions [3, 21], some fixed point theorems [19, 26, 27, 28, 29] or the topological de- 
gree theory [17, 18, 23, 30]. In particular, several existence results for the following 
scalar differential equation 


(1.5) x + a(t)x = f(t, x) 

has been established in [23, 25, 27]. Note that (1.5) is a nonlinear perturbation of 
Hill equation 


x + a(t)x = 0. 

Moreover, it has been found that a particular case of (1.5), the Ermakov-Pinney 
equation, plays an important role in studying the Lyapunov stability of periodic 
solutions of Lagrangian equations [20] . 

Our main motivation is to obtain by the above papers [9, 17, 27], by the use of 
topological degree theory and a well-known fixed point theorem in cones, we prove 
the existence of large-amplitude periodic orbits whose minimal period is an integer 
multiple of T, and rotate exactly once around the origin in their period time. 

The rest of this paper is organized as follows. In Section 2, some preliminaries 
are given. In Section 3, , we give the main results. 


2. Preliminaries 

We say that the scale linear equation 
(2.1) x + a(t)x = 0 

is nonresonant if its unique T-periodic solution is the trivial one. When (2.1) 
is nonresonant, as a consequence of Fredholm’s alternative, the nonhomogeneous 
equation 

x + a(t)x = h(t ) 
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admits a unique T-periodic solution which can be written as 

x(t) = [ G(t,s)h(s)ds, 

Jo 

where G(t,s) is the Green’s function of (2.1), associated with periodic boundary 
conditions 

(2.2) x(0) = x(T), x(0) = x(T). 

Throughout this paper, we always assume that the following standing hypothesis 
is satisfied: 

(H) a(t) is a continuous T-function and the Green’s function of (2.1) is positive 
for all (t,s) G [0, T] x [0,T], 

In other words, the strict anti-maximum principle holds for (2.1)-(2.2). It is prove 
in [25] that if a(t) satisfies a >~ 0 and A 1 (a) > 0, then condition (H) is satisfied; 
here the notation a >~ 0 means that a(t) > 0 for all t G [0, T] and a(t) > 0 for t in 
a subset of positive measure, A 1 (a) denotes the first anti-periodic eigenvalue of 

x" + (A + a(t))x = 0 

subject to the anti-periodic boundary conditions 

x(0) + x(T) = 0, x(0) + x(T) = 0. 

Now we make condition (H) clear. When a(t) = k 2 , condition (H) is equivalent 
to saying that 0 < k 2 < Ai = (n/T) 2 , where Ai is the first eigenvalue of the 
homogeneous equation x" + k 2 x = 0 with Dirichlet boundary conditions x(0) = 
x(T) = 0. For a non-constant function a(t), there is an L p - criterion proved in [25]. 
To describe these, we use || • || 9 to denote the usual L q - norm over (0, T) for any 
given exponent q G [1, oo]. The conjugate exponent of q is denoted by p : A + A = 1. 
Let M(g) denote the best Sobolev constant in the following inequality 

C\\u\\ 2 q < \\u'\\l for all u G Hq(0,T). 

The explicit formula for M(g) is 

M(g) = | 9 T 1 + 2/8 (^ 2 ) (r(i/ 2 +i/g)) ’ for 1 < q < 00 , 

( for q = 00 , 

where T(-) is the Gamma function of Euler. Let us define 

(2.3) A = {a G L p [ 0, T\ : a >~ 0, ||a|| p < M(2g) for some 1 < p < + 00 } 

Lemma 2.1 [25] Assume that a(t) G A, then (2.1) satisfies the standing hypoth- 
esis (H), i.e, G(t,s) > 0 for all (t,s) G [0 ,T] x [0, T\. 

Remark 2.2 If p = 1, condition IMI p < M(2 q) can be weakened to ||a||i < 
M(oo) = 4 by the celebrated stability criterion of Lyapunov. In case p = 00 , condi- 
tion ||a|| p < M(2g) reads as Halloo < M(2) = 7r 2 , which is a well known criterion for 
the anti-maximum principle used in related literature. In this case,||a|| p < M(2g) 
can be weakened to a(t) -< tt 2 . 

Under hypothesis (H), we always denote 

Tfi 

(2.4) M= max G(t,s), m= min G(t,s ), a = — . 

v ' 0 <s,t<T v ’ 0 <s,t<T v ' M 

Thus M > m > 0 and 0 < a < 1. 
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In order to prove our results, we need two preliminary results. The first one is a 
well-known fixed point theorem in cones, which can be found in [14]. 

Theorem 2.3 Let X be a Banach space and K a cone in X. Assume fli, Q 2 are 
open subsets of X with 0 £ fii, f} 2 \fi 2 - Let 

T : KC\ (f2 2 \fii) -t K 

be a continuous and completely continuous operator such that 

(i) ||Tx|| < ||x|| for x £ K n 

(ii) There exist i/’ € K {0} such that x ^ Tx + \ip for x £ K PI dfl 2 and A > 0. 
Then T has a fixed point in K n (fl 2 \ fli). The same conclusion remains valid if (i) 
holds on K fl dfl 2 and (ii) holds I\ PI dfli. 

In applications below, we take X = C[0,T] with the supremum norm || • || and 
define 


K = {x £ X : x(t) > 0 for all t £ [0,T] and min > cr||aj||}. 

0 <t<T 


where er is as in (2.4). 

One can readily verify that K is a cone in X. Define an operator T : X — > X by 

(Tx)(t) = f G(t, s)F(s,x(s))ds 
Jo 

for x £ X and t £ [0, T], where F : [0, T] x R — > [0, oo) is continuous and G(t, s) is 
the Green’s function of (2.1). 

Lemma 2.4 T is well defined and maps X into K. Moreover, T is continuous 
and completely continuous. 

Proof It is easy to see that T is continuous and completely continuous since F 
is a continuous function. Thus, we only need to show that T(X) C K. Let x £ X, 
then we have 


min (Tx)(t) = min [ G(t, s)F(s, x(s))ds 

<x<T o <x<T J 0 

r T 

>m F(s, x(s))ds 
Jo 

= crM / F(s,x(s))ds 
Jo 

f T 

> a max / G(t, s)F(s,x(s))ds 

0 <x<T / n 

= ^l|r*||. 


This implies that T(X) C K and the proof is completed. 

To state the second preliminary result, we recall some notation and terminology 
from [9]. Let X be a Banach space of functions, such that C' 1 ([0,T]) C X C 
C([0,T]), with continuous immersions, and set X* = {p £ X : min p > 0}. 

Define the following two operators: 

D(L) = {p£ ir 2,1 (0, T) : p(0) = p(T),p( 0) = p(T)}, 

(2.5) L : D(L) C A-> L\ 0, T), Lp = p, 
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and 

N:X^L\0,T), (Np)(t) = -f(t,p(t)) 

Taking a G ffi. not belonging to the spectrum of L, (1.5) can be translated to the 
fixed problem 

p={L-aI)~ 1 {N-aI)p. 

We will say that a set fl C X is uniformly positively bounded below if there is a 
constant <5 > 0 such that min p > 5 for every p G fl. we need the following theorem, 
which has been proved in [9]. 

Theorem 2.5 Let 0 be an open bounded subset of X, uniformly positively 
bounded below. Assume that there is no solution of (1.5), on the boundary dfl, 
and that 

deg(I — (L — aI)^ 1 (N — al), fl, 0) ^ 0. 

Then, there exists a k\ > 1 such that, for every integer k > k\, systems (1.1) 
has a periodic solution Xk(t) with minimal period kT, which makes exactly one 
revolution around the origin in the period time kT. The function |xfc(t)| is T- 
periodic and, when restricted to [0, T], it belongs to fl. Moreover, if pk denotes the 
angular momentum associated to Xk(t), then 

lim pk =0. 

k — yoo 

3. Main Results 

In this section, we state and prove the main results. First we recall that A 
denotes the set defined by (2.3). 

Theorem 3.1 Suppose that there exist a(t) G A and 0 < r < R such that 
(Hi) -a(t)p < f(t,p) < o/r- l/ar , Vp G [or,r], 

(H 2 ) f(t,p)> 0, V P €[<tR,R]. 

Then, equation(1.4) has a T-periodic solution, and there exists a ki > 1 such that, 
for every integer k > k\, system (1.1) has a periodic solution with minimal period 
kT, which makes exactly one revolution around the origin in the period time kT. 
Moreover, exist constant C > 0 (independent of p and k) such that 

< \xk(t)\ < C, for every t G K. and every k>k\, 

o 

and, if pk denotes the angular momentum associated to Xk(t ) then 

lim pk =0. 

k — yoo 

Now we begin by showing that Theorem 3.1, and use topological degree theory. 
To this end, we deform (1.4) to a simpler singular autonomous equation 

1 1 

P + ~ 2 P ~ ~ = 0. 
r z p 

where r is as in Theorem 3.1. 

In order to apply Theorem 2.5, we consider the p = 0 and study for r G [0, 1], 
the following homotopy equation 

(3.1) p + f(t, p\ t) = 0, tG [0,1], 
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associated to periodic boundary conditions 

p(0) = p(T), p(0) = p(T), 

where 

f(t, p; t) = rf(t, p) + (1 - r)(4 - -)• 

r z p 

Note that f(t, p\ r) satisfies the conditions: 

(Hi) f(t, p; t) + a(t)p > 0, Mp € [ar, R], 

(H' 2 ) f{t,p; t) < 0 ,Vp G [nr, r] and f(t,p;r) > 0, Vp G [o\R,.R]. 
uniformly with respect to r G [0,1], We need to find a priori estimates for the 
possible positive T-periodic solutions of (3.1). The important point to be proved is 
the following. 

Proposition 3.2 Suppose that there exist a G A and 0 < r < R such that 
/(f,p;r) satisfies (H^) and (H 2 ). Then, equation (3.1) has at least one T-periodic 
solution. 

Proof The existence is established using Theorem 2.3. To do so, let us write 
equation (3.1) as 

p + a(t)p = f(t, p; t) + a(t)p. 

Define the open sets 

^i={p€l: ||p|| < r, fl 2 = {pG X : ||p|| < R}. 

Let K be a cone defined by (2.5) and define an operator on K by 

{®p)(i)= [ G{t,s)[f(s,p(s);T) + a{t)p\ds. 

Jo 

Clearly, $ : K n (Dfl\fl r ) — >• C[0,T] is continuous and completely continuous since 
/ : [0, T] x [ar,R] x [0, 1] is continuous. Also we have &(K) C K. 

By the first inequality of condition (H^), we have f(t, p ; r) + a(t)p > a(t)p, Vp G 
[ar, r]. Let ip = 1, so ip € K. Now we prove that 

(3.2) p^^p-p \ p, Vp G K n dfl r and A > 0. 

Suppose not, that is, suppose there exist po G K n d£l r and Ao > 0 such that po = 

d ) Po + Ao'0. Now since po G A'n9fl r , then po(t) > tr||po|| = ar. Let p = min po(t). 

te[o,T] 

Then we have 

Po(t) = ($Po)(t) + A 0 

= [ G{t, s)[/(s,p 0 (s);r) + a(s)p 0 (s)]ds + A 0 


> 


/ G(t, s)a(s)p 0 (s)ds + A 0 

Jo 

r T 

p / G(t,s)a(s)ds + Ao=p + A 0 , 
Jo 


note f Q G(t, s)a(s)ds = 1. This implies p > p + Ao, a contradiction. Therefore, 
(3.2) holds. 

On the other hand, by the second inequality of condition (H 2 ), we have 
fit, p; r) + a{t)p < a(t)p, Vp G [aR, R]. 
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Now we prove that 

(3.3) ||$x|| < ||ai||, x € K n dQR. 

In fact, for any p £ K C I <9n^, we have 


(®x)(t) = [ G(t,s)[f(s,p 0 (s);T)+a(s)p(s)]ds 
Jo 


< 


G{t , s)a(s)p(s)ds 


< 


r T 

/ G(t, s)a(s)ds ■ max p(t) = 

Jo te[o,T] 


Therefore, ||$p|| < ||p||, that is, (3.3) holds. 

It follows from Theorem 3.3, (3.2) and (3.3) that $ has a fixed point p £ K D 
(£lji\Q r ), the proof is finished. □ 

Proof of Theorem 3.1 Now, from Proposition 3.2, this fixed point is a positive 
solution of (3.1) satisfying r < ||x|| < R. 

Notice the boundary condition p(0) = p(T). Integrate (3.1) from 0 to T, we get 


[ p(t)dt = — f f(t,p(t);T)dt = 0 . 
Jo Jo 


Thus \\f(t, p(t); t)||i = 2||/ + (t,p(t);r)||i. Since p( 0) = p(T), there exists t x £ [0,T] 
such that p(ti) = 0. Therefore 

||p|| = max |p(f)| = max / p(s)ds 
o <t<T o <t<T J t 

< [ \f(s,p(s);T)\ds = 2 [ j/ + (s,p(s);r)| ds 
Jo Jo 


< 2 


|a(s)p(s)| ds 


< 2i?||a||i := H. 

where f + (t,p(t);r) = max{/(t, p(t); t), 0}. 

Define the linear operator L as in (2.5) and the Nemytzkii operator 


^ : X , 


L\ 0,T), 


(N T p)(t) = —f(t, p(t);r), 

(3.1) also can be translated to the fixed problem 
(3.4) p=(L-aI)~ 1 (N T -aI)p, 

since L — al is invertible. 

Take C = max{l/r, 1?, H} and let the open bounded in X be 

fl = {p £ X : < p{t) < C and |p(t)| < C for all t £ [0,T]}. 

o 

Obviously, O is an open subset of C' 1 [0,T], and equation (3.4) has no solutions on 

an. 
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In order to compute the degree, we consider equation (3.1). By homotopy in- 
variance of degree, the degree has to be the same for every r G [0, 1]. Therefore, 
we consider the equation (3.1) with r = 0, that is the equation 

1 1 

P + -^p — =0, 
r z p 

which is equivalent to the system 


Y = F(Y) 



where Y = (p, u ) . 

It is easy to know that F has a unique zero (po,uo) and the determinant of Ja- 
cobian matrix satisfies \Jf(po,uq)\ > 0. By Lemma the result of Capietto, Mawhin 
and Zanolin [4], the Leray-Schauder degree of I — L~ 1 N(p , •) is equal to the Brouwer 
degree of F, i.e., 

d L (I - L^N^-^O) = d B (F,(^,C) x (-C,C)) = 1. 

By Theorem 2.1, the proof of Theorem 3.1 is thus completed. 

It is a direct consequence of Theorem 3.1 taking r and R small and big enough, 
respectively. We obtain 

Corollary 3.3 Assume that the following two conditions hold: 

(H 3 ) lim f(t,p)/p=— oo, uniformly for t G [0, T], 

p-»0+ 

(H 4 ) lim f(t,p)/p = + 00 , uniformly for t G [0,T] 

p— >-+oo 

Then problem (1.1) has the same conclusion of Theorem 3.1. 
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Abstract. Let A and B be real ternary Banach algebras. An additive mapping 3 : (A, [ ]a) — > ( B , [ }b) is 

called a ternary Jordan homomorphism if S([x, x, x\a) = [9(x), S(x), S(x)]b for all x € A. 

In this paper, we investigate the stability and superstability of ternary Jordan ring homomorphisms in ternary 
Banach algebras by using the fixed point method. 

1. Introduction 

Ternary algebraic operations were considered in the 19th century by several mathematicians. Cayley [5] who 
introduced the notion of cubic matrix which in turn was generalized by Kapranov, Gelfand and Zelevinskii in 
1990 [13]. As an application in physics, the quark model inspired a particular brand of ternary algebraic systems. 
There are also some applications, although still hypothetical, in the fractional quantum Hall effect, the non- 
standard statistics (the anyons), supersymmetric theories, Yang-Baxter equation, etc, (cf. [1, 26]). 

The comments on physical applications of ternary structures can be found in [2, 8, 9, 21, 22, 23, 26]. 

Let A and B be ternary Banach algebras. An additive mapping 3 : (A, [ ]a) — > (B, [ ]b) is called a ternary ring 

homomorphism if 

3([x,?/,2:]a) = [3(x),S(2/),9(z)] b 

for all x,y, z € A. An additive mapping 3 : (A, [ ]a) — > ( B , [ ]b) is called a ternary Jordan ring homomorphism if 

9([x,x,x]a) = [9f(x),3f(x),S(x)]s 

for all x £ A. 

We say that a functional equation (Q) is stable if any function g satisfying the equation (Q) approximately is 
near to true solution of (Q). Also, we say that a functional equation is superstable if every approximately solution 
is an exact solution of it. 

°2010 Mathematics Subject Classification. Primary 39B52; 39B82; 46B99; 17A40. 

°Keywords: stability, superstability, ternary Jordan ring homomorphism; ternary Banach algebra. 

°* Corresponding uuthor: dyshin@uos.ac.kr (Dong Yun Shin). 
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The study of stability problems originated from a famous talk given by Ulam [25] in 1940: “Under what 
condition does there exist a homomorphism near an approximate homomorphism?” In 1941, Hyers [12] answered 
affirmatively the question of Ulam for additive mappings between Banach spaces. A generalized version of the 
theorem of Hyers for approximately additive maps was given by Rassias [20] in 1978. For more details about 
various results concerning such problems the reader is referred to [3, 6, 7, 10, 11, 15, 16, 17, 18, 19, 24]. 

We need the following fixed point theorem. 

Theorem 1.1. [14] Suppose that (fl, d) is a complete generalized metric space and T : fi -> fl is a strictly 
contractive mapping with the Lipschitz constant L. Then, for any x G ft, either 

d{T n x,T n+1 x) = oo, Vn > 0, 

or there exists a positive integer no such that 

(1) d(T n x,T n+1 x) < oo for all n > no; 

(2) the sequence { T n x } is convergent to a fixed point y* of T; 

(3) y* is the unique fixed point of T in A = {y G fl : d(T n °x,y ) < oo}; 

( 4 ) d(y, y*) < T ^ z d{y,Ty) for all y G A. 

In this paper, we prove the stability and superstability of ternary Jordan ring honromorphisms in ternary 
Banach algebras by using the fixed point method. 


2. Stability of ternary Jordan ring homomorphisms 

In this section, we establish the stability ternary Jordan ring homomorphisms in ternary Banach algebras. 
Throughout this section, assume that A and B are ternary Banach algebras. 

Lemma 2.1. [9] Let f : A — ► B be an additive mapping. Then the following assertions are equivalent 

f{[a, a, a]) = [/(a), /(a), /(a)] (2.1) 

for all a G A, and 

/([a, b, c } + [6, c, a] + [c, a, b ]) = [/(a), f(b),f(c)\ + [f(b), /(c), /(a)] + [/(c), /(a), f(b)} (2.2) 

for all a,b,c G A. 

Theorem 2.2. Let f : A — » B be a mapping for which there exist functions <p : A x A — ► [0, oo) and xf : 
A x A x A -a [0, oo) such that 

II f(x + y)~ f{x) - f(y) || < p{x, y), (2.3) 

II f([x,y,z\ + [ y,z,x } + [ z,x,y ]) - [f(x), f(y), f(z)} - [f(y),f(z),f(x)} - [f(z), f(x), f(y)}\\ < ip(x,y,z) (2.4) 
for all x, y, z G A. If there exists a constant 0 < L < 1 such that 

T (|, |) < TjVOuy), (2-5) 
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(2 - 6) 

for all x,y,z € A, then there exists a unique ternary Jordan ring homomorphism, 3 : A — >• B 

ll/O) - 3(z)|| < 2 ^ L L ^ (ai, a:) (2.7) 

for all x G A. 


Proof. It follows from (2.5) and (2.6) that 


lim 2 n ip(—, — 'j = 0 

n— >-oo V 2 n 2 n / 

lim 2 3r W 

n— >■ oo V 


x y z 
^ 2 n 7 2 n ? 2 n 


= o 


(2.8) 

(2.9) 


for all x,y,z G A By (2.5), Hindoo 2 n ^(0, 0) = 0 and so y>(0, 0) = 0. Letting x = y = 0 in (2.3), we get 
/(0) < <p(0, 0) = 0 and so /( 0) = 0. 

Let 17 = {g : H — > B, g( 0) = 0}. We introduce a generalized metric on 17 as follows: 


d{g, h) = d v (g, h) = inf{A' G (0, oo) : \\g(x) — h(x)\\ < Kip(x,x), \/x £ A} 

It is easy to show that (17, d) is a generalized complete metric space. 

Now, we consider the mapping T : 17 — >■ 17 defined by Tg(x) = 2c/(|) for all x G A and g G 17. Note that, for 
all g,h £i 7 and iG A, 


d(g,h)<K => ||<?(®) — /i(x)|| < Kip(x,x) 


-a;.,, ^ .xx. 

^ II ) — 2/i( — )|| < 2 A <p( — , 2 ^ 

=* l|2fl , (^) — 2/i(^)|| < L K ip(x, x) 

=> d(Tg, Th) < L K. 


Hence we show that 

d(Tg,Th) < L d{g,h) 


for all < 7 , /r G 17, that is, T is a strictly contractive mapping of 17 with the Lipschitz constant L. 
Putting y = x in (2.3), we get 


11/(2®) - 2/(®)|| < <p(x,x) 


for all x G A. So 

/(®) 

for all x G A, that is, d(f,Tf) < < 00 . 

Let us denote 




ip(x,x) 


Q(x) 


lim 2" 

n—too 
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for all x £ A since linin^oo d(T n f , 3) = 0. By the result in [4] , S is a ternary Jordan mapping and so it follows 
from the definition of A, (2.4) and (2.9) that 


3([x,y,z] + [y,z,x] + [z,x,y]) - [$s(x),$s(y),$s(z)] - [9(j/), 3(z), 3(x)] - [3(z), Q(x), S(y)]|| 

f(o Snriy V_ ±] +2 3n \— V- a L] + 2 3n \— — JLA 
V 1 2" ’ 2" ’ 2” 1 2 n ’ 2” ’ 2” ' 1 2 n ’ 2” ’ 2” / 

2 3-rf ^ f(-)]-2 3n \f(y-) f(— \ f(^)]-2 3n \f(-) f (— ) ffili 

^ V 2 n / ’ J \ 2 n / ’ J V 2 n / ^ V 2 n / ’ ^ V 2 n / ’ ^ V 2 n / ^ V 2 n J : J \ 2 n J : J \ 2 n / ^ 


= lim 

n— >■ oo 


< l im 2 8 »^(4,^,4)=0 


2n 7 2 n 2 71 


and so 


3([x, y, z] + [y, z , x] + [ 2 , x, y}) = [3?(x), S(j/), $*( 2 )] + [3?(y), $$( 2 ), 3?(x)] + [$$( 2 ), 3?(x), S(y)] 


for all x £ A. 

According to Theorem 1.1, since 3 is the unique fixed point of T in the set A = {g £ fl : d(f,g) < 00 }, 3 is the 
unique mapping such that 

||/(x) - $(x)\\ < K < p(x,x) 


for all x £ A and K > 0. Again, using Theorem 1.1, we have 


<*(/,$)< 


1 - L 


d(f,Tf)< 


2(1 ~L) 


and so 

II f{x) - (?(a;)|| < o[\ L - L ) 

This completes the proof. 


□ 


Corollary 2.3. Let 9,p be nonnegative real numbers with r, p > 1 and r 3p > 1. Suppose that f : A — ► B is a 
mapping such that 

\\f(x + y)~ f(x) - f{y)\\ < 6»(||ar|r + \\y\\ r ), 

II f([x,y,z\ + [y,z,x\ + [ z,x,y ]) - [f(x),f(y),f(z)\ - [. f(y),f{z)J(x )] - [f{z),f(x)J(y)} || < 0 (M P .||j/|| p .|| 2 || p ) 
for all x,y,z € A. Then there exists a unique ternary Jordan ring homomorphism 3 : A — > B satisfying 

||/(*)-ff(*)||<^2y|N| r 

for all x £ A. 


Proof. The proof follows from Theorem 2.2 by taking 

<fi{x,y) := 6»(||x|r + \\y\\ r ), ip{x,y,z) := 9(\\x\\ p .\\y\\ p .\\z\\ p ) 
for all x,y £ A. Then we can choose L = 2 1 ~ r and so the desired conclusion follows. 


□ 
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M. Eshaghi Gordji, V. Keshavarz, J. Lee, D. Shin, C. Park 

Remark 2.4. Let / : A — » B be a mapping with /( 0) = 0 such that there exist functions tp : A x A — >• [0, oo) 
and if : A x A x A — >• [0, oo) satisfying (2.3) and (2.4). Let 0 < L < 1 be a constant such that 

ip(2x,2y) < 2 Lip(x,y), if(2x,2y,2z) < 2 3 Lif(x,y, z) 

for all x,y,z € A. By the similar method as in the proof of Theorem 2.2, one can show that there exists a unique 
ternary Jordan ring homomorphism £ : A — > X satisfying 

11/0*0 -£0*011 < 2(1 

for all x £ A. For the case 


p(x,y) := 8 + 0(||a;|| r + ||y|| r ), if( x,y,z ) := 6 + 6»(||ai|| p • ||y|| p • || 2 :|| p ) 


(where 6,8 are nonnegative real numbers and r > 0,p < 1 and r 2 3p > 1), there exists a unique ternary Jordan 
ring homomorphism 3 : A — » X satisfying 


11 / 0*0 - £ 0*011 < 


6 


(2 — 2 r ) (2 — 2 r ) 


for all x £ A. 


3. Superstability of ternary Jordan ring homomorphisms 

In this section, we formulate and prove the superstability of ternary Jordan ring homomorphisms. 
Theorem 3.1. Suppose that there exist function if : A x A x A — > [0, oo) and a constant 0 < L < 1 such that 

for all x,y,z € A. Moreover, if f : A — ► B is an additive mapping such that 

II f([x,y,z\ + [y,z,x] + [. z,x,y ]) - [f(x),f(y)J{z)} - [f(y),f(z),f(x)\ - [f{z),f(x),f{y)]\\ < ip(x,y,z) 
for all x,y,z £ A , then f is a ternary Jordan ring homomorphism. 


Proof. The proof of this theorem is omitted as similar to the proof of Theorem 2.2. □ 

Corollary 3.2. Let 9 , r, s be nonnegative real numbers with r > 1 and s > 3. If f : A — >• B is an additive mapping 
such that 

II f([x, V, z } + [y, z, x] + [z, x, y}) - [f(x),f{y), f(z)} - [ f(y ), f(z), f(x)} - [ f(z ), f(x), f(y)}\\ < 6»(||a:|| s + ||y|| s + || 2 || s ) 
for all x,y, z € A, then f is a ternary Jordan ring homomorphism. 
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Approximate ternary Jordan ring honromorphisms 

Remark 3.3. Let 8,r be nonnegative real numbers with r < 1. Suppose that there exists a function : 
A x A x A — > [0, oo ) and a constant 0 < L < 1 such that 

ip{2x, 2 y, 2 z) < 2 3 Lip(x, y, z) 

for all x,y, z £ A. If / : A — >• B is an additive mapping such that 

II f{[x,y,z\ + [y,z,x\ + [. z,x,y ]) - [f (x) J (y) , f {z)\ - [f(y),f(z),f{x)] - [f(z),f(x),f(y)]\\ < ip{x,y,z) 
for all x,y,z £ A , then / is a ternary Jordan ring homomorphism. 
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Approximate controllability of fractional 
impulsive stochastic functional differential 
inclusions with infinite delay and fractional 
sectorial operators 

Zuomao Yan* and Xiumei Jia 
January 30, 2016 


Abstract: In this paper, the approximate controllability of fractional impul- 
sive stochastic functional differential inclusions with infinite delay and fractional 
sectorial operators is considered. By using the stochastic analysis, the fractional 
sectorial operators and a fixed-point theorem for multi-valued maps, a new set of 
necessary and sufficient conditions are formulated which guarantees the approx- 
imate controllability of the fractional impulsive stochastic system. The results 
are obtained under the assumption that the associated linear system is approx- 
imately controllable. Finally, an example is also given to illustrate the obtained 
theory. 

2000 MR Subject Classification: 34A37; 60H15; 26A33; 93B05; 93E03 
Keywords: Approximate controllability; Fractional impulsive stochastic 
functional differential inclusions; Infinite delay; Fractional sectorial operators; 
Fixed point theorem 


1 Introduction 

The notion of controllability has played a central role throughout the history of 
modern control theory. Moreover, approximate controllable systems are more 
prevalent and very often approximate controllability is completely adequate in 
applications; see [1-3]. Therefore, various approximate controllability problems 
for different kinds of dynamical systems have been investigated in many pub- 
lications; see [4,5] and references therein. The fractional differential equations 
has received a great deal of attention, and they play an important role in many 
applied fields, including viscoelasticity, electrochemistry, control, porous media, 
electromagnetic and so on. In recent years, several papers have studied the 
approximate controllability of semilinear fractional differential systems with- 
out delay and infinite delay (see [6-9]). As a result of its widespread use, the 
approximate controllability of stochastic systems have received extensive atten- 
tion. More recently, there are very few contributions regarding the approximate 
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controllability of fractional stochastic control system. For example, Sakthivel 
et al. [10], Kerboua et al. [11], Muthukumar and Rajivganthi [12], Farahi and 
Guendouzi [13]. 

Impulsive partial functional differential equations or inclusions have become 
an active area of investigation due to their applications in fields such as me- 
chanics, electrical engineering, medicine biology (see [14]). Recently, the ap- 
proximate controllability for some fractional impulsive semilinear differential 
systems have been studied in several papers. For example, Liu and Bin [15] 
studied the approximate controllability for a class of Riemann-Liouville frac- 
tional impulsive differential inclusions. Balasubramaniam et al. [16] derived 
sufficient conditions for the approximate controllability of impulsive fractional 
integro-differential systems with nonlocal conditions in Hilbert space. Chalisha- 
jar et al. [17] discussed the approximate controllability of abstract impulsive 
fractional neutral evolution equations with infinite delay in Banach spaces. How- 
ever, besides impulse effects and delays, stochastic effects likewise exist in real 
systems. For semilinear impulsive stochastic control systems in Hilbert spaces, 
there are several papers devoted to the approximate controllability (see [18,19]). 
Zang and Li [20] obtained the approximate controllability of fractional impul- 
sive neutral stochastic differential equations with nonlocal conditions by using 
Krasnoselskii-Schaefer-type fixed point theorem. 

Motivated by the researches mentioned previously, in this paper we con- 
sider the approximate controllability of a class of fractional impulsive stochastic 
functional differential inclusions with infinite delay in Hilbert spaces of the form 

c D a N(xt) G AN{ x t ) + Bu(t) + F(t , x t ) , (1) 

a G (0, l),t G J = [0 ,b],t^ t k , 

x 0 = p £ B, (2) 

Ax(t k ) = h(x tk )i k = 1, . . . ,m, (3) 

where the state x{-) takes values in a separable real Hilbert space H with inner 
product (• ,-)h and norm || • || h • Here c D a is the Caputo fractional derivative 
of the order a G (0, 1) with the lower limit zero, A is a fractional sectorial 
operator defined on (7J, II -I \h). Let K be another separable Hilbert space with 
inner product (•>•)*: and norm || • || k ■ Suppose {w(t) : t > 0} is a given Re- 
valued Wiener process with a covariance operator Q > 0 defined on a complete 
probability space (f l,F,P) equipped with a normal filtration {Ft}t> o, which 
is generated by the Wiener process w. The control function u G L^(J, U), 
a Hilbert space of admissible control functions, p > 2 be an integer, and B 
is a bounded linear operator from a Banach space U to H. The time history 
x t : (—oo, 0] — ■> H given by x t (6) = x(t+6) belongs to some abstract phase space 
B defined axiomatically; F,G, h(k = 1, . . . , m),N(ip) = t/;(0) — G(t, ip), ^ G B, 
are given functions to be specified later. Moreover, let 0 < t\ < • • • < t m < b, 
are prefixed points and the symbol A x{t k ) = x(t~£) — x(fjT), where x(t jT) and 
x(t£) represent the right and left limits of x(t) at t = t k , respectively. The 
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initial data : — oo < t < 0} is an iFg-adapted, £>-valued random variable 

independent of the Wiener process w with finite second moment. 

To the best of our knowledge, the approximate controllability of fractional 
impulsive stochastic functional differential inclusions with infinite delay and 
fractional sectorial operators and the form (l)-(3) is an untreated topic in the 
literature. To close the gap in this paper, we study this interesting problem. 
Sufficient conditions for the approximate controllability results are derived by a 
fixed-point theorem for multi-valued maps combined with the stochastic analysis 
and the fractional sectorial operators. The known results appeared in [15-20] 
are generalized to the fractional impulsive stochastic systems settings and the 
case of infinite delay. 

The rest of this paper is organized as follows. In Section 2, we introduce 
some notations and necessary preliminaries. In Section 3, we give our main 
results. In Section 4, an example is given to illustrate our results. 

2 Preliminaries 

Let (fl, IF, P ) be a complete probability space with probability measure P on S2 
and a normal filtration {-F t } t>0 . Let H,K be two real separable Hilbert spaces 
and we denote by (■,-)h,(-,-)k their inner products and by || • ||h, || • \\k their 
vector norms, respectively. L(H, K) be the space of bounded linear operators 
mapping K into H equipped with the usual norm || • ||# and L(H) denotes 
the Banach space of bounded linear operators from H to H. Let {w(t) : t > 0} 
denote an /G-valued Wiener process defined on the probability space (f l,P,P) 
with covariance operator Q. We assume that there exists a complete orthonormal 
system { e n }[}L 1 in K, a bounded sequence of nonnegative real numbers {A n y^Li 
such that Qe n = X n e n , n = 1,2,..., and a sequence /3„ of independent Brownian 
motions such that 

OO 

(■ w(t),e ) = ^2 \/A n(e n ,e)/3 n (t), e G K,t& J, 

n — 1 

and T t = , where Tf is the cr-algebra generated by {w(s) : 0 < s < t}. 

Let = L, 2 (Ko,H) be the space of all Hilbert-Schmidt operators from Kq to 
H with the norm || ^ ||? 0 = Tr ((^’Q 1 ^ 2 )('^Q 1 ^ 2 )*) for any ip G LS- Clearly for 

any bounded operators ip G L(K, H ) this norm reduces to || ip ||? 0 = Tr (ipQip*). 
Let L v [T hl H) be the Banach space of all lF b -measurable ptlr power integrable 
random variables with values in the Hilbert space H. Let C([0, 6]; L P (P, H)) be 
the Banach space of continuous maps from [0,6] into L P (P,H) satisfying the 
condition sup tf zjE || x (t) |]^< oo. 

We use the notations V{H) is the family of all subsets of H. Let us introduce 
the following notations: 

Vd(H) = {.-r G V(H) : x is closed}, Vbd(H) = {x G V{H) : x is bounded}, 
V C v(H) = {x G V(H) : x is convex}, V cp (H) = {iG 'P(H) : x is compact}. 
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Consider H d : V{H) x V(H) — > R + U {oo} given by 

H d (A , B) = max < sup d(a , B), sup d(A, a) >, 
aeA b£B ' 

where d(A,b) = inf_ g ~d(a, b), d{a, B) = inf - g ~d(a,fe). Then, ( V b d,ci{H),H d ) is 
a metric space and (V c i(H), H,j) is a generalized metric space. In what follows, 
we briefly introduce some facts on multi-valued analysis. For more details, one 
can see [21,22], 

A multi-valued map $ : J — > V c i(H) is said to be measurable if for each 
x € H, the function Y : J — > R + defined by Y{t) = d(x, <f>(t)) = inf {d(x,z) : 
z £ d>(t)} is measurable. 

$ has a fixed point if there is a : £ H such that x £ $(2:). The set of fixed 
points of the multi-valued operator <f) will be denoted by Fix$. 

Definition 2.1. A multi-valued operator $ : H — > P c i(H) is called: 

(a) 7-Lipschitz if there exists 7 > 0 such that 

H d (®(x),$(y)) < 7 d(x,y), x,y G H. 

(b) a contraction if it is 7-Lipschitz with 7 < 1. 

In this paper, we assume that the phase space (B, || • ||g) is a seminormed 
linear space of .Fo-measurable functions mapping (—00, 0] into H, and satisfying 
the following fundamental axioms due to Hale and Kato (see e.g., in [23]). 

(A) If x : (—00, a + b\ — > H, b > 0, is such that x\^ i<T+ ^ £ C([cr, a + b],H) and 
x fj £ B, then for every t £ [a,cr + b\ the following conditions hold: 

(i) x t is in B\ 

(ii) || x(t) || H < H || x t || B ; 

(iii) || x t ||s<; K(t - a) sup{|| x(s) \\ H : a < s < t} + M(t - a) || x a || B , 
where H > 0 is a constant; K,M : [0,oo) — > [l,oo), K is continuous 
and M is locally bounded, and H , K. M are independent of x(-). 

(B) For the function x(-) in (A), the function t — > Xt is continuous from [a, a+b] 
into B. 

(C) The space B is complete. 

The next result is a consequence of the phase space axioms. 

Lemma 2.1. Let x : (—00,6] — > H be an iF t -adapted measurable process such 
that the iF 0 -adapted process a: 0 = <p(t) £ L%(fi,B) and aa| [ 0> 6] £ PC([0, 6], H), 
then 

II x s ||g< M b E || ip || B +K b sup E || x(s) \\ H , 

0 <s<b 

where K b = sup {K(t) : 0 < t < 6}, M b = sup(M (t) : 0 < t < b}. 
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We introduce the space VC formed by all iF t -adapted measurable, f/-valued 
stochastic processes {&(£) : t € [0 ,b}} such that x is continuous at t / tk, 
x(tk) = x(t^) and x(i£) exists for all k = 1 In this paper, we always 

assume that VC is endowed with the norm 

II X II VC= ( sup E || x(t) \\ p H )p. 

0 <t<b 


Then (VC, || • ||-pc) is a Banach space. 

Definition 2.2 ([24]). The fractional integral of order 7 with the lower limit 
zero for a function h £ L l (J, H) is defined as 




1 

rM 



Ms) 

{t-sy-y 


ds, 


t > 0, 7 > 0 


provided the right side is point- wise defined on [0, 00), where T(-) is the gamma 
function. 

Definition 2.3 ([24]). The Riemann-Liouville derivative of order 7 with the 
lower limit zero for a function h £ T 1 (J, H) can be written as 


D ' h[t) = F (tM) ^ i (t - 70 ^ ds ’ *>0.n-l<7<n. 

Definition 2.4 ([24]). The Caputo derivative of order 7 for a function h £ 
L 1 (J, H) can be written as 

D]h(t) = D'l (h(t) - h( 0)), t > 0, 0 < 7 < 1. 

Next, we are ready to recall some facts of fractional Cauchy problem. 


c D^x(t) = Ax(t), t > 0, (4) 

x 0 = tp£ B, (5) 

where A is linear closed and D(A) is dense. 

Definition 2.5 ([25]). A family {S a (t) : t > 0} C L(H) is called a solution 
operator for (4)-(5) if the following conditions are satisfied: 

(a) S a (t) is strongly continuous for t > 0 and 5 a (0) = I. 

(b) S a (t)D(A) c D(A) and AS a (t)ip = S a (t)Aip for all ip £ D(A),t > 0. 

(c) S a (t)ip is a solution of (4)-(5) for all ip £ D(A),t > 0. 


Definition 2.6 ([24]). An operator A is said to be belong to e a (M,u) if the 
solution operator S a (-) of (4)-(5) satisfies 

II S a (t) || L(H) < Me“‘, t > 0 

for some constants M > 1 and uj > 0. 
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Definition 2.7 ([24]). A solution operator S a (-) of (4)-(5) is called analytic if 
it admits an analytic extension to a sector Eg 0 ={AeC - {0} : arg A < 0o} for 
some 9 0 € (0, |] . An analytic solution operator is said to be of analyticity type 
(0 O) wo) if for each 0 < 0 O and w > w 0 there is an M = M(0,w) such that 

II S a (t) || L(H) < Me“ Ret , t £ S e . 


Set 

e“(w) = w) : M > l},e“ := |^J{e“(w) : w > 0}, 

and A a (9o,u>o) = {A £ e a : A generates an analytic solution operator S a 
of type (0 O , w 0 )}. 

Remark 2.3 ([25, Theorem 2.14]). Let a £ (0,2). A linear closed densely 
defined operator A belongs to A Q (0 o ,w o ) if and only if A“ £ p(A) for each 
A G Se o+ |(w 0 ) = {C — {0} : | arg(A — w 0 )| < 0o+f} and for any w > w o ,0 < 9 0 
there is a constant C = C(9,ui) such that 

|| A“ _ 1 R(A“, A) | Uw < ^ 

|A - W | 


for A £ Eg 0+f . 

According to the proof of Theorem 2.14 in [25], if A £ A a (9o,u>o) for some 
0o € (0, 7 r) and wo £ R , the solution operator for the Eq. (4)-(5) is given by 

S a (t)=J- f e Xt X°‘- 1 R(X a ,A)d\ 

27 Tl J r 

for a suitable path T. Next, a mild solution of the Cauchy problem 
c D^x{t) = Ax{t) + /(t), t £ J, 


can be defined by 


x 0 = ip £ B, 


x(t) = S a (t)ip + f T a (t — s)f(s)ds, 

Jo 

where 

T a (t) = [ e xt R(X a ,A)dX 

2m J r 

for a suitable path T and / : J — ■> H is continuous. 

Lemma 2.2 ([25]). If A £ A Q (0o,wo) then 

II S a (t) \\ L{H) < Me“‘, || T a (t) || LW < Ce ut (l + t Q_1 ) 


for every t > 0,w > wo- So putting 

Ms ■= sup || S a (t) \\l(h), M t := sup Ce^^l + t Q_1 ), 

0<t<b 0 <t<b 


6 


414 


Zuomao Yan et al 409-431 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


we get 

II S a (t) ||l(jj)< Ms, || T a (t) || l(h)< t a 1 Mt- 

Based on the above consideration, we introduce the definition of mild solu- 
tion for (l)-(3). 

Definition 2.8. Let A £ A a (9o,LOo) with 9g £ (0, f ] and ujq £ R ■ An T t - 
adapted stochastic process x : (— oo,b] — > H is called a mild solution of the 
system (l)-(3) if x$ = ip £ B satisfying Xq £ L^Cl, H),x | [o,6] G PC, and 


a it) = < 


S a (t)[ip(0) - G(0,ip)] + G(t,x t ) 
+ f* T a (t — s)Bu(s)ds 
+ SoT a (t - s) f (s)dw(s) , 
S a (t)[<p(0)-G(0,<p)] + G(t,x t ) 
+S a (t - ti)Ii(x tl ) 

+ fgS a (t — s)Bu(s)ds 
+ fo<Sa(t - s)f(s)dw(s), 


t £ [0, ti], 


t £ (ti,t 2 \, 


S a (t)['p(0)-G{0,'p)} + G(t,xt) 

A Sfc=l Sa{t — tk)Ik(%t k ) 

+ f* S a (t — s)Bu(s)ds 
+ JgS a (t - s)f(s)dw(s), t£(t m ,b\, 


where / £ S F , X = {/ G L P (J,L%) : /(*) G F(t,x t ) a.e. t £ J}. 

Let x(t; ip, u ) denotes state value of the system (l)-(3) at time t corresponding 
to the control u £ L^(J,U). In particular, the state of system (l)-(3) at t = 
b , x(b; ip, u) is called the terminal state with control u and the initial value tp. 
Introduce the set B(b; ip, u ) = {x(b\ ip, u),u{-) £ L^(J, U)} is called the reachable 
set of the system (l)-(3), where L^(J, U) is the closed subspace of J x fi, U), 
consisting of all P ( -adapted, 17-valued stochastic processes. 

Definition 2.9. The system (l)-(3) is said to be approximately controllable on 
the interval J if B(b\<p,u) = L p (Tb,H), where B(b;ip,u) is the closure of the 
reachable set. 

It is convenient at this point to define operators 


r b 

r b T = S a (b - s)BB*S^(b - s)ds, 0 < r < b, 


r b 

T b = / S a (b-s)BB*S*(b-s)ds, 

JO 

R(a,T b T ) = (a/ + r^)- 1 ,f?(a,r^) = (al + rg)- 1 for a > 0, 

where B* denotes the adjoint of B and S*(t) is the adjoint of S a (t). It is 
straightforward that the operator r£ is a linear bounded operator. 

Lemma 2.4 ([3]). For any xi , £ L V {T\ 1 ,H ) there exists <j> £ L 2 (0, b\ L®)) 

such that otb = Exb + fg <f>(s)dw(s). 
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Now for any a > 0 and Xb G L p (Eb, H) we define the control function 

S*T*{b - t)(al + rg)" 1 Ex b + J b J>{s)dw{s) 

-S a {b)[tp{Q) - G(0 j¥ >)]- G(b,x b ) 

—B*T*(b — t) J b {al + T b s )~ 1 S a (b- s)f(s)dw(s), te [ 0,h], 
S*T*(b — t){al + Tq) -1 Ex b + J b J>{s)dw(s) 

-5 a (6)[¥)(0)-G(0 )¥ j)]-G(6,a: 6 ) 

<(t)= —B*T*(b — t)(al + T b s )~ 1 S a (t — ti)Ii(x tl ) 

-B*T*(b - t) J b (al + T b s )~ 1 S a (b - s)f(s)dw(s), t G 

S*T*{b - t)(al + rg)" 1 Ex h + J b J>{s)dw(s) 

-5 a (6)[^(0)-G(0,^)]-G(6,a: 6 ) 

-B*T* a {b - t ) i («I + r Ir'Sott - t k )I k {x t J 

-B*T*(b-t) J b (al + T b s )~ 1 S a (b- s)f(s)dw(s), t G (t m , b], 

where / G S F , X = {/ G L P (J,L%) : f(t) G F(t,x t ) a.e. t G J}. 

Lemma 2.5 ([26]). For any p > 1 and for arbitrary L^-valued predictable 
process cj>(-) such that 

ns 2 p / nt. \P 

sup E / <j>(v)dw(v) <(p(2p-l)) p ( / (E \\ c/)(s) \\f 0 ) 1/p ds) ,f€[0,oo). 

«e[o,t] Jo h \J o 2 / 

In the rest of this paper, we denote by Mi =|| B ||#, C p = (p(p- l)/2) p /\ 

Our main results are based on the following lemma. 

Lemma 2.6 ([27]). Let ( H,d ) be a complete metric space. If < J> : H — > P c i(H) 
is a contraction, then Fix <F ^ 0. 

3 Main results 

In this section we shall present and prove our main results. Let us list the 
following hypotheses. 

(HI) The function G : J x B — > H is continuous, and there exists a positive 
constant Lq such that 

E || G(t, V>i) - G(t, fo) \\ P H < L g || V’i - ^ \\l 
for t G J, ipi, ipi G B. 
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(H2) The function F : J x B — > V cp (L °) is a multifunction such that (•,</>) 
F(t, 4 > ) is measurable for each <f> £ B. 

(H3) There exists a function l(t ) G L*(J,R + ),q £ (0,a) such that 

EH%(F(t, 4>\),F{t, fo)) < l(t ) || </»! - 02 ||£ 

for t G J, , 02 £ B, and 

d p (0,F(t,0)) < Z(t) 

for a.e. t £ J. 


(H4) The functions Ik : B H are continuous and there exist constants Ck 
such that 

E || 4(0i) ^ 4(0 2 ) II# < c fe || 0i - 02 Kg 

for 0i, ip 2 G i3, k = 1, ... , m. 

(H5) For each 0 < t < b, the operator ai?(a,T^) — > 0 in the strong operator 
topology as a — > 0 + i.e., the linear differential Cauchy problem corre- 
sponding to system (l)-(3) is approximately controllable on J. 

Theorem 3.1. Let A £ A a (do,ojo) with 6 0 G (0, §] and u> 0 G R. If the as- 
sumptions (H1)-(H4) are satisfied, then the system (l)-(3) has at least one mild 
solution on J, provided that 


4 p ~ l I\f 


L g + m p ~ 1 Mg + C P M P 


, b p(a-l/2)-q || ; 


i= 1 


L<i(J,R+) 


1-9 


1-9 


p(l — a) + 1 — q 
1 + 3 P- 1 M^P M 2Pi_|g^L 


- 1 ) 

+1 


< 1. 


Proof. We introduce the space £>;, of all functions x : (— 00 , b\ — > H such that 
£0 G $ and the the restriction a;| [ 0 , 6 ] € 'PC. Let || • ||b be a seminorm in B b defined 
by 

II x ||b=| xq ||b +( sup ||x(s)||^)+ x£B b . 

0<s<b 

We consider the multi-valued map V(Bb) by the set of p £ B b 

such that 


P(t) = < 


5 Q (<)[^(0)-G(0,+)] + G(t,x t ) 

+ fo - s)Bu“(s)ds + f* T a (t 
S a (tM0)-G(0,<p)] + G(t,x t ) 
+S a (t - t\)h(x tl ) 

+ f*S a (t- s)Bu"(s)ds+ fgS a (t 


s)f(s)dw(s), t G [0, 4], 


s)f(s)dw(s), t £ (4,4], 


S a (*M0)-G(0,^)] + G(t,Xt) 

+Er=i $<*(*- tk)ik(x tk ) 

+ fgS a (t-s)Bu2(s)ds + f*S a (t-s)f(s)dw(s), t £ (t m ,b], 
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where / G S F , X = {/ € L P (J, L%) : f(t) G F(t,x t ) a.e. t G J}. 
For ip G B, we define ip by 


<P(t) = 


— oo < t < 0, 


S a (t)<p(0), 0 < t < b, 


then Cp G Bb- Set x(t) = y(t) + <p(t), — oo < t < b. It is clear to see that x satisfies 
Definition 2.8 if and only if y satisfies yo = 0 and 

f S a (t)[ip(0) — G(0,ip)\ + G(t,y t + fit) 

+ f* T a {t - s)Bu“(s)ds + fg T a (t - s)f(s)dw(s), tG [0, ti], 
^(^[^(O) — G(0, <p)\ + G(t, yt + Cp t ) 

+S a (t — ti)Ii(y tl + <p tl ) 

+ fo S a(t- s)Bu“(s)ds + fgS a (t- s)f(s)dw(s), tG 0i,t 2 ], 


y(t) = { 


^a(t)[v(0) — G(0, ip)\ + G(t , yt + Cpt) 

+ Efc 'Ll Sa{t ~ t k )I k (yt k + <p tk ) 

+ Jg S a (t ~ s)Bu a y {s)ds + JgS a (t- s)f(s)dw(s), tG ( t m ,b \ , 


where 


<(*) = < 


S*T*(b-t)(aI + T b ) 


b\-i 


Estb + f 0 4>(s)dw(s) 


-S a {b)[<p(0)-G{0,<p)]-G{b,x b ) 


—B*T*(b — t) fg(al + rg) _1 T a (6 — s)f(s)dw(s), tG [0,^], 


S*T*(b - t)(al + rg) 


b\-l 


Exb + f 0 cf>(s)dw(s) 


-S a (b)['p(0)-G(p,<p)]-G{b,x b ) 

—B*T*(b - t)(al + r b a )~ 1 S a (t - ti)/i(* tl ) 

—B*T*(b — t) Jg(al + T b s )~ 1 T a (b- s)f(s)dw(s), tG (ti,t 2 \, 


S*T*(b~t)(aI + T b ) 


b\ — l 


Ex b + Jg <j>(s)dw(s) 


-S a (b)[fp(0)-G(0,<p)]-G(b,x b ) 

—B*T*(b - 1) e:=i(«/ + r D-'Sait - t k )I k (x th ) 

{ —B*T*(b - t) Jg(al + rJ)- 1 T a (6 - s)f(s)dw(s), t G (t m , b], 

and / G S Fy = {/ G L P (J,L 2 ) : f(t) G F(t,y s + <p s ) a.e. f G J}. 

Let B% = {y G B b : yo = 0 G B}. For any y G B$, 

II V IIHI yo h +( sup II y(s) II P H )* = ( sup || y(s) \\ p H )p, 


0 <s<b 


0 <s<b 
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thus (S°, || • || b) is a Banach space. Define the multi-valued map d 1 : £>° — > V(B°) 
by the set of p £ B® such that p(f) = 0,t € [— oo, 0] and 


P(t ) 


— S' q ,(<)G( 0, <p) + G(t, j/j + <^ t ) 

+ fo T c,(t - s)Bu“(s)ds + fg T a (t — s)f(s)dw(s), t£ [0,G], 
—S a (t)<p(0) + G(t , yt + fit.) 

+S a (t — ti)Ii(yt 1 + fiti) 

< + f* S a (t - s)Bul(s)ds + fgT a (t. - s)f(s)dw(s), t £ (ti,t 2 ], 


—S a (t)ip(0) + G(t, y t + fit) 
d" 1 Sa(t ~ tk)h(yt k + Pt k ) 

+ f*S a (t-s)Bu%(s)ds + f*T a (t-s)f(s)dw(s), t £ (t m ,b], 


where f € S ' FiV . Obviously, the operator d> has a fixed point if and only if 
operator has a fixed point, to prove which we shall employ Lemma 2.6. For 
better readability, we break the proof into a sequence of steps. 

Step 1. We show that (i>i/)(f) € V c i{B °). 

Indeed, let y^ n \t) -> y*(t), (p n )„> 0 € ($y)(t) such that p n (t) -> p»(t) in 
Then p*(t) £ B ° and there exists /„ £ S F , y w such that, for each t £ [0,ti], 

PnW = -5 Q (t)G(0,^) + G(t,y[ n) + & ) 

+ J T a (t — s)Biiy( n )(s)ds + 


[ T a (t- s)f n (s)dw(s), 
Jo 


where 


< w (t) = iTT*(&-f)(a/ + r‘) 


bA — 1 




<f>(s)dw(s) 


-S a (b)[fi( 0) - G(0, fi)\ - G(6, yi n) + $> 6 ) 

fb 

- B*T*{b-t ) / (a/ + r^) _1 TQ,(6 — s)f n (s)dw(s). 


Jo 

Using the fact that F has compact values and (H3) holds, we may pass to a 
subsequence if necessary to obtain that /„ converges to /* in L p ([0,ti\, L®), 
hence, /* £ S F>y *• Then, for each t £ [0, ti] , 

Pn(t) -»■ p»(£) = -5 a (£)G(0,^) + G(f,y t * + fit) 

+ [ T a (t — s)BUy» (s)ds + [ T a (t — s)f n (s)dw(s), 

Jo Jo 


where 


<* (£) 


STTZib-tHal + rly 1 


f b ~ 

Exi, + / <j)(s)dw(s ) 

Jo 


11 


419 


Zuomao Yan et al 409-431 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


-Sa(b)[p(0) - G(0,<p)] - G(b, yl + ip b ) 

r b 

—B*T*(b — t) / (al + T b s )~ 1 S a (b - s)Ms)dw(s). 

Jo 

Similarly, for each t G (£&, tfc+i], k = 1, . . . , m, we have 

k 

Pn(t ) = -5 Q (t)G(0,^) + G(t, y[ n) + ^t) + 53 s a {t - ti)Ii{y [ 3 + <p ti ) 

i= 1 

+ J T a (t - s)Biiy (n) (s)ds + J T a (t - s)f n (s)dw(s), 


where 


u a , n) (t)=S*T*(b-t)(aI + rg) 


b\-i 


Exi, + / <f>(s)dw(s ) 


-5 a (6)[ V (0) - G(0, >p)] - G(b,yi n) + ip b ) 

k 

- B*T*(b - t)(al + r^) -1 ^ S a (t - UMy™ + <p ti ) 

i = 1 

f b 

—B*T*(b — t) / (aI + T b y t T a (b-s)f n (s)dw(s). 

Jo 

Using the fact that F has compact values and (H3) holds, we may pass to a 
subsequence if necessary to obtain that /„ converges to /* in L p ([tk,tk+i], L®), 
hence, /* € Sf , v * • Then, for each t € [£&, £fc+i], k = 1, . . . , to, 

Pn{t) -> p*(£) = -S' Q (£)G(0,<p) + G(t , yl + (p t ) 
k 

+ 53 

i=l 

+ [ T a (t — s)Biiy* (s)ds + [ T a (t - s)f n (s)dw(s), 

Jo Jo 


where 


*(t) = S*T*(b-t)(aI + Tg) 


6a-1 


Uif, + / <f)(s)dw(s) 


~S a (b)[tp( 0) - G(0, <?)] - G(6 , yl + $> 6 ) 

k 

—B*T*(b - t)(al + yy 1 53 S a (t - U)h{yt + <p u ) 

i = 1 

nb 

—B*T*{b — t) / (a/ + r^) _1 T a (6 — s)f*(s)dw(s). 
Jo 
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Therefore, p*(t) G ($y)(t) and (<3>y)(f) G V c i(B%). 

Step 2. We show that (<hi/)(t) is a contractive multi-valued map for each 

Let t G [0,ii] and y(t),y(t) G B ° and let p(t) G ($y)(t). Then there exists 
/ G Sp, y such that 

p(t) = -S a {t)G{ 0, p) + G(f, y t + fi t ) 

+ / T a (t — s)Buy(s)ds + / T a (t — s)f(s)dw(s). 

Jo Jo 

From (H3), there exists v(t) G F(t,y t + fit ) such that 

E II \\ p L o<l(t) II yt-yt \\ p B . 

Consider A : [0, fi] — > V{L^), given by 

A (f) = (t>(f) G H : £ || /(t) - «(f) ||* g < «*) II Vt - Vt II §}• 

Since the multi-valued operator W(f) = A(f) fl F(t,y t + fit) is measurable (see 
[28], Proposition III. 4), there exists a function f(t), which is a measurable se- 
lection for W. So, /(f) G F(t,y t + fit) and 

e ii m-m \\ p L o<m \\vt-vtfB- 

For each f G [0,fi], we dehne 

/5(f) = — S a (t)G(0, ip) + G{t, y t + fit) 

+ [ T a (t — s)Bu c t(s)ds + [ T a (t — s)f(s)dw(s). 

Jo Jo 

Then, for each f G [0, f i] , we have 
e ii m-m \\h 

< 3 P 1 E || G(t, y t + fit) — G(t, y t + fit) || # 

+3 P ~ 1 E [ T a (t - s)B[Uy(s) - u;(s)]ds 

Jo H 

+ 3 p -i E f T a (t-s)[f(s)-f(s)\dw(s) 

Jo H 

< 3 p ~ 1 L g || yt-yt ||g 

+3 p - 1 M p t p ~ 1 f{t - s) p ^E || B[u a y (s) - u;(s)} \\ P H ds 

J 0 

- pt r -I 2/p -I p/2 

+3*" 1 C' P M* / (f — sY^-^E || /(s) — f(s) ||^o ds 

.Jo L 2 J 

< 3 P ~ 1 L || y t — y t ||g 
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+6 [\(t - s)(b - s)] p ^ \ L || y t - y t 

ay Jo 

+C p t\ ,2 ~ 1 MJf [ (b - r) p(a_1) l(r) || y T - y T \\ V B dr ds 

Jo 

+2, p ~ 1 C p t\ /2 ~ 1 M^ (it- s) p(a-1) Z(s) || y s - y s \\ P B ds 

Jo 


<2, p - l K p L G \\y-y\\ p 


+6 p ~ 1 K p M 2p M 2p — i p ~ 1 f |(t-s)(6-s)] p(a " 1) L g 
aP Jo 

+c p t p 1 /2 ~ 1 M p (^J^(b-T) si ^dT S J ll / ll i i (Jfl+) ds \\y-y 

+3 p ~ 1 K p Cpt p/2 ~ 1 M p (^J^ it-s) E ^rds^j 


x\\n Lhj , R+) \\y-y\\l 


< 3 p- 1 ^ (l g + 2 p ~ 1 M 2p M 2p —t p ~ 1 — 6 2p (“-i) + i \La 

b \ T 1 aP 1 2 p{a - 1 ) + 1 


+C p t p/2 ~ 1 M P 


rp f ^ y 

T \p(l -a) + l-q 


2 p{a - 1) + 1 [ 

l-q 

&P(“- l) + l-« / 1 

" "Li(J,R+) 


m lW) ) 


Similarly, for each t € (t k ,t k+ i],k = 1, .... . , to. Let y(t),y(t) £ and let p(t) £ 
(&y)(t). Then there exists / £ Sf, v such that 

k 

p{t) = — S a (t)GiO, ip) + Git, yt + (pt) + S a it — ti)Iiiyt i + < pt 4 ) 

i—1 

+ [ T a (t — s)Bu“is)ds + [ T a it — s)fis)dwis). 

Jo Jo 

From (H3), there exists v(t ) £ F(t, + (pt) such that 

e\\ m-v(t) \\ p L o<iit) II vt-mWl- 

Consider A : (t k ,t k + i] -> V{L%), given by 

A it) = {i>(i) £H:E || fit) - vit) || p „< lit) || y t - y t || p }. 

Since the multi-valued operator W(t) = A (t) n F(t, y t + (p t ) is measurable (see 
[28], Proposition III. 4), there exists a function fit), which is a measurable se- 
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lection for W. So, f(t) € F(t,y t + tpt) and 

e ii m-m \\ p L o <m n yt -y t \\ p B . 

For each t £ (t k , tfc+i], k = 1 , . . . , to , we define 


p(t) = -S a (t)G( 0, ip) + G(t, fit + <p t ) + Y “ ti)Ii(yu + <Pt t ) 

i = 1 

+ [ T a (t — s)Bu%(s)ds + [ T a (t — s)f(s)dw(s). 

Jo Jo 

Then, for each t G (tk,U c+i], & = 1, . . . , m, we have 

E\\m-m ii P H 

< 4 P l E || G(t, yt + <ft) ~ G(t, yt + (pt) \\ V h 

k ii p 

H 


H 

V 


H 


+4 P ~ 1 E 

Y s ^ 


' i- 

= 1 
pt 

+4 P ~ 1 E 

J 

1 T a (t 
0 
rt 

+4 P ~ 1 E 

j 

1 T a (t 
0 

< 4 P 1 L g || y t - y t || 


T a (t - s)[f(s) - f(s)]dw(s) 


II P 
II H 


+4 p ~ 1 k p ~ 1 M B Y E II Ii(y ti + <Pu) - hifiu + (pu) 

i = 1 

+3 p ~ 1 M p (t k+1 - tm 1 f\t - sy^-^E || B[u a y (s) - W “( s )] \\ P H ds 
Jo 


+4 p ~ 1 C v Mt 


W P b 


(t-sY^EW \\ p 0 

Lj 2 

k 

< 4 P ~ 1 L G || y t - y t \\ P B +F p - 1 k p ~ 1 M p s Y c i II Vti - fit 

i = 1 

+12*- 1 M$ , M?J-(t k+1 - t*) p_1 - s)(b - s)] p(a - 1} 

a Jo 

k 

Eg || yt - fit lie +k p ~ 1 M p s Y c i II Vu ~ fiu llg 

i=l 

+C p (tk + 1 - tuY'^K [ (b- t) p(q_ 1 ) /(t) || y T - y T \\ P B dr 
Jo 

+4 p ~ 1 C p (tk+i - hY'^K [ (t- s) p( “ _1) ;(s) || y s - y s \\ P B ds 

Jo 
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k 

< 4 p_1 KLg II y-y II? +4 P " 1 K p k p ~ 1 Mg Y'dWv-y ||? 

i—1 

+12 p ~ 1 K^MjP M^ p -^—(tk+i - tkf- 1 f\(t - s)(b - s)] p(a - 1} 

Jo 

k 

X Lg + ^2 Ci + C p (t k+ 1 - 

i=l 

x (/ r ) Pll_<! ^ II 1 II L \ {JR+) ds II y~y II ? 

+4?~ 1 K p C p (t k+ 1 - t fe ) p/2_1 M p ^ (t - s) 24 ^ 


"ii (J,H+) 


y-y II? 


< 4 p-1 A^ (l g + ^ 

' i=l 

+C,(( t+I - ( p(1 _ q) ® ! _ 9 ) 

‘rL . V ‘ 


Lp(l-o) + l-,. 
x(ti+i - tl )p<— H+ 1 -? ^ ii s, - § 

Thus, for all t £ [0,6], we have 


P-P ll?< L || y-y ||?, 


H p d ($y,§y) <L\\y — y ||?, 


where 


m / _ \ 1-4 

1 = 4,_1 [aj + 1 *S X> + c+f ( P (i- a) + i-J 

1 f 1 tp(2a-l) 

x6 p(a-l/2)- g II j II 1 1 + 3 P- 1 M“ P M 1 2P 7 r < 1. 

11 "l5 ( j,_r+)J [ T 1 a v 2p(a — 1) + 1_ 

Hence, $ is a contraction on H?. In view of Lemma 2.6, we conclude that $ has 
at least one fixed point y* £ Let x(i) = y*(t) + < p(t),t £ (— oo,6]. Then, x 
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is a fixed point of the operator <f>, which implies that a; is a mild solution of the 
problem (l)-(3) and the proof of Theorem 3.1 is complete. 

Theorem 3.2. Assume that assumptions of Theorem 3.1 and (H5) are 
satisfied and {T a (t) : t > 0} is compact. Moreover, if F is uniformly-bounded, 
then the system (l)-(3) is approximately controllable on J. 

Proof. Let ar°(-) be a fixed point of <f> in Bb . By Theorem 3.1, any fixed point of 
<f> is a mild solution of the system (l)-(3). This means that there is x a G < f>(a; a ), 
that is, there is / G Sf,x“ such that 

'5aWb(0)-G(0, V )] + G(t,*?) 

+ /J T a (t — s)Bufa (s)ds + f*T a (t- s)f(s)dw(s), t G [0,ti], 
S a (f)[<£>(0) - G(0,p)] + G(t, xf) + S a (t - ti)h(x £) 

+ fg S a (t - s)Bu£ a (s)ds + f* S a (t - s)f(s)dw(s), f G (t 1 ,t 2 \, 

S a (t)[<p(0)-G(0,y>)} + G(t,x<t) 

+ Ylk = l S a (t — t k )I k {x? k ) 

+ f* S a (t - s)Buf. a (s)ds + /q S a (t — s)f(s)dw(s), t£ ( t m ,b ] , 

where 

S*T*(b - t)(al + rg )" 1 Ex b + / Q b 4>{s)dw(s) 
-S a {b)[<p{0)-G{0,<p)]-G{b,x b ) 

-B*T*(b - t) f*(al + T b s )~ 1 S a (b - s)f(s)dw(s), f G [0, ti], 
S*T*(b-t)(aI + Tg)- 1 Ex b + f>{s)dw(s) 

-S a {b)<p{0)-G{0,tp)]-G{b,x b ) 

<(t)= —B*T*(b — t)(al + T b s )~ 1 S ol (t — ti)Ii(x tl ) 

—B*T*(b — t) / 0 b (ad + r^) _1 5 Q (6 — s)f(s)dw(s), t G (ti,t 2 ], 

5*T*(6-t)(a/ + rg )- 1 Ex b + / Q fc f>{s)dw(s) 

-S a {b)<p{0)-G{0,<p)]-G{b,x b ) 

- B*T*(b - t ) - t k )I k (x th ) 

, -B*T*(b-t)^(aI + T b s )- 1 S a (b-s)f(s)dw(s), t G (t m ,b]. 

By using the stochastic Fubini theorem, it is easy to see that 

m 

x a (b ) = S a (t)[v>(0) - G(0, <p)\ + G(b, xl) + Y, S a {b - t k )h{x a tk ) 

k = 1 

pb pb 

+ / S a (b — s)Bu^.a (s)ds + / S a (t — s)f(s)dw(s) 

Jo Jo 
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= x b - o,(aI + Iq ) 


b \- 1 


Eib + / <f>{s)dw(s) - S Q (&)[y>(0) - G(0, <p)\ 


- G(b,x a b ) 


-a^(a/ + r^) 1 S a (b-t k )I k {x tk ) 


k = l 


r b 

-a / (a/ + r^) _1 5 a (6- s)f(s)dw(s). 
Jo 


By the assumption that the sequences {/(s)} is uniformly bounded on J. Thus 
there is a subsequence, still denoted by {/(s)} that converge weakly to say 
f**(s ) in L®. Now, the compactness of T a (t),t > 0 which implies that T a (b — 
s)[/(s) — /**(s)] — ► 0. Also, by (H5), for all IE J, a(al + T^) _1 — > 0 strongly as 
a — > 0 + and || a(a/+rk) _1 ||< 1. Thus, for t € [0, b ], by the Lebesque dominated 
convergence theorem it follows that 


E\\x a (b)-x b " p 


H 


< 5 P ~ 1 E || aial + r^-'lEx,, - S a (b){<p( 0) - G(0, ^,0)] - G(b,x a b )} \\ P H 


+5 P ~ L E 


^a(a/ + T^) 1 S a {b-t k )I k {x tk ) 


k = 1 
r b 


H 


p/2 


+5 P_1 E’( / ||a(a/ + rg)-VWIIircto) 

D 

rb 


J 


+5P ~ lE (l II a(o/ + rS)" 1 T a (6- «)[/(«) -/**(«)] l&ds) 

a b \ p/2 

|| a(a/ + r^) -1 T Q ,(6 — s)f**(s) \\% dsj 


p/2 


0 as a — > 0 + . 


So x a (b) — > x b holds, which shows that the system (l)-(3) is approximately 
controllable and the proof is complete. 


4 Application 

Consider the fractional impulsive partial stochastic neutral functional differen- 
tial inclusions in the following form 

D?N(z t ){x) G J^N(zt){x) + u(t,x) 

+ [ bi{t,s-t,x,z{s,x))ds W JJ, (6) 

7-00 dt 

0 < t < b,0 < X < TT, 

z(t , 0) = z(t, 7r) = 0, 0 <t<b, (7) 
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z(t,x) = <p(r,x ) 


T < 0, 0 < X < 7T, 


/ tfc 

ilk{s - t k )z(s,x)ds, k= 1,2,.... 

-OO 


(8) 

(9) 


where Df is a Caputo fractional partial derivative of order 0 < a < 1, and 
u(-) is a real function of bounded variation on [0,6]. w(t) denotes a standard 
cylindrical Wiener process in H defined on a stochastic space (fl, J 7 , P). In this 
system, 

N(z t )(x) = z(t,x) — / bi(s — t)z(s,x)ds. 

J — OO 

Let U = L 2 ([0,7 t]) with the norm || • || and define the operators A : D(A) C 
ff — > U by Aw = w" with the domain 

Z?(A) := {to £ H : ui, to' are absolutely continuous, to" € H, w(0) = w(7r) = 0}. 

It is well known that A is the infinitesimal generator of an analytic semigroup 
(T(t))t > o in H. Furthermore, A has a discrete spectrum with eigenvalues of 
the form — n 2 ,n € N and corresponding normalized eigenfunctions are given 


by x n (z) = sin(n 2 :). In addition {x n : n € N} is an orthonormal basis for 

H , T(t)y = Y^=i e ~ n2t {y^ x n)x n for all y G H, and every t > 0. From these 
expressions it follows that {T(t))t>o is a uniformly bounded compact semigroup, 
so that f?(A, A) = (A — A)” 1 is a compact operator for all A € p{A) i.e. A e 
A“(0°,w°). 

Let r>0, l<p<oo and let h : (— oo, — r] — » R be a nonnegative measurable 
function which satisfies the conditions (h-5), (h- 6 ) in the terminology of Hino 
et al. [29]. Briefly, this means that h is locally integrable and there is a non- 
negative, locally bounded function 7 on (— 00 , 0 ] such that h(£ + r) < 7 (£)M r ) 
for all ^ < 0 and 6 £ (— 00 , — r) \ N^, where C (— 00 , — r) is a set whose 
Lebesgue measure zero. We denote by VC r x L p ( 6 ,,iJ) the set consists of all 
classes of functions ip : (— 00 , 0] — > H such that P\ y _ r0] £ PC([—r,0],H), ip(-) 
is Lebesgue measurable on (— 00 ,— r), and h || ip || p is Lebesgue integrable on 
(— 00 , — r). The seminorm is given by 


ip ||/3= SUp 

—r<r < 0 


<P{ X ) 


h(r) || p || p dr) 


i/p 


The space B = VC r x L p (h , H) satisfies axioms (A)-(C). Moreover, when r = 0 
and p = 2, we can take H = 1, M(t) = "/(—t) 1 / 2 and K(t) = l + (J|° t /i(T)dr) 1 / 2 , 
for t > 0 (see [29, Theorem 1.3.8] for details). 

Additionally, we will assume that 

(i) The function b% : R — > R, is continuous, and Li = (f 0 ^ < °°i 

(ii) The function b\ : R 4 — > R, is continuous and there exist continuous func- 
R,j = 1,2, such that 


tions aj : R 


\bi(t,s,x,y)\ < ai(t)a 2 {s)\y\, ( t,s,x,y ) £ R 4 
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and 

\bi(t, s, x, yi) - h(t,s,x,y 2 )\ 

< a 1 (t)a 2 (s)\yi - y 2 |, (t,s,x,yi), ( t,s,x,y 2 ) G R 4 

with h = (f^ < oo. 

(iii) The functions ijk ■ R — ► R,k = 1,2, ... ,m, are continuous, and Lk = 
(/-ct ^hfs) d s ) ® < oo for every k = 1, 2, . ... , m, 

Take ip € B = VCq x L 2 (h,H ) with <p(0)(x) = <p(0,x), (0,x) € (— oo,0] x £>. 
Let G : [0, 6] x B — > 77, F : [0, 6] x B — > P(if) be the operators defined by 

N(ip){ x) = ip(0,x) - G(t,ip)(x), 

fO 

G(t,ip)( x) = / bi(s)if>(s,x)ds, 

J — OO 
/•° - 

F(t,ip)(x) = / bi(t, s,x,ip(s,x))ds. 

J — OO 

Also defining the maps /*, and 7? by 

4WW = / lk{s)^{s,x)ds, (Bu)(t)(x) = u(t, x). 

Using these definitions, we can represent the system (6)-(9) in the abstract 
form (l)-(3). Moreover, for any t G [0, 6 ], ipi G 0, we have that F || G(t,ip) — 

G(t, </-!) r< U G II llg, u II F(t, - F(i, </fi) r< Tf II - V’l IIS. E II 

Jfe(V’) — /fc(V'i) || p < {Lk) p || V’ — V’l llg, fc = 1, 2, . . . , to, and F is bounded linear 
operators with E || F \\ P L(BH) < L F , where L G = {L{) P ,L F = (|| oi 7i) p . 
Further, we can impose some suitable conditions on the above-defined functions 
to verify the assumptions on Theorem 3.2. Hence by Theorems 3.2, the system 
(6)-(9) is approximately controllable on [0,6]. 
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HYERS-ULAM STABILITY OF GENERAL ADDITIVE MAPPINGS IN 

C* *-ALGEBRA 

GANG LU, GUOXIAN CAI, YUANFENG JIN*, AND CHOONKIL PARK 


Abstract. In this paper, we prove that the generalized Hyers-Ulam stability of homo- 
morphisms in C'*-algebras and Lie C*-algebras and also of derivations on C*-algebras 
and Lie C * -algebras for an 4- variable additive functional equation 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [28J 
concerning the stability of group homomorphisms. Hyers m gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was gener- 
alized by Aoki [T] for additive mappings and by Tli.M. Rassias [T9] for linear mappings 
by considering an unbounded Cauchy difference. The paper of Rassias has provided a 
lot of influence in the development of what we call generalized Hyers- Ulam stability of 
functional equations. A generalization of the Tli.M. Rassias theorem was obtained by 
Gavruta [9j by replacing the unbounded Cauchy difference by a general control function 
in the spirit of Tli.M. Rassias’ approach. The stability problems for several functional 
equations or inequations have been extensively investigated by a number of authors and 
there are many interesting results concerning this problem (see Mm ra-ra, 

PHzura-ra.ra)- 

We recall a fundamental result in fixed point theory. 

Let X be a set. A function [0, oo] is called a generalized metric on X if 

d satisfies 

(1) d(x,y)=0 if and only if x=y; 

(2) d(x,y)=d(y,x) for all x,y G V; 

(3) d(x, z) < d(x, y) + d(y, z ) for all x,y,z G X. 

Theorem 1.1 (see 0,ra). Let (V, d) be a complete generalized metric space and let 
J : X — x X be a strictly contractive mapping with Lipschitz constant L < 1. Then for 
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2 G. LU, G.CAI, Y.JIN, AND C. PARK 

each given element x G X, either 

d(J n x, J n+1 x) = oo (1.1) 

for all nonnegative integers n or there exists a positive integer n 0 such that 

(1) d(J n x, J n+l x ) < oo, fir all n > n 0 ; 

(2) the sequence {J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y G X\d( J N °x, y) < oo}; 

(4) d(y,y*) < ^ z d(y , Jy) for all y G Y . 

By the using fixed point method, the stability problems of several functional equations 
have been extensively investigated by a number of authors(see[5j[6][l6j[r7j). 

This paper, using the fixed point method, we prove the generalized Hyers-Ulam stabil- 
ity of homomorphisms in C'*-algebras and of derivations on C'*-algebras for the general 
Jensen-type functional equation. And, we prove that the generalized Hyers-Ulam stabil- 
ity of homomorphisms in Lie C*-algebras and of derivations on Lie C*-algebras for the 
following additive functional equation: 

f(dx i + ax 2 + bx 3 + cxfi) + f(ax 4 + dx 2 + CX3 + bx 4) 

+ f(bx 1 + cx 2 + dx 3 + ax 4 ) + f(cx 1 + bx 2 + ax 3 + dx 4 ) (1.2) 

= (d + a + b + c)f(x 1 + x 2 + x 3 + xfi) 

Here a, b, c and d are real numbers with a + b + c + d 0. Throughout the paper, assume 
that k is a + b + c + d. 

2. Stability of Homomorphisms and Derivations in C*-Algebras 

Throughout this section, assume that X is a C*-algebras with norm 
Y is a C’*-algebra with norm || • ||y. 

For a given mapping / : X — y Y, we define 

Fpfix i,x 2 ,x 3 ,x 4 ) := 

pf(dx 1 + ax 2 + bx 3 + cxfi) + /if (ax 4 + dx 2 + cx 3 + bxfi) 

+ pf (bx 1 + cx-2 + dx 3 + axfi) + pf(cx 4 + bx 2 + ax 3 + dxfi) 

- (d + a + b + c)f(p(x 1 + £2 + £3 + xfi)) 

for all p G T 1 := (u G C : |u| = 1} and xi, ■ ■ ■ , x rn G A". 

Note that a C-linear mapping H : X — > Y is called a homomorphism in C*-algebras 
if H satisfies H(xy ) = H(x)H(y ) and H(x*) = H(x )* for all x,y G A". Now we prove 
the Hyers-Ulam stability of homomorphisms in U^-algebras for the functional equation 
FJ(x,y ) = 0. 


x and that 


( 2 . 1 ) 
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Theorem 2.1. Let a,b,c and d be fixed nonzero real numbers. Let f : X -A Y be an 
mapping for which there exists a function <p : X 4 — * [0, oo) 7 such that 

\\F/xf (xi, x 2 , X 3 , X 4 ) || y < p(x i,x 2 ,x 3 ,x 4 )i (2.2) 

II f(xy) - f(x)f(y) \\ Y < <p(x,x,y,y), (2.3) 


II f(x*) - f(x)*\\ Y < <p(x, x, x, x) (2.4) 

for all fi G I 1 := {t G C : |u| = 1} and all Xi,x 2 ,x 3 ,X 4 ,x,y G X. If there exists an 
0 < L < 1 such that ip(xi, x 2 , ^ 3 ,^ 4 ) < ^ -Lip (j-x 1 , ^x 2 , fx^, $xfi) for all x\,x 2 , X 3 , x 4 G 
X, d, a,b, c, a 4 G M. with 4 < \k\, then there exists a unique C*-algebra homom.orphism 
H : X — >• Y such that 


for all x G X. 


\\f( X ) - H(X)\\ Y < 


4 /x x x x\ 
|jfc|(l-L)^ KA'A'Ya) 


(2.5) 


Proof. It follows that ip{x yx 2 , x 3 , x 4 ) < ^ Lip (|xi, |x 2 , |t 3 , |x 4 ) that 


lim 

j->- 00 


4 J 




(fc)J' (fc)J' (A;)* (fc) 


4i 


-Ti, 


44' 


t 2 , 


44 


-T 3 , 


47 


x 4 = 0 


( 2 . 6 ) 


for all x, y G A". 
Consider the set 


41 := {9 : X -A Y} 


and introduce the generalized metric on A: 

d(g,h) = inf {(7 G M+ : \\g{x) - h(x)\\ Y < C<p Q, |) ,Vx G X}. 

It is easy to show that ( A , d) is complete. 

Now we consider the linear mapping J : A — >■ A such that 

Jg{x) - = wf ( a ) 

for all x G X . 

By Theorem 3.1 of [6] 


d(Jg, Jh) < Ld(g, h) 


for all g , h G A. 


Letting /i = 1 and x\ = x 2 = x 3 = x± = x in (2.2), we get 

I rp rp rp rp A rp rp rp rp 

/ T nXj nXj tl \ 1 / tl « Xj nXj *. 

4 ’ 4 ’ 4 * 5 WP 4 ’ ' 4 ’ 4 ’ 4 * 




for all x E X. 

Hence d(f, Jf) < pj. 


(2.7) 

( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 
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By Theorem 1.1 , there exists a mapping II : X — > Y such that 
(1) H is a fixed point of J, that is, 

W\H (H = H{X) 

for all x G X. The mapping H is a unique fixed point of J in the set 
B = {g E A: d(f,g ) < oo}. 


This implies that H is a unique mapping satisfying (2.24) such that the 
C G (0, oo) satisfying 

/ ny ry ry ry \ 

\\H(x)-f(x)\\y<C V 

for all x G X . 

(2) d(J n f,H) — » 0 as n — > oo. This implies the inequality 

lim 41/ ( ( Ip) = H( X ) 
n-> oo \k\ n y 4 n J 

for all x G X. 

(3) d(f,H ) < yz j J d{fi Jf ), which implies the ineqality 

d(f,H)< 4 


1*1(1 -L)' 


This implies that the inequality (2.5) holds. 


Next, we show that H(x) is additive map. 


\\H(dxi + ax 2 + bx 3 + ex 4) + H(ax\ + dx 2 + cx 3 + bx 4) 

+H(bx 1 + cx 2 + dx 3 + 0x4) 

+H(cx 1 + 6x2 + 0x3 + dx4) — (d + a + fe + c)H{x 1 + X2 + X3 + X4) || 


= lim 

l — ^OO 


4^ / 

j^jy/ ( -^-(daq + ax 2 + bx 3 + cx 4 ) 
(*)' 


+ y^|7/ ( -^-(axi + dx 2 + cx 3 + 6x4) 

4 l ( ( k ) l \ 

+ 1^77/ I ^j-(oxi + cx 2 + dx 3 + ax 4 ) I 

4 Z / (fc) z 

+ pT7/ I -^j-(cxi + 0x 2 + ax 3 + dx 4 ) 

4 l ( (k) 1 

— (d + a + b + c)— 777/ ( -^-(xi + x’2 + X3 + X4) 

, 4 l ( (k) 1 (k) 1 (k) 1 (k) 1 \ 

- te l*j^ ( ' ir 11 - it*” ) = 0 


( 2 . 11 ) 

( 2 . 12 ) 

exists 

(2.13) 

(2.14) 

(2.15) 
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Therefore, the mapping H : X — y Y is Cauchy additive. 

By a similar method with above, we may get 

liH(x) = H(fix) 

for all /i G T 1 and all x G A". Thus one can show that the mapping H : X — > Y is 
C-linear. 

It follows from ( |2.3 )that 

\\H(xy)-H(x)H(y)\\ Y 


= lim 

n— > oo 


< lim 

n — >00 

< lim 

n— >-oo 


2 n 


4 
k 
4 
k ' 

4 n 
k 


f 


f 


( k) 2n xy 

4 2 n 

( k) 2n xy 

42n 


/ 


/ 


( k) n x\ f ( k) n y 
4 n J ^ \ 4 n 
( k) n x\ ( ( k) n y 


for all x, y G A". So 


for all x, y G X. 


(k) n x (k) n x (k) n y (. k) n y \ 

<~p I - , - , ... , ... I = 0 


H(xy) = H(x)H(y) 


It follows from (2.4) that 

\\H(x*) - H(x)*\\ Y = lim 


/ 


(. k) n x * 




( k) n x 


Y 


< lim 

n— >OG 




( k) n x ( k) n x ( k) n x ( k) n x 


= 0 


for all x G X. So 


for all x G X. 


H(x*) = H{x)* 


Thus H : X — » Y is C'*-algebra homomorphism satisfying (2.5), as desired. 


(2.16) 


□ 


Theorem 2.2. Let a,b,c and d be fixed nonzero real numbers. Let f : X — > Y be a 


mapping for which there exists a function p : X 4 — » [0, oo) satisfying (2.2), \2Yfy and 
(2.f). If there exists an L < 1 such ip(xi,X 2 ,X 3 ,xf) < jj^Lp (|ti, |t 2 , \x$, \xf) for all 
x\,X 2 ,xs,X 4 G X with \k\ < 4, then there exists a unique C* -algebra homomorphism 
H : X — >• Y such that 


\\f( x ) — H(x)\\ < 


-<P 


X X X X 
) 7 ) 7 ’ 


4 — 4L \X X k k 


for all x G X . 
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Proof. Consider the set 

A:={g:X^ Y} 

and introduce the generalized metric on A: 

d(g, h) = inf{C G R+||s(a;) - h(x) \\ Y < Cp> (p p p ,\/x G X} 
We consider the linear mapping J : A — * A such that 

1*1 


for all x € A". 


AM ■= , ') I h 


(2.17) 

(2.18) 


It follow from (|2.2|) that 

/0*0 


k (A 
4 ( k X 


1 rx x x x 

- l^KWVk 


for all x G A". Hence d(f, J f) < 


The rest of the proof is similar to the proof of Theorem 2.1 


(2.19) 


□ 


Recall that a C-linear mapping 5 : X — > Y is called a derivation on X satisfies 
S(xy) = 5(x)y + xS(y) for all x, y € A". 

Theorem 2.3. Let a, b, c, d be the fixed real numbers. Let f : X — > Y be an mapping for 
which there exists a function ip : X 4 —$■ [0, oo), such that 

\\F li f(x 1 ,x 2 ,x 3 ,X 4 )\\Y < <p(x 1 ,x 2 ,x 3 ,x 4 ), (2.20) 

II f(xy) - f(x)y - xf(y ) ||y < <p(x,x,y,y), (2.21) 

for all p, G T 1 := {v G C : |n| = 1} and all x 4 ,x 2 ,x 3 ,x 4 ,x,y G X. If there exists an 
L < 1 such that ip(x 1 ,x 2 ,x 3 ,x 4 ) < l -^L<p (£xi, fx 2 , |x 3 , fx 4 ) for all x 1 ,x 2 ,x 3 ,x 4 G A 
with \k\ > A, then there exists a unique derivation 5 : X — » X such that 


\\f(x)-S(x)\\ Y < 




X X X X 

4’ 4’ 4’ 4 


1 * 1(1 ~L) 

for all x G X. 

Proof. It follows from tp(x i,x 2 ,x 3 ,x 4 ) < ^Lip (fxi, fx 2 , fx 3 , fx 4 ) that 


( 2 . 22 ) 


lim 

j-> OO 


1*1 


7 Xi, - X 2 ,( - ) x 3 , I — I x 4 = 0 


for all x 4 ,x 2 ,x 3 ,x 4 G A". 

Consider the set 

A ■= {g ■■ X —> X} 

and introduce the generalized metric on A: 

d(g,h) = inf {C G M+ : \\g(x) - h(x)\\ < Cp> (p p p 0 ,Vx G A}. 
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It is easy to show that (A, d ) is complete. 

Now we consider the linear mapping J : A — >• A such that 


for all x G A". 

By Theorem 3.1 of [5] 


for all g, h G A. 


J g ( x ) := jg ( r x 


d(Jg, Jh ) < Ld(g, h ) 


(2.23) 


Letting fi — 1 and x\ = x 2 = x 3 = x± = x in (2.2), we get 


ifir x ) -/(*) 


I ry /v> ry ry 
/ tV « Xj t Xj nXj . 

- 4 ’ 4 ’ 4 ’ 4 


for all x E X. 

Hence d(f, J f ) < 

By Theorem 1.1[ there exists a mapping <5 : X — » H such that 
(1) 5 is a hxed point of J, that is, 

I s (i 1 ) = 6{x) 

for all x G X . The mapping 5 is a unique hxed point of J in the set 
B = {g G A : d(f,g ) < oo}. 


(2.24) 


(2.25) 


This implies that 5 is a unique mapping satisfying (2.24) such that there exists 
C G (0, oo) satisfying 


||5fy) - f(x) \\ Y < C<f 


(2.26) 


for all x G X. 

(2) d(J n f,5 ) — > 0 as n — > oo. This implies the inequality 


n 1 ™ o |fc| 




{k) n x 


= 8{x) 


(2.27) 


for all x E X. 

(3) d(f,5) < Jf), which implies the ineqality 

<*(/,#)< 1 


l*l(i -i) 


(2.28) 


This implies that the inequality (2.22) holds. 


The rest of the proof is similar to the proof of Theorem 2.1 


□ 


438 


GANG LU et al 432-444 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


G. LU, G.CAI, Y.JIN, AND C. PARK 


Theorem 2.4. Let a , b, c, d be the fixed real numbers. Let f : X — > Y be an mapping for 
which there exists a function p : X 4 — y [0, oo), such that 

\\F lx f(x 1 ,x 2 ,x 3 ,x 4 )\\ Y < <p(x 1 ,x 2 ,x 3 ,x 4 ), (2.29) 


II f(xy) ~ f(x)y - xf{y)\\ Y < p(x,x,y,y), (2.30) 

for all p, G T 1 := {u G C : |u| = 1} and all x 4 ,x 2 ,x 3 ,x 4 ,x,y G X. If there exists an 
L < 1 such that p(x 1 ,x 2 ,x 3 ,x 4 ) < mLp (foi, |x 2 , \x 3 , \xfi) for all xi,x 2 ,x 3 ,x 4 G A" 
with \k\ <4, then there exists a unique derivation 5 : X — » X such that 


for all x G X . 


II f( x ) ~ <5(®)l|y < 


X X X x\ 

k'Wk) 


(2.31) 


Proof. The proof is similar to the proof of 2.3 


□ 


3. Stability of homomorphisms in Lie C*-algebras 


A C'*-algebra C, endowed with the Lie product 

r i xy-yx 

i x ,y] ■= — g — 

on C, is called a Lie C*-algebras(see[5].[T5]). 


Definition 3.1. Let X and Y be Lie C'*-algebras. A C-linear mapping H : X — > Y is 
called a Lie C* -algebras homomorphism if H([x,y}) = [H(x),H(y)] for all x,y G A". 

Throughout this section, assume that X is a Lie C*-algebras with a norm || • ||x and 
B is a Lie C*-algebras with a norm || • ||y. 

Now, we prove the generalized Hyers-Ulam stability of homomorphisms in Lie C*- 
algebras for the functional equation D fl f(xxi,x 2 ,x 3 ,x 4 ) = 0. 


Theorem 3.2. Let a , b, c, d be the fixed real numbers. Let f : X — > Y be an mapping for 
which there exists a function p : X 4 — > [0, oo), such that 

\\Ffj,f (x 4 ,x 2 , x 3 ,x 4 )\\y < p(xi,x 2 ,x 3 ,x 4 ), (3.1) 


II f([x,y\) - [f(x), f(y )] || y < (p(x,x,y,y), 

for all p, G T 1 := {u G C : |u| = 1} and all x 4 ,x 2 , x 3 , x 4 ,x,y G 
0 < L < 1 such that p(xi,x 2 ,x 3 ,x 4 ) < ^Lp (|xi, ±x 2 , \x 3 , |x 4 ) 
X with \k\ >4, then there exists a unique derivation H : X — > X 

II f(x) ~ H(x)\\ y < TTTTT—FlP 


\k\(l-L) 


X X X X 

4’ 4’ 4’ 4 


(3.2) 

X. If there exists an 
for all xi,x 2 ,x 3 ,x 4 G 
such that 

(3.3) 


for all x G X . 
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Proof. By the same method as in the proof of Theorem 2.1 , we can get the mapping 
H : X Y given by 


H[x) = lim 


n -¥ oo \k\ 

for all x G A". Thus it follows from 13.21 hat 

A2n 

\\H([x,y]) - [H(x),H(y)]\\ Y = lim 


n kn 

~f\ ^ x 


n— »oo | k \ 2n 
4 2n 

< lim — — 

n— » oo |/c| 2n 


/ l.2n 

) - 

fk n k n . 
p —x, —y = 0 
~ \ 4 n * 4 n u 


f\^ x )j 


-x 


Y 


for all x, y G X, and so 

H([x,y]) = [H(x),H(y)\ 

for all x, y G X. Therefore, H : X — > Y is a Lie (7*-algebras homomorphism satisfying 
3.3[ This completes the proof. □ 


Theorem 3.3. Let a, b, c, d be the fixed real numbers. Let f : X — > Y be an mapping for 
which there exists a function p : X 4 — y [0, oo) , such that 

\\F lx f(x l ,x 2 ,x 3 ,x 4 )\\ Y < p(xi,x 2 ,x 3 ,x 4 ), (3.4) 

II f([x,y]) - [f(x), f(y)] \\ Y < p(x,x,y,y), (3.5) 

for all p G T 1 := {v G C : |u| = 1} and all x 4 ,x 2 ,x 3 ,x 4 ,x,y G X. If there exists an 
0 < L < 1 such that p(x 4 , x 2 , x 3 , x 4 ) < jj^Lp (far, |x 2 , |t 3 , |x 4 ) for all x 4 , x 2 , x 3 , x 4 G 
X with \k\ <4, then there exists a unique derivation H : X — > X such that 


\\f(x)-H(x)\\ Y < 


4(1 — L)^ U’ k' k' k 


x x x x 


(3.6) 


for all x G X. 


Proof. By the same method as in the proof of Theorem 2.1, we can get the mapping 
H : X -A- Y given by 

H(x) = lim Yff ( fx 

for all x G X . Thus it follows from 13.51 hat 

\k\ 2n 

n~¥ OO 4 2n 


k r 


\ H ([ x iy])-~-[ H (. x )> H (y)]\\Y = lim 


/ 4 2n 

\k\2n /An An 

< lim —^p ( —x, —y)=0 




-x 


Y 


42r 


k n k r 


for all x, y G X, and so 

H([x,y]) = [H(x),H(y)] 

for all i,i/G X. Therefore, H : X — > Y is a Lie C*-algebras homomorphism satisfying 
3.6[ This completes the proof. □ 
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4. Stability of derivations in Lie C*-algebras 


Definition 4.1. Let X be a Lie C*-algebra. A C-linear mapping 5 : X — > X is called a 
Lie derivation if 8([x,y]) = [8(x),y] + [ar, <5 (2/)] for all x,y G X. 

Throughout this section, assume that X is a Lie C'*-algebra with a norm || ■ ||x- 
Finally, we prove the generalized Hyers-Ulam stability of derivations on Lie (7*-algebras 
for the functional equation D /i f(xi, x 2 , x 3 , xfi) = 0. 


Theorem 4.2. Let a, b, c, d be the fixed real numbers. Let f : X — >■ Y be an mapping for 
which there exists a function tp : X 4 — > [0, 00), such that 


\\Fnf (xi, X 2 , x 3, x 4)\\y < <p(x i,x 2 ,x 3 ,x 4 ), (4.1) 

II f([x,y]) ~ [f(x),y] ~ [x,f(y)]\\ Y < ip(x,x,y,y), (4.2) 

for all y G T 1 := {n G C : |u| = 1} and all X\ ,x 2 ,x 3 ,X4,x,y G X. If there exists an 
0 < L < 1 such that <p(xi, X2 , £ 3 , £ 4 ) < -L(p (|xi, | T 3 , pxfi) for all xi, x-i , £ 3 , £4 G 

X with \k\ >4, then there exists a unique derivation 5 : X — * X such that 

1 fX X X X s 


\\f(x) - 5 (x)\\y < 


|fc|(l — L )^ V4’ 4’ 4’ 4 


(4.3) 


for all x G X . 


Proof. By the same method as in the proof of Theorem 2.1, we can get the mapping 
8 : X — > Y given by 

4 n f k n 

8(x) = lim — — / I —x 


for all x G X. Thus it follows from |4.2 t hat 
ll<S([®»J/]) - [$(x),y] - [x,8(y)}\\ Y 

4 2n 


l*l r 


k 2n 

/( 


= l im 1, ,0 
n — >00 \k\ 2n 

4 2n / k n k r ' 

< lim [ —x, —y)= 0 


. k n \ k n 

f 1 


k n ( k n 
f I -j^y 


Y 


\k\ 


2 n 


4 n 4 n ‘ 

for all x, y G X, and so 

8{[x,y}) = [<$(a;),j/] + [£,%)] 

for all x , y G A". Therefore, 5 : X — > X is a Lie C*-algebras homomorphism satisfying 
4.3[ This completes the proof. □ 


Theorem 4.3. Let a, b, c, d be the fixed real numbers. Let f : X — > Y be an mapping for 
which there exists a function ip : X 4 — > [0, 00), such that 

\\F lx f(x l ,X 2 ,x 3 ,x 4 )\\Y < <p(xi,x 2, £3, £4), (4.4) 

II f([x,y\) - [f(x),y] - [x,f(y)]\\ Y < <p(x,x,y,y), (4.5) 
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for all n G T 1 := {v G C : |x| = 1} and all xi,x 2 ,x 3 ,X 4 ,x,y G X. If there exists an 
0 < L < 1 such that <p(x 1 , x 2 , x 3 , x 4 ) < Lip (|xi, |x 2 , f x 3 , |x 4 ) for all x 4 , x 2 , x 3 , x 4 G 
X with \k\ <4, then there exists a unique derivation 5 : X — » X such that 


\\f(x) -5(x)\\y < 


4(1 -L)^ Vfc’ fc’ Jfc’ k 


X X X X 


(4.6) 


for all x G A". 


Proof. By the same method as in the proof of Theorem 2.1 , we can get the mapping 
<5 : A — >■ Y given by 


5 (re) = lim 


l*| r 


n — >oo 4 n 

for all x G X. Thus it follows from 14. 5l that 
||5([x,i/]) - [tf(x),y] - [x,H(y)]\\ Y 


An 

f ( —x 
' k n 


= lim 

n— >-oo 4 2n 


42n 


4" 

71 ^ 


■4)1 


-x 


y 


1*1 


2n 


< lim 

n— >• 00 4 Z?1 


A 


—x, —y = 0 


for all x, y G A", and so 

<S([x,J/]) = [<5 (t),i/] + [x,%)] 

for all x, y G A. Therefore, <5 : A — >• A is a Lie (A-algebras homomorphism satisfying 
4.6 This completes the proof. □ 
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Abstract 

The main focus of research in the current article is to address the construction of an efficient higher order multi-step 
iterative methods to solve systems of nonlinear equations associated with nonlinear partial differential equations (PDEs) 
and ordinary differential equations (ODEs). The construction includes second order Frechet derivatives. The proposed 
multi-step iterative method uses two Jacobian evaluations at different points and requires only one inversion (in the 
sense of LU-factorization) of Jacobian. The enhancement of convergence-order (CO) is hidden in the formation of 
matrix polynomial. The cost of matrix vector multiplication is expensive computationally. We developed a matrix 
polynomial of degree two for base method and degree one to perform multi-steps so we need just one matrix vector 
multiplication to perform each further step. The base method has convergence order four and each additional step 
enhance the CO by three. The general formula for CO is 3s - 2 for s >2 and 2 for ,v = I where ,v is the step number. 
The number of function evaluations including Jacobian are s + 2 and number of matrix vectors multiplications are 
s. For .5-step iterative method we solve s upper and lower triangular systems when right hand side is a vector and 1 
pair of triangular systems when right hand side is a matrix. It is shown that the computational cost is almost same for 
Jacobian and second order Frechet derivative associated with systems of nonlinear equations due to PDEs and ODEs. 
The accuracy and validity of proposed multi-step iterative method is checked with different PDEs and ODEs. 

Keywords: Multi-step, Iterative methods. Systems of nonlinear equations. Nonlinear partial differential equations. 
Nonlinear ordinary differential equations 


1. Introduction 

A valuable discussion can be found about Frechet derivatives in [1], We will show that why higher order Frechet 
derivatives are avoided in the construction of iterative methods for general systems of nonlinear equations and why 
there are suitable with for a particular class of systems of nonlinear equations associated with ODEs and PDEs. To 
make things simpler, consider a system of three nonlinear equations 


F(y) = [/i(y),/ 2 (y),/ 3 (y)f = 0, 


( 1 ) 
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where y = [y i , >’2, y ^] 7 ■ The first order Frechet derivative (Jacobian) of ( 1 ) is 


d A 

d A 

A 

dy\ 

dy 2 

dy 2 

dfr 

dji 

d/2 

dyi 

dy 2 

dy 3 

dh 

d/3 

d/3 

d}’\ 

dy 2 

dy 3 


/11 

/12 

fn 

/21 

fl 2 

fn 

./31 

fi 2 

fi 3 . 


( 2 ) 


Next we proceed for the calculation of second-order Frechet derivative. Suppose h = [h\, h 2 , h 2 ] T is a constant vector. 


F'(y)h = 


F"(y)h 2 = 


h\fn + hifn + ^ 3/13 
h\fi\ + h 2 f 22 + h-}f 23 , 

/1/31 + hifn + (*3/33. 

/121 
/212 
./312 


/ill /l22 /l33 


K 


/ill /222 /> 33 


h\ 

+ 2 

./311 fd 22 /333 


hi 



/ll3 

/213 

/313 


/123 

fl 23 

/323 


h\h 2 

h\h 2 

h 2 h3 


( 3 ) 

( 4 ) 


Clearly the computational cost for second-order Frechet derivative is high in the case of general systems of nonlinear 
equations. Many systems of nonlinear equations associated with PDEs and ODEs can be written as 


jF(y) = L(y) + f(y ) + w = 0 . 

(F(y) = Ay + /(y) + w = 0 , 

where A is the discrete approximation to linear differential operator L(-) and /(•) is the nonlinear function. If we write 
down the second-order Frechet derivative of ( 5 ) by using ( 4 ) we get 



f"(y 1) 

0 

0 

0 

hi 


0 

/"(y 2 ) 

0 

0 

h\ 

F"(y)h 2 = 

0 

0 

/"CV 3 ) • 

0 

hi 


0 

0 

0 

• /"(y»). 

hi 


For the further analysis , we introduce some notation. If a = [cq, a 2 , , ■ ■ ■ , a„] T and b = [b\, b 2 , , ■ • • , b„\ T are 
vectors then the diagonal matrix of a vector and point-wise product we define as 


a 1 


diag(a) = 


0 


0 0 
a 2 0 


0 

0 


, a Ob = diag(fl) b = a 2 b 2 , ■ ■ ■ ,a n b n ] T . 


( 7 ) 


0 0 0 • • • a n 


For the motivation of readers we list some famous nonlinear ODEs and PDEs and their first- and second-order 
derivatives in scalar and vectorial forms (Frechet derivatives). Let D A and D, are the discrete approximations of 
differential operators in spatial and temporal dimensions and u is the function of spatial variables and in some cases 
temporal variable is also taken. We also introduce a function h which is independent from u and I,, I x are identity 
matrices of the size number of nodes in temporal and spatial dimensions respectively. 
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1.1. Bratu problem 

The Bratu problem is discussed in [2] and it is stated as 


flu) = u" + Ae" = 0, 
df(u) 


i/(0) = u(l) = 0, 


du 
d 2 f(u ) t 

du 2 


-h — h + Ae u h, 


h 2 = Ae"h 2 , 

F(u) = D 2 u + Ae u = 0 , 

F'h = D 2 h + Ae u 0 h, 

F' = D 2 + A diag(e u ), 

(F"h 2 = Ae u O h 2 . 

The closed form solution of Bratu problem can be written as 

(coshdx- 0.5X0.50))) 

u(x) = -2 log\ , .» „ — 

\ co shyj. 25 6) 

9 = V 2Acosh(0.256 ). 


( 8 ) 


(9) 


The critical value of A satisfies 4 = \jAA r siuh(().259 c ). The Bratu problem has two solution, unique solution and no 
solution if A < A c , A = A c and A > A, respectively. The critical value A, = 3.51383071912516. 

1.2. Frank-Kamenetzkii problem 

The Frank-Kamenetzkii problem [3] is written as 


t/(0) = u{ 1) = 0, 


( 10 ) 


u" h — u’ + Ae“ = 0, 

X 1 

Flu) = D 2 u + - O D x u + Ae u = 0 

7 1 X 

F'h = D;h + - o D v h + Ae O h, 

F' = D 2 + diag|- |d x + A diag(e u ), 

F"h 2 = Ae u O h 2 . 

The Frank-Kamenetzkii problem has no solution (A > 2), (A = 2) and two solution (A < 2). The closed form solution of 
(10) is given as 


ci = logf. 2(4 -A) ±4 V2(2 - T)j, 
4 -A) + 2 V2(2 - A) 


c 2 = log\ 
u(x ) = log\ 
u(x ) = log\ 


2 A 2 
\6e c ' 


( 11 ) 


(2 A + e c, x 2 ) 2 ' 
16e c ‘ 

(1+2 Ae^-x 2 ) 2 }' 


1.3. Lane-Emden equation 

The Lane-Emden equation is classical equation [4] which is introduced in 1870 by Lane and later Emden (1907) 
studied it. Lane-Emden equation deals with mass density distribution inside a spherical star when it is in hydrostatic 
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equilibrium. The lane-Emden equation for index n - 5 can be written as 


u + — u + u, — 0, 
x i 

F(u) = D 2 u + - 0 D a u + u 5 , 

, 2 1 X 4 

F h = D-h + - O D v h + 5u 4 O h, 
F' = D 2 + diag^jD, + 5 diag(u 4 ), 
F"h 2 =20 u 3 Oh 2 . 


u( 0) = 1, u( 0) = 0, 


The closed form solution of (12) can be written as 
1 

v2\ 


u(x) = 1 1 + — 


( 12 ) 


(13) 


1.4. Klien-Gordan equation 

Klien-Gordan equation is discussed and solved in [5]. 

u„ - c~u xx + f(u) - p, -oo < X < OO, t > 0 

F(u) = (D 2 - c 2 D 2 )u + /(u) - p, 

< F'h = (D 2 - c 2 D 2 )h + f'(u)Qh, (14) 

F' =D 2 -c 2 D 2 + diag(/'(u)), 

F"h 2 = /"(u) 0 h 2 , 

where f(u) is the odd function of u and initial conditions are 

| u(x,0) = gi(x), 

| u,(x, 0) = g 2 (x). 

We have calculated the second-order Frechet derivatives of four different nonlinear ODEs and PDEs. Clearly the 
computational cost of second-order Frechet derivatives are not higher than first-order Frechet derivatives or Jacobians. 
So we insist that the second-order Frechet derivatives for particular class of ODEs and PDEs are not expensive as they 
are in the case of general systems of nonlinear equations. The main source of information about iterative methods 
is the manuscript written by J. F. Traub [6] in 1964. Recently many researchers have contributed in the area of 
iterative method for systems of nonlinear equations [7-16]. The major part of work is devoted for the construction 
iterative methods for the single variable nonlinear equations [17]. According to Traub’s conjecture if we use n function 
evaluations, then the maximum CO is 2" in the case of single variable nonlinear equation but for multi-variable case we 
do not have such claim. In the case of systems of nonlinear equations the multi-steps iterative methods are interesting 
because with minimum computational cost we are aimed to construct higher-order convergence iterative methods. 
For the better understanding we can divide multi-steps iterative methods in two parts one is called base method and 
second part is called multi-steps. In the base method we construct an iterative method in way that it provides maximum 
enhancement in the convergence-order with minimum computational cost when we perform multi-steps. Malik et. al. 


4 


448 


Malik Zaka Ullah et al 445-461 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


[18] proposed the following multi-step iterative method (MZi) : 


"Number of steps 
CO 

Function evaluations 
Inverses 

MZi — •{ Matrix vector multiplications 

Number of solutions of systems 
of linear equations 
when right hand side is matrix 
[when right hand side is vector 


= m > 2 

- 2m 

— m + 1 
= 2 

= 1 


= 1 

= m - 1 


Base-Method 


(m - 2)-steps 


F (x)<p } = F(x) 

2 

yi =x - -<f>i 

W = i(3F'(y 1 ) - F'(x)) 

WT = 3F'(y 1 ) + F'(x) 

y 2 = x- 

for s = 1 , m - 2 

W0, + 1 = F(y,+i), 
y.9+2 — y^+i ~ 0 . 9 +i? 

end 


In [19] F. Soleymani and co-researchers constructed an other multi-step iterative method (FS): 


F (x)0! = F(x) 
2 

yt =x - -<t>\ 

It 


FS = 


Number of steps 

— m> 2 


CO 

= 2m 


Function evaluations 

= m + 1 

Base-Method — > < 

Inverses 

= 2 


Matrix vector multiplications 

m 

1 

S 

<N 

II 


Number of solutions of systems 



of linear equations 



when right hand side is matrix 

= 1 

(m - 2)-steps — » < 

when right hand side is vector 

= m — 1 



W= -(3F'( yi )-F'(x)) 
WT = 3F'( yi ) + F'(x) 
y 2 = x - T <f>\ 
for s = \,m - 2 

F'(x)0, + i = F(y J+ i), 
y. 9+2 = y^+i — T 05+1, 

end 


H. Montazeri et. al. [20] developed the more efficient multi-step iterative methods (HM): 


HM = 


Number of steps 

— m > 2 


CO 

— 2m 

Base-Method — > < 

Function evaluations 

— m + 1 

Inverses 

= 1 


Matrix vector multiplications 

= m 


Number of solutions of systems 



of linear equations 


(in - 2)-steps — > < 

when right hand side is matrix 

= 1 

when right hand side is vector 

— in — 1 



F'(x)0i = F(x) 

yi =x - -4>\ 

F'(x)T = F'(y,) 

y2=x-(|l-3T + ^T 2 )0, 

for s — 1 , m - 2 

F'(x)0v + | = F(y s+1 ), 


y.9+2 _ y^+i 


I 


J 0 




end 


2. The proposed new multi-step iterative method 

We proposed a new multi-step iterative method (MZo): 
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MZ 2 


Number of steps 

- in > 2 


CO 

— 3 111 - 2 


Function evaluations 

— 111 + 2 


Inverses 

= 1 

Base-Method — > - 

Matrix vector 
multiplications 

= m 


Number of solutions 
of systems of linear 



equations when 


(in - 2)-steps — > < 

right hand side is matrix 

= 1 

right hand side is vector 

= m 



F'Cx)^! = F(x) 

F'(x) 0 2 = F"|x- ^]j^i 

yi = x - ^ + ^(f > 2 j 

F'(x)T = F'( yi ) 

, 2 = x-(li-6T + 7r^ l + ^ 2 ) 

for s - 1, m - 2 

F'(x)(f> s+ 2 = F(y J+ i), 

y s +i = y*+i - (21 - T)<f> s +i, 


We claim that the convergence-order of our proposed multi-step iterative method is 


CO = 


I 2 

1 3m - 2 


in — 1, 

m > 2 , 


(16) 


where m is the number of steps of MZ 2 . The computational costs of MZj and FS are high because both methods use 
two inversions of matrices. The multi-step iterative method HM use only one inversion of Jacobian and hence is a 
good candidate for the performance comparison. For further discussion we will not consider MZi and FS methods. We 
presented comparison between MZ 2 and HM in Tablel and 2. The Table 1 tells us if the number of function evaluations 
and number of solutions of system of linear equations are equal then the performance of MZ 2 in terms of convergence- 
order is better than HM when number of step of MZ 2 are grater or equal to four. When the convergence-orders of both 
iterative methods are equal then we can see from Table 2 that the computation effort of HM is always more than that of 
MZ 2 for 111 > 2. The performance index to measure the efficiency of an iterative method to solve systems of nonlinear 
equation is defined as 

p = COfl . (17) 


In Table 3 we provided the computational cost of different operation and Table 4 shows the performance index as 
defined in (20) for a particular case when HM and MZ 2 have the same convergence-order. Clearly the performance 
index of MZ 2 is better than that of HM. 
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Table 1 : Comparison between multi-steps iterative method MZ 2 and HM if number of function evaluations and solutions of system of linear equations 
are equal. 



mz 2 

(m > 2) 

HM 

(m > 2) 

mz 2 

(m = 2) 

HM 

(m = 3) 

mz 2 

(m = mi) 

HM 

(m = m i + 1) 

Difference 
MZ 2 - HM 

Number of steps 

m 

in 

2 

3 

m\ 

H!] + 1 

1 

Convergence-order 

3 m — 2 

2m 

4 

6 

3m { — 2 

2(mi + 1) 

nil ~ 4 

Function evaluations 
Solution of system 
of linear equations when 

m + 2 

m + 1 

4 

4 

m\ + 2 

nil + 2 

0 

right hand side is vector 
Solution of system 
of linear equations when 

m 

m — 1 

2 

2 

m j 

nil 

0 

right hand side is matrix 
Matrix vector 

1 

1 

1 

1 

1 

1 

0 

multiplications 

m 

in 

2 

3 

mi 

mi + 1 

-1 


Table 2: Comparison between multi-steps iterative method MZj and HM if convergence-orders are equal. 



mz 2 

( in >1) 

HM 

(m >1) 

Difference 
HM - MZ 2 

Number of steps 

2m 

3m - 1 

m - 1 

Convergence-order 

6m - 2 

6m - 2 

0 

Function evaluations 
Solution of system 
of linear equations when 

2m + 2 

3 in 

m - 2 

right hand side is vector 
Solution of system 
of linear equations when 

2 in 

3m 

in 

right hand side is matrix 
Matrix vector 

1 

1 

0 

multiplications 

2m 

3m - 1 

in — 1 
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Table 3: Computational cost of different operations (the computational cost of a division is three times to multiplication). 


LU decomposition 

Multiplications 

Divisions 

Total cost 

n(n - l)(2n - 1) 

n(n - 1) 

n(n - l)(2n - 1) n(n - 1) 

6 

2 

6 +3 2 

Two triangular systems (if right hand side is a vector) 

Multiplications 

Divisions 

Total cost 

n(n - 1) 

n 

n(n — 1) + 3 n 

Two triangular systems (if right hand side is a matrix) 

Multiplications 

Divisions 

Total cost 

n 2 (n - 1) 

n 2 

n 2 (n - 1) + 3 n 2 

Matrix vector multiplication 


n 

2 


Table 4: Comparison of performance index between multi-steps iterative methods MZ 2 and HM. 


Iterative methods 

HM 


mz 2 

Number of steps 

5 


4 

Rate of convergence 
Number of functional 

10 


10 

evaluations 

The classical efficiency 

6 n 


6 n 

index 

Number of Lu 

2 l/(6 n) 


2l/(6n) 

factorizations 
Cost of Lu 

1 


1 

factorizations 

n(n - 1)(2 n - 1) Q n(n - 1) 

1 J 

n(n - 1)(2 n 

- 1) Q n(n - 1) 

6 2 

A 

9 

Cost of linear systems 

4 (n(n - 1) + 3 n) + n 2 (n - 1) + 3 n 2 

4 (n(n - 1) + 3 n) + n 2 (n - 1) + 3 n 1 

Matrix vector multiplications 
Flops-like efficiency 

5 h 2 


4 tr 

index 

10 1 /(^- +12n2+ T") 

10 l/( ^ 

^ + lln 2 +f ;i) 


8 


452 


Malik Zaka Ullah et al 445-461 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


3. Convergence Analysis 

In this section, we will prove that the local convergence-order of MZ2 is seven for m = 3 and later we will establish 
a proof for the convergence-order of multi-step iterative scheme MZ2, by using mathematical induction. 

Theorem 3.1. Let F : T C R" — > R" be sufficiently Frechet differentiable on an open convex neighborhood T of 
x* € R" with F(x*) = 0 and det( F'(x*)) A 0. Then the sequence {x^,} generated by the iterative scheme MZ 2 converges 
to x* with local order of convergence seven, and produces the following error equation 

e k+ 1 = Lej 7 + 0(e k & ), (18) 

p-times 

where e k = x k -x*, e/ = (e*, e*,- • ,e k jand L = - 2060 C 6 2 - 618 C 3 C* 2 + 260 / 9 ClC 4 + 26 / 3 C 3 C 2 C 4 - 30 C 3 C 2 C 3 C 2 - 

p-times 

6 C 3 C 2 C 3 - 100C^C 3 C 2 - 2OC2C3 is a p-linear function i.e. LeL (R”, R", • • • , R' ! ) and Leff e R". 

Proof Let F : Y c R' ! — > R" be sufficiently Frechet differentiable function in I . The qth Frechet derivative of F at 

q-times 

v' e R", q > 1 . is the q - linear function F (q) {v) : R"R" • • • R" such that F (q \v)(ui,u 2 , • • • , u q ) e R" . The Taylor’s 


series expansion of F(x*) around x* can be written as: 

F(x*) = F(x* + x, - x*) = F(x* + e*), (19) 

= F(x*) + F'(x*)e t + ^F"(x*)er + ^F (3, (x*)e, 3 + O (e 3 ) , (20) 

= F'(x*)(e, + ^F'(x*)-'F"(x*)e, 2 + ^'(xT^V^ 3 + 0(e 3 )), (21) 

= Ci(e£ + C2e k 2 + C 3 e k 3 + O (ef) (22) 

where Ci = F'(x*) and C, = — F'(x*j ' ) for s >2. From (22), we can calculate the Frechet derivative of F: 

s! 

F'(x t ) = Ci(l + 2C2e, + 3C 3 er +4C 3 e, 3 + 0(e 3 )), (23) 


where I is the identity matrix. Furthermore, we calculate the inverse of the Jacobian matrix 

F'(Xj 0 -1 = (i - 2 C 2 e/.- + ( 4 Ct - 3 C 3 )e^ + (6C 3 C 2 + 6C 2 C 3 - 8C, - 4 C 4 )e^. + (8C 4 C 2 + 9 C 2 + 8C 2 C 4 - 5 Cs - ( 24 ) 

I2C3C 2 - I2C2C3C2 - 12 C 2 C 3 + 16 C 3 )e 3 + ( 24 C 3 C? + 24 C 3 C 3 + 24 C?C 3 C 2 + 24 C 2 C 3 C? + 
IOC5C2 + I2C4C3 + I2C3C4 + IOC2C5 -6C 6 - I6C4C; - I8C5C2 - I8C3C2C3 - I6C2C4C2 - 
18 C 2 C 2 - I6C5C4 - 32 C^)e 3 + ( 32 C 4 C^ + 64 C$ - 48 C 3 C 3 + 12 C 2 C 6 + 16 C 2 + 15 C 3 C 5 + 
I5C5C3 + 12 C 6 C 2 - 24 C 4 C 2 C 3 - 24C4C3C2 - 2OC2C5 - 24C2C3C4 - 24 C 2 C 4 C 3 + 32C0C4 - 
2OC2C5C2 + 36C2C 2 - 2OC5C? + 32C5C4C2 + 32C2C4C2 + 36C2C3C2 + 36C2C3C2C3 + 
36 C 2 C 2 - 7 C 7 - 24 C 3 C 2 C 4 - 27 C 3 - 24 C 3 C 4 C 2 + 36C3C2C3C2 + 36 C 3 C?C 3 - 48 C 2 C 3 C? - 
48 C 3 C 3 C 2 - 48C2C3 - 48 C 2 C 3 C 3 )e^ + C>(e 3 )) C7 1 

By multiplying F'(Xi-) and F(x*), we obtain <p\ : 

<P\ = e k -C 2 el + (2Cl-2C 3 yi + (-3C 4 -4C 3 2 + 3C 3 C2+4C2C 3 y k +(-4C 5 -6C 3 C 2 2 -6C 2 C 3 C2- (25) 

8C5C3 + 8C 3 + 4C 4 C 2 + 6C 2 + 6C 2 C 4 )e 3 . + ( - 5C 6 + 12C 3 C^ + 16Cfc 3 + 12C^C 3 C 2 + 

I2C2C3C? - 8C4C 2 - 9C5C2 - I2C3C2C3 - 8C2C4C2 - I2C2C 2 - I2C5C4 - 16C, +5C5C2 + 

8C4C3 + 9C3C4 + 8C 2 C 5 )e® + O (e/) . 
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The expression for </> 2 is the following: 

4> 2 = 2C 2 er k + ( - 8C? + 10/3C 3 )e 3 + ( 26C\ - 38/3C 3 C 2 - 12C 2 C 3 + 100/27C 4 )e^ + (26) 

( - 364/27C 2 C 4 - I8C3 - 416/27C 4 C 2 + 1 16/3C;C 3 + 36C 2 C 3 C 2 + 122/3C 3 C; + 
2500/729C 5 -76C^+(-106C 2 C 3 C|-298/3C^C 3 C 2 -344/3C|C 3 + 1282/27C^C 4 + 

I4O/3C2C3 + 1 106/27C 2 C 4 C 2 - II8C3C2 + 1364/27C 4 C? - 10664/729C 2 C 5 - 
520/27C 3 C 4 -544/27C 4 C 3 -12290/729C 5 C 2 +54C^C 2 +184/3C 3 C 2 C3+6250/2187C 6 + 

208C 5 2 )e^ + o(e, 7 ). 

The expressions for yi, T, y 2 and y 3 in order are 

yi - x* = -2C 2 e^ + (lOC? - 3C 3 )e A 3 + ( - 23/9C 4 - 35C^ + 16C 3 C 2 + 14C 2 C 3 )e 3 + (-278/243C 5 - (27) 

55C 3 C^-48C 2 C 3 C 2 -50C^C 3 +106C^+172/9C 4 C 2 +21/9C^+128C 2 C 4 )e^+(l47C 2 C 3 C^+ 
137C?C 3 C 2 + 156C?C 3 -533/9C?C 4 -58C 2 C5-481/9C 2 C 4 C 2 + 165C 3 C^-610/9C 4 C; + 
3388/243C 2 C 5 + 179/9C 3 C 4 + 200/9C 4 C 3 + 4930/243C 5 C 2 - 72C5C 2 - 80C 3 C 2 C 3 + 

520/729C 6 - 296C 2 )e^ + 0 (e 7 ) . 

T = I - 2C 2 e k - 3C 2 e 2 k + (6C 3 C 2 - 4C 4 + 20C 2 )e A 3 + (l2C 3 C? + 20C 2 C 3 C 2 + 28C 2 C 3 - 1 10C 2 + (28) 

8C 4 C 2 + 9Cj + 26/9C 2 C 4 - 5C 5 )e^ + ( - 180C 3 C^ - 156C^C 3 - 136C;C 3 C 2 - 134C 2 C 3 C; + 

18C 3 C 2 C 3 + 200/9C 2 C 4 C 2 ) + 24C 2 C^ + 68/3C;C 4 + 432C^ + 10C 5 C 2 + 12C 4 C 3 + 12C 3 C 4 + 
1874/243C 2 C 5 - 6C 6 )e^. + ( - 112C 4 C^ - 1456C$ + 1050C 3 C^ + 9788/729C 2 C 6 + 16Cj + 

15C 3 C 5 + 15C 5 C 3 + 12C 6 C 2 -24C 4 C 3 C 2 + 3028/243C^C 5 + 142/9C 2 C 3 C 4 + 184/9C 2 C 4 C 3 - 
1474/9C^C 4 +5000/243C 2 C 5 C 2 -164C^C^-454/3C^C 4 C 2 -1220/9C 2 C 4 C^-144C 2 C^C 2 - 
196C 2 C 3 C 2 C3-222C3C 2 -7C 7 +20/3C 3 C 2 C 4 -26/3C 3 C 4 C 2 -240C 3 C 2 C 3 C 2 -258C 3 C 2 C 3 + 

562C 2 C 3 C 2 + 546C 3 C 3 C 2 + 624C 3 C 3 + 690C 2 C 3 C^)e A 6 + O (e 7 ) . 

y 2 - X* = ( - 5C 3 C 2 + 13/9C 4 - 103C 2 - C 2 C 3 )e^ + ( - 104/9C 2 C 4 - 2I/2C5 - 80/9C 4 C 2 - (29) 

148C;C 3 -100C 2 C 3 C 2 -109C 3 C 2 +937/243C 5 +666C 2 )e 3 +(869C 2 C 3 C5+873C 2 C 3 C 2 + 

954C 2 C 3 - 1133/9C 2 C 4 - 124C 2 (C^) - 895/9C 2 C 4 C 2 + 1074C 3 C 3 - 1114/9C 4 C; - 
715/27C 2 C 5 - 238/9C 3 C 4 - 178/9C 4 C 3 - 3575/243C 5 C 2 - 75d(C 2 - 158C 3 C 2 C 3 + 

4894/729C 6 - 1990Cf)e£ + (3632/3C 4 C? + 420C? - 4958C 3 C} - 30616/729C 2 C 6 - 
404/9C4 - 7343/I62C3C5 - 16001/486C 5 C 3 - 15620/729C 6 C 2 - 1580/9C 4 C 2 C 3 - 
580/9C 4 C 3 C 2 - 18334/243C;C 5 - 761/9C 2 C 3 C 4 - 847/9C 2 C 4 C 3 + 1074C 3 C 4 - 
19556/243C 2 C 5 C 2 +1118C;C5-35410/243C 5 C 2 )+8924/9CiC 4 C 2 +3038/3C 2 C 4 C5+ 

1040C 2 C^C 2 + 1262C 2 C 3 C 2 C 3 + 1390C^C; + 63418/6561C 7 - 919/9C 3 C 2 C 4 - 
165/2C3-589/9C 3 C 4 C 2 +1331C 3 C 2 C 3 C 2 +1542C 3 C 2 C 3 -2678C 2 C 3 C 2 -2886C 2 C 3 C 2 - 
2881C 2 C 3 - 3871C 2 C 3 C 3 )e 7 + o(e|) . 

y 3 -x* = (-2060C 2 -618C 3 C 2 +260/9C 2 C 4 +26/3C 3 C 2 C 4 -30C 3 C 2 C 3 C 2 -6C 3 C;C 3 -100C 2 C 3 C 2 - (30) 

2OdC 3 )e 7 + 0(e A 8 ). 
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□ 

Theorem 3.2. The multi-step iterative scheme MZi has the local convergence-order 3m — 2, using m(> 2) evaluations 
of a sufficiently differentiable function F, two first-order Frechet derivatives F' and one second-order Frechet derivate 
F” per full-cycle. 

Proof. The proof is established from mathematical induction. For m = 1,2,3 the convergence-orders are two, four 
and seven from (27), (29) and (30) respectively. Consequently our claim concerning the convergence-order 3m - 2 is 
true for m = 2, 3. 

We assume that our claim is true for m — q > 3, i.e., the convergence-order of MZ 2 is 3 q - 2. The qth- step and 
( q - l)r/z-step of iterative scheme MZ 2 can be written as: 

Frozen-factor = (21 - T)F'(x) (31) 

y q -\ = y q -2 - (Frozen-factor) F(y 9 _ 2 ), (32) 

y q = y 9 -i - (Frozen-factor) F(y ? _i). (33) 

The enhancement in the convergence-order of MZ 2 from (q - l)f/z-step to qth-step is (3 q - 2) — (3(q - 1) — 2) = 3 . 
Now we write the (q + l)f/z-step of MZ 2 : 

y 9 +i = y q ~ (Frozen-factor) F(y ? ). (34) 

The increment in the convergence-order of MZ 2 , due to (q + l)f/z-step, is exactly three, because the use of the Frozen- 
factor adds an additive constant in the convergence-order[19]. Finally the convergence-order after the addition of the 
(q + l)f/z-step is 3q - 2 + 3 = 3q + 1 = 3(q + 1) - 2, which completes the proof. □ 

4. Numerical Testing 

For the verification of convergence-order, we use the following definition for the computational convergence-order 
(COC): 


COC * 


log{ ||x 9+2 - x’lU/Hxg+i - X’Hoo) 
log( ||x 9+ i -x*|U/||x 9 -x*|u) 


(35) 


where Max( |x 9+2 -x*[) is the maximum absolute error. The number of solutions of systems of linear equations are same 
in both iterative methods when right hand side is a matrix so we will not mention it in comparison tables. The main 
benefit of multi-step iterative methods is that we invert Jacobian once and then use it again and again in multi-steps 
part to get better convergence-order for a single cycle of iterative method. We have conducted numerical tests for four 
different problems to show the accuracy and validity of our proposed multi-step iterative method MZ 2 . For the purpose 
of comparison we adopt two ways (i) when both iterative methods have same number of function evaluations and 
solution of systems of linear equations (ii) when both schemes have same convergence order. Tables 5, 7 and 8 show 
that when we number of function evaluations and solutions of systems of linear equation are equal and the convergence 
order of MZ 2 is higher than ten then our proposed scheme show better accuracy in less execution time. On the other 
hand if convergence-order of MZ 2 is less than ten then the performance of HM is relatively better. For the second 
cases when we equate the convergence-orders the execution time of MZ 2 are always less than that of HM because 
HM performs more steps to achieve the same convergence-order. Tables 6, 9 and 10 shows that MZ 2 achieve better 
or almost equal accuracy with less execution time. We have also simulated one PDE Klein-Gordon and results are 
depicted in Table 11. As we have commented if the convergence-order is less ten the performance of HM is better 
and it is clearly evident in Table 1 1 but the accuracy of MZ 2 is comparable with HM. The numerical error in solution 
due to MZ 2 is shown in Figure 1 and Figure 2 corresponds to numerical solution of Klein-Gordon PDE. In the case of 
Klein-Gordon equation by keeping the mesh size fix, if we increase the number of iterations or either number of steps 
both iterative method can not improve the accuracy. 
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Table 5: Comparison of performances for different multi-step methods in the case of the Bratu problem when number of function evaluations and 
number of solutions of systems of linear equations are equal in both iterative methods. 


Iterative methods 


mz 2 

HM 

Number of iterations 


1 

1 

Size of problem 


200 

200 

Number of steps 


32 

33 

Theoretical convergence-order(CO) 


94 

66 

Number of function evaluations per iteration 


34 

34 

Solutions of system of linear equations per iteration 


32 

32 

Number of matrix vector multiplication per iteration 

3 

32 

33 

l|x 3 -x*||oo 

A 

1 

3.62e - 156 

7.55e- 110 


2 

4.78e - 142 

2.31e - 98 


3 

3.91e - 50 

4.05e - 35 

Execution time 


23.48 

24.0 


Table 6: Comparison of performances for different multi-step methods in the case of the Bratu problem when convergence orders are equal in both 
itrative methods. 


Iterative methods 

mz 2 

HM 

Number of iterations 

1 

1 

Size of problem 

250 

250 

Number of steps 

120 

179 

Theoretical convergence-order! CO) 

358 

358 

Number of function evaluations per iteration 

122 

180 

Solutions of system of linear equations per iteration 

120 

178 

Number of matrix vector multiplication per iteration 

120 

179 

l|x 9 - x*||oo, (T = 1) 

3.98e - 235 

3.98e - 235 

Execution time 

59.67 

70.22 
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Table 7: Comparison of performances for different multi-step methods in the case of the Bratu problem when number of function evaluations and 
number of solutions of systems of linear equations are equal in both iterative methods. 


Iterative methods 

mz 2 

HM 

Number of iterations 

3 

3 

Size of problem 

250 

250 

Number of steps 

3 

4 

Theoretical convergence-order(CO) 

7 

8 

Computational convergence-order(COC) 

6.75 

7.81 

Number of function evaluations per iteration 

5 

5 

Solutions of system of linear equations per iteration 

3 

3 

Number of matrix vector multiplication per iteration 

3 

4 

l|x 9 -x*lloo 

8.44e - 150 

3.92e - 161 

Execution time 

63.75 

64.66 


Table 8: Comparison of performances for different multi-step methods in the case of the Frank Kamenetzkii problem when number of function 
evaluations and number of solutions of systems of linear equations are equal in both iterative methods. 


Iterative methods 

mz 2 

HM 

Number of iterations 

3 

3 

Size of problem 

150 

150 

Number of steps 

3 

4 

Theoretical convergence-order(CO) 

7 

8 

Computational convergence-order(COC) 

7.39 

8.64 

Number of function evaluations per iteration 

5 

5 

Solutions of system of linear equations per iteration 

3 

3 

Number of matrix vector multiplication per iteration 

3 

4 

l|x 9 -x*lloo 

4.21e - 126 

3.21e - 149 

Execution time 

16.10 

16.68 


Table 9: Comparison of performances for different multi-step methods in the case of the Frank Kamenetzkii problem when convergence orders are 
equal in both iterative methods. 


Iterative methods 

mz 2 

HM 

Number of iterations 

1 

1 

Size of problem 

150 

150 

Number of steps 

80 

119 

Theoretical convergence-order(CO) 

238 

238 

Number of function evaluations per iteration 

82 

120 

Solutions of system of linear equations per iteration 

80 

118 

Number of matrix vector multiplication per iteration 

80 

119 

l| X jt - x*||oo, (A = 1) 

6.46e - 116 

3.95e - 99 

Execution time 

19.89 

28.21 
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Table 10: Comparison of performances for different multi-step methods in the case of the Lane-Emden equation when convergence orders are equal. 


Iterative methods 

mz 2 

HM 

Number of iterations 

1 

1 

Size of problem 

100 

100 

Number of steps 

30 

44 

Theoretical convergence-order(CO) 

88 

88 

Number of function evaluations per iteration 

32 

45 

Solutions of system of linear equations per iteration 

30 

43 

Number of matrix vector multiplication per iteration 

30 

44 

l|x ? - x*|L 

1.95e - 34 

2.64e - 37 

Execution time 

3.01 

3.53 


Table 11: Comparison of performances for different multi-step methods in the case of the Klien Gordon equation , initial guess u(.Xj,tj ) = 0, 


/ k 12k 

8sech{K{x — vt), k = -w — 8 = -»/ — ,c=l,y=l,v = 0.5, k = 0.5, n x = 

V c l - v 2 V y 

170, n, = 

26, r € [-22, 

22], t e [0, 0.5], 

Iterative methods 


mz 2 

HM 

Number of iterations 


1 

1 

Size of problem 


4420 

4420 

Number of steps 


4 

4 

Theoretical convergence-order(CO) 


10 

8 

Number of function evaluations per iteration 


6 

5 

Solutions of system of linear equations per iteration 


4 

3 

Number of matrix vector multiplication per iteration 

Steps 

4 

4 

l|x 9 - x*|U 

1 

3.24e - 1 

4.1 le - 1 


2 

7.51e - 3 

2.62e - 3 


3 

2.70e - 5 

2.63e - 5 


4 

5.59e - 7 

4.39e - 7 

Execution time 


94.13 

80.18 
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0.5 


Figure 1: Absolute error plot for multi-step method MZ 2 in the case of the Klien Gordon equation . initial guess u(xi, tj) = 0, u( x, t) = Ssech(K(x-vt), 


K ~ \l c 2 k _ v 2’ S ~ 


k 1 2k 

,6= J — ,c= l,y = 1, v = 0.5, k = 0.5, n x = 170, n t = 26, x e [-22, 22], t e [0, 0.5]. 
c A - v A V 7 



Figure 2: Numerical solution of the Klien Gordon equation , x 6 [-22, 22], t e [0, 0.5]. 
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5. Conclusions 

The inversion of Jacobian is computationally expensive and multi-step iterative methods can provide remedy to it by 
offering good convergence-order with relatively less computational cost. The best way to construct a multi-step method 
is to reduce the number of Jacobian and function evaluations, inversion of Jacobian, matrix-vector and vector-vector 
multiplications. Higher-order Frechet derivatives are computationally expensive when use them for the solution of 
systems of nonlinear equations but for a particular of ODEs and PDEs we could use them because they are just diagonal 
matrices. Our proposed scheme MZ 2 shows good accuracy when we perform more and more multi-steps and it also 
depends on the nature of problem sometime. The computational convergence-order of MZ 2 is also calculated in some 
examples and it agrees with theoretical proved convergence-order. 
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QUADRATIC p-FUNCTIONAL INEQUALITIES IN FUZZY NORMED 

SPACES 

JI-HYE KIM AND CHOONKIL PARK* 

Abstract. In this paper, we solve the following quadratic p-functional inequalities 

N(f(x + y) + f(x -y)- 2f{x) - 2 f(y),t) (0.1) 

s W + 2/ (ur9 - m - m) . t) 

where p is a fixed real number with \p\ < 1, and 

N ( 2f (^r) +2/ (^r0 -/(*)- /(»)>*) (°- 2 ) 

>N(p (f(x + y) + /( x -y)- 2f{x) - 2 f(y )) , t ) 
where p is a fixed real number with \p\ < |. 

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic p- 
functional inequalities (0.1) and (0.2) in fuzzy Banach spaces. 


1. Introduction and preliminaries 

Katsaras [21] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view [13, 24, 52]. In particular, Bag and Samanta [2], following Cheng and 
Mordeson [8] , gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric 
is of Kramosil and Michalek type [23]. They established a decomposition theorem of a fuzzy 
norm into a family of crisp norms and investigated some properties of fuzzy norrned spaces [3] . 

We use the definition of fuzzy norrned spaces given in [2, 28, 29] to investigate the Hyers-Ulam 
stability of quadratic p-functional inequalities in fuzzy Banach spaces. 

Definition 1.1. [2, 28, 29, 30] Let A be a real vector space. A function N : A x M — > [0, 1] is 
called a fuzzy norm on A if for all x, y G X and all s,RK, 

(Ni) N(x,t ) = 0 for t < 0; 

(7V 2 ) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(N 3 ) N(cx, t ) = N(x, jf| ) if c 7^ 0; 

(IV4) N(x + y,s + t) > min {N(x,s),N(y,t)}; 

(IV5) N(x,-) is a non-decreasing function of M and lim^oo N(x, t) = 1. 

(Nq) for x 7^ 0, N(x, •) is continuous on M. 

The pair (A, A) is called a fuzzy norrned vector space. 

The properties of fuzzy norrned vector spaces and examples of fuzzy norms are given in 
[27, 28]. 
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Key words and phrases, fuzzy Banach space; quadratic p-functional inequality; fixed point method; Hyers- 
Ulam stability. 
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Definition 1.2. [2, 28, 29, 30] Let ( X , N ) be a fuzzy normed vector space. A sequence {x n } in 
X is said to be convergent or converge if there exists aniel such that lim^^oo N (x n — x, t) = 1 
for all t > 0. In this case, x is called the limit of the sequence {x n } and we denote it by N- 
linin^oo x n = x. 

Definition 1.3. [2, 28, 29, 30] Let (X, N ) be a fuzzy normed vector space. A sequence {x n } 
in X is called Cauchy if for each e > 0 and each t > 0 there exists an no £ N such that for all 
n > no and all p > 0, we have N(x n + P — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — > Y between fuzzy normed vector spaces X and Y is 
continuous at a point xo £ X if for each sequence {x n } converging to xq in X, then the 
sequence {f(x n )} converges to f(x o). If / : X Y is continuous at each x £ X, then 
/ : X — > Y is said to be continuous on X (see [3]). 

The stability problem of functional equations originated from a question of Ularn [51] con- 
cerning the stability of group homomorphisms. 

The functional equation f(x + y) = fix) + f(y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [17] gave a 
first affirmative partial answer to the question of Ularn for Banach spaces. Hyers’ Theorem was 
generalized by Aoki [1] for additive mappings and by Th.M. Rassias [40] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem 
was obtained by Gavruta [14] by replacing the unbounded Cauchy difference by a general 
control function in the spirit of Th.M. Rassias’ approach. 

The functional equation f(x + y) + f(x — y) = 2f(x) + 2f{y) is called the quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a 
quadratic mapping. The stability of quadratic functional equation was proved by Skof [50] for 
mappings / : E\ — > £2, where E\ is a normed space and E -2 is a Banach space. Cholewa 
[9] noticed that the theorem of Skof is still true if the relevant domain E\ is replaced by 
an Abelian group. Czerwik [10] proved the Hyers-Ulam stability of the quadratic functional 
equation. The functional equation f = lfi x ) + \f{y) is called a Jensen type 

quadratic equation. The stability problems of several functional equations have been extensively 
investigated by a number of authors and there are many interesting results concerning this 
problem (see [4, 18, 20, 25, 36, 37, 38, 41, 42, 44, 45, 46, 47, 48, 49]). 

Gilanyi [15] showed that if / satisfies the functional inequality 

||2/(x) + 2/(y) - f(x-y)\\ < ||/(x + y)|| (1.1) 

then / satisfies the Jordan- von Neumann functional equation 

2 f[x) + 2 f(y) = f(x + y) + f(x - y ). 

See also [43]. Fechner [12] and Gilanyi [16] proved the Hyers-Ulam stability of the functional 
inequality (1.1). Park, Cho and Han [35] investigated the Cauchy additive functional inequality 

ll/(*) + f(y) + f ( z ) II < II /(* + V + z ) II (1-2) 

and the Cauchy- Jensen additive functional inequality 

J/M + f(y ) + 2/(2)!! < [j 2 / (Lp + 2 ) J ( 1 . 3 ) 


463 


JI-HYE KIMet al 462-473 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


QUADRATIC p-FUNCTIONAL INEQUALITIES IN FUZZY NORMED SPACES 

and proved the Hyers-Ulam stability of the functional inequalities (1.2) and (1.3) in Banach 
spaces. 

Park [33, 34] defined additive p - functional inequalities and proved the Hyers-Ulam stability 
of the additive /9-functional inequalities in Banach spaces and non- Archimedean Banach spaces. 
We recall a fundamental result in fixed point theory. 

Let A be a set. A function d : A x A — > [0, oo] is called a generalized metric on A if d 
satisfies 

(1) d(x, y) = 0 if and only if x = y. 

(2) d(x,y) = d(y,x ) for all x,y £ A; 

(3) d(x, z) < d(x, y ) + d(y, z) for all x,y,z G A. 

Theorem 1.4. [5, 11] Let (X, d) be a complete generalized metric space and let J : X — > X 
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element 
x e X, either 

d(J n x, J n+l x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo, Vn > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x,y) < oo}; 

(4) d(y,y*) < j^dfaJy) for all y G Y. 

In 1996, G. Isac and Th.M. Rassias [19] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. By 
using fixed point methods, the stability problems of several functional equations have been 
extensively investigated by a number of authors (see [6, 7, 22, 27, 31, 32, 38, 39]). 

In Section 2, we solve the quadratic p-functional inequality (0.1) and prove the Hyers-Ulam 
stability of the quadratic p-functional inequality (0.1) in fuzzy Banach spaces by using the fixed 
point method. 

In Section 3, we solve the quadratic p-functional inequality (0.2) and prove the Hyers-Ulam 
stability of the quadratic ^-functional inequality (0.2) in fuzzy Banach spaces by using the fixed 
point method. 

Throughout this paper, assume that A is a real vector space and (Y, N) is a fuzzy Banach 
space. 


2. Quadratic ^-functional inequality (0.1) 

In this section, we prove the Hyers-Ulam stability of the quadratic p- functional inequality 
(0.1) in fuzzy Banach spaces. Let p be a real number with \p\ < 1. We need the following 
lemma to prove the main results. 

Lemma 2.1. Let f : X — >■ Y be a mapping such that 

N{f{x + y) + f(x -y)- 2 f(x) - 2 f(y),t) (2.1) 

> iV (, (2/ (^) + 2 /(^)_ /(l ) _/(,)), t ) 

for all x,y G A and all t > 0. Then f is quadratic. 

Proof. Assume that / : A -A Y satisfies (2.1). 

Letting x = y = 0 in (2.1), we get A(2/(0),f) > N (p(2/(0)), t) = N (2/(0), for all 
t > 0. By (IV5) and (Nq), N(f(0),t) = 1 for all t > 0. 

It follows from (IV2) that /( 0) = 0. 
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Letting y = x in (2.1), we get N(f( 2x) — 4 f(x),t) > N (0, t) = 1 and so /( 2x) = 4 f(x) for 
all x £ X. Thus 


'GH'm 


( 2 . 2 ) 


for all x £ X. 

It follows from (2.1) and (2.2) that 

N(f{x + y) + /(x ~y)~ 2 f(x) - 2 f(y),t) 


> N [p 2/ 


x + y 


+ 2 / 


x-y 


- fix) - f(y ) ,t 


= N Qp (/(® + 2/) + f(x -y)- 2/(x) - 2/(2/)) , 

= IV (/(x + y) + f(x - y) - 2/(x) - 2/(y), 

for all t > 0. By (IV5) and (IVg), N(f(x + y) + f(x — y) — 2 f(x) — 2 f(y),t) = 1 for all t > 0. It 
follows from (IV2) that f(x + y) + f(x — y) = 2 /(x) + 2 f(y) for all x,y £ X. □ 

Theorem 2.2. Let p : X 2 -> [0, 00) be a function such that there exists an L < 1 with 

L 


p(x,y) < —ip (2x, 2y) 

for all x, y £ X. Let f : X Y be an even mapping satisfying /( 0) = 0 and 
N(f(x + y) + f(x -2 /) - 2 f{x) - 2f(y),t) 


(2.3) 


> min < N ( p ( 2/ 


x + y 


+ 2 / 


x - 1/ 


-f(x)-f(y)) ,t , 


t + (/?(x,2/) 


/or all x,y £ X and all t > 0. Then Q(x) := IV-lim n _ 5 . 0C 4”/ (^) exists for each x & X and 
defines a quadratic mapping Q : X such that 

(4 - 4L)t 


JV(/(x)-0(x),t)>(- 4 _ 4i)( + i?;(xjx) 

/or all x £ X and all t > 0. 

Proof. Letting y = x in (2.3), we get 

N(f(2x) -4/(x),t) > 


(2.4) 


t 


(2.5) 


t + </?(x, x) 

for all x £ X. 

Consider the set 

5 :={</: X -A T} 

and introduce the generalized metric on S: 

d(g, h) = inf j/i £ M + : N(g(x) - h(x),yt) > t + ■ 

where, as usual, inf / = +00. It is easy to show that (S,d) is complete (see [26, Lemma 2.1]). 
Now we consider the linear mapping J : S -A S such that 


Vx £ X, Vi > 0 > , 


Jg(x) :=4 g 


for all x £ X. 
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Let g, h £ S be given such that d(g, h ) = e. Then 

N( 9 ( x )-h(x),et)> t+ * (x x) 
for all x E X and all t > 0. Hence 

N(Jg(x ) - Jh(x), Let) = N ^4 g - 4 h (^j , Letj = N (g (^j - h 

Lt Lt , 

> 4 > 4 = l 

T+P(f>i) ^ + ^(x,x) t + (p( x ,x) 

for all x £ X and all t > 0. So d(g, h ) = e implies that d(Jg, Jh) < Le. This means that 

d(Jg, Jh) < Ld(g, h) 


for all g , h £ 5. 

It follows from (2.5) that N (^f(x) — 4/ (|) , for all x £ X and all t > 0. So 

d(f,Jf)< •• 

By Theorem 1.4, there exists a mapping Q : X — > Y satisfying the following: 

(1) Q is a fixed point of J, i.e. , 


Q (|) = \Q(x) (2.6) 

for all x £ X. Since / : X — > Y is even, Q : X — > Y is a even mapping. The mapping Q is a 
unique fixed point of J in the set 


M = {g £ S : d(f,g ) < oo}. 

This implies that Q is a unique mapping satisfying (2.6) such that there exists a n £ (0, oo) 
satisfying 

N(f(x 

for all x £ X] 

(2) d(J n f , Q) — >■ 0 as n -A oo. This implies the equality 

N- lim 4 n / f — ^ = Q(x) 
n— >-oo \2 n J K 

for all x £ X] 

(3) d(f,Q) < jL^d(f,Jf), which implies the inequality 


d(f,Q)< 


L 

4-4 L' 


This implies that the inequality (2.4) holds. 

By (2.3), 

«( 4 "(/(^) + /(^)- 2 /(^)- 2 /(| 


A n t 


>m.n1 W Q|4"(2/( |±?) + 2/ fe?) - f (±) -,U 


,4 n t 


t + (f (§i, Jr) 
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for all x, y 6 X, all t > 0 and all n G N. So 


n (r / 


x + y 


+ f 


> min < N ( p ( 4 n ( 2/ 


x-y 

2 n 

x + y 
2 n +i 


- 2 / 

+ 2 / 


- 2 / 


s - y 

2 n+1 








t 

4 n 


4 n + fn V 7 (x, y) 


t 

for all x, y G X, all t > 0 and all n G N. Since Hindoo = 1 for all x,'i/£l and all 

t > 0, 


(Q(x + y) + Q(x -y) - 2 Q(x) - 2 Q(y),t) 


> N [p 2Q 


x + y 


+ 2 Q 


x-y 


- Q{x) - Q(y) ,t 


for all x,y € X and all t > 0. By Lemma 2.1, the mapping Q : X — > Y is quadratic, as 
desired. □ 

Corollary 2.3. Let 0 > 0 and let p be a real number with p > 2. Let X be a normed vector 
space with norm || • |j. Let f : X —tY be an even mapping satisfying 

N{f{x + y) + f{x -y)- 2/(x) - 2 f(y),t) 


> min < N ( p ( 2/ 


x + y 


+ 2 / 


x-y 


- fix) - fiy) ,t 


t 


t + 6i\\x\\P + \\y\\P) 


for all x, y G X and all t > 0. Then Qix) := -/V-linij^oo 4 n /(^-) exists for each x € X and 
defines a quadratic mapping Q : X —>■ Y such that 

(2 p - 4 )t 


N ifix) - Qix),t ) > 


(2P-4)i + 26>||x||P 


for all x £ X . 


Proof. The proof follows from Theorem 2.2 by taking ip{x, y) := 0(||x|| p + Hyp) for all x, y £ X. 
Then we can choose L = 2 2 ~' p , and we get the desired result. □ 

Theorem 2.4. Let ip : X 2 — > [0, oo) be a function such that there exists an L < 1 with 

<Pix,y) < 4 Lip 0 

/or all x,y G X. Let f : X Y be an even mapping satisfying /( 0) = 0 and (2.3). T/ien 
Q(x) := iV-linin^oo (2 n x) exists for each x G X and defines a quadratic mapping Q : X — > 
Y such that 

i v(f(x)-q ( ,). t )> (4 _^-^ |j) (2.7) 

/or all x £ X and all t > 0. 

Proof. Let (5, d) be the generalized metric space defined in the proof of Theorem 2.2. 

It follows from (2.5) that 

"(/<*> -i'< 2 *)-i‘)-i+4^j 

for all x G X and all 1 > 0. So d(f. J f) < \. Hence dif,Q) < 4 J 4L , which implies that the 
inequality (2.7) holds. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 
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Corollary 2.5. Let 9 > 0 and let p be a real number with 0 < p < 2. Let X be a normed 
vector space with norm || • ||. Let f : X — >■ Y be an even mapping satisfying 


N(f(x + y) + f (x -y)- 2 f(x) - 2 f(y),t) 

> min | iV (p (2f (pPp^j + 2/ ~ f( x ) ~ fiv)^ , 


t + 6(\\x\\p + \\y\\P) 


for all x, y £ X and all t > 0. Then Q{x) := iY-lini )WOO ^f( 2 n x) exists for each x £ X and 
defines a quadratic mapping Q : X -a- Y such that 


N (f{x) - Q(x),t) > 


(4 - 2 P)t 

(4- 2P)t + 29 \\x\\p 


for all x € X . 


Proof. The proof follows from Theorem 2.4 by taking tp(x , y ) := 0(||x|| p + || y\\ p ) for all x, y G X. 
Then we can choose L = 2 P-2 , and we get the desired result. □ 


3. Quadratic ^-functional inequality (0.2) 

In this section, we prove the Hyers-Ulam stability of the quadratic p-functional inequality 
(0.2) in fuzzy Banach spaces. Let p be a real number with \p\ < We need the following 
lemma to prove the main results. 

Lemma 3.1. Let f : X — > Y be a mapping such that 

(3.D 

>N(p (/(x + y) + /(x - y) - 2/(x) - 2 f(y )) , t) 
for all x,y € X and all t > 0. Then f is quadratic. 

Proof. Assume that / : X — > Y satisfies (3.1). 

Letting x = y = 0 in (3.1), we get N(2f(0),t) > N (p(2/(0)), t) = N (2/(0), for all 
t > 0. By (A5) and (N$), iV(/(0),t) = 1 for all t > 0. 

It follows from ( N 2 ) that /( 0) = 0. 

Letting y = 0 in (3.1), we get N (4/ (|) — f(x),t) > N (0, t) = 1 for all t > 0 and so 

/ (f ) = )/M (3-2) 

for all x G X. 

It follows from (3.1) and (3.2) that 

JV ( 2/ (^) + 2 

= N Q/(* + y) + \f{x -y)- /(x) - /(y), ^ 

= A" (/(x + y) + f{x -y)- 2/(x) - 2/(y), 2t) 

> JV (p(/(x + y) + f(x - y) - “2 fix) - 2/(y)), t) 

= AT (7(x + y) + fix - y) - 2 fix) - 2/(y), ^ 

for all t > 0. By (A^s) and (AT 6 ), A”(/(x + y) + /(x — y) — 2/(x) — 2/(y), t) = 1 for all f > 0. It 
follows from (A2) that /(x + y) + /(x — y) = 2/(x) + 2/(y) for all x,y£l. □ 
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Theorem 3.2. Let : X 2 [0, oo) be a function such that there exists an L < 1 with 

<p(x,y) < jip{2x,2y) 

for all x,y G X. Let f : X — > Y be an even mapping satisfying 


AM 2/ 


- Six) - f(y),t 


(3.3) 


> min | iV (p (f(x + y) + f{x - y) - 2 f(x) - 2 f(y)) , t) 

X and all t > 0. Then Q(x) := N- li 
defines a quadratic mapping Q : X — >■ Y such that 


t + <p(x, y ) . 

for all x,y G X and all t > 0. Then Q(x) := -/V-lim^oo 4 n f (^-) exists for each x & X and 


N(f(x) - Q(x),t) > 


(1 — L)t 


(3.4) 


(1 - L)t + </?(x,0) 

/or all x & X and all t > 0. 

Proof. Letting x = y = 0 in (3.3), we get AT(2/(0),t) > N (p(2/(0)), t) = AT (2/(0), for all 
t > 0. So /(0) = 0. 

Letting y = 0 in (3.3), we get 

+ (3 ' 5) 

for all x G AL 
Consider the set 

5 := {g : X -A T} 

and introduce the generalized metric on S: 

d(g,h ) = inf j/x G R+ : N(g(x) - h{x),pt) > t + ^ x Vx G X,Vt > o| , 

where, as usual, inf f> = +oo. It is easy to show that (5, d) is complete (see [26, Lemma 2.1]). 
Now we consider the linear mapping J : S — > S such that 


Jg{x) :=4 g 


for all x G X. 

Let g,h G S be given such that d(g, h) = e. Then 

N{g{x) — h(x),et) > 


t + (p(x,0) 


for all x G X and all t > 0. Hence 


N(Jg(x) — Jh(x), Let) = N (±g - Ah , Let^j = N (g - h ^ 


t 


Lt Lt 

~ x +p(f’°) ~ f + 4P( X ’°) t + cp(x,0) 


for all x G X and all t > 0. So d(g, h) = e implies that d(Jg, Jh ) < Le. This means that 

d(Jg, Jh) < Ld(g, h ) 

for all g , h G 5. 
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It follows from (3.5) that 

K /w - 4/ (i)’‘)-7T^ro) 

for all x G X and all t > 0. So d(f, J f) < 1. 

By Theorem 1.4, there exists a mapping Q : X — > Y satisfying the following: 

(1) Q is a fixed point of J, i.e. , 

Q (|) = \Q{x) (3-6) 

for all x £ X. Since / : X — >• Y is even, Q : X -A Y is an even mapping. The mapping Q is a 
unique fixed point of J in the set 

M = {g € S : d{f,g) < oo}. 

This implies that Q is a unique mapping satisfying (3.6) such that there exists a/i£ (0, oo) 
satisfying 

N{f{x) - Q(x),fj,t) > * 

t + ip(x, 0) 

for all x G X; 

(2) d(J n f , <2) -> 0 as n -A oo. This implies the equality 

IV- lim 4 n / f — ^) = Q(x) 

n—>oo \2 n J K 

for all x G X; 

(3) d(f,Q) < j^d(f,Jf), which implies the inequality 

d(f,Q) < y~Tl- 

This implies that the inequality (3.4) holds. 

By (3.3), 

N ( 4 ” (*/(£?)+ v(^?) -/(£) -/(£)).« 

> mm { W (,(4»(/(^) +/ (^)- 2/ (A)- 2/ 
for all x, y € X, all t > 0 and all n € N. So 

4 ” -/(£)-/ 

£min { W (,(4»(/(^) +/ (^)- 2/ 

for all x, y G X, all t > 0 and all n E N. Since lim n _ ) . 0O — t — 44- = 1 for all x,y G X and all 

4« + 4n 

t > 0, 

A'(2Q(^) + 2(^)- QW -Q te) , ( ) 

> N (p (Q (x + y) + Q {x - y) - 2 Q{x) - 2 Q(y )) , f) 

for all x,y £ X and all t > 0. By Lemma 3.1, the mapping Q : X — > Y is quadratic, as 
desired. □ 
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Corollary 3.3. Let 8 > 0 and let p be a real number with p > 2. Let X be a normed vector 
space with norm || • ||. Let f : X — > Y be an even mapping satisfying 

n ( 2/ (£±») + 2/ (£^») -/w- m, t ) 

> min (iV (p (f(x + y) + /( x - y ) - 2 f(x) - 2f(y )) , t ) , } 

for all x, y G X and all t > 0. Then Q(x) := 4 n /(J^) exists for each x G X and 

defines a quadratic mapping Q : X — >• Y" such that 

N(f(x) - Q(x),t) > (2P _ ( 4 ^ 4 ^ |M|P 

/or all x € X . 


Proof. The proof follows from Theorem 3.2 by taking (p(x, y ) := $(|M| P + ||y|| p ) for all x, y £ X. 
Then we can choose L = 2 2-p , and we get the desired result. □ 


Theorem 3.4. Let (p : X 2 [0, oo) be a function such that there exists an L < 1 with 

<p{x,y) < 4 Lp Q, 0 


for all x,y € X. Let f : X Y be an even mapping satisfying /( 0) = 0 and (3.3). Then 
Q(x) := N- lim, woc (2 n x) exists for each x G X and defines a quadratic mapping Q : X — > 

Y such that 


N (f{x) - Q(x),t) > 


(1 -L)t 

(1 - L)t + (/?(x,0) 


(3.7) 


for all x e X and all t > 0. 


Proof. Let ( S , d) be the generalized metric space defined in the proof of Theorem 3.2. 
It follows from (3.5) that 

N ( fix) — -f(2x),Lt] > 7 

V X h ) - t + <p(x, 0) 

for all x £ X and all t > 0. So d(f, J f) < L. Hence 

<Kf,Q)<YTZ> 

which implies that the inequality (3.7) holds. 

The rest of the proof is similar to the proof of Theorem 3.2. 


□ 


Corollary 3.5. Let 9 > 0 and let p be a real number with 0 < p < 2. Let X be a normed 
vector space with norm || • ||. Let f : X -» Y be an even mapping satisfying 

> min j JV (p (/ (x + y) + f (i - y) - 2 / (x) - 2f(y )) , t) , t + 0(^1), + || g || P ) } 

for all x, y G X and all t > 0. Then Q(x) := iV-lim, woo ^-/(2 n x) exists for each x € X and 
defines a quadratic mapping Q : X — > Y such that 

iV(/(x) - Q(x).t) > (4 _ 

for all x G X . 
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Proof. The proof follows from Theorem 3.4 by taking ip(x, y ) := $(||t|| p + ||y|| p ) for all x, y £ X. 
Then we can choose L = 2 P_2 , and we get the desired result. □ 
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The Quadrature rules of the fuzzy Henstock - Stieltjes 
integral on a infinite interval^ 

Ling Wang* 

School of Information Engineering, Gansu Institute of Political Science and Law, 

Lanzhou, Gansu 730070, P.R. China 


Abstract: In this paper, the calculating methods for the fuzzy Henstock-Stieltjes integral on a infinite 
interval are proposed. It includes quadrature rules and the error estimates such as the midpoint-type 
rule, trapezoidal-type rule, Simpson’s formula, 5 — fine quadrature rules, their error estimates, and so on. 
Finally, an example is given to illuminate the effectiveness the methods proposed in this paper. 
Keywords: Fuzzy numbers; Fuzzy Henstock-Stieltjes integral; calculating methods 
AMS subject classifications. 26E50; 28E10. 

1 Introduction 

It is well known that the notion of the Stieltjes integral for fuzzy-number-valued functions was orig- 
inally proposed by Nanda [1] in 1989. Many generalizations of the fuzzy Riemann-Stieltjes integral 
were considered by scholars [2, 3, 4], In 1998, Wu [5] proposed the concept of fuzzy Riemann-Stieltjes 
integral by means of the representation theorem of fuzzy-number-valued functions, whose membership 
function could be obtained by solving a nonlinear programming problem, but it is difficult to calculate 
and extend to the higher-dimensional space. In 2006, Ren et al. introduced the concept of two kinds 
of fuzzy Riemann-Stieltjes integral for fuzzy-number-valued functions [3, 4] and showed that a continu- 
ous fuzzy-number-valued function was fuzzy Riemann-Stieltjes integrable with respect to a real-valued 
increasing function. To overcome the limitations of the existing studies and to characterize continuous 
linear functionals on the space of Henstock integrable fuzzy-number- valued functions, the concept of the 
Henstock-Stieltjes integral for fuzzy-number-valued functions was defined and discussed in 2012, and some 
useful results for this integral were shown, such as the integrability, the continuity and the differentiability 
of the primitive, numerical calculus of the integration, the convergence theorems, and so on. The integral 
for fuzzy-number-valued functions on a infinite interval, as a expectation of fuzzy random variable, was 
originally investigated by Puri and Ralescu in 1986 [6]. In their opinion, a fuzzy random variable as 
a fuzzy-number- valued function and the expectation E(X) of a fuzzy random variable X equals to a 
fuzzy integral E(X) = f X or set-valued integral of X\. In 2007, the concept of the fuzzy Henstock 
integral on infinite interval was proposed and discussed in order to solve the expectation E(X) of a fuzzy 
random variable X which distribution function has some kinds of discontinuity or non-integrability by 
Gong and Wang [7]. After that, the Henstock-Stieltjes integral for fuzzy-number-valued functions on 
infinite interval which is an extension of the usual fuzzy Riemann-Stieltjes integral on infinite interval 
was investigated by Duan in 2014 [8] , and several necessary and sufficient conditions of the integrability 
for fuzzy-number-valued functions are given by means of the Henstock-Stieltjes integral of real-valued 
functions on infinite interval and Henstock integral of fuzzy-number-valued functions on infinite interval. 
In this paper, we shall discuss the calculating methods for the fuzzy Henstock-Stieltjes integral on a 
infinite interval: one is to calculate directly by the fuzzy Henstock-Stieltjes integral on a infinite interval, 
including quadrature rules and the error estimates such as the midpoint-type rule, trapezoidal-type rule, 
Simpson’s formula, 5 — fine quadrature rules and their error estimates; another is to calculate by using 
the equivalent characteristic of fuzzy Henstock-Stieltjes integrability, whose membership function could 
be obtained by solving a nonlinear programming problem. 
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2 Preliminaries 


Fuzzy set u E E 1 is called a fuzzy number if ft is a normal, convex fuzzy set, upper semi-continuous 
and supp u = {x E M | u(x) > 0} is compact. Here A denotes the closure of A. We use E 1 to denote the 
fuzzy number space [1-6]. 

Let u, v E E 1 , k E M, the addition and scalar multiplication are defined by 


[u + u]a = [u]\ T [v]x, [ku] x = k[u\ x , 


respectively, where |/u]a = { x : u(x) ^ A} = [u x ,u A ], for any A E [0, 1]. 

We use the Hausdorff distance between fuzzy numbers given by D : E 1 x E 1 — 
[i-6]: 

D(u,v) = sup c£([{(]a, [u]a) = sup max{|rt A — u A |, |tt A — u A |}, 
Ae[o,i] Ae[o,i] 


[0, Too) as follows 


where d is the Hausdorff metric. D(u, v) is called the distance between u and v. 

Recall, also, that a function / : [a, b] — > E 1 is said to be bounded if there exists M E K such that 
|| /(m) || = D(f(x), 0) ^ M for any x E [a, b\. Notice that here ||/(xo)|| does not stand for the norm of E 1 . 

Definition 2.1 [7,8,9]. R denote the generalized real line, for / defined on [a, Too], we define 
/(Too) = 0, and 0 • (Too) = 0. 

Let J : [a, Too] — ► R + be a positive real function. A division P = {[xj_i, Xj]; /*} is said to be 5-fine, 
if the following conditions are satisfied: 

(1) a = xo < xi < ... < x n -i = b < x n = Too; 

(2) 6. e [xi-i,Xi] C 0(£i),i = 1,2, ..., n; 

where 0(&) = (^ - 5(^),^ T 5(^)) for * = !> 2 , ...,n - 1, and 0(£„) = [6, Too). 

For brevity, we write T = {[it, u]; ^}, where [u, v\ denotes a typical interval in T and £ is the associated 
point of [u, u]. 

Definition 2.2 [8]. Let a : [a, Too] -> M be an increasing function. A fuzzy-number- valued function 
/(x) is said to be fuzzy Henstock-Stieltjes integrable with respect to a on [a, Too] if there exists a fuzzy 
number H E E 1 such that for every e > 0, there is a function 6(x) > 0 on [a, Too] such that for any 
5-fine division T = {[xj_i, Xj]; £j}” =1 , we have 


D C^2i a ( x i) ~ a(xi-i)]f(&),H) < e. 
1=1 


We write ( FHS ) / Q +0 ° f(x)da = H and (/, a) E FHS[a, Too]. 

The definition of / E FHS(—oo, a] is similar. Naturally, we define / E FFIS(— oo, Too) iff / E 
FHS(— oo,a] and / E FHS[a, Too), and furthermore 

/ +oo pa p-\- oo 

f(x)dda = (FHS) / f(x)dda T (FHS) / f(x)dda. 

-oo J— oo Ja 

For brevity, we always assume that a : [a, Too] — > M is an increasing function. 

Lemma 2.1 [8] . Let a : [a, Too] R be an increasing function and let / : [a, Too] — > E 1 . Then the 

following statements are equivalent: 

(1) (/, a) E FHS[a, Too] and (FHS) f+°° f(x) da = A; 

(2) for any A E [0, 1], // and are Henstock-Stieltjes integrable with respect to a on [a, Too] for 

any A E [0, 1] uniformly (5(x) is independent of A E [0, 1]), and 

/•+0O /*+oo f+OO 

[(FHS) f(x)da]x = [(HS) ft(x)da,(HS) / A + (x)da], 

J a J a JO 

(3) For any b > a, f E FHS[a, b], lim J /(x)da as a fuzzy number exists and 

b — >+oo 


lim 

b — >-|-oc 



f(x) da 


r*+oo 


f(x)da. 
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3 Quadrature rules of the Henstock-Stieltjes integral for fuzzy-number-valued functions on 
infinite interval 

We shall use the modulus of oscillation for a fuzzy-valued function to discuss the quadrature rules 
of expectations for fuzzy random variables in this section. For the numerical calculus of fuzzy integral, 
there were some discussions by the fuzzy Riemann integral, improper fuzzy Riemann integral, using 
the probabilistic Monte Carlo method, and the quadrature rules for fuzzy Henstock integral on a finite 
interval [1, 3, 4], However, the calculus above will be restricted when the distribution function of a random 
variable on (— oo,+oo) or the distribution function of a random variable has some kind of discontinuity 
or non-integrability. Furthermore, fuzzy Henstock integral is convenient for numerical calculus since 
it is a Riemann-type integral. Since a fuzzy random variable is a measurable fuzzy-valued function 
/ : (— oo,+oo) — > E 1 , therefore without loss of the generality, we only discuss the quadrature rules of 
Henstock integrals for the measurable fuzzy- valued functions on [a,+oo). For a fuzzy- valued function, 
since its Henstock integrability implies measurability, for brevity we always assume that the fuzzy-valued 
functions discussed are measurable throughout this section. 

Definition 3.1 [T, 10]. Let / : [a, +oo) — > E 1 be a bounded mapping. Then the function W[ a ,+oo)(/i ') : 
R + {J{0}^R + , 


W[a,+oo)(/^) =sup {D(f(x)J{y)) :x,y£ [a, +oo), \x - y\ < 5} 

is called the modulus of oscillation of / on [a, +oo). 

Theorem 3.1 [7] Obviously, the following statements hold: 

(i) D(f(x),f(y )) < W[a, +00 )(f, \x - y\),Vx,y E [a,+oo) for any x,y <E [a,+oo); 

(ii) u>[ a ,+oo){fi S) is nondecreasing mapping in 6 and nonincreasing in a; 

(hi) ^[a,+oo) (/) 0) 0, 

(iv) U[a, +O o)(f, Si + S 2 ) < U[a,+oo)(f, Si) + ^[ a ,+oo)(f : S2) for any 81,62 > 0; 

( v ) U[a t+00 ){f,n5) < nw [aj+00 )(f,8) for any i > 0,n £ JV; 

(vi) u «7 [a , +00 )(/, XS) < (A + 1 V[ a , +0O )(/, S) for any 5 > 0, A > 0. 

Theorem 3.2 Let / 6 FHS[a, + 00 ) be a bounded function, and a : [a, + 00 ] -> 1 an increasing 
function. Then for any division T : a = x 0 < aq < ... < x n -\ = b < x n = +00 and any point 
E [xi-i,Xj\,i = 1, 2, 3, ..., n — 1, and £ n = + 00 , we have 

«_|_00 n 71—1 

D ( / f{x)da,^2[a(xi) - a(x { - 1 )]/(&)) < ^[ 0 ( 0 :*) - a(x i _i)]o;[ x ._ ljX .](/,a; i - 1 ) + a b , 

Ja i= 1 i= 1 

where a b stands for || / b + °° f(x)da\\ E i or / b + °° ||/(x)|| E i da, and a b — > 0 (b — > + 00 ). 

Proof. The subinterval including +00 is denoted by [6, +oo](x„_i = b,x n = + 00 ), according to 
the additivity of interval for fuzzy Henstock-Stieltjes integral, we have / a + °° f(x)da = [*’ f(x)da + 
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/[) + °° and 

/*+oo n 

D{ / f{x)da , - a(xi_ i)]/(&)) 

Ja i = i 

pb ~ _ /*+oo _ /»+oo _ 

< D( / f(x)da, - a(xj_i)]/(&)) + L>( / f(x)da, / f{£ n )da , ) 

ia , ) = 1 Y6 Jb 

n— 1 /*+oo 

< [«(»*) - a(«i-i)]wr Xj _ ljXj ](/, x* - *i-i) + -0( / /(x), 0)cfa 

i=i Jb 

n 

< “ a(xj_i)]a;[ x ._ liX .](/, x* - Xj_i) + a 6 , 
i=l 

where /(£ n ) = 0 . By Lemma 2 . 1 , ~ > 0 when b —> +oo. 

The proof is complete. 


Taking in Theorem 3.2 n = 2 , xi = £i = £2 = x; n = 2 ,x\ = x, £1 = u, £ 2 = v and n = 4 , xi = cc, X2 = 
/ 3 , £1 = u, £2 = 11,^3 = w respectively, we obtain the midpoint- type, trapezoidal-type and Simpson’s 
inequalities in some sense with its error estimations as follows. 

Corollary 3.1 Let / E FHS [a, +00) be a bounded function. Then 

(i) 

r+o o 

£>( / f(x)da, [a(b) - a(a))f{x)) < [a(x) - a{a)}uj^ x ]{f , x - a) + [a(b) - a(x)]u;[ X)6 ](/, 6 - x) + 

J a 

for any 6 > a and x E [a, 6]; 

(ii) 


r*+oo 


D{ / f(x)da, [a(x) - a(a)]f(u) + [a (6) - a(x)]f(v)) 
J a 

< [a(x) - a(a)]ui[ a!X ] (/, x - a) + [a (6) - a(x)]uy fe] (/, 5 
for any b > a and x E [a, b],u E [a, x] , x E [x, 6] ; 

(iii) 


x) + ab 


r+o o 

£>( / f{x)da, [a(/?i) - a(a)]/(rt) + [a(/?2) - a(/?i)]/(x) + [a (6) - a(/3 2 )]/M) 
J a 

< KA) - a(a)]w[ a , a ](/,/3i - a) + [a(/3 2 ) - cr(/3i)]a7[ /3l;/32 ] (/, /5 2 - /?i) 

+ [a(6) - a(/3 2 )\u>[i3 2 ,b]{f, b - (3 2 ) + 


for any b > a, a, (3 E [a, 6], and u E [o, /?i], v E w E [/? 2 ,&], where stands for || J, + °° /(x)da|| E i 

or / b +OC ||/(x)||£;ida, and a& — ► 0 (6 — + +00). 

Corollary 3.2 Let / E .FiLS^a, +00) be a bounded function. Then 

(i) 

f +oc ~ ~ a -+b 

D iJ f{x) da, [a (6) — a(a)]f{ - )) 

< [a(b) - a(a)]w[ a>6] (/, + a& 

< [<*(&) - «(a)]w[ a , +0 o)(/> ~y“) + a b', 
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(ii) 


D( J f(x)da, - a(a)]f(a) + [a(b) - a( ^ ^^)]/(&)) 

r ,b CL . /m / ~ 6 — CL . r/ 7 \ , 6 a . , , ~ b — CL . 

< ) - «(«)! “> [a> fr±«](/, ~ 2 ~ ) + H») “ «(— 2~ )F[6±« i6 ](/, — j - ) + “ft! 


(ill) 


D ( J f(x)da, [a(^^) - a(a)]/(a) + [«( °^ 26 ) - a ( 2a + + [ a (fc) _ a(^^)]/(6)) 

2a + 6 ~ b — a a + 2b 2a + b ~ b — a 

— i^\ g ) ] (/ 5 g ) “1“ [^\ ^ g )JCJj 2a+b ^ a+2b j ( J , “ ) 

+ [a(b) - a(— )]W[o± 2 t 6 ](/, -J-) + a b, 
where stands for || f(x)da \\ E i or J, +0 ° |j/(x) H^ida, and — > 0 (6 — > +oo). 


Using Theorem 3.2, we can also obtain another numerical calculous of Henstock-Stieltjes integrals 
with error estimations. 

Corollary 3.3 Let / G FHS[a, +oo) be a bounded function. Then 
(1) 

Z +OO _ n ^ 

f(x)da,^2[a(xi) - a(zj-i)]/(&)) 
i= l 

< [a(6) - a(a)]w[ 0>6 ](/, ||T||) + a fe 

< [a(6) - a(a)]w[ aj+oo) (/, ||T||) T a b ; 

(2) 

/»+OC n 

D ( / f(x)da, ^[a(xi) - a(xj_i)]/(&)) 

• /a i=i 

n— 1 

< ll«( T )ll - ®»-l) + 

i=l 
n— 1 

< II a{T) || U[ a , +0O )(f, Xi - Xi- 1) + a b ; 

(3) If a : [a, 6] — » M is an increasing function satisfying a G C 1 [a, +oo], then 

/ +oo n 

/(x)da,^[a(aii) - a(xi- i)]/(&)) 
i=i 

n — 1 

< M||r|| ]T ^7[a,6] (*/* ? 

i=l 

for any division T \ a = xq < x\ < ... < x n -\ = b < x n = +oo and any point G [xj_i, Xj], i = 

1,2, ...n — 1 £ n = Too, where Ob stands for || J. + °° /(x)da||£i or J - ^ 00 ||/(x)|| E ida, at — ■> 0 (6 — > Too), 
||T|| = max{xj— Xi-\ : i = 1, 2, ...n— 1} denotes the modulus of division T, ||a(T)|| = max{a(xj)- a(xj_i) : 
i = 1,2, ...7i — 1}, and M is the bound of a on [a, b\. 
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Proof. By using Theorem 3.2 and Theorem 3.1, (1) and (2) are obvious. We only prove that (3) 
holds. In fact, we have 


/»- 1-00 _ n ^ 

D( / f(x)da, ^[a(xi) - a(x^ i)]/(&)) 

Ja i = l 

n— 1 

< ^2[a(xi - a(xi-i)]uj[ Xi _ uXi] (f,Xi - Xi-i) + a b 
2=1 

n— 1 

^ ^ ^ (Ci) (.f 5 ^ l) Q'b 

2=1 

n— 1 

< M||T|| 5> |o , ^2— l) H - 

2=1 
n— 1 

< m||t|| 53 ^[a,+oo) (1*5 X% x i— l)To^. 

i=l 


4. 5— fine quadrature rules of the Henstock-Stieltjes integral for fuzzy-number-valued 

functions on infinite interval 

n 

Definition 4.1 Let S n = ^[a(xi) — a(xi-i)]f(£i) be a quadrature rule and 5 : [a, +oo] — > R + . 

i = 1 

S n is said to be a 5— fine quadrature rule, if £ [xj_i,Xj] C O(^), i = 1,2, ...,n, where 0(£i) = 
(£; - <?(&)>& + <H&)) for ^ = l, 2 , ..., n — 1, and 0(£„) = [6, +oo). 


We can deduce expressions for the remainder of 5 — fine quadrature rules by using Theorem 3.2 and 
Theorem 3.1(ii,v) as follows. 

~ n ~ 
Theorem 4.1 Let / £ FHS[a,+ oo) be a bounded function. If S n = Y)[ a ( x i) ~ a ( x i-i)]f(£i) is a 

2=1 


5 — fine quadrature rule, then 


/ +OO ^ ^ 

f(x)da , S n ) < 2 ^[a(xi) - a(xi-i)}6(£i)uj [xi _ lXi] (f, £(&)) + a b . 

i = i 

Here stands for || f b + °° f(x)da\\ E i or f b + °° ||/(x)|| E i da, and a b — > 0 (6 — > +oo). 

Theorem 4.2 Let / £ FHS[a,+ oo) be a bounded function, and a : [a, 6] — > K be an increasing 

n _ 

function such that a £ C^fa, +oo]. If S n = ^[a(xj) — a(xj_i)]/(^) is a (5— fine quadrature rule, then 

2=1 



n— 1 

f(x)da, S n ) < 4M &(€i)u[ Xi _ lXi ](f , < 5 (&)) + a b . 
2=1 


Here M is the bound of a' on [a, 6], a b stands for |j / b + °° f(x)da\\ E i or / 6 + °° \\f(x)\\ E ida, and a b — ■> 0 
( b — » +oo). 
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an increasing function 


Proof By using Theorem 3.2 and Theorem 3.1(ii,v), we have 

r+o o 

D( / f(x)da , S n ) 

J a 
n— 1 

< 2^[a(xi) - a(x i _i)](5(^)a;[ a .._ ia ..](/,(5(^)) + a b 

2—1 
n— 1 

< i)(xi ~ Xi-i)5{£i)u [x ._ lXi] {f,5{£i)) + a b 
i= 1 

n—1 

< 4 M y. 6(€i)v[ Xi _ lXi ](f, <*(&)) + at b . 

2—1 

Corollary 4.1 Let / £ FHS[a, +oo) be a bounded function, a : [a, b\ —> 
such that a £ C l [a, +oo], M the bound of a' on [a, b\. Then 

(i) 

r+o o 

D{ / f(x)da, [a (6) - a(a)]/(x)) 

J a 

< 4M6(x)u[a jb ](f,6(x)) + a b ; 

for any x £ [a, b] such that the quadrature rule [a(b) — a(a)]f(x) is <5— fine; 

(ii) 

r+o o 

D{ / f(x)da, [a(x) - a{a)]f{u) + [a(b) - a(x)]f{v)) 

J a 

< 4M[5(u)u [atX] (f , 5{u) + 5(v)u) [xM {f , 5(v))} + a b - 

for any x £ [a, b\, u £ [a, x] and v £ [x, 6] such that the trapezoidal-type quadrature rule [a(x)~ a(a)]f(u)+ 
[ a(b ) — a(x)]f(v)) is 5— fine; 

(iii) 

r+oo 

D ( / f(x)da, [a(/?i) - a(a)]f(u) + [a(/3 2 ) - a(fii)]f(v) + [a(b) - a((3 2 )\f(w)) 

J a 

< 4 M[5(u)uj [ajb] (f ,S(u)) + 6(v)u [aM (f ,5(v)) + 6(w)uj [ajb] (f ,S(w))] + a b 

for any f3\, fa £ [a, b], and u £ [a, /3i\,v £ [/3i, /? 2 ], w £ [/? 2 , 6], such that Simpson’s formula is S— fine. Here 
a b stands for || f b + °° f(x)da\\ E i or / 6 + °° ||/(a;)|| E i da, and a b — > 0 (b — > +oo). 

The following theorem shows that 5— fine quadrature rules converge for the bounded Henstock-Stieltjes 
integrable functions. 

Theorem 4.3 Let / £ FHS[a, +oo) be a bounded function. Then there exist functions 5 n : 

m n 

[a, +oo] — ► R + and a sequence of 5 n — fine quadrature rules S n = ^[a(xj) — a(xi_i)]/(^) such that 

2—1 

S n converges to / a + °° f(x)da. 

Proof. From the definition of Henstock-Stieltjes integrability on infinite interval for all e > 0 there 
exists a function 5 such that for any 5— fine division(which can be interpreted as a 5— fine quadrature 
rule), we have 

r+o o 

D{ f(x)da, S n ) < e. 


Taking e = - in the inequality we obtain that the statement of the theorem holds. The proof is complete. 
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Corollary 4.2 Let / £ FHS[a, +oo) be a bounded function. Then for any natural number n, 
there exist functions S n : [a, +oo] — > R + , b n > a, and a sequence of 6 n — fine quadrature rules S n = 

m n 

Y,[a(xi) - a(xi-i)]f(£i) such that 

2= 1 


r »+00 


D( f(x)da, S n ) < e. 


5. Examples 


Example 5.1 Let / : [l,+oo] — * E 1 be given by 


f(x, s ) = ^ 


s, s € [0, 1], x is rational, 

0, s £ (— oo, 0) U (1, +oo), x is rational, 

2 

1 ^ 2 , s £ [0, e — ^ ],x is irrational, 

e 2 

0, s £ (— oo, 0) U ( e~ x , +oo), x is irrational, 

1, s = 0, x = +oo, 

0, s £ (— oo, 0) U (0, +oo), x = +oo, 


and a(x) = x. 

We could prove that / is (FHS) integrable on [0, +oo) according to the equivalence of fuzzy (HS) 
integrability and uniform (HS) integrability of f x and f x . Furthermore, / 0 + °° f(x)da = H, and <5— fine 

n _ _ 

quadrature rule S n = [ a ( x i) ~ a ( x i-i)]f{^i) converges to fuzzy number H which relationship function 
2=1 

is defined by 

H(s) = { 1 “ S £ 

( 0, x is others, 


That is to say, H x = 0, H x = (1 — A)^. In fact, we note that 


A, x is rational, 

f\ ( x ) = 4 °> x = +°°> f \( x ) = 

0, x is irrational, 


1, 

0, 


x is rational, 
x = +oo, 


(1 — A)e x , x is irrational. 


Since f x (x) < e x , f x , f x are Henstock integrable uniformly for A £ [0, 1] and 

r+0 o r+oo rb r~ 

/ f\(x)da = 0(+oo) = 0, / /+ (x)da = lim / f+(x)dcx = { 1-A)^— . 

JO Jo b—>+oo J o l 


It follows that 


For any e > 0, we define 



f{x)da = H. 


m 


2^+2 1 s 
§£, otherwise , 


where Q = {iq, r 2 , r %, ...} stands for the set of all rational numbers on [0, +oo) and for any <5— fine 
division T : 1 = xq < xi < ... < x n -\ = b < x n = +oo(£ n = +oo,/(£ n ) = (0,0,0)), then S n = 

n _ _ 

Yl[ a { x i) — a(xi-i)]f(£i) a any <5— fine quadrature rule. Note that wi x ._ lX .df , 5(£i)) = 1. Then we have 
2=1 

the following results. 
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(1) According to Theorem 3.2, we have 

D(S n ,H) 

n—1 

< Xi ~ ^-i) + a b 

i= 1 
n—1 

= - a(xi-i)} + a b 

i=i 

= b + a b , 


where a b = || / b + °° f(x)da\\ E i or f b + °° ||/(x)|| Ei da, and a b — > 0 (6 — > +oo). Indeed, 

r+oo _ r+oo 

ab= \\f(x)\\ E ida= sup { / (1 - X)e~ x }, 

Jb Ae[0,l] Jb 

and a b —> 0. 

(2) According to Theorem 4.2, we have 

D(S n ,H) 

n ~ 1 r+oo 

< ,$(&)) + || / f(x)dx \ \ E 1 

i = 1 Jb 

n—1 

=< 4^(5(C*) + a b . 

i= 1 


(i) 


(iii) According to Corollary 4.1, we have 


D((b-0)f(x),H)<48(x) + a b 


for any x 6 [0, b] such that the quadrature rule (6 — 0 )f(x) is 5— fine; 

(ii) 

D((x - 0 )f(u) + {b- x)f(v),H) < 4{5(u) + S(v)) + a b 


for any x E [0,6], it £ [0,x] and v G [x,b\ such that the trapezoidal-type quadrature rule (x 
( b — x)f(v ) is 5— fine; 

(iii) 


0 )/(«) + 


Dm - 0 )/» + (/?2 - Pi)f(v) + (b- 02)f(w), H) 
< 4(<5(u) + 5(v) + S(w)) + a b 


for any a, (3 G [0,6], and u G [0,a],u G [a, /?],w G [/3, 6], such that Simpson’s formula is 5— fine, where 
a b = || f b + °° f(x)da\\ E i or f b +c 50 ||/(x) || s ida, and — >■ 0 (6 — > +oo). Indeed, 


CCfe 


r+OO 


||/(x)|| E i<ia 


r+oo 

sup { / (1 - A)e— }, 

Ae[0,l] Jb 


and — ► 0. 


5. Conclusion 

We have discussed the numerical calculus of the fuzzy Henstock-Stieltjes integral for fuzzy-valued 
functions on [a, +oo). It is well known that the quadrature rules and numerical calculus are restricted 
when the distribution function of a random variable is unbounded, defined on (— oo, +oo) or have some 
kind of non-integrability in the previous papers, however, applying the methods proposed in this paper, 
the problems mentioned above are solved. It includes quadrature rules and the error estimates, such as 
the midpoint-type rule, trapezoidal-type rule, Simpson’s rule, 5— fine formula and their error estimates, 
and so on. 
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CUBIC AND QUARTIC p-FUNCTIONAL INEQUALITIES IN FUZZY 

NORMED SPACES 

JOOHO ZHIANG, JEONGHUN CHU*, GEORGE A. ANASTASSIOU, AND CHOONKIL PARK* 

Abstract. In this paper, we solve the following cubic p-functional inequality 

N (/( 2x + y) + /( 2x -y)- 2 f(x + y) - 2 f(x - y) - 12 f{x),t) (0.1) 

> N (p (a f (*+|)+ 4/ (x - | ) - f(x + y)~ f(x -y)- 6/(x)) , t) 

in fuzzy normed spaces, where p is a fixed real number with \p\ < 2, and the following quartic 
p-functional inequality 

N (/(2a; + y) + f(2x - y) - 4 f(x + y) - 4 f(x - y) - 24 f(x) + 6f{y),t) (0.2) 

> N {p (8/ (x + |) + 8/ (x - |) - 2 f(x + y) - 2 f(x - y) - 12 f(x) + 3 f(y)^ , t) 

in fuzzy normed spaces, where p is a fixed real number with |p| < 2. 

Using the fixed point method, we prove the Hyers-Ulam stability of the cubic p-functional 
inequality (0.1) and the quartic p-functional inequality (0.2) in fuzzy Banach spaces. 


1. Introduction and preliminaries 

Katsaras [20] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view [11, 24, 50]. In particular, Bag and Samanta [2], following Cheng and 
Mordeson [8] , gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric 
is of Kramosil and Michalek type [23]. They established a decomposition theorem of a fuzzy 
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3]. 

We use the definition of fuzzy normed spaces given in [2, 29, 30] to investigate the Hyers-Ulam 
stability of cubic p-functional inequalities and quartic p-functional inequalities in fuzzy Banach 
spaces. 

Definition 1.1. [2, 29, 30, 31] Let A be a real vector space. A function N : X x K — > [0, 1] is 
called a fuzzy norm on X if for all x, y G X and all s,RK, 

(Ni) N(x,t) = 0 for t < 0; 

(IV2) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(JV 3 ) N(cx, t ) = N(x, ||| ) if c ^ 0; 

(IV4) N(x + y,s + t) > min {N(x,s),N(y,t)}; 

(IV5) N(x, •) is a non-decreasing function of M and liuq^oo X(x, t ) = 1. 

(Nq) for x 7^ 0, N(x, •) is continuous on M. 

The pair (A, A) is called a fuzzy normed vector space. 

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in [28, 29] . 

2010 Mathematics Subject Classification. Primary 46S40, 39B52, 47H10, 39B62, 26E50, 47S40. 

Key words and phrases, fuzzy Banach space; cubic p-functional inequality; quartic p-functional inequality; 
fixed point method; Hyers-Ulam stability. 
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Definition 1.2. [2, 29, 30, 31] Let ( X , N ) be a fuzzy normed vector space. A sequence {x n } in X 
is said to be convergent or converge if there exists an x £ X such that lim, woo N(x n — x, t) = 1 
for all t > 0. In this case, x is called the limit of the sequence {x n } and we denote it by 
A-lim^oo x n = x. 

Definition 1.3. [2, 29, 30, 31] Let (X,N) be a fuzzy normed vector space. A sequence {x n } 
in X is called Cauchy if for each e > 0 and each t > 0 there exists an no £ N such that for all 
n > no and all p > 0, we have N(x n+p — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — >• Y between fuzzy normed vector spaces X and Y is continuous 
at a point xo £ X if for each sequence { x n } converging to xq in A, then the sequence {/(x n )} 
converges to f(x o). If / : X — > Y is continuous at each x £ X, then / : X — > Y is said to be 
continuous on X (see [3]). 

The stability problem of functional equations originated from a question of Ulam [49] 
concerning the stability of group homomorphisms. Hyers [15] gave a first affirmative partial 
answer to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki 
[1] for additive mappings and by Th.M. Rassias [41] for linear mappings by considering an 
unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem was obtained by 
Gavruta [12] by replacing the unbounded Cauchy difference by a general control function in the 
spirit of Th.M. Rassias’ approach. The stability problems of several functional equations have 
been extensively investigated by a number of authors and there are many interesting results 
concerning this problem (see [7, 16, 19, 21, 22, 25, 37, 38, 39, 43, 44, 45, 46, 47, 48]). 

In [18], Jun and Kim considered the following cubic functional equation 

f{2x + y) + /( 2x -y) = 2f(x + y) + 2/(x - y) + 12 f(x). (1.1) 

It is easy to show that the function f{x) = x 3 satisfies the functional equation (1.1), which is 
called a cubic functional equation and every solution of the cubic functional equation is said to 
be a cubic mapping. 

In [26], Lee et al. considered the following quartic functional equation 

/( 2x + y) + /( 2x - y) = 4/(x + y) + 4/(x - y) + 24/(x) - 6 f(y). (1.2) 

It is easy to show that the function /(x) = x 4 satisfies the functional equation (1.2), which is 
called a quartic functional equation and every solution of the quartic functional equation is said 
to be a quartic mapping. 

Gilanyi [13] showed that if / satisfies the functional inequality 

II 2/ (x) + 2 f(y) - f(x - y)\\ < ||/(x + y) || (1.3) 

then / satisfies the Jordan- von Neumann functional equation 

2 f{x) + 2 f(y) = f(x + y) + f(x - y). 

See also [42], Fechner [10] and Gilanyi [14] proved the Hyers-Ulam stability of the functional 
inequality (1.3). Park, Cho and Han [36] investigated the Cauchy additive functional inequality 

||/(z) + f(v) + f{z ) II < II /O + V + z ) || (1.4) 
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and the Cauchy- Jensen additive functional inequality 

\\f{x) + f{y) + ‘2f(z)\\< 2 /(-y^ + z ) ( L5 ) 

and proved the Hyers-Ulam stability of the functional inequalities (1.4) and (1.5) in Banach 
spaces. 

Park [34, 35] defined additive p-functional inequalities and proved the Hyers-Ulam stability 
of the additive p-functional inequalities in Banach spaces and non- Archimedean Banach spaces. 
We recall a fundamental result in fixed point theory. 

Let A be a set. A function d : X x X — > [0, oo] is called a generalized metric on X if d 
satisfies 

(1) d(x, y) = 0 if and only if x = y. 

(2) d(x, y) = d(y, x) for all x, y 6 X; 

(3) d(x , z) < d(x, y) + d(y, z) for all x,y,z G X. 

Theorem 1.4. [4, 9] Let (X,d) be a complete generalized metric space and let J : X -A X 
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element 
x G X, either 

d(J n x, J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo, Vn > no] 

(2) the sequence {J n x} converges to a fixed point y* of </; 

(3) y* is the unique fixed point of J in the set Y = {y € X \ d(J n °x,y) < oo}; 

(4) d(y,y*) < I ^ z d(y,Jy) for all y <E Y. 

In 1996, G. Isac and Th.M. Rassias [17] were the first to provide applications of stability theory 
of functional equations for the proof of new fixed point theorems with applications. By using 
fixed point methods, the stability problems of several functional equations have been extensively 
investigated by a number of authors (see [5, 6, 28, 32, 33, 39, 40]). 

In Section 2, we solve the cubic p - functional inequality (0.1) and prove the Hyers-Ulam sta- 
bility of the cubic p - functional inequality (0.1) in fuzzy Banach spaces by using the fixed point 
method. 

In Section 3, we solve the quartic p-functional inequality (0.2) and prove the Hyers-Ulam 
stability of the quartic p-functional inequality (0.2) in fuzzy Banach spaces by using the fixed 
point method. 

Throughout this paper, assume that p is a fixed real number with \p\ < 2. 

2. Cubic ^-functional inequality (0.1) 

In this section, we solve and investigate the cubic p- functional inequality (0.1) in fuzzy Banach 
spaces. 

Lemma 2.1. Let (Y, N ) be a fuzzy normed vector space. Let f : X — >• Y be a mapping such that 
N((f(2x + y) + f(2x -y)- 2 f(x + y)~ 2 f(x - y) - 12f(x),t) 

> N (p (4/ (x + |) + 4/ (a; - |) - /( x + y ) - f{x - y) - 6 /(x)) , (2.1) 
for all x, y £ X and all t > 0. Then f : X — >■ Y is cubic. 
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Proof. Assume that / : X —tY satisfies (2.1). 

Letting x = y = 0 in (2.1), we get N(— 14/(0), t) > 1. So /( 0) = 0. 

Letting y = 0 in (2.1), we get N(2f (2x) — 16 f(x),t) > 1 and so /( 2x) = 8 f(x) for all x E X. 
Thus 

/© = (/(*) ( 2 - 2 ) 

for all x E X. 

It follows from (2.1) and (2.2) that 

N (/( 2x + y) + /( 2x — y) — 2 f(x + y)~ 2 f(x - y) - 12/(x), t) 

>n( p (4/ (* + |)+ 4 / (* - tQ - /(* + y)~ f(x -y)- 6/(x)) , tj 

= N (j(2x + y) + /( 2x - y) - 2/(x + y) - 2/(x - y) - 12/(x), 

for all t > 0. By (IV5) and (ATg), 

/(2x + y) + f(2x - y) = 2 f(x + y) + 2 f(x - y) + 12/(x) 
for all i,y£l, since |p| < 2. So f : X Y is cubic. □ 

We prove the Hyers-Ulam stability of the cubic p - functional inequality (2.1) in fuzzy Banach 
spaces. 

Theorem 2.2. Let <p : X 2 — > [0, 00) be a function such that there exists an L < 1 with 

p{x,y) < ^P(2x,2 y) 


for all x,y E X . Let f : X -A Y be a mapping satisfying 


N (/( 2x + y) + /( 2x - y) - 2 f(x + y) - 2 f(x - y) - 12/(x), t) (2.3) 

> min(N (p (4/ (x + f ) + 4 / ( x “ §) “ /(® + v) ~ f( x ~ v) ~ 6 /(s)) , f) , f + * g ^ )) 

/or all x,y € X and all t > 0. T/ien C(x) := A r -lim n ^. 0O 8" / (//) exisfs /or each x € X and 
defines a cubic mapping C : A — >■ Y snc/i that 


N (/(x) — C(x),f) > 


(16 - 16L)t 
(16 — 16L)f + Lcp(x, 0) 


(2- 4 ) 


/or all x G A and all t > 0. 


Proof. Letting y = 0 in (2.3), we get 

!V(2/(2z) - 16/(x), t) > j (2.5) 

t + tp[x, 0) 

and so N (/(x) - 8/ (f) , 4 ) > for all x £ X. 

Consider the set 

5 := {g : A -> Y} 

and introduce the generalized metric on S: 

d(g, h) = inf jy G M+ : N{g{x) - h(x),pt ) > ^ + , Vx G X,\/t > o| , 

where, as usual, inf <f> = +00. It is easy to show that ( S , d) is complete (see [27, Lemma 2.1]). 
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Now we consider the linear mapping J : S — >• S such that 

Jg{x) : = 8 g 

for all x G X. 

Let g,h G S be given such that d(g, h ) = e. Then 

N(g(x) - h(x),et ) > * 

t + ip(x, 0) 

for all x G X and all t > 0. Hence 

N(Jg{x) — Jh(x), Let) = N (8g (|) - 8h ,Letj = N ^ (|) - h 

Lt Lt i 

> 8 > 8 = £ 

T +( P( f’°) f + t + <p(x, 0) 

for all x G X and all t > 0. So d(g, h ) = e implies that d(Jg, Jh) < Lc. This means that 

d( Jg, Jh) < Ld(g, h) 

for all g, h G S'. 

It follows from (2.5) that 

IV (7(s) - 8/ (-) , — A > ^ - 

v V2/ ’ 16 y “ t + <p(x,0) 

for all x G X and all t > 0. So d(f, J f) < ^ . 

By Theorem 1.4, there exists a mapping C : X Y satisfying the following: 

(1) C is a fixed point of J, i.e. , 

C (fH C <*> (2.6) 

for all x £ X. The mapping C is a unique fixed point of J in the set 

M = {g G S : d(/,g) < oo}. 

This implies that C is a unique mapping satisfying (2.6) such that there exists a /j G (0, oo) 
satisfying 

N{f{x) - C(x),gt) > 1 

t + tp{x, 0) 

for all x G X] 

(2) d(J n f, C) -A 0 as n -A oo. This implies the equality 

N- lim 8 n f (*) = C(x) 

for all x G X; 

(3) d(f,C ) < jzrzd(f, J f), which implies the inequality 


d(/,C)< 


L 

16 - 16L 


This implies that the inequality (2.4) holds. 
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By (2.3), 

N ( 8 n ( / 


2 x + y 


> min < N i 8 n p ( 4/ 


+ / 


2 x — y 


- 2 / 


x + f 


+ 4/ 
t 


x — 


x + y 




- 2 / 
x + y 


x-y 

2 n 


-12/(|- 


x - y 


— 6 / ( — 

J v 2^ 


i + +(|r, |r) 

for all x, y € X, all t > 0 and all n € N. So 




> min < N i 8 n p ( 4/ 


x+ | 


+ 4/ 


x — 
2 n 
t 


-/ 


x + y 


y- - y 
2 n 

-/ 


-12/ (It 




x-y 


x 


- 6 /(^) ) J > 


Since lim, 


t 

82 


gn + gn +(*T, y) J 

= 1 for all x,y G X and all f > 0, 


n ^°° 

N(C(2x + y) + C(2x - y) - 2C(x + y) - 2C(x - y) - 12C(x), f) 

> N(p(AC{x + |) + 4C(x - |) - C(x + y) - C(x - y) - 6C(x), f) 

for all x,y € X and all t > 0. By Lemma 2.1, the mapping C : X — > Y is cubic, as desired. □ 

Corollary 2.3. Let 6 > 0 and let p be a real number with p > 3. Let X be a normed vector 
space with norm || • ||. Let f : X -+ Y be a mapping satisfying 

N (/( 2x + y) + /(2x - y) - 2/(x + y) - 2/(x - y) - 12/(x), t) (2.7) 

> min jlV (y (4/ (x + |) + 4/ (x - |) - f(x + y)~ /(x - y) - 6/(x)) , t) , 

t 


t + 6( x p + 


for all x,y £ X and all t > 0. Then C(x) := lV-lim ra _ 5 . 00 8 n /( Jr) exists for each x € X and 
defines a cubic mapping C : X — > Y such that 


N(f(x)-C(x),t)> 


2(2 p - 8 )t 


2(2'P - 8)t + e\\x\\'P 


for all x € X and all t > 0. 

Proof. The proof follows from Theorem 2.2 by taking <y(x, y) := #(||x|| p + ||y|| p ) for all x,y£l, 
Then we can choose L = 2 3 ~ p , and we get the desired result. □ 

Theorem 2.4. Let <y : X 2 -+ [0, oo) be a function such that there exists an L < 1 with 

+(x,y) < 8 L<y (|, |) 
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for allx, y £ X . Let f : X — >• Y be a mapping satisfying (2.3). Then C(x) := IV-lin^-^oo / ( 2 n x ) 
exists for each x £ X and defines a cubic mapping C : X —tY such that 

(16 - 16 L)t 


N (f(x) — C(x),t) > - 

7 - (16 _ l6L)t + ip(x,0) 

for all x G X and all t > 0. 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2. 
It follows from (2.5) that 

t 

t + tp(x, 0) 

for all x € X and all t > 0. Now we consider the linear mapping J : S — > S such that 


(2.8) 


N ( f ( x ) - ^/( 2 z),^ ) > 


1 


J 9 {x) := ~g(2x) 


for all x G X . Then d(f, J f) < yg. Hence 


d(f, C) < 


1 


16 - 16L 

which implies that the inequality (2.8) holds. 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Corollary 2.5. Let 6 > 0 and let p be a real number with 0 < p < 3. Let X be a normed 
vector space with norm |j • ||. Let f : X — > Y be a mapping satisfying (2.7). Then C(x) := N- 
lim n _ 5 . 00 g^/(2 n x) exists for each x £ X and defines a cubic mapping C : X — >■ Y such that 

2(8 - 2 P)t 


N (f{x) — C(x),t) > 


2(8-2P)t + e\\x\\P 


for all x € X and all t > 0. 


Proof. The proof follows from Theorem 2.4 by taking <p(x,y) := 0(||x|| p + ||y|| p ) for all x, y £ X. 
Then we can choose L = 2 P ~ 3 , and we get the desired result. □ 


3. QUARTIC p-FUNCTIONAL INEQUALITY (0.2) 

In this section, we solve and investigate the quartic p- functional inequality (0.2) in fuzzy 
Banach spaces. 

Lemma 3.1. Let ( Y,N ) be a fuzzy normed vector space. A mapping f : X — >• Y satisfies 
/( 0) = 0 and 

N (/( 2x + y) + f{2x - y) - 4 f(x + y)~ 4 f(x - y) - 24 f(x) + 6 f(y),t) (3.1) 

> N (p (8f (*+|)+ 8 / (x - |) - 2/ (x + y) - 2/ (x - y) - 12. f (x) + 3/ (y)) , tj 

for all x, y G X and all t > 0. Then f is quartic. 

Proof. Assume that / : X -A Y satisfies (3.1). 

Letting y = 0 in (3.1), we get N (2/ (2x) — 32 f(x),t) > N (0, t) = 1 and so 

i (I) - T^ x) <3 ' 2) 

for all a: € X. 
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It follows from (3.1) and (3.2) that 

N (/(2a; + y) + f(2x - y) - 4 f(x + y) - 4 f(x - y) - 24 f(x) + 6 f(y),t) 

>iv(p (8/ (x + |) + 8/ (x - |) - 2/ (x + y) - 2/ (x - y) - 12 / (x) + 3/ (y)) , t) 

= N {^ (/(2x + ?/) + /( 2x - y) - 4/(x + y) - 4/(x - y) - 24/(x) + 6/(y)) , t) 

= IV ^/(2x + y) + f(2x - y) - 4/(x + y) - 4/(x - y) - 24/ (x) + 6/(y), ^ 

for all t > 0 and all x, y £ X. By (A%) and (Nq), 

N (/( 2x + y) + f(2x - y) - 4 /(x + y) - 4/(x - y) - 24/(x) + 6/(y), t) = 1 
for all t > 0 and all x, y £ X. It follows from (IV 2 ) that 

f{2x + y) + /(2x - y) = 4/(x + y) + 4/(x - y) + 24/(x) - 6/(y) 
for all i,y€l. □ 


We prove the Hyers-Ulam stability of the quartic p-functional inequality (3.1) in fuzzy Banach 
spaces. 

Theorem 3.2. Let p : X 2 -A [0, 00 ) be a function such that there exists an L < 1 with 

p(x,y) < ^-p(2x,2y) 

lb 

for all x, y £ X. Let f : X -A y be a mapping satisfying /( 0) = 0 and 

N (/( 2x + y) + f(2x - y) - 4/(x + y) - 4/(x - y) - 24/(x) + 6 /(y), i) (3.3) 

> min | JV (p ^8/ (® + |) + 8/ (x - |) - 2/ (x + y) - 2/ (x - y) - 12/ (x) + 3/ (y)) , t) , 

t 

t + <p(x, 0) 

/or all x, y £ X and all t > 0. Then Q(x) := X-lim )WOO 16 n / (^) exists /or each x £ A' and 
defines a quartic mapping Q : X -A X such that 


N(f(x) - Q(x),t ) > 


(32 - 32L)t 
(32 — 32L)t + Lip(x, 0) 


(3.4) 


/or all x £ X and all t > 0. 


Proof. Let (5, d) be the generalized metric space defined in the proof of Theorem 2.2. 

Letting y = 0 in (3.3), we get 

X (2/(2x) - 32/ (x) , t) = N (32 f (x) - 2f(2x),t) > ) (3.5) 

t + <p(x, 0) 

for all x £ X. Now we consider the linear mapping J : S -A S' such that 

Jy(x) := 16y 

for all x £ X. 

Let g, h £ S’ be given such that d(g, h) = e. Then 

N(g(x) - h(x),et) > * 

t + <p(x, 0) 
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for all x £ X and all t > 0. Hence 

N(Jg(x) — Jh(x), Let) = N (l% (|) - 16h (|) , Let) = N (g - h (|) , 

Lt Lt j. 

> 16 > 16 _ 1 

fg +^(f>°) ~~ TE + TEV^’ 0 ) t + <p(x,0) 

for all x £ X and all t > 0. So d(g, h ) = e implies that d(Jg, Jh) < Le. This means that 

d(Jg, Jh) < Ld(g, h ) 

for all <7, h £ S. 

It follows from (3.5) that 

N (f{x) - 16/ (-) , —t] > 

v \2J 32 / - t + <p(x, 0) 

for all x E X and all t > 0. So d(f, J f) < . 

By Theorem 1.4, there exists a mapping Q : X —tY satisfying the following: 

(1) Q is a fixed point of J, i.e. , 

Q (!) = ie Q{x) (3 - 6) 

for all a: £ X. Since f : X —> Y is even, : X — > Y is an even mapping. The mapping Q is a 
unique fixed point of J in the set 


M = {g e S : d(f,g ) < oo}. 

This implies that Q is a unique mapping satisfying (3.6) such that there exists a g £ (0, oo) 
satisfying 

N{f(x) - Q(x),fit) > — - - m 
t + <p(x, 0) 

for all a; £ X; 

(2) d(J n f , <2) -> 0 as n — )• oo. This implies the equality 

N- lim 16 n / (ij) = Q(x) 

for all x 6 X; 

(3) d(f,Q) < jzrzd(f, J f), which implies the inequality 




L 

32 - 32L 


This implies that the inequality (3.4) holds. 

By the same method as in the proof of Theorem 2.2, it follows from (3.3) that 

N (Q( 2x + y) + Q( 2x - y) - 4 Q(x + y) - 4Q(x - y) - 24 Q(x) + 6 Q(y),t) 

> n [p (sq ( x + f ) + 8( 3 (- T _ !) _ 2< ^ ~ 2( 2 ( x _ y) - 12( 2 0*0 + 3( 5 (y)) , t) 

for all x, y E X, all t > 0 and all n E N. By Lemma 3.1, the mapping : X — > Y is quartic. □ 
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Corollary 3.3. Let 9 > 0 and let p be a real number with p > 4. Let X be a normed vector 
space with norm |j • ||. Let f : X — >■ Y be a mapping satisfying /( 0) = 0 and 

N (/(2a; + y) + /( 2x - y) - 4 f(x + y)~ 4 f[x - y) - 24 f(x) + 6 f(y),t) (3.7) 

> min | N (p (8/ (x + |) + 8/ (x - |) - 2/ (x + y) - 2/ (x - y) - 12/ (x) + 3/ (y)) , tj , 


t 


t + 0 (\\x\\p + \\y\\P 

for all x, y G X and all t > 0. Then Q(x ) := TV -lira 
defines a quartic mapping Q : X — »• V such that 

2(2 p - 16)t 


16 n /( Jr) exists /or eac/i x £ X and 


N (f(x) - Q(x),t) > 


2(2 p - 16)t + 0 ||x||p 


/or all x £ X and all t > 0. 


Proof. The proof follows from Theorem 3.2 by taking <p(x,y) := #(||x|| p + Hyp) for all x,y £ X. 
Then we can choose L = 2 4 ~ p , and we get the desired result. □ 

Theorem 3.4. Let (p : X 2 — * [0, oo) be a function such that there exists an L < 1 with 

p{x,y) < 16 Ltp |) 

/or all x, y £ TV. Tef f : X —*■ Y be a mapping satisfying /( 0) = 0 and (3.3). Then Q(x) := N- 
linin^oo jg,, / (2 n x) exists /or eac/i x G X and defines a quartic mapping Q : X -A Y such 
that 


N{f(x) - Q(x),t ) > 


(32 - 32 L)t 


(32 — 32L)t + <£>(x, 0) 

/or all x & X and all t > 0. 

Proof. Let (5, d) be the generalized metric space defined in the proof of Theorem 2.2. 
It follows from (3.5) that 

TV ( fix) /( 2x), — 1\ > r 

v 16 v ; 32 J - t + <p(x, 0) 

for all x € X and all t > 0. Now we consider the linear mapping J : 5 — > 5 such that 

JvP) := ^5 (2x) 


(3.8) 


for all x € X. Then d( f, J /) < P. Hence 


d(f,Q)< 


1 


32 - 32L 

which implies that the inequality (3.8) holds. 

The rest of the proof is similar to the proof of Theorem 3.2. 


□ 


Corollary 3.5. Let 6 > 0 and let p be a real number with 0 < p < 4. Let X be a normed vector 
space with norm || • ||. Let f : X Y be a mapping satisfying /( 0) = 0 and (3.7). Then 
Q(x) := TV-lim n _ ) . 0O y4_/( 2 n x) exists for each x 6 X and defines a qiLartic mapping Q : X — > Y 
such that 

2(16 - 2 v )t 


N(f(x) - Q(x),t ) > 


2(16 — 2 p )/ + #||x|| p 


493 


JOOHO ZHIANG et al 484-495 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


p-FUNCTIONAL INEQUALITIES IN FUZZY NORMED SPACES 


for all x e X . 

Proof. The proof follows from Theorem 3.4 by taking (p(x,y) := 0(||x|| p + ||y|| p ) for all x,y 6 X. 
Then we can choose L = 2 P , and we get the desired result. □ 
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A RIGHT PARALLELISM RELATION FOR MAPPINGS 

TO POSETS 

HEE SIK KIM, J. NEGGERS AND KEUM SOOK SO* 


Abstract. In this paper, we study mappings f,g:X—>P, where 
P is a poset and A is a set, under the relation f\\g, of right 
parallelism, /(a) < f(b) implies g(a) < g(b ), which is reflexive 
and transitive but not necessarily symmetric. We prove several 
results of the type: if / has property P and f\\g, then g has 
property P as well, or of the converse type. Doing so permits 
us to observe several conditions on mappings and/or groupoids 
(A,*), upon which mappings may act in particular ways, which 
are of interest in their own right also. The special case /( x) = x 
with / || g yielding increasing/non-decreasing mappings g : A — >• P 
brings into focus a number of well-known situations seen from a 
different perspective. 

1. Introduction. 


Y. Imai and K. Iseki introduced two classes of abstract algebras: 
BCK -algebras and BCI- algebras ([4, 5]). 

In the study of groupoids (A, *) defined on a set X , it has also proven 
useful to investigate the semigroups (Bin(X), □) where Bin(X) is the 
set of all binary systems (groupoids) (A, *) along with an associative 
product operation (A, *)m(A, •) = (A, □) such that xOy = (x * y) • 
( y*x ) for all x, y G A. Thus, e.g., it becomes possible to recognize that 
the left-zero-semigroup (A, *) with x * y = x for all x, y G A acts as 
the identity of this semigroup ([2]). H. F. Fayoumi ([1]) introduced the 
notion of the center ZBin(X) in the semigroup Bin( X) of all binary 
systems on a set A, and showed that a groupoid (A, •) e ZBin(X) if 
and only if it is a locally-zero groupoid. 


2010 Mathematics Subject Classijication. 20N02, 03G25, 06A06. 

Key words and phrases. (left, right)-parallel, right-parallel-property, left- 
(shrinking, expanding), Bin{ A), groupoid parallel. 

* Correspondence: Tel: +82 33 248 2011, Fax: +82 33 256 2011 (K. S. So). 
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In this paper, we study mappings /, g : A — x P where P is a poset 
and relations of the type / || g, i.e., / is right-(left-) parallel to g pro- 
vided that /(a) < f{b) implies g(a) < g{b) as well, for all a,b e A", 
where this condition applies. Since no assumptions about any order 
relation on X are made, this relation is a generalization of the special 
case A" = P and f(x ) = x, where a < b implies g(a) < g(b), i.e., g is 
an order-preserving mapping. Even in this most general format it is 
possible to extract information concerning properties of ||, i.e., / || /, 
and / 1 1 g, g \ \ h implies f \ \h and the fact that f \ \g does not imply 
g\\f, to demonstrate the one-sided-ness of f\\g. At the same time 
through the introduction of the groupoid structures (A, *) as elements 
of (Bin( A),D), the semigroup of binary systems (groupoids) on A, 
mappings / may acquire many different kinds of properties, such as 
f(x * y) < f(x) for all x,y G A" (left shrinking), for example, which 
then implies g(x * y) < g(x) for all x, y G A", so that this property 
is preserved by parallelism. If P = [0, 1] with the usual order, then 
f,g:X—>P yields the mappings /, g as fuzzy subsets of A" and then 
the condition f(x*y ) > min{/(a;), f(y)} implies that if f\\g, then 
g(x * y) > min {g(x), g(y)} as well, i.e., if / is a fuzzy subgroupoid 
of (A, *) and / j | g, then g is a fuzzy subgroupoid also. From these 
examples it should be clear that many other similar conclusions can 
be obtained in this setting, several of which we have provided in the 
following. 

2. Preliminaries. 


Let (A, <) be a poset (partially ordered set), i.e., a set equipped 
with a relation < where x < y implies y <jt x and x < y,y < z implies 
x < z. The relation < as usual means x = y or x < y. For details on 
the theory of posets we refer the reader to [3, 4], In these texts further 
references are supplied as well. 

Given a non-empty set A, we let Bin( A) denote the collection of all 
groupoids (A", *), where * : A x A 4 A is a map and where *(x,y) is 
written in the usual product form. Given elements (A", *) and (A, •) 
of Bin( A), define a product on these groupoids as follows: 

(A, *) □ (A, •) = (A, □) 


where 


x □ y = (x *y) • (y * x) 


for any x,y G A. Using that notion, H. S. Kim and J. Neggers proved 
the following theorem. 
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Theorem 2 . 1 . ([2]) ( Bin(X ), □) is a semigroup, i.e., the operation 
as defined in general is associative. Furthermore, the left- zero- 
semigroup is the identity for this operation. 

The notion of BCK / BC I -algebras was introduced by Y. Imai and 
K. Iseki. An algebra (X, *,0) of type (2,0) is called a BCI-algebra if 
for any x,y,z e A", it satisfies the following conditions: 

(I) ((x *y) * (x * z)) * (z * y) — 0, 

(If) x * 0 = x, 

(111) x * y — 0 and y * x — 0 imply x = y. 

A PCP-algebra (A, *, 0) is said to be p-semisimple if 0 * (0 * x) = x 
for all x G X. 

Theorem 2 . 2 . ([5]) Let X be a BCI-algebra. Then the following 
are equivalent: for all x,y,zEX, 

(I) X is p-semisimple, 

(II) (x * y) * (z * u) = (x * z) * (y * u ), 

(111) 0 * (x * y) = y * x. 

For further reference on BCK/ BCI- algebras, we refer to [5]. 

3. Right(left)-parallelism. 

Given a set X and a poset P, we shall consider the set P x consisting 
of all functions / : X — > P, i.e., 

P x {<p | (p : X — y P : a map} 


If the order relation on P is denoted by <, then P A has an induced 
order f < g, provided /(x) < g(x) for all x e X. 

Let /, g G P x . A map g is said to be right-parallel to / if any 
a, b G X with /(a) < f(b) it is true that g(a) < g(b), and we denote 
this fact by / 1 1 g. In this case, / is said to be left-parallel to g. 

The following hold for parallelism: for any /, <?, h € P x , 

(i) /II/, 

(ii) if / 1 1 g and g\\h, then f\\h 

Thus, the relation of “right-parallelism” is both reflexive and transitive 
in all cases. 

Remark. The relation “||” is not symmetric. If P := R, the real 
numbers with the regular order, then f{x) := x 3 and g(x) := max{0, x} 
implies / 1 1 g, but not g \ \ /, i.e., a 3 < b 3 implies max{0, a} < max{0, b} 
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but a = —1,6 = —2 implies max{0, — 1} = max{0, — 2} and (— 2) 3 < 
(- 1 ) 3 . 

Proposition 3.1. Let /(€ P x ) be a constant mapping. If g is 
right-parallel to f, then g is also a constant mapping. 

Proof. Given a, 6 e X, since / is constant, we have /(a) < f(b). 
It follows that g(a) < g(b), since / \\g. Similarly, f(b) < f(a ) implies 
hip) < g(a), proving the proposition. □ 

Proposition 3.2. Any function f is left-parallel to a constant func- 
tion g : X — >■ P. 

Proof. Straightforward. □ 

Proposition 3.3. Let f : P — >• P be the identity function. If g is 
right-parallel to f , then g : P — >• P is monotonically increasing. 

Proof. Let / : P — > P be an identity function and let g be right- 
parallel to /. Then, for any a, 6 e P with a < 6, we have /(a) < 
f{b). Since f\\g, g(a) < g(b). This proves that g is monotonically 
increasing. □ 

Proposition 3.4. Let f : P — >• P be the identity function. If f is 
right-parallel to g, then g(a) < gib ) implies a < b. 

Proof. Given a, 6 e P, since / is right-parallel to g, g{a ) < gib) 
implies /(a) < fib). Since / is an identity function, g(a ) < gib) 
implies a < 6, □ 

Proposition 3.5. If g is right-parallel to f and f(a) = f(b) for 
some a,b E X, then g(a) = gib). 

Proof. f(a) = f(b) implies /(a) < f(b). Since g is right-parallel to 
/, we have g(a) < g(b). Similarly, f(b) < f(a) implies gib) < g(a), 
proving the proposition. □ 

Proposition 3.6. Let ip : P — > Q be an order-preserving mapping 
of posets satisfying the condition: for any a,/3 G P, 

(p(a) < <p(/3) implies a < (3 

If f,g : X — > P are mappings with f \ \ g, then <p o f 1 1 p o g. 

Proof. Assume that (p(f(a)) < (p(f(b)) for some a, 6 G X. Then 
/(a) < f[b). It follows from / || g that g{a) || gib). Since <p is order- 
preserving, we obtain (p(g(a)) < (p(g{b)), proving the proposition. □ 

Proposition 3.7. Let P,Q be posets, and let f,k : X — >■ P be 
maps with f \ \ k and let g,h : Y — >■ Q be maps with g || h. If we 
define f x g : X x Y ->■ P x Q by (/ x g)(x,y) := (f(x),g(y)) and 
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k x h : XxY — > PxQ by ( kxh)fx , y) := ( kfx ), hfy)), then fxg j| kxh. 

Proof. Suppose that ( fxg)(a , b ) < ( fxg)(a b ') for some (a, b), (a', b') G 
A" x Y. Then ( f(a),gfb )) < ( f{a'),g(b ')) in PxQ. It follows that 
/(a) < /(a') and gif) < gfb'). Since f \\ k and g || h, we have 
/ x g 1 1 k x h. □ 

Proposition 3.8. Let f,g : X — >• P be mappings with f || g. If 
Ia,9a restrictions of f and g respectively, where A C X, then 
Ia || 9 a- 

4. Right-parallel-property. 

Let / : X — > P be a map. A property a is said to be a right-parallel- 
property for / if / | j g , then g also has the same property. 

Proposition 4.1. Constancy is a right-parallel-property. 

Proof. See Proposition 3.1. □ 

Let A" := R be the set of all real numbers and let P be a poset. A 
map / : X — > P is said to be periodic of period p if 

f(x + p) = /0) 

for all i 6 I. 

Proposition 4.2. Periodicity is a right-parallel-property. 

Proof. Assume that / is periodic of period p and / 1 1 g. If ffx+p ) = 
ffx ) for all x G X, then f(x + p) < ffx). Since / || g, we have 
gfx + p) < gfx). Similarly, ffx) < ffx + p) implies gfx) < gfx + p), 
proving that gfx + p) — gfx) for all x G X. □ 

Let (A, *) be a groupoid. A map / : X — > P is said to be a rank 

subalgebra of (A", *) if for all x, y G A", 

f(x*y)> min {ffx),ffy)} 

In this case, (A, *) is said to be a rank- characteristic- groupoid for the 

mapping / : A P. Note that ffx) and ffy) may not be “compara- 
ble” in a general poset. We need to also consider the case f(x*y) > f(x) 
or ffx * y) > ffy) for further investigation. 

Proposition 4.3. Rank-subalgebra is a right-parallel-property. 

Proof. Assume that / is a rank-subalgebra of a groupoid (A, *) and 
/ || g. Then ffx*y) > min{/(a:), ffy)} for all x,y G A". Without loss 
of generality, we let ffx * y) > ffx). Since / || g, we have gfx * y) > 
gfx), proving the proposition. □ 
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Proposition 4.4. Let (X,*) and (X,*) be rank- char acteristic- 
groupoids for f : X —> P. If (A, □) := (X, *)m(A, *), then (X, □) 
is also a rank-characteristic-groupoid for f. 

Proof. Since (A", □) := (A, *)D(A, *), xOy = (x *y) * (y * x) for all 
x,y G X. It follows that 

ffxUy) = f((x*y)*(y*x)) 

> min {f(x*y),f(y*x)} 

> min {f(x),f(y)}, 

showing that (A, □) is also a rank-characteristic-groupoid for /. □ 

This shows that the rank- characteristic- groupoids for f : X — >■ P 
form a subsemigroup with respect to the product □ of the semigroup 
(Bin(X), □). 

Proposition 4.5. The left-zero-semigroup (A, *) is a rank-characteristic- 
groupoid for any map f : X — >■ P. 

Proof. Given x,y G A, we have 

/0 *V) = /0) > min{/(x), f(y)}, 

for any map / : A — > P. □ 

A map / : A — y P is said to be strongly bounded above if there exists 
an X\ G A such that f{x) < f(x i) for all x G A. 

Proposition 4.6. Strongly bounded above is a right-parallel-property. 


Proof. Let / : A — >• P be strongly bounded above and let / |j g. 
Then there exists an X\ G A such that f(x) < f{x i) for all x G A. 
Since / |j g, we obtain g(x) < g{xf) for all x G A, proving that g is 
strongly bounded above. □ 

A map / : A — >• P is said to be strongly bounded below if there exists 
an xq G A such that f(x 0 ) < f(x) for all x G A. 

Proposition 4.6'. Strongly bounded below is a right-parallel-property. 

A map / : A — > P is said to be P -compact if there exist xq, x\ G X 
such that f(xo) < f(x) < f(x i) for all x G A. 

Proposition 4.7. P-compact is a right-parallel-property. 

5. Left-shrinking. 
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Given a groupoid (A",*), a mapping / : A — > P is said to be left- 
shrinking if, for all x, y G A, 

f( x * y) < f( x ) 

Similarly, a mapping / : X — > P is said to be right- shrinking if, for 
all x, y G X, f(x * y) < /(y). Note that we need to consider the 
case /(x * y) < f(x) or /(x * y) < f(y) for all x, y G A for further 
investigation. 

Proposition 5.1. If f : X — > P is left-shrinking and f |] g, then 
g : X — >■ P is also left-shrinking. 

Proof. If / : X — > P is left-shrinking, then fix * y) < f(x) for all 
x, y G X. Since / 1 1 g, we have g(x*y ) < y(x) for all x,y E X , proving 
that y is left-shrinking. □ 

Proposition 5.2. Let {X, *) and (A, *) he groupoids and let (X, □) : = 
(A, *)m(A,*). Iff : X — >• P is left-shrinking for (A, *) and (A, *), then 
f is also left-shrinking for (A, □). 

Proof. Given x, y G A", we have 

ffxUy) = f((x*y)*(y*x)) 

< f{x*y ) 

< /(®), 

proving that / is left-shrinking for (A, □). □ 

Proposition 5.3. Let (P, <), (Q, <) be posets and let (A, *), ( Y. , •) 
be groupoids. Define a binary operation o on X x Y by 

(x, y) o {x\ y') := (x *x',y y). 

If we define f x g as in Proposition 3. 7 for any left-shrinking maps 
f : X — >• P and y : Y — >• Q, then f x g is also left-shrinking for 
(A x Y, o). 

Proof. Given (x, y), (x 7 , y') G A" x Y, we have 

(/ x y)((x,y)o(x',y / )) = (/ x y)(x * x', y • y')) 

= (/(x * x'),y(y • y')) 

< (. f( x ),g(y )) 

= (/ x y)(x, y), 

proving the proposition. □ 

Proposition 5.4. Let (A", *) be a left-zero-semigroup. If f : X P 

is right-shrinking , then / is a constant mapping. 
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Proof. Given x,y G A, we have f(x) = f(x*y ) < f(y), proving that 
f(x) = f(y) for all x,ye X. □ 

Proposition 5.5. Let tp : (. X , *) — y ( Y. •) be a homomorphism 
of groupoids and let f : ( Y , •) — y P he left- shrinking. Then f o tp : 
(. X , *) — >• P is also left-shrinking. 

Proof. For any x,y G X, we have 

(fo(p)(x*y) = f{tp{x*y)) 

= f(<p(x)»<p(y)) 

< f(<p(x)) 

= (f°<p)(x), 

proving that / o tp : (. X , *) — > P is also left-shrinking. □ 

Proposition 5.6. Let f : (. X , *) — > P be left-shrinking. If ip : P — >■ 
Q is order-preserving, then tp o f : (A", *) — >• Q is left- shrinking. 

Proof. If / : (X, *) —)■ P is left-shrinking, then f{x * y) < f(x) for 
all x, y G X. It follows from tp is order-preserving that <p(f(x * y)) < 
tp(f(x)) for all x, y G X, proving the proposition. □ 

Proposition 5.7. Let tp : (A",*) — » (Y, •) be a homomorphism of 
groupoids and let /, g : (Y, •) —t P be mappings. If f is left-parallel to 
g, then f o tp is left-parallel to g o tp. 

Proof. Let a, b G X such that (/ o tp) (a) < (/ o tp)(b). Then 
f(p(a)) < f(tp(b)). Since / || g, we have g{tp(a)) < g(<p(b)), proving 
the proposition. □ 

Given a groupoid (A,*), a mapping / : X — > P is said to be left- 
expanding (resp., right- expanding) if, for all x,y G A", f{x * y) > f(y) 
(resp., f(x * y) > f(x)). Note that / is expanding if and only if / is 
both left-expanding and right-expanding. 

6 . (A»[/](A». 

Let (. X , *), (. X , •) G Bin(X). Given a map / : (A, *) — > P, we define 
a relation (A, *)[/](A, •) if f(x * y) < fix • y) for all x, y G A. 

Proposition 6.1. If (A, *)[/]( A, •) and (A, *)[/](A, *), then f(x* 
y) = f{x • y) for all x, y G A. 

In fact, /(A) 7^ /(y) is possible. 

Proposition 6.2. Let (A, *)[/](A, •). If f is left-shrinking for 
(A", •), then f is also left-shrinking for (A, *). 
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Proof. For any x, y G A , we have 

f(x*y ) < f(x»y) < f(x) 


□ 


Proposition 6.3. Let ( X , *)[/](A, •). If f || g, then (. X , *)[g](A, •). 


Proof. Let (A, *)[/](A, •). Then f(x*y) < f(x»y) for all x, y G X. 
Since / || g, we obtain g(x*y ) < g(x»y), proving the proposition. □ 

Theorem 6.4. If (X, *)[/](A, o), then 

(A,*)n(A,.)[/](A,*)D(A, o) 
for all (X, *) G Bin(I). 

Proof. Let (X, Dr) := (A", *)D(A, •), i.e., xU^y = (x*y)»(y*x) for all 
x,y G A, and let (A, n 2 ) := (A, *)m(A, o), i.e., xm 2 t/ = (x*y)o(y*x) 
for all x,y G A. If (A, •)[/]( A, o), then f(x • y) < f(xoy) for all 
x,y G A. It follows that 

5 f(xDit/) = f((x*y)»(y*x)) 

< f((x*y)o(y*x)) 

= f{xU 2 y ), 

proving that (A, *) □ (A, •) [/] (A, *) □ (A, o) . □ 

7. Groupoids parallelism. 

Let (A, *), (A, •) G Bin(X) and let (A, <) be a poset. A groupoid 
(A, •) is said to be right parallel to a groupoid (A", *) with respect to 
the poset (A, <) if *(a, 6) < *(a',b') implies •( a,b ) < •(a , ,6 / ), i.e., 
a * b < a' * b' implies a • b < a' • b'. We denote it by (A, *) || (A, •). 
Note that (A, *) || (A, •) and (A, •) || (A, V) implies (A, *) || (A, V). 

Example 7.1. Let (A, •) be a trivial groupoid, i.e., x»y = t for some 
t G A, for all x,y G A. Then (A, *) || (A, •) for all (A, *) G Bin(X). 
In fact, if a* b < a' * b', then a»b = t<t = a'»b'. 

A groupoid (A, *) is said to be <-commutative \i a*b < a' *b' then 
b * a < b' * a'. Clearly, if (A, *) is commutative, i.e., x * y = y * x for 
all x, y G A, then it is <-commutative. A groupoid (A, *) is said to be 
strictly < -commutative if a *b = a' *b' then b * a = b' * a'. 

Example 7.2. Let < be the diagonal relation, i.e., x < y if and 
only if x — y, for all x,y G A. If a groupoid (A, *) is strictly <- 
commutative, then it is <-commutative. 
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A groupoid (. A , *) is said to be <-ordering if x < x' and y < y' 
implies x * y < x' * y' (and y * x < y' * x' also). Let < be the diagonal 
relation on A. Then x < x', y < y' means x — x',y — y' and thus for 
any groupoid (A", •) whatsoever we have x • y = x' *y' and x»y < x' *y' , 
whence (A, •) is <-ordering. 

Example 7.3. Let (A, *, 0) be a p-semisimple BCI- algebra (or a 
medial groupoid). Then (A",*) is <-ordering. In fact, if x < x’ and 
y < y ' , then x*x' — 0 — y*y'. It follows that (x * y) * ( x ' * y ') = 

(x * x ') * (y * y') = 0, proving that x * y < x' * y' . 

Proposition 7.4. Let (A, *) be a <-ordering groupoid. If (A", *) 1 1 (A", •) , 
then (A, •) is also <-or dering. 

Proof. Let x < x' and y < y' . Since (A", *) is <-ordering, we have 
x * y < x' * y' . It follows that x • y < x' • y' , since (A, *) 1 1 (A, •). □ 

Proposition 7.5. Let (A, *), (A, •) be <-or dering groupoids. If 
(A, □) = (A, *)D(A, •), then (A", □) is also <-or dering. 

Proof. Let x < x' and y < y' . Then x * y < x' * y'\ y * x < 
y' *x', since (A, *) is <-ordering. Since (A, •) is <-ordering, we obtain 
(x *y) • (y * x) < (x' * y') • (if * x'), i.e., xOy < yUx. This proves that 
(A, □) is also <-ordering. □ 

Theorem 7.6. Let (A", *) be a <-commutative groupoid and let 
(A, •) be a <-ordering groupoid. If (A, □) = (A, *)D(A, •), then 
(A, *) 1 1 (A, □). 

Proof. If a * b < a' * b', then b * a < b' * a', since (A, *) is <- 
commutative. Since (A, •) is a <-ordering groupoid, we obtain (a*b) • 

(b * a) < ( a ' * b') • ( b • * a'), i.e., aOb < a'Ob', proving the theorem. □ 
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Abstract 

This paper studies boundary value problems of nonlinear fractional differential equa- 
tions and inclusions, of order q £ (1, 2] with generalized three-point boundary conditions. 

Some existence and uniqueness results are obtained by using a variety of fixed point 
theorems. Some illustrative examples are also discussed. 

Key words and phrases: Fractional differential equations; Fractional differential inclu- 
sions; three-point generalized boundary conditions; existence; contraction principle; Kras- 
noselskii’s fixed point theorem; Leray-Schauder degree. 

AMS (MOS) Subject Classifications: 26A33, 34A12, 34B15, 34A60. 


1 Introduction 


Fractional derivatives provide an excellent tool for the description of memory and hereditary 
properties of various materials and processes, see [27]. These characteristics of the fractional 
derivatives make the fractional-order models more realistic and practical than the classical 
integer-order models. As a matter of fact, fractional differential equations arise in many 
engineering and scientific disciplines such as physics, chemistry, biology, economics, control 
theory, signal and image processing, biophysics, blood flow phenomena, aerodynamics, fitting 
of experimental data, etc. [22, 27, 28, 29]. In recent years, there are many papers dealing 
with the existence of solutions to various fractional differential equations. For some recent 
development on the topic, see [1]-[13] and the references therein. 

Recently, the existence of positive solutions was studied for generalized second order 
three-point boundary value problems for equations or systems, see [14], [20], [21], [26], and 
the references cited therein. 

Here, in the first part of this paper, we discuss the existence and uniqueness of solutions 
for a boundary value problem of nonlinear fractional differential equations of order q £ (1,2] 
with generalized three-point boundary conditions given by 


c D q x(t) = f(t,x(t)), 0 < t < 1, 1 < q < 2, 
x(0) = fix{rj), x{l) = ax(i/), 


( 1 . 1 ) 
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where c D q denotes the Caputo fractional derivative of order q, f : [0, 1] xR — > R is continuous, 
and a,(3,ri are constants with 0 < r] < 1 and 1 — f5 + ({3 — a)r) / 0. Here, C = C*( [0, 1],M) 
denotes the Banach space of all continuous functions from [0,1] — >■ R endowed with a topology 
of uniform convergence with the norm denoted by || • ||. 

Some new existence and uniqueness results are proved for the boundary value problem 
(1.1), by using a variety of fixed point theorems. Thus, in Theorem 3.1 we prove an existence 
and uniqueness result by using Banach’s contraction principle, in Theorem 3.3 we prove the 
existence of a solution by using Krasnoselskii’s fixed point theorem, while in Theorem 3.6 
we prove the existence of a solution via Leray-Schauder nonlinear alternative. In Theorem 
3.9 we prove an existence and uniqueness result by using a fixed point theorem of Boyd and 
Wong [15] for nonlinear contractions. Some illustrative examples are also discussed. 

In the second part of this paper, we study the following generalized three-point boundary 
value problem for fractional differential inclusions 


c D q x(t) G 0 < t < 1, 1 < q < 2, 

x(0) = f3x(ri), .x(l) = ax(rj ), 


( 1 . 2 ) 


where c D q denotes the Caputo fractional derivative of order q, F : [0,1] xR-t V(M) is a 
multivalued map, T’(M) is the family of all non-empty subsets of K, and a,f3,rj are as in 
problem (1.1). 

For the problem (1.2), the aim here is to establish existence results when the right hand 
side is convex as well as nonconvex valued. In the first result, Theorem 4.8, we prove the 
existence of solutions for the problem (1.2), when the right hand side has convex values, via 
Leray-Schauder nonlinear alternative for Kakutani maps and F satisfying a Caratheodory 
condition. In the second result, Tleorem 4.16, we shall combine the nonlinear alternative 
of Leray-Schauder type for single-valued maps with a selection theorem due to Bressan and 
Colombo for lower semicontinuous multivalued maps with nonempty closed and decomposable 
values. Finally, in the third result, Theorem 4.20, we shall use the fixed point theorem for 
contraction multivalued maps due to Covitz and Nadler. 

It is worth mentioning that, the methods used are standard, however their exposition in 
the framework of problems (1.1) and (1.2) is new. 


2 Preliminaries 

Let us recall some basic definitions of fractional calculus [22, 29]. 

Definition 2.1 For a continuous function g : [0,oo) — > M, the Caputo derivative of fractional 
order q is defined as 

c D q g{t ) = f Q ( t ~ s) n ~ q ~ 1 g^ n \s)ds, n - 1 < q < n, n = [q] + 1, 

where [q] denotes the integer part of the real number q. 

Definition 2.2 The Riemann-Liouville fractional integral of order q is defined as 

I,rj(t) = f hf„ q>0. 
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provided the integral exists. 

Definition 2.3 The Riemann-Liouville fractional derivative of order q for a continuous func- 
tion g(t) is defined by 

d\ n f 1 g(s ) 


Dig(t) = 


1 


-ds, n = [g] + 1, 


r(n-g) \dtj Jo (t - s)i~ n+1 
provided the right hand side is pointwise defined on (0, oo). 

Lemma 2.4 For a given g E C([0, 1],M) the unique solution of the boundary value problem 


c D q x{t ) = g(t), 0 < t < 1, 1 < g < 2, 
x(0) = Px(rj), x(l) = ax(rj), 


is given by 


x(t) = r W) l {t ~ “ r ljWds + ~ Ar( g ) - 1 (1 " s ^ 1 ^ ds 


+ 


p+{oL~p)t r 


[ (v - s)i 1 g(s)ds , 0 < t < 1, 

J o 


( 2 . 1 ) 


Ar(g) 

where A = 1 — /3 + (/? — a) g / 0. 

Proof. For some constants cq,ci E K, we have 


F (+ — A9 i 

x(t) = I q g{t) — co — c\t = / — — g(s)ds - c 0 - cit. 

Jo r(g) 


(2.2) 


n _ s )9-i 

We have .x(0) = — co, x(rj) = / — — — g(s)ds — co — c\g and thus from the first boundary 

Jo F(g) 


condition we have 


n (n _ s 19-i 

(P ~ l)co + Prjci = P J o — Y\q) g(s)ds. 


(2.3) 


fn ( v - A?- 1 r 1 n _ A 1 ?- 1 

(a - l)c 0 + (a?? - l)ci = a j — — g(s)ds - J — ^yy — g(s)ds. (2.4) 


Also from the second boundary condition we get 

ni (r? - s)'?- 1 

/o T(g) 

From (2.3), (2.4) we find cq,ci and substituting in (2.2) we obtain the solution (2.1). □ 


3 Existence results-Differential Equations 

In view of Lemma 2.4, we define an operator F : C — » C, C = C([0, 1], M) by 
(Fx)(t) = ^y jf (f - sf^fit, x{s))ds 

+ </? ~Arw ^ i 0-»r'f(t,x( s ))d a 

+ f3 + AT(qf' >t So ^ x ( s ^ ds ’ 0 A t < 1, 
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For convenience, let us set 

Ai = 7 -^t sup |(/3 - 1 )t - (3r/ 1 , A 2 = 7^-r sup \/3 + (a - (3)t\ 
l A l te[o,i] l A l te[o,i] 

and 

■^ = r / ^ (1 + Ai + A 2 7? 9 ). (3.2) 

F(? + 1) 

3.1 Existence result via Banach’s fixed point theorem 

Theorem 3.1 Assume that f : [0, 1] x K -A- M is a continuous function and satisfies the 
assumption 

(All) | f(t,x) - f(t,y ) | < L\x - y\, Vi G [0, 1], L > 0, x,y G M 

with L < 1/A, where A is giuen by (3.2). Then the boundary value problem (1.1) has a unique 

solution. 

Proof. Setting sup te [ 01 ] \f(t, 0)| = M and choosing p > - — we show that FB P C B p , 
where B p = {x G C : ||x|| < p} and F defined in (3.1). For x G B p , we have 

|| (Ex) (t) || < sup I—*— f (t- s) q - 1 \f(s,x(s))\ds+ f (1 — s) <7_1 /(s, a?(s))|rfs 

te[o,i] l r (l) Jo r W) Jo 

+ f^)/ (r/ — s) 9_1 |/(s, x(s))|ds| 

< sup f (t — s)' ?_1 (|/(s, x(s)) — /(s, 0)| + |/(s, 0)|) || ds 

te[o,i] l 1 w) Jo 

+ rlj) a ') q ~ 1 M( 8,x ( 8 ^ ~ + l/( s ’°)l) ds 

+ F^§) 8 ^ 9 ~ 1 ^ 8,x ^ ~ + l/(s,0)|)ds j 

< ( L P + M ) sup j / (i ~ sy-'ds + [ (1 - s) 9 ” 1 ^ 

te[o,i] l r(j) Jo r (g) jo 

< (1 + Ai + W) = (Lp + M) A < p. 

Now, for x,y G C and for each t G [0, 1], we obtain 

\\{Fx){t) - {Fy)(t)\\ < sup f (i-s) 9-1 |/(t,:r(s)) - f(s,y(s))\ds 

te[o,i] l 1 KQ) Jo 

+ rlj) L ^ - sS>q l ^^ t,x ^ - \ ds 
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+ f J 0 ^~ ' s ) <? ~ 1 | ~ /(s,y(s))|ds| 

< L \\x~y\\ sup [ (t - s) ,_1 ds + =^r [ (1 

te[o,i] l r (<?) Jo T(q) J o 

< r , L . u (1 + Ai + Xiy q ) \\x - y\\ = LA\\x - y\\, 

r (? + 1) 

where A is given by (3.2). Observe that A depends only on the parameters involved in the 
problem. As L < 1/A, therefore l 7 is a contraction. Thus, the conclusion of the theorem 
follows by the contraction mapping principle (Banach fixed point theorem). □ 


Example 3.2 

lem 


Consider the following generalized three-point fractional boundary value prob- 


c D 1 / 2 x(t) = 


1 


(t + 9) 2 1 + |x|’ 


*(0) = o® 1 7 > ^K 1 ) = 2x 1 7 


t€ [0,1], 


(3.3) 


Here, q = 3/2, f3 = 1/2, a = 2, r] = 1/4, and f(t,x) = 


(t + 9) 2 1 + | a; 


. We find A = Ai = 


32 1 

5, A 2 = 16 and A = . As | f(t,x) — f(t,y) \ < —\x — y\, therefore, (Ai) is satisfied with 

3\/ 7 r 81 


L = — . Further, LA = — < 1. Thus, by the conclusion of Theorem 3.1, the boundary 

81 243-y/7r 

value problem (3.3) has a unique solution on [0, 1]. 


3.2 Existence result via Krasnoselskii’s fixed point theorem 

Theorem 3.3 (Krasnoselskii’s fixed point theorem) [24 ] . Let M be a closed, bounded, convex 
and nonempty subset of a Banach space X. Let A, B be the operators such that: (i) Ax + By e 
AI whenever x,y £ M; (ii) A is compact and continuous; (Hi) B is a contraction mapping. 
Then there exists z £ M such that z = Az + Bz. 

Theorem 3.4 Let f : [0, 1] x M — > M be a continuous function and the assumption (Ai) 
holds. In addition we assume that 

(A 2 ) \f(t,x)\<p(t), V(t, x) £ [0, 1] x M, and p £ C([0, 1], M + ). 

If 

TlfprX' + YY) < 1, (3.4) 

then the boundary value problem (1.1) has at least one solution on [0, 1]. 
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Proof. Letting sup te r 01 i |//(f)| = ||/x||, we fix 


r > 


INI 

r(g + l) 


(1 + Ai + A 2 ^), 


and consider B ¥ = {x E C : ||x|| < r}. We define the operators V and Q on B r as 

(Vx)(t) = J ^ — f(s,x(s))ds , 0 <f<l, 

(Qx){t) = ^ (1 - s) 9-1 /(t, ®(s))ds 

+ /?+ Ar(g) /j ^ J 0 ^ ~ x ( s )) ds » 0 < t < 1. 


-(1 + Ai + A 2 ?y 9 ) < r. 


For x, y E B r , we find that ||Px + Qy|| < ^ ^ ^ 

Thus, Px + Qy E B ¥ . It follows from the assumption (Ai) together with (3.4) that Q 
is a contraction mapping. Continuity of / implies that the operator V is continuous. Also, 


V is uniformly bounded on B ¥ as ||Px|| < 


Now we prove the compactness of the 


r(g + i)' 

operator V . 

In view of (Ai), we define sup( t a ,) e [ 0 ,i]xB^ |/(t, x)| = /■ and consequently we have 

/ [(*2 - s) 9_1 - (*i - s) q ~ l ]f(t , x(s))ds 
Jo 


||(Px)(ti) - (Px)(f 2 )|| = 


r(9) 


+ 


1 


rt2 


< 


m 

1 


r(? + i) 


(■ ti-s) q 1 f(t,x(s))ds 

ti 

|2(i 2 - h) 9 + t\ - 4\, 


which is independent of x. Thus, V is equicontinuous. Hence, by the Arzela-Ascoli Theorem, 
V is compact on B ¥ . Thus all the assumptions of Theorem 3.3 are satisfied. So the conclusion 
of Theorem 3.3 implies that the boundary value problem (1.1) has at least one solution on 
[ 0 , 1 ], □ 


3.3 Existence result via Leray-Schauder Alternative 

Theorem 3.5 (Nonlinear alternative for single valued maps) [19]. Let E be a Banach space, 
C a closed, convex subset of E, U an open subset of C and 0 E U. Suppose that F : U -» C is 
a continuous, compact (that is, F(U ) is a relatively compact subset ofC) map. Then either 
(i) F has a fixed point in U , or (ii)]there is a u E dU (the boundary ofU in C) and A E (0, 1) 
with u = A F(u). 

Theorem 3.6 Let / : [0, 1] x R -> R k a continuous function. Assume that: 

(A3) There exist a function p E C([0, 1],M + ), and if : M + — > M + nondecreasing such that 
I f(t, x)\ < p(t)Y>(||x||), V(f, x) E [0, 1] X M; 
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{AY) There exists a constant M > 0 such that 

M 


WpH(m) 

r(g + 1) 


> 1. 


{1 + Ai + A 2h q } 


Then the boundary value problem (1.1) has at least one solution on [0, 1]. 

Proof. Consider the operator F : C —> C defined by (3.1). 

We show that F maps bounded sets into bounded sets in C([0, 1],M). For a positive 
number p, let B p = {x G C([0, 1],M) : ||x|| < p} be a bounded set in C([0, 1] , M) . Then, 


K^XOI < 


m 

+ A2 


< 


< 


1 Jo ( t_s ) ,-1 l^ >a; ( s ))l da+ f^) J 0 (! 

Y( q ) J Q ( r ?- s ) 9_1 | f{t,x(s))\ds 

rfe/ s ^ q ~ lp ( s ^\\ x ^ ds + J 0 (! ~ ») ,-1 p(»)V’(ll*ll)rf» 

Jo s ^ q ~ lp ^^ x ^ ds 

MM 

r(? + 1) 


{1 + Ai + X 2 v q } ■ 


Hence 


||Px|| < 


r(? + i) 


{1 + Ai + A 2 r? 9 } • 


Next we show that F maps bounded sets into equicontinuous sets of C([0, 1],M). Let t',t" £ 
[0, 1] with t' < t" and x G B p , where B p is a bounded set of C([0, 1], M). Then we have 


\(Fx)(t") - (Fx)(t')\ = 


+ 


< 


J Q 1 f{t, x (s))ds~ ^Jq) f 0 W~ 8 ) q V(Lt:(s))* 

+ |Q ~ATM~ i ' (n ~ S) ” _1/(f ' X{s))is 

/~‘'|y-»)^-y-»)^|d, + ll yw f\t"- 3 y-Us 

Jo r(g) Jr 


m 

\\p\\^p)\(/3 - l)\\t" - t'\ 

AT(g + l) 


r(?) 

a — /3||f" — t'| 


AT(r/ + 1 ) 


Obviously the right hand side of the above inequality tends to zero independently of x G B p 
as t" — — >■ 0. As F 1 satisfies the above assumptions, therefore it follows by the Arzela-Ascoli 
theorem that F : C([0, 1],M) — > C([0, 1],K) is completely continuous. 
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Let x be a solution. Then for t £ [0, 1], and using the computations in proving that F is 
bounded, we have 

|x(f)| = |A(Fx)(t)| 

pt Ai f 1 


< 


< 


Iq) Jo (* ~~ s ) ? 1 l^ ,x ( a ))l ds + r^y J 0 1 \f( t ^ x ( s ))\ ds 

r(<?) Io ^ ~ 

MM 

r(g + l) 


r(g) 

+ A2 


{1 + Ai + A 2 r? 9 } 


and consequently 


x 


< 1. 


{1 + Ai + A 2 ?y 9 } 


r(? + i) 

In view of (A 4 ), there exists A/ such that ||x|| 7 ^ M . Let us set 


U = {x e C([0, 1], M) : 1 1 x 1 1 <M + 1}. 

Note that the operator F : U — > C([0, 1], M) is continuous and completely continuous. From 
the choice of U, there is no x £ dU such that x = A Fx for some A £ (0, 1). Consequently, 
by the nonlinear alternative of Leray-Schauder type (Theorem 3.5), we deduce that F has a 
fixed point x £ U which is a solution of the problem (1.1). This completes the proof. □ 


3.4 Existence result via nonlinear contractions 

Definition 3.7 Let E be a Banach space and let F : E E be a mapping. F is said to be a 
nonlinear contraction if there exists a continuous nondecrasing function 'L : M + — > M + such 
that 'F(O) = 0 and T(£) < £ for allf > 0 with the property: \\Fx—Fy\\ < T(||x— y\\), Vx, y £ 

E. 

Lemma 3.8 (Boyd and Wong)[15j. Let E be a Banach space and let F : E E be a 
nonlinear contraction. Then F has a unique fixed point in E. 

Theorem 3.9 Assume that: 

(A 5 ) | f(t,x) - f(t,y) | < W) H } X + ;[ yy t £ [0,1], x,y > 0, where h : [0,1] — > M + is 
continuous and 

H * = f{q) J 0 ^~^ q ~ lh ^ dS+ f{q) J 0 ( 1 ~ s '> 9 ~ lh (^ ds+ f J Q (V~ s) q ^ 1 h(s)ds. 

Then the boundary value problem (1.1) has a unique solution. 

Proof. Consider the operator F : C — >■ C given by (3.1). Let the continuous nondecreasing 
function T : M + -> M + satisfying 'L(O) = 0 and \H(£) < £ for all £ > 0 defined by \H(£) = 
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H*f 

H* +C 

that 


> 0. Let x,y £ C([0,1],M). Then | f(s,x(s)) - f(s,y{s))\ < 


Mg) 

H* 


T(||a; - 2 /||) so 


\Fx(t) - Fy(t)\ < ^ (t - s) 9 “ 1 /i(s) 

^ J 0-- s) q ^h(s) 

[ (v- sy^Hs) 

Jo 


m 

A 

+ 

+ 


k( g ) ~ j/(- s )l 

' H* + |x(s) - y(s) | 
|z(s) - y(s ) | 


ds 


m 

A 2 

rM 


17* + |x(s) - y(s)\ 

k( g ) ~ y(s) I 

17* + | x(s) — y(s] 


ds 


7 ds, 


for t £ [0, 1]. Then || Fx — Fy\\ < 4f(||x — y ||) and F is a nonlinear contraction and it has a 
unique fixed poitn in C([0, 1],K), by Lemma 3.8. □ 


Example 3.10 Let us consider the boundary value problem 

c D 3 / 2 x(t) = -^L 0 < t < 1, 

1 m +N /IN M 

x(0) = 2 X ( 4 ) ’ x(1) = 2x ( 4 ) ■ 


Here, q = 3/2, /3 = 1/2, a = 2 ,rj = 1/4 and f(t,x) = 


t|s| 


and find that H* = 7.97. Clearly 


f(t,x)~ f(t,y) 


1 + \x\ 

t{\x\ - I: 


We choose h(t) = 


(1 + 1) \x 


1 + |a;| + \y\ + \x\ 


< 


7.97 


Thus, the conclusion of Theorem 3.9 applies and problem (3.5) has a unique solution. 


1 + t 

-y\ 

-y[ 


4 Existence results-Differential Inclusions 

Definition 4.1 A function x £ C 2 ([0, 1],M) is a solution of the problem (1.2) if x( 0) = 
f 3x(r ]), x(l) = ax{rf), and exists a function f £ L 1 ([0, 1],M) such that f(t) £ F(t,x(t)) a.e. 
on [0, 1] and 

z(t) = F5) l {t ~ s), -' f( - s)da + - ~Ar(<,) ~ i (1 ~ 


+ 


/3 + (a — j3)t n 


A T(q) 


rv 

/ (v-sy- 1 

Jo 


f(s)ds. 


4.1 The Caratheodory case 

In this subsection, we are concerned with the existence of solutions for the problem (1.2) 
when the right hand side has convex values. We first recall some preliminary facts. 

For a norrned space ( X , || • ||), let P c i(X ) = {Y £ V(X) : Y is closed}, Pb(X ) = {Y £ 
V(X) : Y is bounded}, P cp {X) = {Y £ V(X) : Y is compact}, and P CP)C (X ) = {Y £ v\x) : 
Y is compact and convex}. 
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Definition 4.2 A multi-valued map G : X —y V(X) : 

(i) is convex (closed) valued if G(x) is convex (closed) for all x £ X; 

(ii) is bounded on bounded sets if G( B) = U a;e BG'(x) is bounded in X for all B £ Pb(X ) (i.e. 
sup ie B{sup{|j/| : y £ G(x)}} < oo); 

(Hi) is called upper semi- continuous ( u.s.c .) on X if for each xq £ X, the set G(x o) is a 
nonempty closed subset of X, and if for each open set N of X containing G(x o), there 
exists an open neighborhood No of xq such that G{Nq) C N ; 

(iv) is said to be completely continuous if G{ B) is relatively compact for every M £ Pb(X)-, 

(v) has a fixed point if there is x £ X such that x £ G(x). The fixed point set of the 
multivalued operator G will be denoted by FixG. 

Remark 4.3 It is known that, if the multi-valued map G is completely continuous with 
nonempty compact values, then G is u.s.c. if and only if G has a closed graph, i.e., x n — >■ 
x*, y n -4 y*, y n £ G(x n ) imply y* £ G(x*). 

Definition 4.4 A multivalued map G : [0; 1] — y P c i(M) is said to be measurable if for every 
y £ K, the function 

1 1 — y d{y, G(t)) = inf{||y - z\\ : z e G(t)} 

is measurable. 

Definition 4.5 A multivalued map F : [0, 1] x M — > V(M.) is said to be Caratheodory if 

(i) 1 1 — > F(t, x) is measurable for each x £ X; 

(ii) x i — > F(t,x ) is upper semicontinuous for almost all t £ [0, 1]; 

Further a Caratheodory function F is called L 1 — Caratheodory if 

(iii) for each a > 0, there exists (p Q £ T 1 ([0, 1],M + ) such that 

||F(t,x)|| = sup{|u| : v £ F(t,x)} < c p a (t ) 

for all ||x|| < a and for a. e. t £ [0, 1]. 

For each y £ C([0, 1],M), define the set of selections of F by 

Sf, v '■= £ ^([0, 1],M) : v(t) £ F(t,y(t )) for a.e. t £ [0, 1]}. 

The consideration of this subsection is based on the following fixed point theorem ([19]). 

Theorem 4.6 (Nonlinear alternative for Kakutani maps). [19]. Let E be a Banach space, C 
a closed convex subset of E, U an open subset of C and 0 £ U. Suppose that F : U —y V cp ,c(C) 
is a upper semicontinuous compact map. Then either (i) F has a fixed point in U , or (ii) 
there is a u £ dU and A £ (0, 1) with u £ A F(u). 
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The following lemma will be used in the sequel. 

Lemma 4.7 ([25]) Let X be a Banach space. Let F : [0, T] x X — > V CP)C {X) be an L 1 — 
Caratheodory multivalued map and let 0 be a linear continuous mapping from T 1 ([0, 1],X) 
to C([ 0,1], X). Then the operator 

0o S F : C([0, 1],X) ->■ P cp ,c(C([ 0,1], A)), x ^ (0o S F )(x) = @(S F , X ) 
is a closed graph operator in C([0, 1], A) x C([0, 1], A). 

Theorem 4.8 Assume that (A*) holds. In addition we suppose that the following conditions 

(H\) F : [0, 1] x R — > V(R) is Caratheodory and has nonempty compact convex values; 

(Hf) there exists a continuous nondecreasing function if : [0, oo) — > (0, oo) and a function 
p £ C([0, 1],M + ) such that 

\\F(t,x)\\ v := sup{|y| : y £ F(t,x)} < p(t)i>( ||x||) for each (t,x) £ [0, 1] X M, 


are satisfied. Then the boundary value problem (1.2) has at least one solution on [0, 1]. 


Proof. In order to transform boundary value problem (1.2) into a fixed point problem, 
consider the multivalued operator Ll : C([0, 1],M) -A- V(C([ 0, 1],M)) defined by 


Vt(x) = < 


heC([ 0 , 1 ], 


h(t) = < 


X] {t - s y-i mds 


+ 


/3 + (a — /3)t n 


A T(q) 


[ (V ~ s) g 1 f(s)ds, 0 < t < lj 
Jo 


for / E S Fx . Clearly, according to Lemma 2.4, the fixed points of Ll are solutions to boundary 
value problem (1.2). We will show that satisfies the assumptions of the nonlinear alternative 
of Leray-Schauder type. The proof consists of several steps. 

As a first step, we show that II is convex for each x £ C([0, 1],M). This step is obvious 
since Sp )X is convex (F has convex values), and therefore we omit the proof. 

Next, we show that Q maps bounded sets into bounded sets in C([0, 1],M). For a positive 
number p, let B p = {x G C([0, 1] , M) : |x|| < p} be a bounded set in C([0, 1],M). Then, for 
each h G H(x),x G B p , there exists / G Sf, x such that 

Ht) = T® Jo (t ~ s)a " 1/W * + </? Ar(g) ^ l (1 “ < ’ )f ' 1/w * 


+ 


P + (a-P)t [ g 
Ar (q) 

Then, as in Theorem 3.6, we have 


[ ( y-s) g 1 f(s)d.s , 
Jo 


IM*)I < f Q ( t_ s ) 9 1 \f( s )\ ds + J o C 1 - s ) q 1 l/(«)l rfs 
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+ 


A2 


< 


r (?) .0 
IW(IHI) 
r(g + l) 


[ ( rt-s) q 1 |/(s)|d-s 
Jo 

{1 + Ai + A 2 r] q } ■ 


Thus, 


,MM {1 + Al + W} . 


Now we show that Q maps bounded sets into equicontinuous sets of C([ 0, 1],M). Let t',t" £ 
[0, 1] with t! < t" and x £ B p , where B p is a bounded set of C([0, 1],M). For each h £ fi(x), 
we obtain, as in Theorem 3.6, 


\h(t")-h(t')\ < 


h Jo [{t " ~ 5)9-1 - {t ' ~ s) 9 ~ 1 ]f{s)ds + f^y J ], (t " - s ) 9 ~ 1 /( s )^ 


+ 


m 

\\pMp)\(P-l)\\t"-t'\ , |b|Wp)|a-/J||t"-i'| 


Ar(g + 1) 


AT(g + l) 


Obviously the right hand side of the above inequality tends to zero independently of x £ B r i 
as t" — t' — > 0. As O satisfies the above three assumptions, therefore it follows by the Arzela- 
Ascoli theorem that O : C([0, 1],M) — V(C([ 0, 1],M)) is completely continuous. In our next 
step, we show that O has a closed graph. Let x n — > x*, h n £ fl(x n ) and h n — > /i*. Then we 
need to show that /t* £ fl(x*). Associated with h n £ fl(x n ), there exists f n £ Sb,x„ such that 
for each t £ [0, 1], 

M*) = YJ^ f^ {t ~ S)^ 1 f n {s)ds + ^ j 0 l 1 ~ g ) <? ~ 1 fn(s)ds 

+ l3+ AT(qf >t f 0 ^ ~~ •s)' ?_1 /„(s)(is, t £ [0, 1], 

Thus we have to show that there exists /* £ Sb.a;* such that for each t £ [0, 1], 


h*(t) = [ ( t-s) q 1 f*(s)ds + 

r(<?) Jo 


(P-i )t-/3n f 1 


[ (1 - s) 9 1 f*(s)ds 
Jo 


r (<?) Jo ' AT( 9 ) 

Let us consider the continuous linear operator 0 : L 1 ([0, 1],M) — >■ <17 ( [0, 1],M) given by 


/->©(/) = 


1 


(t - s) q 1 f(s)ds + ^ 1371 1 f( 8 ) d6 


m Jo 


Observe that 

||/i.„(i) — || = 


r(tz) Jo^~ 5)9 1 ^ n ^ s) ~~ J*^ ds 
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+ 

+ 


(P - l )t- Pv 
Ar(g) 

(3 + (a — f3)t 
Ar (q) , 


[ (1 - s) q 1 (fn{s) - f*(s))ds 
Jo 

[ (i? - s) 9_1 (/ n (s) - f*(s))ds 
lo 


— > 0) 


as n — > oo. Thus, it follows by Lemma 4.7 that 0 o Sf is a closed graph operator. Further, 
we have h n (t) E @{Sf,x„)- Since x n -A- x*. therefore, we have 


M*) = J 0 ^~ 8 ^ q 1 f*( s '> ds + ^ A r(g) ^ J 0 1 f*i s ) ds 

P + (a — P)t f\ 


+ 


Ar(g) 


/ (47-s) 9 1 f*(s)ds, 
Jo 


for some /* E • 

Finally, we discuss a priori bounds on solutions. Let x be a solution of (1.2). Then there 
exists / E L 1 ([0, 1],M) with f £ Sf, x such that, for t E [0, 1], we have 


h{t) 


m 


[ (t ~ s) g 1 f(s)ds + 
Jo 


(P - 1)* - Pv 

AT(q) 


(1 


+ 


P + {a-P)t n 


Ar (q) 


[ {V~s) q 1 f(s)ds. 
Jo 


s) q 1 f(s)d-s 


In view of ( H 2 ), and using the computations in second step above, for each t E [0, 1], we 
obtain 


\h{t)\ < J o (t-s) q 1 |/(s)|ds + (!-s ) 9 1 \f(s)\ds 

[ (77 — s) 9 _ 1 |/(s)|d-s 
Jo 

{1 + Ai + A 2d q } ■ 


A 2 


IW(IHI) 
r(? + i) 


Consequently, we have 


x 


\\p\mM) 

r(? + i) 


{1 + Ai + A 2 if} 


< 1. 


In view of (2I4), there exists M such that ||x|| 7 ^ M. Let us set 


U = {x G C([0, 1], M) : ||x|| < M+ 1}. 

Note that the operator Q : U — >• T’(C'([0, 1], M)) is upper semicontinuous and completely 
continuous. From the choice of U, there is no x G dU such that x G pTl(x) for some 
p G (0, 1). Consequently, by the nonlinear alternative of Leray-Schauder type (Theorem 4.6), 
we deduce that fl has a fixed point x G U which is a solution of the problem (1.2). This 
completes the proof. □ 


519 


Abdalla Darwish et al 507-526 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


14 


M. A. Darwish and S.K. Ntouyas 


Example 4.9 Consider the following fractional boundary value problem 

f c D 3 / 2 x(t) G F(t,x(t)), 0 < t < 1, 


®(0) = o* ( 7 ) > • T ( 1 ) = 2x 7 


(4.1) 


Here, q = 3/2 ,/3 = 1/2, a = 2, rj = 1/4 and F : [0,1] x 

|3 


given by x — > F(t,x ) = 
I 3 

+ 2 f 3 + 1, T 


x 


|x| 3 + 3 


+ 2F + 1, 


x 


x\ + l 


+ t + 1 


T’(R) is a multivalued map 
For / G F, we have |/| < 


max 


\x\ 


|x| 3 + 3 


+ 1 + 1 <4, a; G R. Thus, \\F(t, x)\\-p := sup{|y| : y G 


F(t,x)} < 4 = p(t)'if( ||x||), x G R, with p[t) = 1, i/(||x||) = 4. Further, using the condition 
(Ai) we find that M > 21.092278. Clearly, all the conditions of Theorem 4.8 are satisfied. So 
there exists at least one solution of the problem (4.1) on [0, 1]. 


4.2 The lower semi-continuous case 

As a next result, we study the case when F is not necessarily convex valued. Our strategy to 
deal with this problems is based on the nonlinear alternative of Leray Schauder type together 
with the selection theorem of Bressan and Colombo [16] for lower semi-continuous maps with 
decomposable values. 

Definition 4.10 Let X be a nonempty closed subset of a Banach space E and G : X -A- V(E) 
be a multivalued operator with nonempty closed values. G is lower semi-continuous (l.s.c.) if 
the set {y G X : G(y) flB/0} is open for any open set B in E. 

Definition 4.11 Let A be a subset of [0, 1] xl. A is C®B measurable if A belongs to the 
a— algebra generated by all sets of the form J x V, where J is Lebesgue measurable in [0, 1] 
and V is Borel measurable in M. 

Definition 4.12 A subset A o/L 1 )^, 1],M) is decomposable if for allx,y G A and measurable 
J C [0, 1] = J , the function xxj + UXJ-J £ A, where xj stands for the characteristic 
function of J . 

Definition 4.13 Let Y be a separable metric space and let N : Y — >■ T’(L 1 ([0, 1], K)) be a 
multivalued operator. We say N has a property (BC) if N is lower semi- continuous (l.s.c.) 
and has nonempty closed and decomposable values. 

Let F : [0,1] xRg T’(M) be a multivalued map with nonempty compact values. Define 
a multivalued operator F : C([0, 1] x R) G V{L l {\ 0, 1],K)) associated with F as 

F{x) = {w G T 1 ([0, 1], M) : w(t) G F(t, x(t)) for a.e. t G [0, 1]}, 

which is called the Nemytskii operator associated with F. 

Definition 4.14 Let F : [0, 1]xRg T’(M) be a multivalued function with nonempty compact 
values. We say F is of lower semi- continuous type (l.s.c. type) if its associated Nemytskii 
operator F is lower semi- continuous and has nonempty closed and decomposable values. 
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Lemma 4.15 ([16]) Let Y be a separable metric space and let N : Y — > V(L 1 ([ 0, 1],K)) be a 
multivalued operator satisfying the property (BC). Then N has a continuous selection, that is, 
there exists a continuous function (single-valued) g : Y — >■ L 1 ([0, 1],K) such that g{x) £ N(x) 
for every x £ Y. 

Theorem 4.16 Assume that (A±), (H 2 ) and the following condition holds: 

(i/ 3 ) F : [0, 1] x R — > V(R) is a nonempty compact-valued multivalued map such that 

(a) (t,x) 1 — > F(t,x ) is measurable, 

(b) x 1 — > F(t,x ) is lower semicontinuous for each t £ [0, 1]. 

Then the boundary value problem (1.2) has at least one solution on [0, 1]. 

Proof. It follows from (i/ 3 ) and (i/ 2 ) that F is of l.s.c. type. Then from Lemma 4.15, there 
exists a continuous function / : C 2 ([0, 1],R) — > L 1 ([0, 1],M) such that f(x) £ F(x) for all 
x £ (7([0, 1], M). 

Consider the problem 


( c D q x{t) = f(x(t)), 0<t<l, l<g<2j , . 

\ x(0) = 1 3x(rj ), x(l) = ax(rj ) 

in the space C 2 ([0, 1],M). It is clear that if x £ C 2 ([0, 1],M) is a solution of the problem (4.2), 
then x is a solution to the problem (1.2). In order to transform the problem (4.2) into a fixed 
point problem, we define the operator fl as 

^ x (t ) = f Q (t- s)^ 1 f(x(s))ds + ^ l3r] (1 - s) q - l f(x(s))ds 

+ /3 + AT J 0 ^~ s ) 9_1 /( x ( s )) ds ’ 0 < ^ < !• 

It can easily be shown that 11 is continuous and completely continuous. The remaining 
part of the proof is similar to that of Theorem 4.8. So we omit it. This completes the proof. 

□ 


4.3 The Lipschitz case 

Now we prove the existence of solutions for the problem (1.2) with a nonconvex valued right 
hand side by applying a fixed point theorem for multivalued map due to Covitz and Nadler 
[18]- 

Let (X,d) be a metric space induced from the normed space (X; || • ||). Consider H ^ : 
V(X) x V(X) -AlU { 00 } given by Hd(A,B) = max{sup a€j4 d(a, B), sup 6gB d(A, b)}, where 
d(A,b ) = inf a£j 4 d(a; b) and d(a,B) = inf d(a;b). Then (Pf, iC i(X), Hd) is a metric space 
and (Pd(X), Hd) is a generalized metric space (see [23]). 

Definition 4.17 A multivalued operator N : X — > P c i(X) is called: 
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(a) 'y—Lipschitz if and only if there exists 7 > 0 such that 

H d (N(x ), N{y)) < 7 d(x, y) for each x,y £ X; 


(b) a contraction if and only if it is 'y—Lipschitz with 7 < 1 . 


Lemma 4.18 (Covitz-Nadler) [18]. Let (X,d) be a complete metric space. If N : X — >• 
P c i(X) is a contraction, then FixN / 0. 

Definition 4.19 A measurable multi-valued function F : [0, 1] — > V(X) is said to be inte- 
grably bounded if there exists a function h £ L 1 ([0, 1], X) such that for all v £ F(t ), ||u|| < h(t) 
for a.e. t £ [ 0 , 1 ]. 


Theorem 4.20 Assume that the following conditions hold: 

(i/ 4 ) F : [0, 1] x M -» P cp (M) is such that F(-,x) : [0,1] — >■ P cp (M) is measurable for each 
i6R; 

(i/ 5 ) Hd(F(t, x), F(t, x)) < m(t) \x — x\ for almost all t £ [0,1] and x,x £ M with m £ 
C([0, 1], M + ) and d(0, F(t, 0)) < m(t ) for almost all t £ [0, 1]. 

Then the boundary value problem (1.2) has at least one solution on [0, 1] if 

J^L{1 + A 1 + A 2 7,«}<1. 


Proof. We transform the problem (1.2) into a fixed point problem. Consider the set-valued 
map Ll : C([0, 1],M) — > V(C{[ 0, 1],M)) defined at the begining of the proof of Theorem 4.8. 
It is clear that the fixed point of fl are solutions of the problem (1.2). 

Note that, by the assumption (H 4 ), since the set-valued map F(-,x) is measurable, it 
admits a measurable selection / : [0, 1] — > M (see Theorem III . 6 [17]). Moreover, from 
assumption (i/5) |/(t)| < m{t) + m(t)\x(t)\, i.e. /(•) £ L 1 ([ 0 , 1],X). Therefore the set Sf, x is 
nonempty. Also note that since Sf, x / 0, Ii(x) / 0 for any x £ C([0, 1 ],M). 

Now we show that the operator Ll satisfies the assumptions of Lemma 4.18. To show 
that fl(x) £ Vd((C[0, 1],M)) for each x £ C([0, 1],M), let {u n }n> 0 £ f2(a;) be such that 
u n — ¥ u (n — > 00 ) in C([ 0 , 1 ],M). Then u £ C([ 0 , 1 ],M) and there exists v n £ Sf, x such that, 
for each t £ [ 0 , 1 ], 


u n (t) = 


(t - s) q 1 v n (s)ds + 


m Jo 

/3 + (a — /3)t 


(P - 1 )* - P-n 

AT(q) 


/ 1(1 

Jo 


- s) q 1 v n (s)d.s 


+ 


AT(q) 


(q-s) q l v n (s)ds. 


As F has compact values, we may pass onto a subsequence (if necessary) to obtain that 
v n converges to v in L 1 ([ 0 , 1 ],M). Thus, v £ Sf, x and for each t £ [ 0 , 1 ], 


U n (t) -£ u(t ) = 






v(s)ds + 


(P - 1 )^ - Pn 

AT(q) 


Ai-r 1 

Jo 


v(s)ds 
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+ 




Ar (q) 


f (■ rj — s) q 1 v(s)ds. 

Jo 


Hence, u G fi(x) and f2(x) is closed. 

Next we show that ft is a contraction on C([0, 1],M), i.e. there exists 7 < 1 such that 

Hd(Q(x), fl(x)) < 7 ||x — x|| for each x, x £ C([0, 1],M). 

Let x, x £ C([0, 1],M) and h\ £ TL{x). Then there exists v\ (t) £ F(t,x(t)) such that, for each 

*€[ 0 , 1 ], 

hlit) = jT (t - s) q ~ 1 vi(s)ds + ^ ,3v ^ (1 - s) 9_1 «i(a)ds 


+ 1 


By (Hq), we have Hd(F(t,x),F(t,x)) < m{t)\x{t) — x(t) |. So, there exists ru G F(t,x(t )) 
such that |fi(f) — m | < m(i)|x(i) — x(t)|, t G [0, 1]. 

Define J7 : [0,1] — > V(R) by U(t ) = {u; G M : \vi(t) — w\ < m(t)\x(t) — x(t)|}. Since 
the multivalued operator U(t) C\F(t, x(t)) is measurable (Proposition III. 4 [17]), there exists 
a function v 2 (t) which is a measurable selection for U. So v 2 (t) G F(t,x(t)) and for each 
t G [0, 1], we have |fi(t) — V 2 (t)\ < m{t)\x(t) — x(t ) |. 

For each t G [0, 1], let us define 


h 2 (t) = 


+ 


h)l {t ~ + ifi Arfa) ~ l (1 - s) ’"'” 2(s) * 


Thus, 


IMt)-M*)| A l \v 1 (s) - v 2 {s)\ds + (1 - s) q 1 \v 1 (s) - v 2 (s)\ds 

[ (v ~ s) 9 _ 1 M«) - v 2 (s)\ds 
Jo 

{1 + Ai + \ 2 ri q } ■ 


+ 


A 2 


r(?) 70 

m|| \\x — x\ 

r(g + l) 


Hence, 


1-M<»7^{1 + A 1 + W}. 


r(« + 1) 

Analogously, interchanging the roles of x and x, we obtain 

H d {n(x), fi(x)) < 7 |k - *11 < " r {1 + Ar + X 2 r, q } . 

T{q + 1) 

Since Q is a contraction, it follows by Lemma 4.18 that D has a fixed point x which is a 
solution of (1.2). This completes the proof. □ 
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Remark 4.21 The results of this paper can easily to be generalized to boundary value prob- 
lems for fractional differential equations and inclusions with deviating arguments and gener- 
alized three point boundary conditions. Thus we can study, by similar methods and obvious 
modifications, the following boundary value problem for fractional differential equations 

( c D q x(t) = f(t,x(cr(t))), 0 < t < 1, 1 < q < 2, 

< x(t) = fdxfq), — r < t < 0 (4.3) 

{ x(l) = ax(rj), 

where c D q denotes the Caputo fractional derivative of order q, f : [0, 1] xR — > M is continuous, 

—r = min te [ 0 ,i] cr(t), a : [ 0 , 1 ] — > [— r, 1 ] is continuous with a (t) < t, Vi E [ 0 , 1 ] and a,j3,q are 

constants with 0 < 77 < 1 and 1 — /? + (/? — a)r / f 0 , or the corresponding boundary value 
problem for fractional differential inclusions 

( c D q x(t ) G F(t.,x(a{t))), 0 < t < 1, l<g<2, 

< x(t) = (3x(r]), —r<t< 0 (4.4) 

[ x(l) = ax(rf), 

where c D q denotes the Caputo fractional derivative of order q, and F : [0, 1] x R — > V(R) is 
a multivalued map, P(M) is the family of all subsets o/M. 


Remark 4.22 It is obvious that the methods used in this paper can be applied to other types 
of nonlocal boundary value problems. For example for the following four point boundary value 
problem 

J c D q x(t) = f(t,x(t)), 0 < t < 1, 1 < q < 2, , 

\ x{t) = az( 0 , ®( 1 ) = /3x(v), 

where a,/3,£,r] are constants with 0 < £, rj < 1 and A := a{j3q — 1 ) — (/? — l)(a^ — 1) / 0. 
The solution of the problem (f-5) is given by 


x{t) = I 
J o 


t {t-s) ql a[(P - l)t - fir] + 1] ft (f - s) 9 1 

—^ r Hs,x(s))ds+ £ j a m f{s,x(s))is 


Plot - 1 -at] [ r ‘ (rj - s) q 1 

+ ^ f 

at — atf + 1 f 1 (1 — s) 9_1 

+ ^ — Y(q) — /( s > x ( s )) ds > 0 < t < 1. 
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QUADRATIC /^-FUNCTIONAL INEQUALITIES IN FUZZY BANACH 

SPACES 

CHOONKIL PARK AND SUN YOUNG JANG* 


Abstract. In this paper, we solve the following quadratic p-functional inequalities 

'x + y 


N 


(/(* + y) + fix -y)- 2 fix) - 2/(2/) - P 

> 1 , 

t + vix,y)' 

where p is a fixed real number with p ^ 2, and 


M- 


+ 2 / (^ 2 ^) ~ 

( 0 . 1 ) 


N ( 2 ^ (^T^) + (“ 2^) - - p + y) + f( x ~y)~ 2 fi x ) - 2 fiv)) , t 

( 0 . 2 ) 


> 


t + <p{x,y)' 


where p is a fixed real number with p 

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic p- 
functional inequalities (0.1) and (0.2) in fuzzy Banach spaces. 


1. Introduction and preliminaries 

Katsaras [21] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view [13, 24, 52], In particular, Bag and Samanta [2], following Cheng and 
Mordeson [8] , gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric 
is of Kramosil and Michalek type [23]. They established a decomposition theorem of a fuzzy 
norm into a family of crisp norms and investigated some properties of fuzzy norrned spaces [3] . 

We use the definition of fuzzy norrned spaces given in [2, 28, 29] to investigate the Hyers-Ulam 
stability of quadratic p-functional inequalities in fuzzy Banach spaces. 

Definition 1.1. [2, 28, 29, 30] Let A be a real vector space. A function N : A x M -A [0, 1] is 
called a fuzzy norm on X if for all x, y G X and all s,RK, 

(IVi) N(x,t) = 0 for t < 0; 

(IV2) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(JV 3 ) N(cx, t ) = N(x, |]) if c f 0; 

(IV4) N(x + y,s + t ) > min {N(x,s),N(y,t)}; 

(IV5) N(x, •) is a non-decreasing function of M and lim^oo N(x, t ) = 1. 

(Nq) for x / 0, N(x, •) is continuous on M. 

The pair (A, A) is called a fuzzy norrned vector space. 

The properties of fuzzy norrned vector spaces and examples of fuzzy norms are given in 
[27, 28]. 
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Definition 1 . 2 . [2, 28, 29, 30] Let ( X , N) be a fuzzy normed vector space. A sequence {x n } in 
X is said to be convergent or converge if there exists an x £ X such that lim n _ > . 0O N (x n —x, t) = 1 
for all t > 0. In this case, x is called the limit of the sequence {x n } and we denote it by N- 
linin-xx) x n = x. 

Definition 1 . 3 . [2, 28, 29, 30] Let (X, N) be a fuzzy normed vector space. A sequence {x n } 
in X is called Cauchy if for each e > 0 and each t > 0 there exists an no £ N such that for all 
n > no and all p > 0, we have N(x n+V — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X -A Y between fuzzy normed vector spaces X and Y is 
continuous at a point xq £ X if for each sequence {x n } converging to xq in X , then the 
sequence {f(x n )} converges to f(x o). If / : X — > Y is continuous at each x £ X, then 
/ : X -A Y is said to be continuous on X (see [3]). 

The stability problem of functional equations originated from a question of Ularn [51] con- 
cerning the stability of group homomorphisms. 

The functional equation f(x + y) = fix) + f(y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [17] gave a 
first affirmative partial answer to the question of Ularn for Banach spaces. Hyers’ Theorem was 
generalized by Aoki [1] for additive mappings and by Th.M. Rassias [40] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem 
was obtained by Gavruta [14] by replacing the unbounded Cauchy difference by a general 
control function in the spirit of Th.M. Rassias’ approach. 

The functional equation f{x + y) + f{x — y) = 2f(x) + 2f{y) is called the quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a 
quadratic mapping. The stability of quadratic functional equation was proved by Skof [50] for 
mappings / : E\ — > E 2 , where E\ is a normed space and E -2 is a Banach space. Cholewa 
[9] noticed that the theorem of Skof is still true if the relevant domain E\ is replaced by 
an Abelian group. Czerwik [10] proved the Hyers-Ulam stability of the quadratic functional 

equation. The functional equation / = lf( x ) + \fiy) is called a Jensen type 

quadratic equation. The stability problems of several functional equations have been extensively 
investigated by a number of authors and there are many interesting results concerning this 
problem (see [4, 18, 20, 25, 36, 37, 38, 41, 42, 44, 45, 46, 47, 48, 49]). 

Gilanyi [15] showed that if / satisfies the functional inequality 

||2/(x) + 2/(y) - f{x-y) || < \\f(x + y)\\ (1.1) 

then / satisfies the Jordan- von Neumann functional equation 

2 f(x) + 2 f(y) = f(x + y) + f{x - y). 

See also [43]. Fechner [12] and Gilanyi [16] proved the Hyers-Ulam stability of the functional 
inequality (1.1). Park, Cho and Han [35] investigated the Cauchy additive functional inequality 

ll/(*) + f(v) + f ( z ) II < II /(* + V + z ) II (1-2) 

and the Cauchy- Jensen additive functional inequality 

II /(*) + f(y) + 2 /MII < || 2 / (Lp + z) J (1.3) 

and proved the Hyers-Ulam stability of the functional inequalities (1.2) and (1.3) in Banach 
spaces. 

Park [33, 34] defined additive p- functional inequalities and proved the Hyers-Ulam stability 
of the additive p-functional inequalities in Banach spaces and non- Archimedean Banach spaces. 
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We recall a fundamental result in fixed point theory. 

Let X be a set. A function d : X x X -A [0, oo] is called a generalized metric on X if d 
satisfies 

(1) d(x, y) = 0 if and only if x = y. 

(2) d(x, y) = d(y, x ) for all x, y E X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z E X. 

Theorem 1.4. [5, 11] Let (X, d) be a complete generalized metric space and let J : X — > X 
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element 
either 

d(J n x , J n+l x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo, Vn > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y E X \ d(J n °x,y) < oo}; 

(4) d(y,y*) < j^dfaJy) for all y E Y. 

In 1996, G. Isac and Th.M. Rassias [19] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. By 
using fixed point methods, the stability problems of several functional equations have been 
extensively investigated by a number of authors (see [6, 7, 22, 27, 31, 32, 38, 39]). 

In Section 2, we solve the quadratic p - functional inequality (0.1) and prove the Hyers-Ulam 
stability of the quadratic p-functional inequality (0.1) in fuzzy Banach spaces by using the fixed 
point method. 

In Section 3, we solve the quadratic p-functional inequality (0.2) and prove the Hyers-Ulam 
stability of the quadratic p-functional inequality (0.2) in fuzzy Banach spaces by using the fixed 
point method. 

Throughout this paper, assume that X is a real vector space and (Y, N) is a fuzzy Banach 
space. 


2. Quadratic /afunctional inequality (0.1) 

In this section, we prove the Hyers-Ulam stability of the quadratic /> functional inequality 
(0.1) in fuzzy Banach spaces. Let p be a real number with p 2. We need the following lemma 
to prove the main results. 

Lemma 2 . 1 . Let f : X Y be a mapping satisfying /( 0) = 0 and 

f(x + y) + f(x -y)- 2 f{x) - 2 f(y) = p (V + 2/ - f(x) - f(y)j (2.1) 

for all i,j/6l. Then f : X — » Y is quadratic. 

Proof. Replacing y by x in (2.1), we get /( 2x) — 4 f(x) = 0 and so /( 2x) = 4 f{x) for all x G X. 
Thus 

f(x + y) + f(x - y) - 2/(x) - 2f(y) = p ^2/ + 2/ “ f( x ) ~ f(y)j 

= ^(f(x + y) + f(x-y)-2f(x)-2f(y)) 

and so f(x + y) + f[x — y) = 2 f(x) + 2 f(y) for all as desired. □ 

Theorem 2 . 2 . Let ip : X 2 — > [0, oo) be a function such that there exists an L < 1 with 

p(x,y) < jp{2x,2y) 
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for all x, y G X . Let f : X Y be a mapping satisfying /( 0) = 0 and 
N(f(x + y) + f(x -y)- 2/(x) - 2 f(y) 


( 2 . 2 ) 


~P 2/ 


x + y 


+ 2 / 


x - y 


- fix)- f(y)\ ,t) > 


t + <p(x,y) 


for all x,y € X and all t > 0. Then Q(x) := N -linif^oo 4 n f ( ffT) exists for each x G X and 
defines a quadratic mapping Q : X — >■ Y such that 

(4 - 4 L)t 


i v(/W-OW,t)> r4 _ 4L)t + Mxx) 

/or all x & X and all t > 0. 

Proof. Letting y = x in (2.2), we get 

N(f(2x) -4/(x),t) > 


(2.3) 


t 


t + <^(x, x) 

for all x £ X. 

Consider the set 

5 := : X -A T} 

and introduce the generalized metric on S : 

d(g , h) = inf { /j € M + : N(g(x) — h(x), get) > 


(2.4) 


l 


t + ip(x , x) 


Vx G X, Mt > 0 > , 


where, as usual, inf <f> = +oo. It is easy to show that ( S , d) is complete (see [26, Lemma 2.1]). 
Now we consider the linear mapping J : S -A S such that 


Jg(x) :=4 g 


for all x £ X. 

Let g, h e S be given such that d(g, h ) = e. Then 

N{g(x) — h(x),et) > 


t + <p(x, x) 


for all x € X and all t > 0. Hence 


N(Jg(x) — Jh(x), Let) = N (^g (^j - Ah ,Letj = N (g - h ,j£t 


> 


Lt 

4 


> 


Lt 

4 


t 


T+^(f,f) T + t + <p(x,x) 

for all x G X and all t > 0. So d(g, h) = e implies that d(Jg, Jh ) < Le. This means that 

d( Jg, Jh) < Ld(g , /i) 

for all g , h € S'. 

It follows from (2.4) that iV ^/(x) — 4/ (|) , ^ for all x e X and all t > 0. So 

d(f, J f) < f • 

By Theorem 1.4, there exists a mapping Q : X — > Y satisfying the following: 

(1) Q is a fixed point of J, i.e. , 

1 


Q o =jQ( x 


(2.5) 
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for all x £ X. Since / : X — >■ Y is even, Q : X -A Y is a even mapping. The mapping Q is a 
unique fixed point of J in the set 

M = {g € S : d(f,g ) < oo}. 

This implies that Q is a unique mapping satisfying (2.5) such that there exists a y G (0, oo) 
satisfying 

N(f( X )-Q ix ),M>—±— ) 

for all x e X] 

(2) d(J n f , Q) — >• 0 as n -A oo. This implies the equality 


N- lim 4 71 f ( — ^ = Q(x) 

n- >oo J \2 n J K 


for all x e X] 

(3) d(f,Q ) < J f), which implies the inequality 

d(f, Q) < 


4-4 L 


This implies that the inequality (2.3) holds. 
By (2.2), 

'x + y\ , , (x-y 


2 n 

- P ( 4" I 2/ 


+ / 

x + y 
2 n+l 


2 n 

+ 2 / 


" 2 / ( — ) - 2 / ( ^ 


2 n+1 


2 n 
-/ 


-/ 


, 4 n f > 


^ ^ 2" ) 


for all x, y G X, all t > 0 and all n G N. So 


x + y 
2 n 


N |^4 n 

~ p(± n [V 


+ / 

z+j/ 

2 n+l 


x-y 

2 n 

+ 2 / 


- 2 / 

x-y 

2 n+l 


- 2 / 


J \ On / \ On. 


for all x, y G X, all f > 0 and all n G N. Since lim^oo -j — r 


t 

4n 


t > 0, 

Q(x + y) + Q(x - y) - 2Q(x) - 2 Q(y) = p ( 2Q 


An H - An 


^ + ^r ( f{x,y) 

= 1 for all x, y G X and all 


x T y 


+ 2Q 


x-y 


- Q(x) - Q(y) 


□ 


for all x,y G X. By Lemma 2.1, the mapping Q : X — > Y is quadratic, as desired. 

Corollary 2.3. Let 8 > 0 and let p be a real number with p > 2. Let X be a normed vector 
space with norm || • ||. Let f : X —tY be a mapping satisfying /( 0) = 0 and 

'x + y 


N [f(x + y) + f{x - y) - 2/(x) - 2/(y) -p[2f 

t 

> 


+ 2 / 


x-y 


- fix) - f(y) ) ,t 

( 2 . 6 ) 


t + 0(||x||P+||y||P) 

for all x, y e X and all t > 0. Then Q{x) := A n f{^) exists for each x & X and 

defines a quadratic mapping Q : X — >■ Y such that 

(2 p - 4 )t 


N(f(x) - Q(x),t ) > 


(2P — 4)t + 20||x||p 


for all x € X . 
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Proof. The proof follows from Theorem 2.2 by taking (f(x, y ) := #(||x|| p + ||y|| p ) for all x, y £ X. 
Then we can choose L = 2 2_p , and we get the desired result. □ 


Theorem 2.4. Let p> : X 2 — > [0, oo) be a function such that there exists an L < 1 with 

p(x- y) < 4 Lip Q, 0 


for all x,y E X. Let f : X — be a mapping satisfying /( 0) = 0 and (2.2). Then Q(x) := N- 
linin^oo 2 pr/( 2 n x) exists /or each x € X and defines a quadratic mapping Q : X -A Y such 
that 


N (/(x) - Q(x),t) > 


(4 - 4 L)t 

(4 — 4L)t + <p(x, x) 


(2.7) 


for all x & X and all t > 0. 


Proof. Let ( S , d) be the generalized metric space defined in the proof of Theorem 2.2. 

Now we consider the linear mapping J : S -A S such that 

J 9(x) := ( 2x) 

for all x£l. 

It follows from (2.4) that 

N ( /(x) — -/( 2x), -t') > r 

V y, 4 ) - t, + <p(x,x) 

for all x £ X and all t > 0. So d(f,Jf) < \. Hence d(f,Q) < , which implies that the 

inequality (2.7) holds. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 


Corollary 2.5. Let 6 > 0 and let p be a real number with 0 < p < 2. Let X be a normed 
vector space with norm || • ||. Let f : X Y be amapping satisfying /( 0) = 0 and (2.6). 
Then Q(x ) := N- lim n _ > . 0O ^/(2 n x) exists for each x € X and defines a quadratic mapping 
Q : X — * Y such that 


N(f(x) - Q(x),t) > 


(4 - 2 P)t 

(4 - 2P)t + 2 Q\\x\\p 


for all x €E X . 


Proof. The proof follows from Theorem 2.4 by taking ip(x, y) := d(||x|| p + 1| y\\ p ) for all x, y £ X. 
Then we can choose L = 2 P-2 , and we get the desired result. □ 


3. Quadratic ^-functional inequality (0.2) 

In this section, we prove the Hyers-Ulam stability of the quadratic p- functional inequality 
(0.2) in fuzzy Banach spaces. Let p be a real number with p fi\. We need the following lemma 
to prove the main results. 

Lemma 3.1. Let f : X — > Y be a mapping satisfying /( 0) = 0 and 

2/ + 2 / ~ _ /(d) = p (/( x + v) + f( x ~y)~ 2 f( x ) - 2 f{ y )) (3.1) 

for all x,j/6l. Then f : X — » Y is quadratic. 
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Proof. Letting y = 0 in (3.1), we get 4/ (|) — f(x) = 0 and so /( 2x) = 4/(x) for all x G X. 
Thus 


*f(x + y)-lf(x-y)-f(x)-f(y) = 2/ 


x + y 


+ 2 / 


x-y 


~ f(x) - f(y) 


= p(f(x + y) + f(x-y)-2f(x)-2f(y)) 

and so f(x + y) + f(x — y) = 2 f(x) + 2 f(y) for all x, y G X, as desired. □ 

Theorem 3.2. Let : X 2 -> [0, oo) be a function such that there exists an L < 1 with 

<p(x,y) < jip(2x,2y) 

for all x,y G X . Let f : X Y be a mapping satisfying /( 0) = 0 and 


N ( 2/ 


x + y 


> 


+ 2 / 

t 


x-y 


~ f{x) ~ f(y) ~ P (fix + y) + f(x -y)- 2 f(x) - 2 f(y)) , t 

, N (3.2) 

t + <p(x,y) 

for all x,y G X and all t > 0. Then Q(x) := lV-lim n _ 5 . 0C 4 n f (^) exists for each x G X and 
defines a quadratic mapping Q : X — * Y" such that 

(1 — L)f 


N (f(x) - Q(x),t) > 


(1 - L)t + </?(x,0) 


(3.3) 


/or all x G X and all t > 0. 

Proof. Letting y = 0 in (3.2), we get 




t + (p(x,0) 


(3.4) 


for all x G X. 

Consider the set 

S:={g:X^Y} 

and introduce the generalized metric on S: 

d(g,h ) = inf j/x G M+ : N(g(x) - h(x),yt) > ^ + J ^ , V.x G X,V< > oj , 

where, as usual, inf <f = +oo. It is easy to show that ( S , d) is complete (see [26, Lemma 2.1]). 
Now we consider the linear mapping J : S S such that 

J 9 (x) :=4 g 

for all x G X. 

Let g, h G S be given such that d(g, h) = e. Then 

-L 

N(g(x) — h(x),et) > 


t + cp(x, 0) 


for all x G X and all t > 0. Hence 


N(Jg(x) — Jh(x ), Let) = N ^4 g ^ — 4 h 


, Let) = N (g 


-h 


x \ L 


-et 


- Lt 


Lt 

4 


T + (f > 0) > T + f 0) t + <p(x, 0) 


Lt 

4 


533 


CHOONKIL PARK et al 527-537 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


C. PARK, S. Y. JANG 


for all x G X and all t > 0. So d(g, h) = e implies that d(Jg, Jh) < Le. This means that 

d{ Jg, Jh) < Ld(g , h) 


for all g , h G S. 

It follows from (3.4) that 

«(/M-4/(f ),)> TT ±— ) 

for all x G X and all t > 0. So d(f, J f) < 1. 

By Theorem 1.4, there exists a mapping Q : X — >■ Y satisfying the following: 

(1) Q is a fixed point of J, i.e. , 

Q (|) = \Q(x) (3.5) 

for all x G X. Since / : X -A Y is even, Q : X — > Y is an even mapping. The mapping Q is a 
unique fixed point of J in the set 

M = {g <E S : d{f,g) < oo}. 

This implies that Q is a unique mapping satisfying (3.5) such that there exists a g G (0, oo) 
satisfying 

N(/(x) - Q(x),nt) > f 

t + <p(x, 0) 

for all x G X; 

(2) d(J n f , Q) -> 0 as n -T oo. This implies the equality 

AT- lim 4 n / f = Q(x) 
n—>oo \2 n J W 

for all x G X; 

(3) d(f,Q) < which implies the inequality 

d(f,Q)< 

This implies that the inequality (3.4) holds. 

By (3.2), 



for all x, y G X, all t > 0 and all n G N. So 



for all x, y G X, all t > 0 and all n G N. Since lim n _ ) . 0O 
t > 0, 


t 

4J1 

4?T H - 4tT <p(x,y) 


1 for all x,y E X and all 


2 Q + 2 (yy) “ = P (Q ( x + y) + Q (x - y) - 2Q(x) - 2Q(y)) 

for all x,y G X=. By Lemma 3.1, the mapping Q : X — Y" is quadratic, as desired. □ 
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Corollary 3.3. Let 8 > 0 and let p be a real number with p > 2. Let X be a normed vector 
space with norm || ■ ||. Let f : X — >■ Y be a mapping satisfying /( 0) = 0 and 

iV(2/(^)+ 2 /(L y I') -/(!)-/(!,) (3.6) 

-P (fix +«) + fix -y)- 2/M - 2 fly)) , i) > t + 9( || 3 ,|| t . + ||. i/r) 

for all x, y G X and all t > 0. Then Q(x) := N-lim n ^ ! . 00 4: n f(^) exists for each x € X and 
defines a quadratic mapping Q : X -a- Y such that 

N ^ “ (2P-4)t + 2P0||s||P 

/or all x & X . 


Proof. The proof follows from Theorem 3.2 by taking p(x, y ) := $(||x|| p + 1| y\\ p ) for all x, y £ X. 
Then we can choose L = 2 2 ~ p , and we get the desired result. □ 


Theorem 3.4. Let ip : X 2 — > [0, oo) be a function such that there exists an L < 1 with 

<p(x,y) < 4 Lip | 

for all x, y G X. Let f \ X -^Y be a mapping satisfying /( 0) = 0 and (3.2). Then Q(x) := 
linin^oo ^/(2 n x) exists /or eac/i x & X and defines a quadratic mapping Q : X -A Y such 
that 

N(f{x) — Q(x),t)> ( /~ L) l (3.7) 


(1 - L)t + ip{x,Qi) 


for all x £ X and all t > 0. 


Proof. Let (5, d) be the generalized metric space defined in the proof of Theorem 3.2. 

Now we consider the linear mapping J : S S such that 

J d( x ) ■= 2x) 

for all x £ X. 

It follows from (3.4) that 

N ( fix) — -f(2x),Lt] > - 

V Y h J - t + p{x, 0) 

for all x G X and all t > 0. So d(f, J f) < L. Hence 

d{f,Q) < 

which implies that the inequality (3.7) holds. 

The rest of the proof is similar to the proof of Theorem 3.2. □ 


Corollary 3.5. Let 9 > 0 and let p be a real number with 0 < p < 2. Let X be a normed 
vector space with norm || • ||. Let f : X — > Y be a mapping satisfying /( 0) = 0 and (3.6). 
Then Q(x) := Ai-lim n _ ) . 0O -p r /(2 n x) exists for each x € X and defines a quadratic mapping 
Q : X Y such that 

A'(/M-0M,t)> (4 ^ 4 / + 2 ^ ||xr 

for all x e X . 
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Proof. The proof follows from Theorem 3.4 by taking (p(x, y ) := #(||x|| p + ||y|| p ) for all x, y £ X. 
Then we can choose L = 2 P_2 , and we get the desired result. □ 
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Abstract. The purpose of this paper is to prove that some common fixed point theorems for 
cyclic contractions are equivalent to the counterpart of noncyclic contractions in the same setting. 
Our results improve and complement several results for cyclic contractions established in [Fixed 
Point Theory Appl., 2013: 256]. Furthermore, an application to the existence and uniqueness 
of solution for a class of integral equations is given to illustrate the superiority of the obtained 
assertions. 

Keywords: (A, R)-weakly increasing, common fixed point, altering distance function, regular 

MSC: 47H10, 54H25. 


1. INTRODUCTION AND PRELIMINARIES 

Since Banach fixed point theorem (see [1]) appeared in the world, there have been 
overwhelming trend in mathematical activities. This theorem presents numerous applica- 
tions. For instance, it gives the conditions under which maps (single or multivalued) have 
solutions. Fixed point theory itself is a beautiful mixture of analysis (pure and applied), 
topology, and geometry. It has been revealed as a very powerful and important tool in the 
study of nonlinear phenomena. Over the last several decades, scholars have generalized 
this theorem greatly from several directions. Whereas, one of most influential generaliza- 
tions is from spaces. Wherein, the fact from usual metric spaces to 6-metric spaces is very 
popular. 6- metric spaces, also called metric type spaces, were introduced in [2] and [3]. 
Afterwards, a large number of fixed point theorems have been presented in such spaces 
(see [4-15]). Recently, scholars cultivate some interests in fixed point theorems for cyclic 
contractions (see [15-19]). However, the authors of this paper find that many fixed point 
results for cyclic contractions are actually equivalent to those of noncyclic contractions in 
the same spaces. Throughout this paper, we obtain some equivalences between cyclic con- 
tractions and noncyclic contractions in the setting of 6-metric spaces. Moreover, we obtain 
some common fixed point theorems without considering cyclic contractions. Further, as an 
applications, we cope with the existence and uniqueness of solutions of integral equations. 

For the sake of the reader, we recall some well-known concepts and results as follows. 
Definition 1.1 ([9]) Let X be a (nonempty) set and s > 1 a given real number. A function 
d : X x X — )■ [0, oo) is called a 6-metric on X if, for all x,y,z G X , the following conditions 
hold: 

(bl) d ( x , y) — 0 if and only if x — y, 

(b2) d(x,y ) = d(y,x ); 

1 E-mail addresses: mathhhp@163.com (H. Huang); fixedpoint50@gmail.com, radens@beotel.rs (S. 
Radenovic); taleksic@kg.ac.rs (T.-A. Lampert) 
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(b3) d (x, z) < s [d (. x , y) + d (■ y , z)\. 

In this case, the pair (X, d) is called a 6-metric space or metric type space. If (. X , A) is 
still a partially ordered set, then (. X , d) is called an ordered 6-metric space. 

Otherwise, for some other definitions in 6-metric spaces such as convergence, Cauchy 
sequence, completeness, see [8-15] and the references therein. 

Definition 1.2([22]) A function tp : [0, oo) — » [0, oo) is called an altering distance function 
if the following properties hold: 

(1) tp is continuous and nondecreasing; 

(2) ip(t) = 0 if and only if t = 0. 

Definition 1.3([21]) Let (X, ■<) be a partially ordered set, and let A and B be closed 
subsets of X with AU B = X. Let /, g : X — > X be two mappings. The pair (/, g ) is said 
to be (A, H) -weakly increasing if fx A gfx for all x E A and gy A fgy for all y E B. In 
particular, (f,g) is said to be weakly increasing if fx y< gfx and gx ■< fgx for all x E X. 
Definition 1.4([13]) An ordered 6-metric space (X, A,d) is called regular if for any non- 
decreasing sequence {a; n } in X such that x n — » x ( n — » oo), one has x n ■< x for all 
n E N. 

Definition 1.5([16] ) Let A and B be nonempty subsets of a metric space (X,d) and 
T : A U B — >■ A U B. Then T is called a cyclic map if T (A) C B and T (B) C A. 

Shatanawi and Postolache proved the following common fixed point results for cyclic 
contractions in the framework of ordered metric spaces. 

Theorem 1 .6 ( [19] ) Let (X, A,d) be a complete ordered metric space, and let A, B be 
closed nonempty subsets of X with X = A U B. Let f,g : X — > X be (A, H)-weakly 
increasing mappings with respect to Suppose that 

(a) X = A U B is a cyclic representation of X with respect to the pair ( f,g ), i.e., 
f(A)CB and g ( B ) C A; 

(b) there exist 0 < 5 < 1 and an altering distance function if such that for any 
comparable elements x, y G X with x G A and y E B, we have 

( d (fx, gy)) < Sip (max idfx,y),d (x, fx) , d (y, gy) , ^ (d (x, gy) + d (y, fx)) 



(c) / or g is continuous, or 
(c’) (X, A, d) is regular. 

Then / and g have a common fixed point. 

It should be noted that cyclic contractions (unlike Banach-type contractions) need 
not to be continuous. This concept is an interesting increase in nonlinear analysis. In 
addition, Hussain et al. [15| introduced the notion of ordered cyclic weakly (f>, tp, L, A, B)- 
contraction and proved the following fixed point results. 

Definition 1.7 Let (X,^,d) be an ordered 6-metric space, let f,g : X X be two 
mappings, and let A and B be nonempty closed subsets of X. The pair (/, g) is called an 
ordered cyclic weakly (if, tp, L , A, H)-contraction if 

(1) X — A U B is a cyclic representation of X with respect to the pair (/, g); 

(2) there exist two altering distance functions if, tp and a constant L > 0, such that for 
arbitrary comparable elements x,y G X with x G A and y E B, we have 

if (s 2 d (fx, gy)) < if (M s (x, y)) - tp (M s (x, y)) + Lif (N (x, y)) , 


where 


M s (x, y) = max \dfx,y) ,d (x, f x) , d (y, gy) , — (d (x, gy) + d (y, f x)) 


( 1 . 1 ) 
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and 


N ( X , y) = min {d (y, gy) , d (x, gy ) , d (y, fx)} . (1.2) 

Theorem 1.8 Let (X,^,d) be a complete ordered 6-metric space, and let A and B be 
closed subsets of X. Let f,g: X X be ( A , R)-weakly increasing mappings with respect 
to A Suppose that 

(a) the pair (f,g) is an ordered cyclic weakly (if,p,L,A,B)- contraction; 

(b) / or g is continuous. 

Then / and g have a common fixed point u G A D B. 

Theorem 1.9 Let the hypothesis of Theorem 1.8 be satisfied, except that condition (b) is 
replaced by the following assumption: 

(b’) (X, -<,d) is regular. 

Then / and g have a common fixed point u G An B. 

The following lemmas will be utilized in the proof of our main results. 

Lemma 1 . 10 ( [20] ) If some ordinary fixed point theorem in the setting of complete metric 
spaces has a true cyclic- type extension, then these both theorems are equivalent. 

Lemma 1.11([5]) Let {y n } be a sequence in a 6-metric space (X,d) with s > 1 such that 

d {gjni yn+l) 5; ^d yd) 

for some A G [0, -), and each n — 1, 2, . . .. Then {y n } is a Cauchy sequence in (A", d). 

2. MAIN RESULTS 

In this section, following the trend mentioned above, we extend such considerations 
to the simpler equivalent results so that we can enlarge, in a unified manner, the class of 
problems that can be investigated. 

Theorem 2.1 Let (A, A, d) be a complete ordered metric space, and let f, g : X — > X be 
the weakly increasing mappings. Suppose that 

(a) there exist 0 < 5 < 1 and an altering distance function if such that for any 
comparable elements x, y G X, we have that 

Tp(d(fx, gy)) < 5if(max{d(x, y), d(x, fx), d(y, gy), d(x , gy) + d(y, fx))})] 

(b) / or g is continuous, or 

(c) (A, A, d) is regular. 

Then / and g have a common fixed point. 

The proof of Theorem 2.1 is trivial because we have the following: 

Theorem 2.2 Theorem 1.6 is equivalent with Theorem 2.1. 

Proof Putting A — B — X in Theorem 1.6, we obtain Theorem 2.1. In other words, 
Theorem 1.6 implies Theorem 2.1. The proof for the converse is same as in [20-21], Namely, 
we depend on Lemma 1.10. □ 

In the sequel, we announce the following noncyclic case result. 

Theorem 2.3 Let (A", A,d) be a complete ordered 6-metric space, and let f,g : X — >■ A" 
be the weakly increasing mappings. Suppose that there exist altering distance function 
and (p , and the constants £ > 1, L > 0 such that 

if ( s e d (fx, gy)) < if (M s (x, y)) - <p (M s (x, y)) + Lif ( N (x, y)) (2.1) 

for all comparable x,y G A, where A4 s (x,y) and N (x,y) are given by (1.1) and (1.2), 
respectively. If either / or g is continuous, or the space (A, A, d) is regular, then / and g 
have a common fixed point. 
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Proof Choose Xq G X and construct a sequence {x n } as follows: 

^2n+l — fx 2n , ^2n+2 = 9 x 2n+l- 
Since (/, g ) is weakly increasing, then 

Xl < x 2 < xz < ■ ■ ■ < x n < x n+ i ^ . 

If x 2n = x 2n +i or x 2n+ i = x 2n+2 for some n, then the proof is trivial and hence we omit it. 
Now we assume that x n ^ x n+ \ for all n. We shall only prove that 

d (x n , x n . |_i ) Ad (x n —\ , Xn) , (2-2) 

for all n = 1,2, ..., where A G [0, f). Indeed, by (2.1), it establishes that 

il> (« £ d (x 2n+ i, x 2n+2 )) = if (s £ d (fx 2 n, gx 2n+1 )) 

< if (M s (x 2n , x 2n+ i)) + Li> (. N (x 2n , x 2n+ i )) , 

where M s (x 2n , x 2n+l ) = max {d (x 2n , x 2n+1 ) , d (x 2n+1 , x 2n+2 )} and N (x 2n ,x 2n+1 ) = 0. 
Hence, it is not hard to verify that 

s e d (x 2n+1 , x 2n+2 ) < d (x 2n , x 2n+l ) . (2.3) 

Similarly, we obtain that 

S £ d (X 2n , X 2n+1 ) < d (X 2 n- i,x 2n ) . (2.4) 

Uniting (2.3) and (2.4), ones have (2.2). 

Now by Lemma 1.11, we demonstrate that {x n } is a Cauchy sequence and therefore 
there exists x G X such that x n — > x as n — > oo. Thus 

lim x 2n+ i = lim fx 2n = x. (2.5) 

n—> oo n—> oo 

In view of x 2n x, without loss of generality, assume that / is continuous. Then 

lim fx 2n = fx. (2.6) 

n— Y og 

It follows immediately from (2.5) and (2.6) that x = fx. 

Further, by using x ^ x we can prove that the condition (2.1) implies the existence of 
common fixed point of / and g. Indeed, put x = y in (2.1) it follows that 

0 ( s e d (fx, gx)) < if (M s (x, x)) — g) (M s (x, x)) + Lif (N (x, x)) . 

Now that M s (x,x) = d(x,gx) and N(x,y) = 0, one has 

if(s £ d(fx,gx )) < if (d(x,gx)) -g>(d(x,gx)) + L • 0 < if (d(x,gx )) , 

which means that 

s £ d (fx, gx) = s £ d (x, gx) < d (x, gx) , 

Consequently, x = gx (because e > 1). 

The assumption of continuity of one of the mappings / or g can be replaced by the 
condition that 6-metric space (X, ^,d) is regular. 
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In fact, let (. X , ■<, d ) be regular. Via the mentioned above, we can construct an increas- 
ing sequence {x n } in X such that x n — » x (n —$■ oo) for some x G X. Then x n ■< x for all 
n G N. We shall have to show that fx — gx — x. 

First, we have 

-d (x, gx) < d (x, x 2n +i) + d (fx 2n , gx) ■ (2.7) 

By (2.1) we get 


( S £ d (fx 2n , gx)) < if (Ms (x 2 n, x)) + Ll/j (N (x 2 n, x)) , 


where 

M s (x 2n ,x) = max jrf (x 2n , x ) , d (x 2 „, x 2n +i) , d (x, gx) , d ^ 2w ’ — ^ ^ J ' 2n+1 - > | (2.8) 

and 

N (x 2n , x) = min {d (x, gx ) , d (x 2n , gx ) , d (x, x 2n+1 )} . (2.9) 

Letting n — > oo in (2.8) and (2.9) and using 


d(x 2n ,gx) + d(x, x 2n+1 ) < d(x 2n ,x) + d(x,gx) d(x,x 2w +i) 

2s 2 2s 

we obtain iirn^oc M s (x 2n ,x) = d(x,gx) and lim^oo N (x 2n , x) = 0. Further, we deduce 
that 

lim -0 (s E d (f x 2n , gx)) < ( lim M s (x 2n , x) ) + L ■ ^ (0) = if (d (x, gx)) . 

n— >oo \n—> oo / 


Since if is nondecreasing, we arrive at 


lim s £ d (fx 2 n, gx) < d (x, gx) . (2-10) 

n— >oo 

Now (2.7) and (2.10) imply that gx = x. Similarly, we claim that fx — x. □ 

Remark 2.4 Theorem 2.3 improves and generalizes the main results of [15] (also see 
Theorem 1.8 and Theorem 1.9 ) in several directions. For one thing, the constant e > 1 
is arbitrary and is not only limited to £ = 2 stated by Theorem 1.8 and Theorem 1.9. 
This probably brings us more convenience in applications. For another thing, Theorem 2.3 
dismisses the cyclic representation. In addition, the proof Theorem 2.3 is much simpler 
than the one of Theorem 1.8 and Theorem 1.9. 

Finally we announce the main result of this paper: 

Theorem 2.5 Theorem 1.8 together with Theorem 1.9 is equivalent to Theorem 2.3 in 
case of £ = 2. 

Proof For all details and explanations see [20], [21] and the proof of Theorem 2.1. 


3. APPLICATION 


By using Theorem 2.3, we shall consider the existence of solutions for the following 
integral equation with an unknown function u: 

u (t) — I G (t, s) f (s,u(s)) ds, t G [0, T] , (3.1) 

Jo 

where T > 0 is a constant, / : [0, T] x M — > M, G : [0, T] x [0, T] — * [0, oo) are given 
continuous functions. 
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Denote X = C [0, T] be the set of real continuous functions on [0, T] and let d : XxX — > 
M + be given by 


d ( u , v) = max I u (t) — v (t)| , Vtt, v G X. 

o <t<T 

It is easy to check that ( X , d) is a complete 6-metric space with parameter s — 2. We 
endow X with the partial order given by 

x y O x (t) <y(t ) for all t e [0, T\ . 

Validly, (X, ^,d) is regular. 

Define a mapping T : X — > X by 

Tu(t):— f G (t, z) f (z,u(z)) dz, f e [0,T], 

J o 

then u is a solution of the given equation (3.1) if and only if it is a fixed point of T. We 
shall prove that T has a fixed point under the following assumptions. 

(i) For all z G [0, T] ,f(z,.) is a decreasing function, that is, x, y G M, x > y implies 
f(z,x) < f (z, y); 

(ii) There exists a constant 7 > 0 such that 


max / G (t, z) dz < 


10 


o<t<T Jo 


21 ^ 7 ’ 


(iii) For all 2 G [0, T] and for all comparable x,y G X, 

0 < | f(z,x(z)) - f(z,y(z)) | 

< fymaxjl x (z) - y (z)\ 2 , \x (z) - Tx (z)\ 2 ,\y (z) -Ty(z) | 2 , 


\x(z) - Ty (^)| 2 + I y(z) - Tx {z)[ 


(3.2) 


(iv) There exists a constant e G (l, 2I I I i 1 i ^ 1 ). 

Theorem 3.1 Under the conditions (i)-(iv), the equation (3.1) has a solution x* G X. 
Proof First of all, if x ■< y, then by (i), we have 

Ty (t) — Tx (t) — [ G(t,z)[f(z,y(z))-f(z,x(z))}dz> 0, 1 g[0 ,T], 


That is, Tx ■< Ty. This means that T is increasing. 

By virtue of (3.2), we have that 

[/ (z,x) - f(z,y)f 

< qmaxj d(x,y) ,d(x,Tx) ,d(y,Ty ) , 
d{x,Ty) +d(y,Tx) 


(3.3) 
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Then for all t G [0, T] and all comparable x,y G A", by (ii) and (3.3), we speculate that 


d (' Tx , Ty) = max \Tx ( t ) — Ty (f)| 2 

t ^ 2 

G (t, z ) [/ (z, x (z)) - f(z,y (a))] dz 


= max 

tS[0,T] \J g 

100 

< max 

~ 441 


d(x,y) ,d(x,Tx) ,d(y,Ty) , - — ^ | 


By (iv), it follows that < y? = y?, thus all the conditions of Theorem 2.3 are satisfied 
where if, (p are identity mappings and T = f = g, L = 0. So T has a fixed point u{t) G A", 
that is, the integral equation (3.1) has a solution u{t) <E X = C [0, T\. □ 

Remark 3.2 In the above application we use ordinary fixed point theorem, while Corollary 
2 of [15] uses cyclical-type fixed point result. Actually, these both results are equivalent, 
then our approach has an advantage because we use the conditions (i)-(iv), while in Corol- 
lary 2 of [15] authors utilize the conditions (4.2)-(4.7) as well as two subsets A\ and A 2 . 
Also, our application shows that their main result is not applicable. 
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A FIXED POINT METHOD TO THE STABILITY OF A JENSEN 
FUNCTIONAL EQUATION IN INTUITIONISTIC FUZZY 2-BANACH 

SPACES 

CHOONKIL PARK, EHSAN MOVAHEDNIA*, GEORGE A. ANASTASSIOU, AND SUNGSIK YUN* 


Abstract. In this paper, we recall the notion of intuitionistic fuzzy 2-normed space intro- 
duced in [1] and using the fixed point method, we investigate the Hyers-Ulam stability of the 
following functional equation 

2 / (^) + / (^) + / (^) = /(*) + m (i) 

in intuitionistic fuzzy 2-Banach spaces. 


1. Introduction 

The concept of the stability for functional equations was introduced for the first time by Ulam 
in 1940 [2]. He proposed the famous Ulam stability problem for a metric group homomorphism. 
In 1941, Hyers [3] solved this stability problem for additive mappings subject to the Hyers 
condition on approximately additive mappings in Banach spaces. In 1951, Bourgin [4] treated 
the Ulam stability problem for additive mappings. Subsequently the result of Hyers was 
generalized by Rassias [5] for linear mapping by considering an unbounded Cauchy difference. 

The functional equation f(x + y) + f{x — y) = 2 f(x) + 2 f(y) is called a quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a 
quadratic mapping. The Hyers-Ulam stability problem for the quadratic functional equation 
was proved by Skof [6] for mappings f : X y, where A is a normed space and y is a Banach 
space. 

In 1984, Katsaras [7] defined a fuzzy norm on a linear space to construct a fuzzy vector 
topological structure on the space. Later, some mathematicians have defined fuzzy norms on 
a linear space from various points of view [8, 9]. In particular, in 2003, Bag and Sanranta 
[10], following Cheng and Mordeson [11], gave an idea of a fuzzy norm in such a manner that 
the corresponding fuzzy metric is of Kramosil and Michalek type [12]. They also established 
a decomposition theorem of a fuzzy norm into a family of crisp norms and investigated some 
properties of fuzzy normed spaces. Recently, considerable attention has been increasing to the 
problem of fuzzy stability of functional equations. Several various stability results concerning 
Cauchy, Jensen, simple quadratic, and cubic functional equations have been investigated [13, 
14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24], 
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Key words and phrases. Intuitionistic fuzzy 2-normed space; Fixed point; Hyers-Ulam stability; Jensen func- 
tional equation, 
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Quite recently, the stability results in the setting of intuitionistic fuzzy norrned space have 
been studied in [25, 26, 27, 28]; respectively, while the idea of intuitionistic fuzzy normed space 
was introduced in [29]. 


2. Preliminaries 

Definition 2.1. Let X be a real linear space of dimension greater than one and let ||^-|| be a 
real-valued function on X x X satisfying the following condition: 

(!) II®! y\\ =|| y, x\\ for all x, y £ X; 

(2) \\x,y\\ = 0 if and only if x,y are linearly dependent; 

(3) || ax, y || = |a| ||x, y|| for all x, y £ X and a £ M; 

(4) ||x, y + z\\ < ||x, y\\ + ||x, z\\ for all x,y,z £ X . 

Then the function ||-,-|| is called a 2-norm on X and the pair ( X , ||-,-||) is called a 2-normed 
linear space. 

Definition 2.2. A binary operation * : [0, 1] x [0, 1] — >• [0, 1] is a continuous t-norm if* satisfies 
the following conditions: 

(1) * is commutative and associative; 

(2) * is continuous; 

(3) a * 1 = a for all a £ [0, 1 ] ; 

(4) a * b < c* d, whenever a < c and b < d for all a, b, c, d £ [0, 1|. 

Example 2.1. An example of continuous t-norm is 

a* b = min{a, 6}. 

Definition 2.3. A binary operation o : [0, 1] x [0, 1] — > [0, 1] is a continuous t-conorm if o 
satisfies the following conditions: 

(1) o is commutative and associative; 

(2) o is continuous; 

(3) aoO = a for all a £ [0, 1 ] ; 

(4) aob < co d, whenever a < c and b < d for all a, 6, c, d £ [0, 1|. 

Example 2.2. ^4n example of continuous t-conorm is 

aob = max{a, b}. 

Definition 2.4. Let X be a real linear space. A fuzzy subset y of X x X xM is called a fuzzy 
2-norm on X if and only if for all x,y,z £ X , and t,s,c £ M, 

(1) /r(x, y, t) = 0 for all t < 0. 

(2) p(x,y,t) = 1 */ and only if x,y are linearly dependent for all t > 0. 

(3) p(x,y,t ) is invariant under any permutation of x,y. 

(4) p(x, cy, t ) = y(x, y , ^ ) for all t > 0 and c / 0. 

(5) p(x + z,y,t + s) > p(x, y, t ) * p(z, y, s ) for all t, s > 0. 

(6) p(x,y,.) is a non- decreasing function onl and 

lim p(x, y,t) = 1 

£—>•00 

Then y is said to be a fuzzy 2-norm on a linear space X , and the pair {X, y) is called a fuzzy 
2-normed linear space. 
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Example 2.3. Let (X, |j-,-||) be a 2-normed linear space. Define 


p(x,y,t) 


t+\\x,y\\ i f t>0 
0 if t < 0, 


where x, y G X and t e M. Then (X, y) is a fuzzy 2-normed linear space. 


Definition 2.5. Let (, X,y ) be a fuzzy 2-normed linear space. Let {x n } be a sequence in X. 
Then { x n } is said to be convergent if there exists x G X such that 


lim y(x n - x, y, t) = 1 

n— >oo 

for all t > 0 and all y G X . 

Definition 2.6. Let (, X,y ) be a fuzzy 2-normed linear space. Let {x n } be a sequence in X. 
Then {x n } is said to be a Cauchy sequence if 

lim y{x n+p - x n ,y,t) = 1 

n— >oo 

for all t > 0, all y € X and p = 1, 2, 3, • • • . 

Let (X, y) be a fuzzy 2-normed linear space and {x n } be a Cauchy sequence in X . If {x n } 
is convergent in X then (X, y) is said to be a fuzzy 2-Banach space. 

Definition 2.7. Let X be a real linear space. A fuzzy subset v of X x X x M such that for all 
x,y,z G X, and t,s,c G M, 

(1) v(x, y, t) = 1 for all t < 0. 

(2) v(x,y,t ) = 0 if and only ifx,y are linearly dependent for all t > 0. 

(3) v(x,y,t ) is invariant under any permutation of x,y. 

(4) n(x, cy , t) = v(x. y, j|) for all t > 0, c ^ 0. 

(5) u(x, y + z,t + s) < v(x, y, t) o v{x, z, s ) for all s, t > 0 

(6) u(x,y,.) is a nonincreasing function and 

lim n(x. y,t) = 0 

t—> OO 

Then v is said to be an anti fuzzy 2-norm on a linear space X and the pair (X, u) is called an 
anti fuzzy 2-normed linear space. 


Definition 2.8. Let (X,is) be an anti fuzzy 2-normed linear space and {x n } be a sequence in 
X. Then { x n } is said to be convergent if there exists x G X such that 

lim v(x n — x,y,t) =0 

n— >-oo 

for all t > 0 and all y G X . 


Definition 2.9. Let (X,is) be an anti fuzzy 2-normed linear space and {x n } be a sequence in 
X. Then { x n } is said to be a Cauchy sequence if 

lim v(x n+p - x n , y, t) = 0 

n— >oo 

for all t > 0, all y £ X and p = 1, 2, 3, • • • . 
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Let {X, v) be an anti fuzzy 2-normed linear space and {x n } be a Cauchy sequence in X. If 
{x n } is convergent in X then (, X , v) is said to be an anti fuzzy 2-Banach space. 

The following lemma is easy to prove and we will omit it. 

Lemma 2.1. Consider the set L* and operation <l* defined by 

L* = {(xi,x 2 ) : (xi,x 2 ) G [0, l] 2 and x\ + x 2 < 1} 

(xi,x 2 ) <L* (2/1, 2 / 2 ) «=>- Xi<yi , x 2 > y 2 
for all (xi,x 2 ), (■ yi,y 2 ) G L* . Then (L*, <l*) is a complete lattice. 

Definition 2.10. A continuous t-norm t on L = [0, l] 2 is said to be continuous t-representable 
if there exist a continuous t-norm * and a continuous t-conorm o on [0, 1] such that, for all 
x = (xi ,x 2 ),y = (y 1 , 2 / 2 ) G L, 

t(x, y) = (xi * yi,x 2 oy 2 ). 

Definition 2.11. Let X be a set. A function d : X x X — > [0, 00 ] is called a generalized metric 
on X if and only if d satisfies: 

(Mi) d(x, y) = 0 <G> x = y Vx, y G X 

(M 2 ) d(x,y) = d(y, x) Vx, y & X 

(M 3 ) d(x, z ) < d(x, y) + d(y, z) Vx, y,z G X 

Theorem 2.1. ([30]) Let (X ,d) be a complete generalized metric space and J : X — > X be a 
strictly contractive mapping with Lipschitz constant L < 1. Then, for all x G X , either 

d( J n x, J n+l x) = 00 

for all nonnegative integers n or there exists a positive integer no such that 

(а) d(J n x, J n+1 x) < 00 for all n > no; 

(б) the sequence {J n x} converges to a fixed point y* of J ; 

(c) y* is the unique fixed point of J in the set y = {y G X : d(J n °x,y) < 00 }; 

(d) d(y, y*) < T ^ L d{y,Jy) for all y G T- 

This theorem was used by Cadariu and Radu (see [31, 32, 33, 34]) and then others to obtain 
the applications of fixed point theory in stability problems (cf. [24, 35, 36, 37, 38, 39, 40, 41, 
42, 43]). 

Definition 2.12. A 3-tuple {X , is said to be an intuitionistic fuzzy 2-normed spaceffor 

short, IF2NS) if X is a real linear space, and p and v are a fuzzy 2-norm and an anti fuzzy 
2-norm, respectively, such that v(x,y,t) + p(x, y,t) < 1, r is continuous t-representable, and 

p /lM : X x X x M -> L* 

PixA x ,y,t) = (p(x,y,t),i/(x,y,t)) 

is a function satisfying the following conditions, for all x,y,z G X, and t,s,a G M, 

(1) p^{x, y, t ) = (0, 1) = 0 L * for all t < 0. 

(2) p^ :l/ (x,y,t) = (1,0) = 1 l* if and only if x,y are linearly dependent, for all t > 0. 

(3) Pn' V (ax, y, t ) = p^ v (x, y, |^) for all t > 0 and afi 0 

(4) p fl ^(x,y,t) is invariant under any permutation of x,y. 

(5) Pfj, u (x + z,y,t + s) > L * t(p /JiU (x, y, t), p^ u {z, y, s)) for all t, s > 0. 
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( 6 ) Pn,v{x,y&) is continuous and 

lim p„ v (x, y, t) = 0 L * and lim p„ v (x,y,t) = lz,* 

t — >0 t-¥ oo 

Then is said to be an intuitionstic fuzzy 2-norm on a real linear space X . 

Example 2.4. Let ( X , ||-,-||) be a 2-normed space, 

r(a, b) = (ai&i, min(a 2 + 6 2 , 1)) 

be continuous t-representable for all a = ( 01 , 02 ), b = ( 61 , 62 ) £ L* and p,u be a fuzzy and an 
anti fuzzy 2-norm, respectively. We define 


for all t £ M + 


Pn,v{x,y,t) = ^ 
and m> 1. Then (X, p^, 


t \\x,y\\ \ 

t + m\\x,y\\ t + m\\x,y\\J 
t) is an IF2NS. 


Definition 2.13. A sequence {x n } in an IF2NS (X, p^u, r) is said to be convergent to a point 
x G X if 

lim p^ u (x n - x,y,t) = 1 L * 

n— >00 

for all t > 0 and all y G X . 


Definition 2.14. A sequence {x n } in an IF2NS (X, p^ v ,t) is said to be a Cauchy sequence 
if for any 0 < e < 1 and t > 0, there exists no G Af such that 

Pti,u{x n - x m , y, t) > L * (1 - e, e) 

for all n,m > no and all y £ X . 


Definition 2.15. ^4n IF2NS space (X , p^ v ,t) is said to be complete if every Cauchy sequence 
in (X, r) is convergent. A complete intuitionistic fuzzy 2-normed space is called an intu- 
itionistic fuzzy 2-Banach space. 


3. HyERS-ULAM STABILITY OF THE FUNCTIONAL EQUATION (1) IN IF2NS: AN ODD 

MAPPING CASE 


Using the fixed point alternative approach, we prove the Hyers-Ulam stability of the func- 
tional equation (1) in intuitionistic fuzzy 2-Banach spaces for an odd mapping case. 

Let X, y be real linear spaces. For a given mapping / : X — > y, we define 

D/(x.») 2/ (Lp) + / (Lp) + / (L^) - /(*) - /(,). 

Lemma 3.1. Let X,y be real linear spaces. An odd mapping f : X — >■ y satisfies 

2/(L^) + /(^) + /(^) - m + m ( 2 ) 

if and only if it is Jensen additive. 

Proof. Assume that / : X — >• y satisfies (2). Since / is odd, we have f(—x) = —f{x) for all 

x,y e X. It follows from (2) that 2/ ^ ^ ^ = f(x) + f(y) for all x,y G X. 

Conversely, assume that f : X — > V is Jensen additive. Then it is easy to show that f 
satisfies (2). □ 
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Theorem 3.1. Let X be a real linear space, (Z , an intuitionistic fuzzy 2-normed space 


and let f> : X x X -» Z,ip : X x X — >• Z be mappings such that for some 0 < a 2 < 2 

p'w AA x ,2y),(p(^ x ,2y),t) > L * p'^ v (a</(x, y), <p(x, y), t) (3) 

for all x, y £ X and t £ M + . Let (T, Pfi,u, t) be a complete intuitionistic fuzzy 2-normed space. 
IfZ-X x X — y y is a mapping such that £(2x, 2y ) = ^£(x, y) for all x, y £ T and f : X — > T 
is an odd mapping such that 

P/xA D f(x,y),t{x,y),t ) > L * p^(^(x,y),<^(x,y),t) (4) 

/or all x,y £ X ,t > 0, then there is a unique additive mapping A : X y such that 

/ 2 - a 2 \ 

PuAfA) ~ A ( X )A( X , 0), t) >l* p^ v \ d>(x, 0), </?(x, 0), q2 t) (5) 

Proof. Putting y = 0 in (4), we have 

Pn,u (2/ (0 - /(x),£(x,0),t) >L* p^(/>(x,0),<,o(x,0),t). (6) 

Replacing x by 2x in (6), we have 

Pn,v(?f(x) - f(2x),£(2x,0),t) > L * p'^ v (0(2x,O),^(2x,O),t) . (7) 


It follows from (3), (7) and the property of £ that 

Pn,v (j( x ) - ^^,£(x,0),tj >L* ^(2x,0),(^(2x,0), ^ 

for all x £ T and t > 0. 

Consider the set ft = {p : T — t-T} and define a generalized metric d on ft by 

d(g,h ) = inf {c £ M + : p^AsA) ~ H x )AA,0),t) > L * p^(c</(x, 0), <p(x, 0), f)} 
for all x £ if and t > 0 with inf 0 = 00 . It is easy to show that (ft, d) is complete (see [44]). 

Q f ‘2iX'\ 

Define J : X — > X by Jg(x) = — - — for all x £ X. Now, we prove that J is strictly 

Z 

2 

contractive mapping of ft with the Lipschitz constant %-■ 

Let g,h £ E be given such that d(g, h) < e. Then 

Pw {g{x) - h(x),£(x,0),t) > L * p'nA^Ai 0), </?(x, 0),t) 

for all x £ X and t > 0. So 

P\i,v ( Jg(x ) - Jh(x),£(x,0),t) = Pw ^g(2x) - h{ 2x),£(2x,0), ^t\ 

>L* p\ l)U ^e^(2x, 0), <p(2x, 0), =L* P lh v ( 0), <p(x, 0),fj . 
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a 2 

Then d(Jg, Jh) < — d{g , h ) for all g , h G Q. It follows from (7) that 

d(f,Jf) < y < oo 

It follows from Theorem 2.1 that there exists a mapping A : X — > y satisfying the following: 

(1) A is a fixed point of J, that is, 

A(2x) = 2 A{x) (8) 

(2) The mapping A is a unique fixed point of J in the set 

A = {h G II : d(g, h ) < oo} 

This implies that A is a unique mapping satisfying (8). 


(3) d(J n f,A ) — » 0 as n — > oo. This implies that 

/( 2 n x 


lim 

n— too 2 71 


= A(x) 


for all x G X. 

1 2 
(4) d(f, A) < - yd(f, J f) with / G A, which implies the inequality d(f, A) < 9 ° q2 • So 


1 - L 


(f(x) - A(x),€(x, 0 ),t) >L* p'w ( 4>(x, 0), <p(x, 0) 


2 — or 


cr 


t ■ 


This implies that the inequality (5) holds. 

It remains to show that A is an additive mapping. Replacing x and y by 2 n x and 2 n y in 
(4), respectively, we get 

Pw (^Df(2 n x,2 n y),^2 n x,2 n y),^j >L* (t^ (*(2"®, 2 n y)^(2 n x, 2 n y), t ) . 

By the property of £(x,y), we have 

Pw (± D f{2 n x,2 n y),±S(x,y)±) p'^ {4>{2 n x, 2 n y),<p(2 n x, 2 n y), t ) . 


cr 


Thus 


Pn, v (^Df(2 n x,2 n y),£(x,y),tJ >l* P^ v (^>{2 n x,2 n y),ip(2 n x,2 n y), 

>L* p'^y la n (j>(x,y),<p(x,y),— \ = L * p'^ v l—cj)(x,y),<p(x,y),t 
As n — > oo, we have 

Pn,u{ DA (x, y),£(x, y),t) > L * l L *. 

Thus A is an additive mapping, as desired. 


2 n t 


a" 


□ 
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Corollary 3.1. Let X be a linear space, (Z, p^ u ,t') be an IF2N-space, (T, t) be a com- 
plete IF2N-space, p be real number and zo, zi & Z . If f; : X x X y is a mapping such that 
£(2x, 2 y) = y) for all x, y G X and f : X — > y is an odd mapping such that 

PuA D f(x,y),^(x,y),t) > L * AA(\\ X \\ P + \\y\\ p ) z o,zi,t) 

for all x, y G X , t > 0 and 0 < p < then there exists a unique additive mapping A : X — >■ y 
such that 

( 2 — 2 2p \ 

PuAfA) --4(aO,£(x,0),i) > L * p‘ A (||x|| p z 0 , z 1 , ?2p tj 

for all x € X and t > 0. 

Proof. Let (f>, (p : X x X — )• Z be defined by fi(x, y) = (||x|| p + ||y|| p ) zq and ip(x, y ) = z\. Then 
the result follows from Theorem 3.1 by taking a = 2 P . □ 

Corollary 3.2. Let X be a linear space, {Z, p'^ LU , t') be an IF2N-space, (T, r), be a com- 

plete IF2N- space and let zo, zi G Z . If f : X -» y is an odd mapping such that 

p„A D f( x >y)A(x,y),t) > L * AA ez oxi,t) 

for all x, y € X, t > 0, then there exists a unique additive mapping A : X — > y such that 

PnAf ( x ) - A(x),£(x,0),t) > L * AA ez o, z i,t) 

for all x G X and t > 0. 

Proof. Let (j), ip : X x X — > Z be defined by <f>(x,y) = zq and p{x,y ) = z\ . Then the result 
follows from Theorem 3.1 by taking a = 1. □ 


4. HYERS-UlAM STABILITY OF THE FUNCTIONAL EQUATION (1) IN IF2NS: AN EVEN 

MAPPING CASE 


Using the fixed point alternative approach, we prove the Hyers-Ulam stability of the func- 
tional equation (1) in intuitionistic fuzzy 2-Banach spaces for an even mapping case. 

Lemma 4.1. Let X,y be real linear spaces. An even mapping f : X — >■ y satisfies 

2 /(^) + /(^)+/(^)=/(x) + /fe) (9) 

if and only if it is Jensen quadratic. 


Proof. Assume that / : X — > y satisfies (9). Since / is even, we have f(—x) = f(x) for all 


x, y € X. It follows from (9) that 2/ 

Conversely, assume that / : X — > 
satisfies (9). 


x + y 


+ 2 / 


x-y 


= f(x) + f(y) for all x, yeX. 


y is Jensen quadratic. Then it is easy to show that / 

□ 


Theorem 4.1. Let X be a real linear space, ( Z , p ' , t') an intuitionistic fuzzy 2-normed space 

and let (j) : X x X — > Z, <p : X x X — > Z be mappings such that for some 0 < a 2 < 4 

pA^ 2 x ’ 2 y)^A 2 x Ay),t) >l* pA( a A x ,y),A x ,y),t) (10) 

for all x, y G X and t € M + . Let (y, p^ v , t) be a complete intuitionistic fuzzy 2-normed space. 
IfZ-X x X — > y is a mapping such that £(2x, 2 y) = — ^(x, y) for all x, y G X and f : X — >■ y 
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is an even mapping satisfying /( 0) = 0 and (4), then there is a unique quadratic mapping 
Q : X — > y such that 

( 4 — df \ 

PuAf( x ) - Q(. X )A( X , 0 ),t) >L* p'w U>(x, 0),(p(x, 0 ), —~2 —t) ( 11 ) 

for all x G X and t > 0. 

Proof. Putting y = 0 in (4), we have 

Pn,u (4/ (0 - /(x),£(x,0),f) > L * (12) 

Replacing x by 2x in (12), we have 

Pn,v{4f(x) - f(2x),£(2x,0),t) > L * p'i ltV ((i>(2x,0),<p(2x,0),t). (13) 

It follows from (10), (13) and the property of £ that 

Pw(j(x)-^^,£(x,0),tj >L* p'^ u (^)( 2 x,0),<p(2x,0),^t] 

>L* p'^ u (^A(t>(x,0),<p(x,0),t\ 

for all x G X and t > 0. 

Consider the set Q = {g : X — > T} and define a generalized metric d on 11 as in Theorem 
3.1. 

Q f 2x1 

Define J : X — > X by Jg(x) = — — — for all x € X. Now, we prove that J is strictly 

2 

contractive mapping of D with the Lipschitz constant 
Let g,h G E be given such that d(g, h ) < e. Then 

Pw (g(x) - h(x),£(x, 0 ),t) >L* 0),ip(x, 0 ),t) 

for all x € X and t > 0. So 

Pn,u ( Jg(x ) - Jh(x),£(x,0),t) = Pw (g{2x) - h{ 2x),£(2x,0), ^t 

>L* P [hV fe0(2x,O),y>(2x,O),^ =l* P thV (^-e<i>(x, 0), <p(x, 0), t) . 

o? o ? 

Then d(Jg, Jh ) < — d(g, h) for all g , h € D. It follows from (13) that d(f, J f) < — < 00 . 

It follows from Theorem 2.1 that there exists a mapping Q : X — >■ y satisfying the following: 

(1) Q is a fixed point of J, that is, 

Q(2x) = 4 Q(x) (14) 

(2) The mapping Q is a unique hxed point of J in the set 

A = {h € Cl : d(g , h) < 00 } 

This implies that Q is a unique mapping satisfying (14). 
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(3) d(J n f, Q) — > 0 as n — > oo. This implies that 

/( 2 n x 


lim 

n— >oo 4 71 


= Q{x) 


for all x £ X. 

1 2 
(4) d(f, Q ) < jd(f, J f) with f £ A, which implies the inequality d(f, Q ) < 4 “ q2 . So 

1 — Tv 

/ 4 _ a 2 \ 

( f ( x ) - >l* ( </>(x,0),<p(x,0), tj . 

This implies that the inequality (11) holds. 

The rest of the proof is similar to the proof of Theorem 3.1. □ 


Corollary 4.1. Let X be a linear space, (Z, pf^,T r ) be an IF2N-space, (T, pg,,u, t) be a com- 
plete IF2N-space, p be real number and zo, z\ £ Z . If £ : X x X — >■ y is a mapping such that 
f(2x,2 y) = ; j^f(x,y) for all x, y £ X and f : X — >■ y is an even mapping satisfying /( 0) = 0 
and 

Pn,u(F)f (x, y),£(x, y),t) > L » p'^ v ((\\x\\ p +\\y\\ p )z 0 ,z 1 ,t) 
for all x, y £ X , t > 0 and 0 < p < 1, then there exists a unique quadratic mapping Q : X — > y 
such that 

/ 4 - 4P \ 

PnAf( x ) - Q(x),£(x,0),t) > L * p'w ( ||x|| p zo,zi, 4p tj 
for all x £ X and t > 0. 


Proof. Let </>, <p : X x X — > Z be defined by <f>{x, y) = (||x|| p + ||y|| p ) zq and ip(x, y) = z\. Then 
the result follows from Theorem 4.1 by taking a = 2 P . □ 

Corollary 4.2. Let X be a linear space, (Z, p'^^r') be an IF2N-space, (Y, p^ )V ,t), be a com- 
plete IF2N-space and let zq,z\ £ Z. If f : X y is an even mapping satisfying /( 0) = 0 
and 

Pn,v{F>f{x, y),£( x i y)it) >l* p'hA^otZ i,t) 

for all x,y £ X ,t > 0, then there exists a unique quadratic mapping Q : X — > y such that 

PnAf( x ) ~ Q( x ),£(x,0),t) >l* p'^A^o, zi,3t) 

for all x £ X and t > 0. 


Proof. Let (j>, <p : X x X — )• Z be defined by (j>(x,y) = zo and ip(x,y) = z\. Then the result 
follows from Theorem 4.1 by taking a = 1. □ 
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Abstract 

In this paper we study the structure of modular spaces and random 

normed spaces and we show that a modular could induce a random norm 
°Tel/Fax: +981212263650 
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2 

and vice versa. Also we prove the topology generated by a modular (with 
a certain property) coincides with the topology generated by a random 
norm, and so in some situations the study of modular spaces reduces to 
the study of random normed spaces. 

AMS: 47H09; 47H10; 39B82. 

Keywords: modular spaces; random normed spaces; topology. 

1 Introduction 

Orlicz and Birnbaum generalized the Lebesgne function spaces L p and the 
theory of Orlicz spaces inspired Nakano [1] to develop the theory of modular 
spaces. This was generalized by Musielak and Orlicz [2] . For a good introduction 
to the theory of Orlicz spaces we refer the reader to Krasnoselskii and Rutickii [3] . 
In this paper, we show that a modular could induce a random norm and vice versa 
and also we show that the topology generated by a modular (with a certain prop- 
erty) coincides with the topology generated by a random norm. 


2 Modular spaces 

We start with a brief introduction to modular spaces (see [4-6, 8, 9]). 

Let X be a vector space over F (M or C). A functional p : X — > [0, oo] is 
called a modular, if for f,gEX, we have for any a E F: 
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( i ) p(f) = 0 if and only if / = 0; 

(ii) p(af ) = p(f) whenever |a| = 1; 

(in) p(af + f3g) < p(f) + p(g ) whenever a,/3 > 0 and a + (3 = 1. 

If p is a modular in A", then the set defined by 


X p = {he X : limp(Ah) = 0} (2.1) 

is called a modular space. 

Definition 2.1. Let X p be a modular space. The sequence {/ n } n e n hr X p is 
said to be p-convergent to / G X p if p(f n — f) — > 0, as n — > oo. 

The following definition plays an important role in the theory of modular 
function spaces. 

Definition 2.2. Let X p be a modular space. We say that p has the fl-property 
if p(x n ) — > 0 implies p( \x n ) — > 0 for A > 0; here x n is a sequence in X p . 

For example it is easy to see that p(x) = ln(l + ||a;||) and p(x) = exp(||x||) — 1 
have the fl-property (see [4]). 

3 Random normed spaces 

Definition 3.1. A triangular norm (shorter t-norm ) is a binary operation on 
the unit interval [0, 1], i.e., a function T : [0, 1] x [0, 1] — » [0, 1] such that for all 
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a, 6, c G [0, 1] the following four axioms are satisfied: 

(Tl) T(a,b ) = T(b,a ) (: commutativity); 

(T2 ) T(a, (T(b,c))) = T(T(a,b),c) (: associativity); 

(T3) T(a,l) — a (: boundary condition); 

(T4) T(a,b ) < T(a, c ) whenever b < c (: monotonicity). 

The commutativity of (Tl), the monotonicity (T4), and the boundary con- 
dition (T3) imply that, for any f-norm T and x G [0,1], the following boundary 
conditions are also satisfied: 

T(x , 1) = T(l,x) = x, 

T(x, 0) = T(0, x) = 0, 

and so all the f-norms coincide on the boundary of the unit square [0, l] 2 . 

The monotonicity of a t-norm T in its second component (T4) is, together 
with the commutativity (Tl), equivalent to the (joint) monotonicity in both 
components, i.e., to 

T(xi,yi ) < T(x 2 , 1 / 2 ) whenever x\ < X 2 and y\ < 7 / 2 • (3.1) 

Basic examples are the Lukasiewicz t-norm T Jy : 

Tl(o, b ) = max(a + b — 1,0), Va, b G [0, 1] 
and the f-norms T P , T M , T D , where 

Tp(a, b) := ab , 
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Tm(o, b) := min{a, 6}, 

{ min (a, b), if max(a,b)=l; 

0, otherwise. 

If, for two t- norms Tf and T 2 , the inequality Ti(x,y ) < T 2 (x, y) holds for all 
(x,y) G [0, l] 2 , then we say that T\ is weaker than T 2 or, equivalently, that T 2 is 
stronger than T 2 . 

As a result of (3.1), we obtain 

T(x,y) < T(x, 1) = x , 

= y 

for each (x, ?/) G [0, l] 2 . Since trivially T(x,y ) > 0 = To(x,y ) for all (x, y) G 
(0, l) 2 , for an arbitrary f-norm T, we get 

Td <T < T m , 

i.e. , To is weaker and Tm is stronger than any other t-norrn, and also since 
T l < Tp we obtain the following ordering for the four basic t-norms 


To < Tl < Tp < Tm- 

Throughout this paper, A + is the space of distribution functions that is, the 
space of all mappings F : 1U {— oo, oo} — » [0, 1], such that F is left-continuous, 
non-decreasing on M and F(0) = 0. 

Now D + is a subset of A + consisting of all functions F G A + for which 
l~F(+ oo) = 1, where l~F(x ) denotes the left limit of the function / at the point 
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x, that is, l~F(x) = lirn^ x - F(t). In particular for any a > 0, e a is the specific 
distribution function defined by 

' 

0 t < a 

£ a (t) = < 

1 t > a. 

Definition 3.2. [10] A random normed space (briefly, RN-space) is a triple 
(A", /i, T), where A" is a vector space, T is a continuous f-norrn, and p is a mapping 
from X into D + such that, if p x denotes the value of p at x G X, the following 
conditions hold: 

(RN1) p x (t) = £q ( t) for all t > 0 if and only if x = 0; 

(RN2) p ax (t ) = P x f° r all x G X, t > 0, a ± 0; 

(RN3) p x +y{t + s) > T(p x (t ), p y (s )) for all x,y E X and t , s > 0. 

Definition 3.3. Let (A, p, T) be an RN-space. A sequence {x n } in X is said 
to be convergent to x in X if, for every e > 0 and A > 0, there exists a positive 
integer N such that p Xn -x( e ) > 1 — A whenever n > N. 

Definition 3.4. Let (A, p, T) be an RN-space. We say that p has the fl*- 
property if p Xn ( 1) — * 1 implies p Xn (t ) — >■ 1 for t > 0; here x n is a sequence in 
A. 

Theorem 3.5. [11] If (A ”.,p,T) is an RN-space and {x n } is a sequence such 
that x n — > x, then lim^oo p Xn (t) = p x {t ) almost everywhere. 


563 


Manuel De la Sen et al 558-572 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.3, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Example 3.6. [12] Let (. X , ||.||) be a normed linear space. Define 


— \ 


0, if t < 0; 


Then (X,fi,Tp) is a random normed space. 

Example 3.7. [12] Let (. X , ||.||) be a normed linear space. Define 


Vx(t) — \ 


0, if t < 0; 
e^( JL ^), if t > 0. 

Then (. X , //, Tp) is a random normed space. 

Example 3.8. [13] Let (A", || - || ) be a normed linear space. Define 


AL -(f) \ 


max{l — ^,0}, if t > 0; 

0, if t< 0. 

Then ( X,/i , T L ) is a RN-space (this was essentially proved by Musthari in [14]; 
see also [15]). 

Definition 3.9. Let (X ,fi,T) be an RN-space. We say that fi has the D 1 - 
property if /i x (l) = 1 implies x — 0. 


It is easy to see that that the RN-spaces in Examples 3.6, 3.7, 3.8 have the 
fR-property (and also the f2*-property). 

For more results on RN-spaces and similar spaces refer [16]- [21]. 
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4 Main results 

Theorem 4 . 1 . Let (X,/i,T) be a RN-space with the Ll 1 -property . Define a 
function 

<P '■ [ 0 , 1 ] — » [ 0 , +oo] 

such that 

(1) 92 is continuous and 92(0) = +00 and 92(1) = 0; 

(2) is strictly decreasing on [0, 1]; 

( 3 ) <p(T(a , b )) < 92(a) + tp(b) for all a,b G [ 0 , 1 ] . 

Let p{x) = <j>(p x { 1 )) for x G X. Then, X p is a modular space. 

Proof. Let (X, p, T ) be an RN-space with the fi^^-property and let 92 be a function 
satisfying (l)-( 3 ). 

(1) Let x G X. The fT-property of p together with (RN 1 ) imply 

0 = p(x) = (p(p x (l)) p x ( 1) = 1 x = 0. 

(ii) is clear, (iii) Let x,y G X and a, (3 > 0 and a + j3 = 1 . Then (note (RN 3 ), 

( 2 ) and then (RN 2 ),( 3 )) 

p(ax + Py) = ip(yp ax+ p y {l)) 

< <p[T(p 

ax (o), P/3y{(3))\ 

< <P(P X (1)) + (p(Py(l)) 

= p(x) + p(y). 
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Now, for x G X (note (RN2)), 


lim p(tx) = lim(p(ii tx {l)) 

t— t — >0 


lim u o 

t^o 




so, X p is a modular space. 


¥>( 1 ) = 0 , 


□ 


Example 4.2. Let X be a normed linear space and let (X,n,Tp) be the 
random normed space in Example 3.6. Let 


ip(u) = { 


+oo, if u = 0; 

In -, if 0 < u < 1. 

ll. * — 


The function ip satisfies conditions (l)-(3) in Theorem 4.1. Now Theorem 4.1 
guarantees that 0(/i T ( 1)) = ln(l + ||a;||) is a modular (note it is also easy to check 
this directly). 


Theorem 4.3. Let X p be a modular space. Let T be a continuous t-norm. 
Define a function 


-0 : [0, +oo] 


[ 0 . 1 ] 


such that 

(1) 0 is continuous and 0(0) = 1 and 0(+oo) = 0; 

(2) 0 is strictly decreasing on [0,+oo]; 

(3) 0(a + b) > T(0(a), 0(&)) for all a,b e [0, +oo). 


Let 


' 

Lx(t) = \ 


0, 


if t< 0; 


0(p( f)), if t> 0. 
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Then, ( X,/i,T ) is a RN-space. 


Proof. (RN1). For t > 0 and x G X we have p x (t) = 1 iff tp(p ( f)) = 1 iff 
p (|) = 0 iff a; = 0. 

(RN2). For t > 0 and x G A" we have for a/0 (note (ii)) 


Tax(t) (^)) = ^ (p 


(RN3). For f,s > 0 and x,y G X we have (note (iii) and (3)) 


p x+y (t + s) = if ^ 


x + y 
t + s 




4©+4 


, 4 ( 4 )) 44 


= T(p x (t),Py(s)). 


Example 4.4. Let A be a norrned linear space. Consider the modular 


p(x) = In (1 + ||a;||) , 


for x G X. Let if(t) = exp(— t) for t G (— oo,+oo). Then the function satisfies 
conditions (l)-(3) in Theorem 4.3. Consider the t-norm Tp and 


/At (4 


if A < 0; 


= '!>{/>{ f)), if 0 < A. 


Now Theorem 4.3 guarantees that (X ,p,Tp) is an RN-space. 
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Now, we consider the topology induced by a modular. 

Theorem 4.5. (1). Let (X,p, T P ) be a RN-space with the Ll* -property and the 
Ll 1 -property. Let t p be the topology induced by the random norm p. Then, there 
exists a modular which induces a topology which coincides with r /t on X . 

(2). Let (X p ,p) be a modular space with the Ll-property and let t p be the topology 
induced by the modular p. Then there exists a random norm p which induces a 
topology which coincides with t p on X . 

Proof. (1). Let (X l,p,T P ) be a RN-space. Let tp be as in Example 4.2 and let 
p(x) = (j){p x { 1)) for x G X. Then, from Theorem 4.1, p is a modular. Now, let 
{x n } be a sequence in ( X,p,T p ) converging to x in X , i.e., p Xn _ x (t) tends to 1 
for t > 0 (so in particular p Xn - x ( 1) tends to 1). Then, p(x n — x) = <p(p Xn - x (l)) 
tends to 0, i.e., { x n } converges to x in the sense of Definition 2.1. 

Next let {x^ be a sequence converging to x in X in the sense of Definition 
2.1 with modular p (here p> is as in Example 4.2 and p(x) = <f)(p x ( 1)) for x G A") 
i.e., ip(p Xn - x (l)) tends to 0. Then p Xn - x ( 1) tends to 1. Now since p has the 
D*-property, then for t > 0 we have that p Xn _ x {t ) tends to 1 i.e., {x n } converges 
to x in the sense of Definition 3.3. 

Now, let A be an open set in (A", p, T P ). Put B = A c . We show B is a closed 
set in (A P ,p). Let x be an element in the closure of B in (A P ,p). Then there 
exists a sequence {r„} in B with x n converging to x in the sense of Definition 2.1 
with modular p. Now from the above x n converges to x in the sense of Definition 
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3.3. Now since B is a closed set in (. X , /i, Tp ) then x £ B. Thus 5 is a closed set 
in (X p ,p) so A is an open set in (. X p ,p ). A similar argument show that if C is 
an open set in (X p ,p) then C is an open set in (X, /i, Tp). 

(2). Let (X p ,p) be a modular space with the D-property. Let ^ be as in Example 

4.4. Then Theorem 4.3 guarantees that ( X,p,Tp ) is a RN-space (here p is as in 

Theorem 4.3). Now, let {:£„} be a sequence in (X p ,p) converging to x in X, i.e. , 
p(x n — x) tends to 0. Now since p has the D-property, then for t > 0 we have 
that p Xn - x (t) = ^ (p f -)) tends to 1, i.e., {x n } converges to x in the sense of 

Definition 3.3. 

Next let {xn\ be a sequence converging to x in X in the sense of Definition 
3.3 i.e., p Xn - x (t) =i>(p tends to 1 for t > 0 (here i/j is as in Example 4.4 

and p is as in Theorem 4.3). Then p ( Xn ^ x ) tends to 0 for t > 0 so in particular 
p(x n — x) tends to 0 i.e., {x n } converges to x in the sense of Definition 2.1. 

Now, let A be an open set in (X p , p). Put B = A c . We show B is a closed set 
in ( X,p,Tp ). Let x be an element in the closure of B in (X,p,Tp). Then there 
exists a sequence { x n } in B with x n converging to x in the sense of Definition 
3.3 with random norm p. Now from the above x n converges to x in the sense 
of Definition 2.1. Now since B is a closed set in (X p ,p) then x G B. Thus B is 
a closed set in (X ”.,p,Tp) so A is an open set in (X,p,Tp). A similar argument 
show that if C is an open set in (X, p, Tp) then C is an open set in (X p , p). □ 
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Abstract. In this paper, we investigate the Ulam-Hyers stability of C*-ternary 3-Jordan homomorphisms for the functional 
equation 

f(xi + * 2 , 2/1 + 2 / 2,21 + z 2 ) = f( x i>yj> z k) 

l<i,j,k<2 


in C*-ternary algebras. 


1. Introduction 

Ternary algebraic operations were considered in the 19th century by several mathematicians and physicists such as Cayley 
[8] who introduced the notion of cubic matrix which in turn was generalized by Kapranov, Gelfand and Zelevinskii [14]. As 
an application in physics, the quark model inspired a particular brand of ternary algebraic systems. The so-called Nambu 
mechanics which has been proposed by Nambu [11] in 1973, is based on such structures. There are also some applications, 
although still hypothetical, in the fractional quantum Hall effect, the non-standard statistics (the anyons), supersymmetric 
theories, Yang-Baxter equation, etc, (cf. [15, 16, 26]). 

The comments on physical applications of ternary structures can be found in [1, 6, 14]. 

A C*-ternary algebra is a complex Banach space, equipped with a ternary product (x, y, z) — > [*, y, z ] of A 3 into A, which 
is C-linear in the outer variables, conjugate C-linear in the middle variable, and associative in the sense that j^x, y , [z, u, v]j = 
[x, [y,z,u],v\ = [[x,t/, 2 ],tt,v], and satisfies || [x, y, z]\\ < \\x\\ ■ ||2/|| ■ ||z||, ||[x,x,x]|| = ||x|| 3 (see [3, 28]). 

Every left Hilbert C*-module is a C^-ternary algebra via the ternary product [x,y,z\ := { x,y)z . 

Let A and B be two Banach ternary algebras. An additive mapping H : (A, [ ]a) — > (B, [ ]s) is called a ternary ring 
homomorphism if 

H([x,y,z] A ) = [H( X ),H(y),H(z)\B 

for all x,y,z £ A. An additive mapping H : (A, [ ]a) — > ( B , [ ]s) is called a Jordan homomorphism if 

H([x,x,x]a) = [H(x),H(x),H(x)]b 

for all x € A. 

Definition 1.1. Let A and B be C*-ternary algebras. A 3-linear mapping H : Ax Ax A — » B over C is called a C*-ternary 
3-homomorphism if it satisfies 

H([xi,yi,zi\, [X2,y2,z 2 \, [ 23 , 2 / 3 , 23 ]) = [H(xi,X2,x 3 ),H(y 1 , y 2 , y 3 ),H(zi,z 27 z 3 )] 

°2014 Mathematics Subject Classification. Primary 39B52; 39B82; 46B99; 17A40. 

'’Keywords: Ulam-Hyers stability; 3-additive mapping; 3-Jordan homomorphisms; C*-ternary algebra. 

°* Corresponding author. 
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for all xi,y\, z\,X 2 ,y 2 , z- 2 ,X 3 ,y 3 , Z 3 £ A. A 3-linear mapping H : A x A x A — / B over C is called a U*-ternary algebra 
3-Jordan homomorphism if it satisfies 

H([ x,x,x\, [y,y,y\, [ 2 , 2 , 2 ]) = {H(x,x,x),H(y,y,y),H(z,z,z)\ 

for all x,y,z £ A 

The study of stability problems originated from a famous talk given by Ulam [27] in 1940: “Under what condition does 
there exist a homomorphism near an approximate homomorphism?” In the next year 1941, Hyers [13] answered affirmatively 
the question of Ulam for additive mappings between Banach spaces. Then, Aoki [4] considered the stability problem with 
unbounded Cauchy differences. A generalized version of the theorem of Hyers for approximately additive maps was given 
by Rassias [20] in 1978. Let X and Y be real or complex vector spaces. For a mapping / : X x X x A' — > Y , consider the 
functional equation: 

f{xi+x 2 ,yi+y 2 ,zi+z 2 )= ^ f(xi,yj,z k ) (1.1) 

l<i,j,k<2 

In 2006, Park and Bae [19] showed that a mapping / :.YxXxX->y satisfies the equation (1.1) if and only if the mapping 
f is 3-additive. We investigate the Ulam-Hyers stability in C*-ternary algebras for the 3-additive mappings satisfying (1.1). 
The stability problems of several functional equations have been extensively investigated by a number of authors and there 
are many interesting results concerning this problem (see [2, 7, 9, 10, 17, 18, 21, 22, 23, 24, 25, 29, 30]). 


2. Ulam-Hyers stability of G'*-ternary 3-Jordan homomorphisms 

The following lemma was proved in [5] . 

Lemma 2.1. Let X and Y be real or complex vector spaces. Let f : X x X x X — » Y be a 3-additive mapping such that 
/( \x, yy, vz) = Xyuf(x, y, z)for all A, y, v £ T\ := (A € C : | A| = 1} and all x,y, z £ X . Then f is 3-linear over C. 

Using the above lemma, one can obtain the following result. 

The following lemma was proved in [5] . 

Lemma 2.2. Let X and Y be complex vector spaces and let f : X x X x X — > Y be a mapping such that 

f(\xi+\x 2 ,yyi+ yy 2 ,vzi+vz 2 ) =? \yv ^ f(xi,yj,z k ) (2.1) 

l<i,j,k<2 

for all A, y, v £ T) and all x\,X 2 ,yi,y 2 ,z\,Z 2 £ X . Then f is 3-linear over C. 


Lemma 2.3. Let A and B be two Banach ternary algebras. Let f : A — » B be an additive mapping. Then the following 
assertions are equivalent 

H([ x,x,x\, [y,y,y\, [z,z,z]) = [H(x,x,x),H(y,y,y),H(z,z,z)\ (2.2) 


for all x,y,z £ A. 

\\f(i[xi,X2,X 3 \ + [X 2 ,X 3 ,Xl] + [*3, * 1 , 3 : 2 ]), ([j/1, J/2, J/s] + [V2 , J/3 , J/l ] + [j/3 , 2/1, 2/a]), 
([31, 32, 33 ] + [ 22 , 23 , 21 ] + [Z3, 21 , 22 ])) 

= (/([zi, *2, * 3 ] + [X2,X3,Xl] + [X3,Xl,X 2 ]), f([yi,V 2 , 2 / 3 ] + [ 3 / 2 , 2/3, yi] + [ 2 / 3 , yi, 3 / 2 ]), 
f{[zi,Z2,Z 3 ] + [ 22 , 23 , 21 ] + [23,2l,22))||s, 
for all * 1 , * 2 , * 3 , 3 / 1 , 3 / 2 , 3/3, 21 , 22 , 23 £ A. 


(2.3) 
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Proof. The proof is similar to the proof of [12, Lemma 2.1]. If we replace x, y, z by xi + X2 + *3, 2/i + 2/2 + 2/3, zi + z 2 + 23 
in (2.2), respectively, then we can easily obtain (2.3). 

For the converse, if we replace 34, 34, *3 by x, 2/1, 2/2, 2/3 by y and 21,22,23 by 2 in (2.3), we can easily obtain (2.2). □ 

From now on, assume that A is a C*-ternary algebra with norm ||.||a and that B is a C*-ternary algebra with norm ||.||s. 
For a given mapping /:AxAxA— /B, we define 

Dx^^f{xi,x2,yi,y2,zi,z2)-.= f{\xi+\x2,pyi+py2,vzi+vz2)-\y,u E f{xi,yj,z k ). (2.4) 

Theorem 2 . 4 . Let p,q,r € (0, 00) with p + q + r < 3 and 9 £ (0, 00), and let f : A x A x A — / B be a mapping such that 

||-Da, m ,i,/(*i, *2, 2/1, 2/2, 21, 22)|| b < 6 ■ max{||a:i||A, ||*2 ||a} p • max{||2/i|U, H/bHa} 13 • max{||zi||A, ||2 2 1 | a} 1 ", (2.5) 


Xl,X2,X 3 ] + [ 34 >,* 3 ,*l] + [x 3 ,Xl,X 2 ]), ([2/1, 2 / 2 , 2/3] + [2/2, 2 / 3 , 2/1 ] + [2/3, 2 /i, 2/2]), ([21,22,23] + [22,23,21] + [23,21,22])) 
(/([*i,* 2 ,* 3 ] + [3:2, * 3 , 34] + [x 3 , 34, 3:2]), f([yi, 2 / 2 , 2/3] + [2/2, 2 / 3 , 2/1] + 12/3,2/1,2/2]), (2.6) 

3 

f([zi,Z2,Z 3 ] + [22,23,21] + [23,2i,2 2 ))||b < 6 y^(||*i||( 


hWa-W^Wa) 


for all A, p,v £ Ti and all xi, X2, X3, 2/1, 2/2, 2/3, 21, 22, 23 E A. TTien i/iere exists a unique C* -ternary 3 -Jordan homomorphism 
H \ Ax Ax A^f B 


11/(3:, y, z) - H(x, y, z)\\ B < 


9 


g _ 2 p+i+ r 


\x\\ v A -\\y\\ q A -\\z\\ r A 


( 2 . 7 ) 


for all x,y,z £ A. 


Proof. By the same reasoning as in the proof of [ 5 , Theorem 2.3] , there exists a unique 3-additive mapping H : Ax Ax A — » B 
satisfying (2.7). By Lemma 2.1, the 3-linear mapping H:AxAxA—>B is given by 

H(\x,py,vz) := lim ^f(2 n \x, 2 n py, 2 n uz) = lim \pu^f(2 n x, 2 n y, 2"z) = \puH{x, y, z) 

n —> 00 o n—> 00 o 

for all A, fi, v £ Tj and all x,y,z £ A. 

It follows from (2.6) that 

\\H^([xi,X2,x 3 \ + [*2,3:3, 3:1] + [x 3 , 34, *2]), ([221,2/2,2/3] + [2/2,2/3,221] + [2/3,2/1,222]), ([21,22,23] + [22,23,21] + [23,21,22])) 

- (#([ 34 , 3:2, *3] + [®2,*3,*l] + [3:3, *1, 3:2]), H{ [2/!, 2/2, 2/3] + [2/2,2/3,221] + [2/3, 2/1, 2/2]), ff([zi, 22,23] + [22,23,21] + [23,21,22)) 
= lim ||/("([2 n a:i, 2 n * 2 , 2 n x 3 ] + [2-34, 2"3: 3 , 2-34] + [2"a; 3 , 2"xi, 2 n 34]), 

([2^2/1 , 2 n ?/2, 2"2/ 3 ] + [2 n 2/2, 2-2/3, 2"2 /i] + [2 n y 3 , 2^,2^}), ([2 n z u 2 n z 2 , 2 n z 3 \ + [2 n z 2 , 2 n z 3 , 2 n Zl ] + [2 n z 3 , 2 n Zl , 2 n z 2 ]j) 

- (f([2 n X!, 2 n x 2 , 2 n x 3 ] + [2-3/2, 2”x 3 , 2"aq] + [2"34, 2 n 34, 2-34]), 

/( [2-2/1, 2"2/2, 2-2/3] + [2-2/2, 2-1/3, 2-i/i] + [2"2/3, 2 n 2/i, 2-1/2]), /([2"zi, 2"z 2 , 2 n z 3 ] + [2 n z 2 ,2 n z 3 , 2 n Zl ] + [2 n z 3 , 2 n z 1 ,2 n z 2 )) ||s 

< lim ^ElNlA-M-IWrA = ° 
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for all xi,X 2 ,x 3 ,yi,y 2 ,y 3 ,zi,Z 2 ,z 3 £ A. So 

h([{x±,x2,x 3 \ + [x2,x 3 ,xi] + [x 3 ,x 1 ,x 2 ]), ([2/1,222,2/3] + [2/2,2/3,221] + [y 3 ,yi,y2]), ([ zi,z 2 ,z 3 } + [z 2 ,z 3 ,zi] + [23,21,22])) 

= (h(\xi,x 2 ,x 3 \ + [® 2 , *3, *1] + [x 3 ,xi,X2]),H([y 1 ,y 2 ,y 3 \ + [2/2,2/3,221] + [2/3, 2/1, 2/2]), #([21,^2, 23] + [22,23,21] + [23,21,22)) 


for all xi,X2,x 3 ,yi,y 2 ,y 3 ,zi,Z2,z 3 £ A. 

Now, let T : A x A x A — ¥ B be another 3-additive mapping satisfying (2.7). Then we have 


II H(X, y, 2 ) - T(x, y,z)\\ B = i- \\H( 2 n x, 2 n y, 2 n z) - T{ 2 n x, 2 n y, 2 " 2 ) || B 


< ^ \\H( 2 n x, 2 n y, 2 "z) - f( 2 n x, 2 n y, 2 n z)\\ B + ^ 11/(2”*, 2 ”y, 2 ” 2 ) - T( 2”s, 2 n y, 2 n z)\\ B 


< 


2 (p+q+‘ r —3)n+l n 


IfIIa ' WvWa ' \\ z \\a, 


g _ 2 p+q+r 

which tends to zero as n — ¥ 00 for all x,y,z £ A. So we can conclude that H(x,y,z) = T(x,y,z) for all x,y,z £ A. This 
proves the uniqueness of H. 

Thus the mapping H : A — ¥ B is a unique C*-ternary 3-Jordan homomorphism satisfying (2.7). □ 


Putting p = q = r = 0 and 9 = e in Theorem 2.3, we obtain the Ulam stability for the 3-additive functional equation 

( 1 . 1 ). 


Corollary 2 . 5 . Let e £ ( 0 , 00) and let f : A x A x A —¥ B be a mapping satisfying 

\\D X: i,, v f{xi,X2,yi,y2,zi,Z2)\\ B < e, 

l|/^([*i, *2, *3] + \x2,x 3 ,xi\ + [x 3 ,xi,x 2 ]), ([2/1,222,2/3] + [2/2,2/3,221] + [2/3, j/i, 2/2]), ([21,2:2,23] + [22,23,21] + [23,21,22])) 

- (/([*!, *2, Z3] + [x 2 ,x 3 ,xi\ + [x 3 ,xi,x 2 }),f([yi,y 2 ,y 3 ] + [y 2 ,y 3 ,yi] + [j/ 3 , 2/1, 2/2]), 
f([zi,z 2 ,z 3 \ + [22,23,21] + [23,21,22)) ||b < 3 e 

for all A, p, v £ T\ and all x\, *2, *3, 2/1, 2/2, 2/3, 21, 22, 23 £ A. Then there exists a unique C* -ternary 3 -Jordan homomorphism 
H-.AxAxA^-B 

\\f(x,y,z) - H(x,y,z)\\ B < | 

for all x,y,z £ A. 


Theorem 2 . 6 . Let p £ ( 0 , 3 ) and 9 £ ( 0 , 8 ), and let f : A x A x A —¥ B be a mapping such that 

2 

\\D x .i, 1 vf(xi,X2,yi,y2,z 1 ,Z2)\\ B < ^EOMIa + \\yi\\ q A + IN|a), (2.8) 

i= 1 

\\f(i[xi,x 2 ,x 3 ] + [x2, x 3 , *1] + [x 3 ,x 1 ,x 2 ]), ([221,2/2,2/3] + [y2,y 3 ,yi] + [i/3,2/1,2/2]), ([21,22,23] + [22,23,21] + [23,21,22])) 

- (f([x 1 ,x 2 ,x 3 \ + [x 2 ,X 3 ,X\] + [x 3 , Xl, *2]), /( [2/1, 2 / 2 , '2/3] + [ 2 / 2 , 2 / 3 , 2 /l] + [2/3, 2 / 1 , 2/2]), /([«!, 22, 2:3] + [22,23,21] + [ 2 3 , 2 i, 2 2 ))||b 

^eEdl^HA + l^llA + ll^llA) 

i = 1 

(2.9) 

for all A, p, v £ T\ and all xi, X2,x 3 , yi,y 2 , y 3 , 21, 22, 23 € A. Then there exists a unique C* -ternary 3 -Jordan homomorphism 
H : Ax Ax A-> B 

O A 

\\f{x, y, 2) - H{x,y,z)\\ B < + \\y\\ q A + INIIa) 
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for all x,y,z £ A. 


M. Eshaghi Gordji, V. Keshavarz, C. Park, S.Y. Jang 


Proof. The proof is similar to the proof of Theorem 2.4. 


□ 


Theorem 2.7. Let p,q,r £ (0, oo) with p + q + r < 3, s £ (0, 3) and 9,rj £ (0, oo), and let f : A x A x A — » B be a mapping 
such that 


\\Dx^„f(xi,x 2 ,yi,y 2 ,zi,z 2 )\\B < 9 • maxd|zi||A, \\x 2 \\a} p ■ max{||yr ||a, \\y 2 \\A} q -max{||zi|U, IMIUF 

+ V ^(IMIIa + Ill/ill A + \\Zi ||i), 

i = 1 


( 2 . 10 ) 


||/(([Z1, *2,a;3] + [*2,*3,*l] + [*3 , *1 , * 2 ] ) , ( [j/l , 2/2 , 3 / 3 ] + [2/2,2/3,?/l] + ( 2 / 3 , 2 / 1 , 222 ]), ([Z1,Z2,Z 3 ] + [z 2 ,Z 3 ,Zl] + [z 3 ,Z 1 ,Z 2 ])^ 

-(/([*!, *2, *3] + [*2,*3,*l] + [*3, *1, * 2 ]), /( [2/1, 2/2, 2/3] + [2/2,2/3,2/l] + [ 2 / 3 , 221 / 2 / 2 ]), (2.11) 

3 2 

f{[Z!,Z2,Z 3 \ + [Z 2 ,Z 3 ,Zl\ + [Z 3 ,Zi,Z 2 ))\\b < # ^ ' IMHa ' IM II a) + V IU + IMU + IMIU) 

i=l i=l 

for all A, p, v £ T) and all * 1 , * 2 , * 3 , yi, 2 / 2 , 2/3, -* 1 , 22 , z 3 £ A. Then there exists a unique C* -ternary 3-Jordan homomorphism 
H-.AxAxA^B 


\\f(x, y, z) — H(x, y, z)\\ B < g _ 2 p +q+r INI a ' Ma ' IMU + ^^7 
for all x,y,z £ A. 

Proof. The proof is similar to the proof of Theorem 2.4. 


IMIU) 


□ 


Theorem 2.8. Let p £ (0, 3) and 9 £ (0, 8 ), and let f : Ax Ax A -a B be a mapping satisfying (2.8), (2.9) and /(0, 0, 0) = 0. 
Then there exists a unique C* -ternary 3-Jordan homomorphism H \ AxAxA-^B such that 

O O 

\\f(x,y,z) - H(x, y, z)\\ B < ^M(||a « + MU + IMU) 

for all x,y,z £ A. 


Theorem 2.9. Letp,q,r £ (0, 00 ) with p + q + r > 3, s £ (0,3) and 9,p £ (0,oo), and let f : A x A x A -A B be 
a mapping satisfying (2.10), (2.11) and /(0,0,0) = 0. Then there exists a unique C* -ternary 3-Jordan homomorphism 
H : A x A x A ^ B such that 


\\f(x,y,z) - H(x, y, z)\\ B < 


9 

^P+q+r — 8 


IUIIM 


MU + 


2?? 

2 s - I 


1*2 II A + 


+ IMIU) 


for all x,y,z £ A. 
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SOME NEW RESULTS ON PRODUCTS OF THE 
APOSTOL-GENOCCHI POLYNOMIALS 

YUAN HE 


Abstract. We perform a further investigation for the Apostol-Genocchi poly- 
nomials numbers. By making use of the generating function methods and sum- 
mation transform techniques, we establish some new formulae for products of 
any arbitrary number of the Apostol-Genocchi polynomials and numbers. The 
results presented here are the corresponding generalizations of some known for- 
mulae on the classical Genocchi polynomials and numbers. 


1. Introduction 


The classical Bernoulli polynomials B. n (x) and the classical Genocchi polynomi- 
als G n (x) are usually defined by means of the following generating functions: 


te xt ^ , A n 

t 1 = ^2 B n( x ) , 

e l — 1 n\ 

n— 0 

(1*1 < 27r ) 

(1.1) 

and 



... =E«-w , 

e 1 + 1 n\ 

n— 0 

(1*1 < tO- 

(1.2) 

The rational numbers B n and G n given by 



B n = B n { 0) and G n 

= G„(0) 

(1.3) 


are called the classical Bernoulli numbers and the classial Genocchi numbers, re- 
spectively. These polynomials and numbers play important roles in different areas 
of mathematics such as number theory, combinatorics, special functions and anal- 
ysis. Numerous interesting properties for them can be found in many books and 
papers; see for example, [7, 14, 17, 18, 19, 26, 27, 29, 30, 31]. 

We now turn to some widely-investigated analogues of the classical Bernoulli 
polynomials B n (x) and the classical Genocchi polynomials G n (x), i.e., the Apostol- 
Bernoulli polynomials B n (x; A) and the Apostol-Genocchi polynomials Q n (x',X). 
They are usually defined by means of the following generating functions (see, e.g., 
[20, 21, 24]): 


te xt 
Ae‘ - 1 


5> n (®;A) 

n— 0 


t n 

n! 


(1.4) 


(|f| < 27 t when A = 1; |f| < | log A| when A ^ 1) 


2010 Mathematics Subject Classification. 11B68; 05A19. 

Keywords. Apostol-Bernoulli polynomials; Apostol-Genocchi polynomials; Convolution for- 
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and 


O ipXt °° J n 

fiTT = I> (x;A) U 

n=0 


(|t| < 7r when A = 1; |t| < | log(— A)| when A ^ 1) 
In particular, B n ( A) and Q n { A) given by 

B n (A) = £ n (0;A) and <?„(A) = Q n (0; A) 


(1.5) 


( 1 . 6 ) 


are called the Apostol-Bernoulli numbers and the Apostol-Genocchi numbers, re- 
spectively. Obviously, B n (x; A) and G n (x;X), respectively, reduces to B n {x ) and 
G n (x) when A = 1. It is worth mentioning that the Apostol-Bernoulli polynomi- 
als were firstly introduced by Apostol [3] (see also Srivastava [28] for a systematic 
study) in order to evaluate the value of the Hurwitz-Lerch zeta function. For some 
related results on the Apostol type polynomials and numbers, one can consult to 
[6, 8, 11, 16, 22, 24, 33]. 

The idea of the present paper stems from the work of Agoh [1, 2], We establish 
some new formulae of products of any arbitrary number of the Apostol-Genocchi 
polynomials and numbers by making use of the generating function methods and 
summation transform techniques. It turns out that some results presented here are 
the corresponding generalizations of several known formulae including the recent 
ones discovered by Agoh [2] on the classical Genocchi polynomials and numbers. 


2. The statement of results 

Let n be a positive integer and let m \ , . . . , m n be non- negative integers. In 
the following we denote by [f™ 1 • • • t™"]/(G, . . . , t n ) the coefficients of f™ 1 • • • 
in f(ti, . . . ,t n ). We first recall the elementary and beautiful idea contributed to 
Euler, namely (see, e.g., [4, 5]) 

(1 + ay )(1 + 2:2) (1+2:3) • • • = (l + a:i) + a; 2 (l+a:i) + a; 3 (l+a:i)(l + a: 2 ) + -- - . (2.1) 
Obviously, the finite form of (2.1) can be expressed as 

(1 + 2 y)(l + X 2 ) ■ ■ ■ (1 + x n ) = (1 + ay) + 2 : 2(1 + £ 1 ) -I 

+ ay(l + 2 q)(l + X 2 ) •••(! + x n ~i). (2.2) 

We shall make use of (2.2) to establish some new formulae for products of any 
arbitrary number of the Apostol-Genocchi polynomials and numbers. It is easily 
seen that for 1 < r < n, substituting x r — 1 for ay in (2.2) gives 

n 

Xi ■ ■ ■ x n — 1 = ^^( ay — l) 2 q • • • ay_i, (2.3) 

r—1 

where the product ay • • • ay_i is considered to be equal to 1 when r = 1. If we take 
ay = —X r e tr for 1 < r < n in (2.3) then we have 

n r—1 

(— l)"A 1 • • • A n e tl+ " +t " - 1 = J2(-l) r (Ke u + 1) JJ A fc e‘+ (2.4) 

r—1 k—1 
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It follows from (2.4) that 

A 2Ue Xiti 1 

A^e 4 * + 1 (— l) n Ai • • • A„e <1+ '+*" - 1 


r— 1 n 


^(-lHAZ+ijiiA^n 


k—1 i—1 


2 tie XiU 

A ,;e 4i + 1 


Observe that 


i — 1 n 


(X r e tr + 1) A ke tk 


ll— HA^ + 1 

fe= 1 i= 1 * 


= 2 t r e x ^ tl+ - +t - ) A, 


2 te (x i ~Xr+i)U ” 2t i e^ Xi ~ x ^ ti 


A ,e (i + 1 


A ie tl + 1 


Hence, by applying (2.6) to (2.5), we get 


X l e ti + 1 


= B-dv 


2 t r e x ^ tl+ "' +t " 


(— l) n Ai • • • A„e tl+ "' +t ’* - 1 


2ti e ( Xi ~ x r+m ” 2t i e {x '~ x - )ti 


A je (i + 1 


n ^ <«) 


which means 


j.'rni +rn n 
# L n 

mi ! m„! 


A 2ti.e Xiti 
M Aie*‘ + 1 


= • • • m n \ £(-l HA ■ ■ ■ ■ ■ ■ C B ] 


2 e a; r .(tiH Bn) 

(— l)”Ai • • • X n e tl+ ' +tn -1 


A 2/ A' -'v-CL 

i AA <. +1 


2 tie{xi-x T )u 

Aj e 4< + 1 


It is trivial to get 


-/.mi +m n 

A . . . 

77J l ! 77l„! 


o f.pXiti \ n 

IIx^TT 


We next consider the right hand side of (2.8). Since £>o(;r; A) = 0 when A ^ 1 and 
t/oA A) = 0 (see, e.g., [20, 23]) , then by (1.3) we have 

e^ = g g w+ i(s;A) r 

A e* — 1 n + 1 n! 

n—0 


2e xt _y. g n+1 (x-,X) t n 
Xe 1 + 1 A n + 1 n! 

n—0 
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Notice that for non-negative integer N (see, e.g., [32]), 

(ti + ---+t„) jv = ( k k 

U . I , 7 , _ AT \ Kl > * • * ’ K r 


ki-\ \-k n =N 

k± ,...,fc n >0 


4.k i ,k n 

* ‘ * L n 


where ( r n r ) denotes by the multinomials coefficient given by 


(n,r i, ...,r k > 0). 




So from (2.10) and (2.11), we obtain that for even integer n and Ai • • • A n ^ 1, 


gX r (t\-\ 1 -t n ) 

(— l) n Ai • • • A ra e tl+ - 1 


= E 


3n+\(Xt] Ai * * * A n ) 
N + l 


E fci 


t b tb 


k H h k n =N 

Aii ,...,A; n >0 


fci! k n \ 


, (2.14) 


and for odd integer n, 


2 e*T-(ti-i — I -in) 

(— l) n Ai • • • A ra e tl+ '+*’* - 1 


= -E 


GN+l(Xr'i Ai • • • A„) 

N+l 


tb tb 


y h-b (2j5) 


fcH \-k n =N 

Aii ,...,A; n >0 


It follows from (1.3), (1.4), (2.8), (2.9), (2.14) and (2.15) that if n is an even integer, 
then for positive integers m i, . . . , m n and Ai • • • A„ b 1) 


Qrrti (x+ Ai )Q m 2 [X2] A 2 ) • • • G m n (%n t ^n) 

n 

= 2 B- 1 r £ 1 

r=l fci ,••• ,A: r _i ,fe r +i ,••• ,fc n >0 


mi! • • • m n \ 


k\\ - ■ ■ fcy_ 1 ! • ( m r — 1)! • fc r+ i! • • • fc„! 


3 k \-\ \- kr -i+(m r — l)+fc r +iH \-k n +l (*Tri A] • • • A n ) 

fci + ••• + k r — 1 + (m r — 1) + fcy-t-i + • • • + k n + 1 

TT , G mi -ki{Xi ~ X r + 1; Aj) tt G mi - ki (Xi ~ X r \ A,) 


(m» - A:*)! 


(m.j -fci)! 


and if n is an odd integer, then for positive integers mi, . . . , m n , 


Qrrti (x+ Ai)G m 2 (X 2 'j A 2 ) • • • Q m n (%n t ^n) 


= E(- i r 1 


mi! • • • m n \ 


Ail,--- ,k r —i ,A; r -|-i ,A: n >0 


fci! • • • fc r _i! • (m r — 1)! • fc r +i! • • • k n \ 


Gki-\ hfcr— l+(lTlr— ll + fc^+lH \-k n -\-l(Xri Al • • • A„) 

fci + + k r — 1 + (m r — 1) + fcy+i + • • • + k n + 1 

TT , Gmi-ki{Xi — x r + 1; Aj) TT Gmi-ki{Xi — X r ; Ai) 


(mi - fci)! 


(mi -fci)! 
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Thus, by replacing fc, by mi - I, for i / r in (2.16) and (2.17), we obtain the 
following formulae for products of an arbitrary number of the Apostol-Genocchi 
polynomials. 

Theorem 2.1. Let mi, • • • , m n be n positive integers. If n is an even integer, then 


Gm\ {X\ 1 Ai )Gm 2 {X2 , A 2 ) * * * Qm n [Xn > A n ) 


n 

A, f 

k\ -\ \-k n =m\-\ 1- m n r=l 

ki,...,k n >0 


X 



^ iQki 


x r + 1; Aj) 


n / \ 

TT ( 7 ) 5 (^1 * * * 7^ !)• 

\ A 7 / 

2 =r+l v 7 


(2.18) 


If n is an odd integer, then 


Grrii (xi; Ai )Q m 2 (X 2 'j A 2 ) • • • Q m n {p^n 1 ^n) 

n 

= ^2 ^(_ 1 )r- 1 ^yg fc ^ a . T , ;Al ... X n ) 

ki~\ \-k n =m\-\ b m n r—l 

ki,...,k n >0 

X XiGkiixi - X r + 1; Aj) (ppGkiixi - x r \ Xi). (2.19) 

It follows that we show some special cases of Theorem 2.1. Since the Apostol- 
Genocchi polynomials satisfy the following difference equation (see, e.g., [23]): 

AG„(a: + l;A) + 0n(:c;A) = 2mr n - 1 (n > 0), (2.20) 

by taking n = 2 in Theorem 2.1, we get that for positive integers m, n and A/i 1, 


fc =0 


Gm(x; \)G n (y; n) = 2 (”' ) {2fc(ai - y) fc 1 - f/ fc (a: - y; A)} 


Bm+n—k(y] A/i) 
m + n ~ k 


-2m'jr (^jGk(y ~ x\ p) 


Bm+n—k(x‘, A/i) 
m + n — k 


( 2 . 21 ) 


The identity (2.21) can be also found in [12] where it was further considered the case 
A/i = 1. We also refer to [9, 10, 35] for some similar formulae to (2.21). If we take 
?i = 3 in Theorem 2.1, in light of the symmetric relation for the Apostol-Genocchi 
polynomials (see, e.g., [23]): 


AG„(1 - x-X) 


(-l) n+1 0„(z;i) 


(n > 0), 


(2.22) 


595 


YUAN HE 591-600 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


6 YUAN HE 

we obtain that for positive integers mi, m2, m3, 

Qrri\ (xi;Xi)G m 2 (*2; a 2 )G m3 (x 3 ; A 3 ) 

r , 

E 


fci+fc2+fc3=mi+m2+m 3 
k 1 ,/C2,&3>0 


I ir f? 2 ) (T 3 ) (xi-,^g k2 (x 2 - x i; \ 2 )g k3 (x 3 - *1 ; a 3 ) 

l ki \ k,2 J \ J 

(~l) kl Gk 2 (x 2 ; n)G kl (x 2 - xi;l/\i)Gk 3 (x 3 - x 2 ;X 3 ) 


(-1 ) kl+k2 Qk 3 (x3-,»)g kl (x 3 - Xl -,l/\i) 

X Gk 2 (x 3 - z 2 ; 1/A 2 )1 (/x = A 1 A 2 A 3 ). (2.23) 


m 2 /toi\ / to 3 

fc 2 \h J \k 3 

m3 f m- { \ l to 2 
fci 


Remark 2.2. iVofe that (2.19) does not require the condition Ai • • • A„ ^ 1. How- 
ever, we were unable to get the formula analogous (2.18) in the case Ai • • • X n = 1. 

We next give some higher-order convolution formulae for the Apostol-Genocchi 
polynomials, which are the corresponding generalization of Agoh’s convolution for- 
mula on the classical Genocchi polynomials presented in [1, 12]. Clearly, by substi- 
tuting k for n and uf for U with iti + u 2 + • • ■ + Uk = 1 in (2.7), we discover that 
for positive integer k, n, 


n\ 


n 


2 Uite Xil 
Aie Uit + : 


T =B-V 


n! 


2 u r te x 


(— 1)*A X - - - — 1 


x 


r— 1 

nv 


2uM Xi ~ XT+l)u ' t 


A ie“ 


1 


n 


2uM Xi ~ x ^ Uit 
A ie Uit + 1 


. (2.24) 


i = 1 i=r -\- 1 

It is easy to see from (1.4) that the left hand side of (2.24) can be rewritten as 
k 


n 


XnUit 


J H=1 


2uite Xi 
A ie Uit + 1 


E 


* • 7/2 1 ?/£ 2 • • • uV? 


n\ • u\ iv 2 


J1+J2— +Jfc=n 


j i! * J2? • • • jfe! 


X (Xi| ^l)^j 2 {x 2 \ ^ 2 ) * * ’ @jk faki ^k)i (2.25) 

and the right hand side of (2.24) can be rewritten in the following ways: if k is an 
even integer then 


t n 


n\ 


n 


Ui te XiUi 
A i e u * t - 1 


).! • ui'ui 2 ■ ■ ■ ,r h - .W' • • • ui k 


r — 1 ji+j 2 ---+jk=n 
jlj2,-..,jk>0 

r — 1 


= - 2 E E "• - "Y.i.AE’fr 1 A, A 2 .-A t) 

-3 
31 

x n{ _ A»^ji( a; » - a?r + 1; Aj)} JJ Gjiixi - x r ; \i), (2.26) 


i=r + 1 


596 


YUAN HE 591-600 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


RESULTS ON PRODUCTS OF THE APOSTOL-GENOCCHI POLYNOMIALS 


and if k is an odd integer then 


n\ 


n 


u;te 


XiUit 


J H=1 

k 


X ie Uit - 1 


= £ £ 


n\ ■ ■ ■ ■ u 3 r r _l u r u J r T +i ■ ■ ■ n°- k 


r—l ji+j 2 ---+jk=n 
3i,32,--,jk>0 




~Qj r {%r 5 ^1^2 * * ’ ^/c) 


r—l 


x - x r + 1; Aj)} P Qji(xi - x r -, Aj). (2.27) 

i — 1 i=r+l 

Since for positive integer k > 2 and complex numbers cti, « 2 j • • • , ct k with Re(o;j) > 
-1 for i = 1,2,..., k, (see, e.g., [2, 34]) 

pi pi — Ui 7*1 — U! Uk - 2 

••• / ’ * * v% k du\d2 • • • d^fc-i 


0 


r(ax + l)r(a 2 + !)••• r(oifc + 1 ) 


(wi + 1 x 2 H - * * * H - ^ k — !)• (2.28) 


r(ai + Q -2 + • • • + c%k + A;) 

by equating (2.25), (2.26) and (2.27) and making the above integral operation, with 
the help of (2.28), we get that if k is an even integer then 


(n + k) Y Gj 1 {xi;\i)G j2 (x2-,\2)---Qj k {x k -,\k) 

ji+h—'+jk=n 

ji,32, — ,jk>0 

k ( y) 4- k\ r ~ 1 

= -2^ y: f AiA 2 • • • A fc ) PJ{— Ai^j^ (ari - x r + 1; A*)} 

r=l ji+j 2 --+jk=n ' r ' *=1 


3i,32,-,j k >0 


x P Qj^Xi- x r ;Xi), (2.29) 


i=r+l 


and if k is an odd integer then 

(n + k) Y Gj 1 (x 1 ;X 1 )Gj 2 (x 2 ;X 2 )---Gj k (xk;Xk) 


31+32 \-jk =n 

3l,32,--,jk>0 


K (n + k\ r_1 

y y ^ f j ^' r (x r 5 A1A2 • • • Afc) { A iGji(xi x r + I5 Ai)} 

r=l . 71 +.72 ■••+.7fc=n ' ^ ' i=l 

k 

X P Gji(xi - x r \ A,). (2.30) 


r=l ii+j 2 "'+ife=n 

ji,32,---,3k>0 


i=r -\- 1 


Notice that from (2.20) we have 


1 1 


XiGji (xi x r + 1; A,;)} 


= Y P Gji{Xi - Xr, Xi) X Y\_{~ 2 M x i - x r) n ^ (2-31) 

TC{l,...,r-l}ieT i6 T 
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Thus, by applying (2.31) to the right hand sides of (2.29) and (2.30) and then 
taking = a; 2 = • • • — x k = x, we immediately obtain the following result. 

Theorem 2.3. Let k,n be positive integers. If k is an even integer, then 

( n + k ) Gj 1 {x;\i)Gj 2 {x-,\ 2 )---G jk (x;\ k ) 

ji+j 2 ---+jk—n 

jlj2, -,jk>0 


(r-l <- 2 > 


jl+j2--+j r =n-k+r 

h,h,-,jr>0 


B ‘j r (x, Ai A 2 • • ■ Afc) 


x ^ 1 (Ai)a j2 (A 2 )..-a jr _ 1 (A r _i). (2.32) 


If k is an odd integer, then 


{n T k ) 'y ' Qj 1 ( x , Xi')Qj 2 ( x , A 2 ) • * * Gj k ( x , A^) 


ji+j 2 -"+jfc=n 


h+j2---+jr=n—k+r 

hj2,..,jr>0 


Gj r {x ; AiA 2 • • • A h) 


x Gji (Ai )Gj 2 (A 2 ) • • • Gj r _ 1 (A r _i). (2.33) 

It becomes obvious that setting k = 2 in Theorem 2.3 gives that for positive 
integer n, 


''y \ Gk(x; XfQ n — k (x~, p.) + ^ ' 


B k [x‘, Xp,)Q n — k (\) 


2n(n + 1) 


B n - i(z;A/z). (2.34) 


Since the classical Genocchi polynomials can be expressed in terms of the classical 
Bernoulli polynomials, as follows, 

G n (x) = 2 B n {x) - 2 n+1 B n ( n > 0), (2.35) 

by B\ = —1/2, we have Go = 0 and G\ = 1. Hence, the case A = /z = 1 in (2.34) 
gives the convolution identity on the classical Genocchi polynomials due to Agolr 
[1, 12], namely 


Y,G k {x)G n - k {x) 


B k {x)G n - k = 0 (n > 2). (2.36) 


It is worth noticing that x = 0 in (2.36) can give the result (see, e.g., [1]): 


^2 G k G n - k + 4 ^2 [ k _ 1 


n + 1\ B k G n - k 


:G n (n > 4), (2.37) 


which is very analogous to the convolution identity on the classical Bernoulli num- 
bers due to Matiyasevich [25], in an equivalent form, as follows, 


n + 1\ B k B n _ k n(n + 1) 


B n (n > 4). (2.38) 
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For some similar convolution formulae to (2.37) and (2.38), one is referred to [12, 
13, 15]. If we take k = 3 in Theorem 2.3, we obtain that for positive integer n > 2, 


^ 'j Qji (■£> Ai)£/j 2 ^ 2 )Gj 3 {x~, A 3 ) 

ji+j2+j3=n 

n + 3 

h 

n + 3 


n + 3 


E 


ji+h+33=n 


Sh(^i)Gj 2 {M)Gj3 (x;n) 


6 


n + 3 


n— 1 

E 

fc= 0 


k 
4 

n + 3 




n + 3 
5 


Gn-2(x’i n) (M — A 1 A 2 A 3 ). (2.39) 


The case Ai = A 2 = A 3 = 1 in (2.39) gives the corresponding formula of products 
of the classical Genocchi polynomials, as follows, 


E Gh(*)Gh(*)G j3 {x) - 


ji+j2+j3=n 


n + 3 


E 


jl+h+33=n 


n + 3 

h 


Gj 1 Gj 2 Gj 3 (x) 


6 


n + 3 


E 

&= 0 


n + 3 


Gk{x)G n _ — 


n + 3 


n + 3 
5 


G n _ 2 (x), (2.40) 


which is very analogous to the convolution identity on the classical Euler polyno- 
mials presented in [2, Corollary 3]. 
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FUNCTIONAL INEQUALITIES IN FUZZY NORMED SPACES 

CHOONKIL PARK*, GEORGE A. ANASTASSIOU, REZA SAADATI AND SUNGSIK YUN* 

Abstract. In this paper, we solve the following additive functional inequality 

N(f(x + y)-f(x)-f(y),t) > N (/ - ±f(x) - |/(y),t) (0.1) 

and the following quadratic functional inequality 

N{f{x + y) + f(x — y) — 2f(x) - 2 f(y), t ) (0.2) 

in fuzzy normed spaces. 

Using the fixed point method, we prove the Hyers-Ulam stability of the additive functional 
inequality (0.1) and the quadratic functional inequality (0.2) in fuzzy Banach spaces. 


1. Introduction and preliminaries 

Katsaras [21] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view [13, 24, 52]. In particular, Bag and Samanta [2], following Cheng and 
Mordeson [8] , gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric 
is of Kramosil and Michalek type [23]. They established a decomposition theorem of a fuzzy 
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3]. 

We use the definition of fuzzy normed spaces given in [2, 28, 29] to investigate the Hyers-Ulam 
stability of a quadratic functional inequality in fuzzy Banach spaces. 

Definition 1.1. [2, 28, 29, 30] Let A be a real vector space. A function N : A x R — >■ [0, 1] is 
called a fuzzy norm on A if for all x, y G X and all s,RK, 

(N\) N(x,t) = 0 for t < 0; 

(A 2 ) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(N 3 ) N(cx,t ) = N(x, if c / 0; 

(IV4) N(x + y,s + t) > min {N(x,s),N(y,t)}] 

(IV5) N(x, •) is a non-decreasing function of M and Hindoo N(x, t ) = 1. 

(As) for x 7^ 0, N(x, •) is continuous on M. 

The pair (X, N) is called a fuzzy normed vector space. 

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in 
[27, 28], 

Definition 1.2. [2, 28, 29, 30] Let (A, N ) be a fuzzy normed vector space. A sequence {x n } in 
A is said to be convergent or converge if there exists an x G A such that limn^oo A(x n — x, t) = 1 
for all t > 0. In this case, x is called the limit of the sequence {x n } and we denote it by N- 
lim^oo x n = x. 

2010 Mathematics Subject Classification. Primary 46S40, 39B52, 47H10, 39B62, 26E50, 47S40. 

Key words and phrases, fuzzy Banach space; additive functional inequality; quadratic functional inequality; 
fixed point method; Hyers-Ulam stability. 
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Definition 1.3. [2, 28, 29, 30] Let (X, N ) be a fuzzy normed vector space. A sequence {x n } 
in X is called Cauchy if for each e > 0 and each t > 0 there exists an no € N such that for all 
n > no and all p > 0, we have N{x n+P — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — >• Y between fuzzy normed vector spaces X and Y is 
continuous at a point xq € X if for each sequence {x n } converging to rco in X , then the 
sequence {/(i„)} converges to f(x o). If / : X -A Y is continuous at each x 6 X, then 
/ : X — > Y is said to be continuous on X (see [3]). 

The stability problem of functional equations originated from a question of Ularn [51] con- 
cerning the stability of group homomorphisms. 

The functional equation f(x + y) = f(x) + f(y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [17] gave a 
first affirmative partial answer to the question of Ularn for Banach spaces. Hyers’ Theorem was 
generalized by Aoki [1] for additive mappings and by Th.M. Rassias [40] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem 
was obtained by Gavruta [14] by replacing the unbounded Cauchy difference by a general 
control function in the spirit of Th.M. Rassias’ approach. The functional equation / = 

\ f(x ) + \f{y) is called the Jensen equation. 

The functional equation f(x + y) + f(x — y) = 2f(x) + 2f(y) is called the quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a 
quadratic mapping. The stability of quadratic functional equation was proved by Skof [50] for 
mappings / : E\ — >• E 2 , where E\ is a normed space and E -2 is a Banach space. Cholewa 
[9] noticed that the theorem of Skof is still true if the relevant domain Ei is replaced by 
an Abelian group. Czerwik [10] proved the Hyers-Ulam stability of the quadratic functional 

equation. The functional equation / = \f{ x ) + \f{y) is called a Jensen type 

quadratic equation. The stability problems of several functional equations have been extensively 
investigated by a number of authors and there are many interesting results concerning this 
problem (see [4, 18, 20, 25, 36, 37, 38, 41, 42, 44, 45, 46, 47, 48, 49]). 

Gilanyi [15] showed that if / satisfies the functional inequality 

II 2/(x) + 2/(y) - f(x-y ) || < \\f(x + y)\\ (1.1) 

then / satisfies the Jordan-von Neumann functional equation 

2 f(x) + 2 f(y) = f(x + y) + f(x - y). 

See also [43]. Fechner [12] and Gilanyi [16] proved the Hyers-Ulam stability of the functional 
inequality (1.1). Park, Cho and Han [35] investigated the Cauchy additive functional inequality 

11/0*0 + f{y ) + /(*)|| < II /(* + y + z ) II (1-2) 

and the Cauchy- Jensen additive functional inequality 

11/0*0 + /( j 0+2/( z)ii < 2 f (^- p J - + z ) ( L3 ) 

and proved the Hyers-Ulam stability of the functional inequalities (1.2) and (1.3) in Banach 
spaces. 

Park [33, 34] defined additive p- functional inequalities and proved the Hyers-Ulam stability 
of the additive p- functional inequalities in Banach spaces and non- Archimedean Banach spaces. 

We recall a fundamental result in fixed point theory. 
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Let X be a set. A function d : X x X — > [0, oo] is called a generalized metric on X if d 
satisfies 

(1) d(x, y) = 0 if and only if x = y; 

(2) d(x,y) = d(y,x) for all x, y £ X; 

(3) d(x, z) < d(x, y) + d(y , z) for all x,y,z £ X. 

Theorem 1.4. [5, 11] Let (X,d) be a complete generalized metric space and let J : X — > X 
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element 
either 

d(J n x, J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo, Vn > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x,y ) < oo}; 

(4) d(y, y*) < j=zd(y, Jy) for all y £ Y. 

In 1996, G. Isac and Th.M. Rassias [19] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. By 
using fixed point methods, the stability problems of several functional equations have been 
extensively investigated by a number of authors (see [6, 7, 22, 27, 31, 32, 38, 39]). 

In Section 2, we solve the additive functional inequality (0.1) and prove the Hyers-Ulam 
stability of the additive functional inequality (0.1) in fuzzy Banach spaces by using the fixed 
point method. 

In Section 3, we solve the quadratic functional inequality (0.2) and prove the Hyers-Ulam 
stability of the quadratic functional inequality (0.2) in fuzzy Banach spaces by using the fixed 
point method. 

Throughout this paper, assume that A is a real vector space and (Y, N) is a fuzzy Banach 
space. 


2. Additive functional inequality (0.1) 

In this section, we prove the Hyers-Ulam stability of the additive functional inequality (0.1) 
in fuzzy Banach spaces. We need the following lemma to prove the main results. 

Lemma 2.1. Let f : X — > Y be a mapping such that 

N(f(x + y) — f(x) — f(y),t) > N (/ (^^ / ) - ^f(x) - \f(v),t) (2.1) 

for all x,y G X and all t > 0. Then f is Cauchy additive, i.e., f(x + y) = f{x) + f(y) for all 
x,y £ X. 

Proof. Assume that / : X — > Y satisfies (2.1). 

Letting x = y = 0 in (2.1), we get N(f(0),t) = N (0, t) = 1. So /( 0) = 0. 

Letting y = x in (2.1), we get N(f(2x) — 2 f(x),t) > N (0,t) = 1 and so /( 2x) = 2 f{x) for 
all x £ X. Thus 

/ (f) - !/<*) (2.2) 

for all x £ X. 
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It follows from (2.1) and (2.2) that 

N(f(x + y) - f(x) - f(y),t) > N (^f - ^f(x) - 

= N Q(/(* + y)- /(*)- f(y)),tj 

= N(f(x + y) - f(x) - f(y),2t) 

for all t > 0. By (IV 5 ) and (Nq), N(f(x + y) — f(x) — f(y),t) = 1 for all t > 0. It follows from 
(IV 2 ) that 

f(x + y) = f{x) + f(y) 

for all x, y G X. □ 

Theorem 2.2. Let (p : X 2 — >■ [0, 00 ) be a function such that there exists an L < 1 with 

<f(x,y) < ^ip{2x,2y) 

for all x, y G X. Let f : X — > Y be an odd mapping satisfying 

N(f(x + y) - f{x) - f(y),t) 

' x + y' 


(2.3) 


> min <N[f 


-) - \ f(x) - ^f(y),tj , 


t + (p(x, y) 


for all x,y £ X and all t > 0. Then A(x) := A^-hnijn.oo 2”/ (^) exists for each x € X and 
defines an additive mapping A : X — > Y such that 


N{f(x) - A(x),t) > 


(2 - 2 L)t 


(2 — 2 L)t + Ltp{x , x ) 

for all x G X and all t > 0. 

Proof. Letting y = x in (2.3), we get 

N(f(2x)-2f(x),t) > 


(2.4) 


t 


t + <^(x, x) 

for all x € X. 

Consider the set 

5 := { 5 : X ^ T} 

and introduce the generalized metric on S: 

t 


(2.5) 


d(g,h) = inf huG M + : N(g(x) — h(x),yt) > Vx G X, Vt > 0 \ , 

l t + <y9(x,x) J 

where, as usual, inf f> = + 00 . It is easy to show that (5, d) is complete (see [26, Lemma 2.1]). 
Now we consider the linear mapping J : S — » S such that 


Jg{x) := 2 g (^0 


for all x € X. 

Let g, h £ S be given such that d(g , h ) = e. Then 


X(c/(x) - h(x),et) > 


t + (p(x, x) 
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for all x £ X and all t > 0. Hence 

N(Jg(x) - Jh(x ), Let ) = N ^2 g ^ - 2 h , Letj = N (g (^j - h ^ , ^etj 

Lt Lt i 

> ? > 2 = l 

T +¥’(§>§) T + lVfax) * + ¥’(*>*) 

for all x € X and all t > 0. So d(g, h) = e implies that d(Jg, Jh) < Le. This means that 

d(Jg , Jh) < Ld(g , h ) 

for all g,h £ S. 

It follows from (2.5) that 

V v \2 ) 2 / t + ip(x,x) 

for all x G X and all t > 0. So d(f, J f) < j. 

By Theorem 1.4, there exists a mapping A : X — > Y satisfying the following: 

(1) A is a fixed point of J, i.e., 

A (I) = l A ^ < 2 - 6 > 

for all x G X. Since / : X — > Y is odd, A : X — > Y is an odd mapping. The mapping A is a 
unique fixed point of J in the set 

M = {g e S : d(f,g) < oo}. 

This implies that A is a unique mapping satisfying (2.6) such that there exists a g G (0, oo) 
satisfying 

for all x G X\ 

(2) d(J n f , A) — >• 0 as n — > oo. This implies the equality 

N- lim 2 71 f ( — ) = A(x) 

n—KX) \2 n J 

for all x G X\ 

(3) d(f,A) < j^d(f,Jf), which implies the inequality 

d U,A)<^ 

This implies that the inequality (2.4) holds. 

By (2.3), 
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for all x, y € X, all t > 0 and all n 6 N. So 


N[2 n [f 


x + y 


> min { N Tf 


x 


-/ ™ ~ f ™ 


x + y 
2 n+1 






n— 1 


t 

2 " 


yr + 2 n + (x,y) J 
= 1 for all x, y G X and all 


for all x, y G X, all t > 0 and all n 6 N. Since lim n -r — , „ 

2TT+2n V>(x,J/) 

t > 0, 

IV (A(x + y) - A[x) - A(y),t ) > N (a - ^(x) - ^A(y), ^ 

for all x,!/6l and all t > 0. By Lemma 2.1, the mapping 7l : X — > Y is Cauchy additive. □ 

Corollary 2.3. Let 6 > 0 and let p be a real number with p > 1. Let X be a normed vector 
space with norm || • |j. Let f : X -+ Y be a mapping satisfying 

N(f(x + y) - f{x) - f(y),t ) 

t. 


> min | IV (j ~ \f(x) - p(y),t) , 


t + 0(||z||P + ||3/||P) 


for all x,y £ X and all t > 0. Then A(x) := X -lim n 
defines an additive mapping A : X -+ Y such that 

(2 p - 2 )t 


2 n /(^r) exists for each x G X and 


N(f(x) - A(x),t) > 


(2P - 2)t + 20 \\x\\p 


for all x € X and all t > 0. 

Proof. The proof follows from Theorem 2.2 by taking ip(x, y) := #(||x|| p + Hyp) for all x, y € X. 
Then we can choose L = 2 1_p , and we get the desired result. □ 

Theorem 2.4. Let x> : X 2 


[0, oo) be a function such that there exists an L < 1 with 

<p(x,y) < 2 Lp Q, pj 


for all x,y € X . Let f : X -+Y be a mapping satisfying (2.3). Then A{x) := A r -lim r) ^ 0O (2 n x) 

exists for each x £ X and defines an additive mapping A : X -+ Y such that 

*</(*) -a ( *m)> ? ( 2 . 7 ) 

/or all x € X and all t > 0. 

Proof. Let (S', d) be the generalized metric space defined in the proof of Theorem 2.2. 

It follows from (2.5) that 

N (7(x) - 1 f( 2x), 1 A > * T 

V 2 M 2 J ~ t + <p(x,x) 

for all x £ X and all t > 0. 

Now we consider the linear mapping J : S — > S such that 

J9(x) := ^g (2x) 

for all x£l. So d(/, J f) < \. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 
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Corollary 2.5. Let 9 > 0 and let p be a real number with 0 < p < 1. Let X be a normed 
vector space with norm || • ||. Let f : X -A Y be an odd mapping satisfying 


N (f(x + y) - f(x) - f(y),t) 


> min < N ( / 


x 


- \f( x ) - > 


t + 9 (\\x\\p + \\y\\P) 


for all x,y € X and all t > 0. Then A(x) := ^/( 2 n x) exists for each x € X and 

defines an additive mapping A : X —>Y such that 


N{f{x) - A{x),t) > 


(2 - 2 P)t 

(2 - 2 P)t + 29\\x\\p 


for all x € X and all t > 0. 


Proof. The proof follows from Theorem 2.4 by taking ip(x, y ) := 0(||x|| p + ||y|| p ) for all x, y £ X. 
Then we can choose L = 2 P_1 , and we get the desired result. □ 


3. Quadratic functional inequality (0.2) 

In this section, we prove the Hyers-Ulam stability of the quadratic functional inequality (0.2) 
in fuzzy Banach spaces. We need the following lemma to prove the main results. 

Lemma 3.1. Let f : X — > Y be a mapping satisfying /( 0) = 0 and 

N(f(x + y) + f(x -y)- 2f(x) - 2 f(y),t) (3.1) 

> iV (2/ (^) + 2/ (T^) 

for all x, y € X and all t > 0. Then f is quadratic. 

Proof. Assume that / : X — > Y satisfies (3.1). 

Letting y = x in (3.1), we get N(f(2x) — 4 f(x),t) > N (0, t) = 1 and so /( 2x) = 4 f(x) for 
all x & X. Thus 

/ (|) = !/(*) (3-2) 

for all 

It follows from (3.1) and (3.2) that 

N(f(x + y) + f{x ~y)~ 2f(x) - 2 f(y),t) 

> N (2 f + 2/ - f(x) - f(y), tj 

= N (/( x + y) + f( x -v)~ 2 f( x ) - 2 f(y)) , tj 
= N (f(x + y) + fix -y)- 2 f(x) - 2 f(y), 2 1) 

for all t > 0. By (IV 5 ) and (Nq), N(f(x + y) + f(x — y) — 2 f(x) — 2 f(y),t) = 1 for all t > 0. It 
follows from (IV 2 ) that f(x + y) + f{x — y) = 2 f(x) + 2 f(y) for all x, y G X. □ 

Theorem 3.2. Let (p : X 2 -A [0, 00 ) be a function such that there exists an L < 1 with 

p{x,y) < jip{2x,2y) 
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for all x, y G X . Let f : X Y be a mapping satisfying /( 0) = 0 and 
N(f{x + y) + f(x -y)~ 2 /(x) - 2 f(y),t) 


(3-3) 


> min < N ( 2/ 


x + y 


+ 2 / 


x-y 


- fix) - f(y),t , 


t + (p(x, y) 


for all x,y G X and all t > 0. Then Q(x) := A/"-lim n _ 5 . 0O 4 n / (^-) exists for each x G X and 
defines a quadratic mapping Q : X -A Y such that 

(4 - 4 L)t 


N (f(x) — Q(x),t) > y 

yjy J '-(4-4 L)t + L<p(x,x) 

for all x G X and all t > 0. 

Proof. Letting y = x in (3.3), we get 

N (f (2x) - 4f(x),t) > 


(3-4) 


t 


(3-5) 


Vx G X, Vi > 0 > , 


t + ip(x, x) 

for all x G X. 

Consider the set 

S:={g:X^Y} 

and introduce the generalized metric on S: 

d{g, h) = inf iy G M+ : N(g(x) - h(x),yt ) > 7—7 7 

I t + ip(x,x) 

where, as usual, inf cf = + 00 . It is easy to show that (S', d) is complete (see [26, Lemma 2.1]). 
Now we consider the linear mapping J : S — > S such that 

J 9 (x) :=4 g 

for all x G X. 

Let g,h G S be given such that d(g , h ) = e. Then 

N(g(x) - h(x),£t ) > 


t + (p(x, x) 


for all x G X and all t > 0. Hence 


N(Jg(x) — Jh(x), Let) = N ^4g ^0 - Ah ,Letj = N (g ^0 - h ^ , j£t^j 


> 


Lt 

4 


> 


Lt 

4 


t 


f +¥>(§>§) ^ + ^p(x,x) t + tp(x,x) 

for all x G X and all t > 0. So d(g, h) = e implies that d(Jg, Jh) < Le. This means that 

d(Jg, Jh) < Ld(g , h) 

for all g, h G S. 

It follows from (3.5) that N (^f(x) — 4/ (|) , jt^j > t+ip * x for all x G X and all t > 0. So 

<Kf,Jf)<%. 

By Theorem 1.4, there exists a mapping Q : X — > Y satisfying the following: 

(1) Q is a fixed point of J, i.e., 


Q (|) = 


(3.6) 
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for all x G X. The mapping Q is a unique fixed point of J in the set 

M = {g G S : d(f,g) < oo}. 

This implies that Q is a unique mapping satisfying (3.6) such that there exists a p € (0, oo) 
satisfying 

N{ f( x )-Q ix ) aa) > TT ±— ) 

for all x e X] 

(2) d(J n /, Q) — > 0 as n — > oo. This implies the equality 


N- lim 4 n f(—^\ = Q(x) 

n—>oo \2 n J K 


for all x G X; 

(3) d(f,Q) < J/), which implies the inequality 

d(f, Q)< 


4-4 L 


This implies that the inequality (3.4) holds. 
By (3.3), 

'x + y 


N 4 n f 


+ f 


x-y 


x 


> min l N 4 n 2/ 


x + y 
2«+i 


+ 2 / 


2 

x-y 

2 n+1 


- 2/ ( — ) - 2/ ( ^ ) ) , 4”t 


x 


"/Ur -/ £ >*"* 


JL) 

° I y' y 2 n ? 2 n / 


for all x, y G X, all f > 0 and all n 6 N. So 


x + y 

2 n 


N ^4 n 

> min { N ( 4 n ( 2/ 


+ / 

x + y 


x-y 

2 n 


x 


- 2/ ( — ) - 2/ 




2 n +! 


+ 2 / 


x-y 

2 n+1 


-/ k -/ + M . 


t 

4 n 


for all x, y 6 X, all t > 0 and all n € N. Since lim n _ ) . 0O 

t > 0, 




+ +*;V(x,y) 


= 1 for all x,i/£l and all 


iV (Q(x + y) + Q(x - y) - 2Q(x) - 2 Q(y),t) 


>N2Q 


x + y 


+ 2 Q 


x-y 


- Q(x) - Q(y),t 


for all x,y £ X and all t > 0. By Lemma 3.1, the mapping Q : X -+ Y is quadratic, as 
desired. □ 

Corollary 3.3. Let 8 > 0 and let p be a real number with p > 2. Let X be a normed vector 
space with norm || • |j. Let f : X -+Y be a mapping satisfying /( 0) = 0 and 

N{f{x + y) + f(x - y) - 2/(x) - 2/(y), t) 


> min < IV ( 2/ 


x + y 


+ 2 / 


x-y 


- f(x) - f(y),t 


t 


t + 9(\\x\\P + \\y\\P) 


for all x, y G X and all t > 0. Then Q(x) := A+lim^oo 4 n /(^-) exists for each x € X and 
defines a quadratic mapping Q : X — > Y such that 

(2 p - 4 )t 


N (f(x) - Q{x),t) > 


(2P-4)t + 26>||x||P 
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for all x £ X . 


Proof. The proof follows from Theorem 3.2 by taking ip(x, y ) := 0(||x|| p + ||y|| p ) for all x, y £ X. 
Then we can choose L = 2 2 ~ p , and we get the desired result. □ 


Theorem 3.4. Let p : X 2 —> [0, oo) be a function such that there exists an L < 1 with 

p(x,y) < ALp 0 

for all x,y € X. Let f : X — i Y be a mapping satisfying /( 0) = 0 and (3.3). Then Q(x) := N- 
linin^oo 4 ’„ / (2 n x) exists for each x & X and defines a quadratic mapping Q : X — >■ Y such 
that 


N (f(x) - Q(x),t) > 


(4 - 4 L)t 

(4 — 4 L)t + p(x, x) 


(3.7) 


for all x € X and all t > 0. 


Proof. Let (S,d) be the generalized metric space defined in the proof of Theorem 3.2. 

It follows from (3.5) that 

N ( f(x) — -/( 2x), > r 

V Y ’ 4 ) ~ t + p(x,x) 

for all x G X and all t > 0. 

Now we consider the linear mapping J : S — > S such that 

Jg(x) ■= |S( 2x) 

for all x G X. So c?(/, J f) < 

The rest of the proof is similar to the proof of Theorem 3.2. □ 


Corollary 3.5. Let 6 > 0 and let p be a real number with 0 < p < 2. Let X be a normed 
vector space with norm || • ||. Let f : X Y be a mapping satisfying /( 0) = 0 and 


N(f (x + y) + f(x -y)- 2/(x) - 2 f(y),t) 

> min {iV ^2/ + 2/ “ f( x ) ~ 


t + e(\\x\\P + \\y\\P) 


for all x,y G X and all t > 0. Then Q(x) := A^-lim^oo ^-/(2 n x) exists for each x & X and 
defines a quadratic mapping Q : X -A Y such that 


N(f(x) - Q(x),t) > 


(4 - 2 P)t 

(4 — 2P)t + 20||x||p 


for all x € X. 


Proof. The proof follows from Theorem 3.4 by taking p(x, y) := 0(||x|| p + ||y|| p ) for all x, y £ X. 
Then we can choose L = 2 P ~ 2 , and we get the desired result. □ 
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Abstract 

Some new class of preinvex functions which called (s, m)-preinvex, extended 
(s, m)-preinvex, (s, mj^-preinvex and extended (s, mp-preinvex function are 
introduced respectively in this paper. An integral identity is established, and 
then we prove some Simpson type integral inequalities, dealing with the existing 
similar type integral inequalities in a relatively uniform frame. In particular, 
we also show some results obtained by these inequalities for extended (s, m) c / > - 
preinvex under some suitable conditions, which improve the previously known 
results. 

2010 Mathematics Subject Classification: Primary 26D15; 26D20; Secondary 
26A51, 26B12, 41A55, 41A99. 

Key words and phrases: Simpson’s inequality; Holder’s inequality; (s,mp- 
convex function. 


1 Introduction 

The following notations are used throughout this paper. I is an interval on the 
real line R, Ro = [0,oo). R n is used to denote a generic n-dimensional vector 
space, Rq denotes an n-dimensional nonegative vector space, and R" denotes 
an n-dimensional positive vector space. For any subset K C R ra , Li[a, b] is 
the set of integrable functions over the interval [a, b\. Let us firstly recall some 
definitions of various convex type functions. 
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Definition 1.1 ([6]) A function f : I C R — > R 0 is to be a Godunova-Levin 
function if f is nonnegative and for all x,y £ I, A £ (0, 1) we have that 

fi x x+{ 1 -x )v) <M + m.. 

Definition 1.2 ([5]) For some (s, to) £ (0, l] 2 , a function f : [0, b] — ¥ R is said 
to be ( s , m)-convex in the second sense if for every x, y £ [0, b] and A £ (0, 1] we 
have that 

/(Ax + m( 1 - A )y) < A s f(x) + m{ 1 - A ) s f(y). 

Definition 1.3 ([36]) For some s £ [—1,1] and m £ (0,1], a function f : 
[0,6] — > Ro is said to be extended ( s,m)-convex if for all x,y £ [0,6] and A £ 
(0, 1) we have that 

f(\x + m(l - A )y) < A s f(x) + m(l - A ) s f(y). 

Definition 1.4 ([1]) A set K C R" is said to be invex with respect to the map 
77 : K x K — »• R n , if x + tr](y, x) £ K for every x,y £ K and t £ [0, 1] . 

Notice that every convex set is invex with respect to the map 77(77, x) = y — x, 
but the converse is not necessarily true. For more details please refer to [1, 37] 
and the references therein. 

Definition 1.5 ([1]) Let I\ C R n be an invex set with respect to rj : K x K — >■ 
R™, for every x, y £ K , the y-path P xv joining the points x and v = x + 77 (y, x) 
is defined by 

Pxv = { z\z = x + trt(y,x), t £ [0,1]}. 

Definition 1.6 ([27]) The function f defined on the invex set K C R” is said 
to be preinvex with respect to 77 if for every x, y £ K and t £ [0, 1] we have that 

f(x + ty(y,x)) < (1 ~t)f(x) + tf{y). 

The concept of preinvexity is more general than convexity since every convex 
function is preinvex with respect to the map 77(7/, x) = y — x, but the converse 
is not true. 

Definition 1.7 ([13]) The function f defined on the invex set K C [0, 6 *] with 
6 * > 0 is said to be m-preinvex with respect to 77 if for all x,y £ K, t £ [0, 1] 
and for some fixed m £ ( 0 , 1 ], we have that 

f(x + 677(77, x)) < (1 - t)f(x) + mtfi^j . 

y 

Remark 1.1 Notice that if y £ [0,6*], then for any 0 < m < 1, — could be 

m 

greater than b* , which is not in the domain of f. Thus, the right hand side of 
the inequality in this definition could be meaningless. To fix this flaw, we suggest 
to replace [ 0 , 6 *] by the half real line Ro- 
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Definition 1.8 ([14]) Let K C M 0 be an invex set with respect to 77 . A function 
f : K — > R. is said to be s-preinvex with respect to 77 , if for all x, y G K, t, G [0, 1] 
and some fixed s € (0, 1] we have that 

f(x + tr)(y, x)) < (1 - t) s f(x) + t s f(y). 

Definition 1.9 ([21]) The set C ]R n is said to be fi-invex at u with respect 
to 0 (.), if there exists a bifunction yfi, .) : K ^ x K ^ —>■ R" ; such that 

u + te lt/> 77 ( 77 , u ) G K fa, Vw, v G K^rj, t G [0, 1]. 

The 0-invex set is also called ^ 77 -connected set. Note that the convex set 
with 0 = 0 and 77 ( 7 ), u) = v — u is a 0 -invex set, but the converse is not true (see 
[ 21 ])- 

Definition 1.10 ([22]) For some fixed s G (0,1], a function f on the set K ^ 
is said to be s^-preinvex function with respect to 0 and 77 , if 

f(u + te l<t> rj(v,u)) < (1 - t) s f(u) + t s f(v), Vit, v G K^t G [0, 1]. 

Definition 1.11 ([22]) A function f on the set C $ is said to be ([-convex func- 
tion with respect to 0 , if and only if 

f(u + te l<l, (v - u)) < (1 - t)f(u) + tf( v), Mu,v G C$, t G [0, 1]. 

The following inequality is very remarkable and well known in the literature 
as Simpson type inequality, which plays an important role in analysis. Particu- 
larly, it is well applied in numerical integration. 


Theorem 1.1 ([4]) Let f : [a, b] — > R. be a four times continuously differentiable 
mapping on (a, b) and 1 1 /^ 4 - ) | |oo = sup 2 , e ( 0jb ) \f( 4 \x)\ < 00 . Then the following 
inequality holds: 


'1A1± M +2/( 7±0 


6 -, 


f(x)da 


< 


2880 


||/ (4) ||oo(&— a) 4 . (1.1) 


In recent decades, a lot of inequalities of Simpson type and Hadamard type 
for various kinds of convex functions have been established and developed by 
many scholars, some of them may be reformulated as follows. 

Theorem 1.2 ([30]) Let f : I C R 0 — >■ R. be a differentiable mapping on 1° 
such that f G Li[a,b\, where a,b G 1° with a < b. If |/'| is s-convex on [a, b], 
for some fixed s G (0, 1] , then 


/(a) +/(&)+ 4/ () 


b — a 


/(x)dx 


(s — 4)6 S+1 + 2 x 5 S+2 — 2 x 3 S+2 + 2 

< 6 . +a( , + 1)( , + 2) (b-a) [|/ (a)| + |/ WIJ (1-2) 
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Theorem 1.3 ([4]) Let f : [a, b] — > R. is a differentiable mapping whose deriva- 
tive is continuous on ( a,b ) and ||/ / ||i = / \f'(x)\dx < oo. Then we have the 
inequality: 


f(x)dx - 


b 


\ f(a) + f{b) 


+ 2 


K 


a + b 


<^\\f'\\i(b-a) 2 . (1.3) 


Theorem 1.4 ([35]) Let f : I C K 0 — > K be a differentiable mapping on 1° , 
a,b £ I with a < b, f £ L\[a, b] and 0 < A, ju < 1. If \f'{x)\ q for q > 1 is 
an extended s-convex on [a, b] for some s £ [—1, 1], specially, when q = 1 and 
s = — 1, the following inequality holds: 



1 

b — a 


f(x)da 


<(6-o)ln2(|/ / (a)| + |/ / (6)|). 


(1.4) 


Theorem 1.5 ([2, 29]) Let K C R be an open invex subset with respect to 
r] : K x K — > R. Suppose that f : K — > M is a differentiable function. If \f'\ is 
preinvex on K, then, for every a,b £ K with p(b, a) ^ 0 we have that: 


f (a) + f (a + r/(b, a)) 1 r“+v(b,*) 


< 


2 f](b, a) J a 

Hb,a) | / , 


f(x ) da 


■{\f(a)\ + \r 


(1.5) 


and 




< 


\v(b,a)\ 


(l/'(«)l + |/'(6)|).(1.6) 


Theorem 1.6 ([33]) Let A C K be an open invex subset with respect to p : 
A x A — > R. Suppose that f : A —7 K is a differentiable function. If q > 1, 
q > r, s > 0 and |/'| is preinvex on A, then for every a,b £ A with p(a , b) ^ 0, 
we have that 


< 


2b + p(a, b) 
2 

\v(a,b) | 


fb+v(a,b) 


p{a,b) 


f{x)dx 


q~ 1 


r + ly \2q — r — 1 


(r + l)\f\a)\ q + (r + 3)\f(b)\ q 
2 (r + 2) 


1 

s + 1 


q~ 1 

2q — s — 1 


l-i 


( s + 3)|/'(a)| g + (s + 1)|/'(6)| <? 
2(s + 2) 


Corollary 1.1 ([33]) Under the conditions of Theorem 1.6, when r = s = 0, 
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the following inequality holds: 


f 

< 


(2b + r](a, b)\ 1 

V 2 / V(a,b) 

f g~ 1 \v(a,b)\ [/ 

\2q-l) 4 [\ 


rb+r)(a,b) 


f(x)da 


\\f'{a)\ q + \\f{b)\ 
» *1 



(1.7) 


Theorem 1.7 ([22]) Let I C R. be an open (p-invex set with respect to rj : 
I x I — > R. Suppose that f : I —> R. is a differentiable function such that 
/' e Ti[a,o + e*^(6,a)]. If\f'\ is cp-preinvex on I , then, for p(b, a) > 0, 


/(a)+/(a + e^ ? (6,a)) 


1 


/*a+e^?7(&,a) 


< 


2 e^rjfb, a) J a 

\e i4> r]{b,a)\ 


f(x)da 


(l/'WI + l/' 


( 1 . 8 ) 


Currently, the Simpson type inequalities concerning different kinds of prein- 
vex and (^-convex functions are still interesting research topics to many re- 
searchers in the field of convex analysis. For more information please refer to 
[7 12, 15, 17-20, 23-26, 31, 32, 34] and references cited therein. 

Motivated by the inspiring idea in [3, 13, 21, 28] and based on our previous 
works [16, 38], in this paper we are mainly going to introduce the (s, m)^- 
preinvex function and the extended (s, m)^- preinvex function, and then we will 
establish some Simpson type integral inequalities for extended (s, m^-preinvex 
functions. In Section 2, we will introduce new definitions and an integral iden- 
tity. Section 3 will be devoted of presenting the main results. 


2 New definitions and an integral identity 

We now mainly introduce some new concepts about preinvex function. The 
class of (s, ?n)0-preinvex function is quite a general and unifying one. This is 
one of the main motivation of this paper. 

Definition 2.1 Let K C Mq be an open invex set with respect to ?y : K x K — > 
R™ . For f : K — > R. and some fixed ( s , m) £ (0, 1] x (0, 1], if 

f(x + Xr](y,x)^ < (1 - X) s f{x) +m\ s f(^J (2.1) 

is valid for all x,y € K, X £ [0, 1], then we say that /( x) is an (s , to ) -preinvex 
function with respect to ij. 
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Definition 2.2 Let K C Mg be an open invex set with respect to y : K x K — > 
M™ . For f : I\ — > Mo and some fixed ( s,m ) £ [—1, 1] x (0, 1], if 

f(x + Xy(y,x)j < (1 - X) s f{x) + ?nA s /(^) (2-2) 

is valid for all x,y £ K, A E [0, 1], then we say that f(x) is an extended ( s,m)- 
preinvex function with respect to y. 


Remark 2.1 In Definition 2.1, if s = 1 then one obtains the usual definition of 
m-preinvex function. Ifm = 1 then one obtains the usual definition of s-preinvex 
function. It is also worthwhile to note that every (s,m)-preinvex function is 
( s,m)-convex and every extended (s,m)-preinvex functions is extended ( s,m)~ 
convex with respect to y(y , x) = y — x respectively. 

Definition 2.3 A function f on the set C Mg is said to be (s, m) v -preinvex 
function with respect to f>{.) and y{.,.). For f : — > M and some fixed 

( s,m ) e (0, 1] x (0, 1], if 

f(x+\e l4 ‘r]{y,x)') < {1- X) s f(x)+inX s f , \/x,y £ K H , As [0,1]. (2.3) 

Remark 2.2 In Definition 2.3, if <f> = 0 then it reduces to the definition for 
(s,m)-preinvex function. If m = 1 then it reduces to the definition for s v - 
preinvex function. Also, it is obvious that Definition 2.3 is the fi-convex function 
when r) (y, x) = y — x and s = m = 1. 

Definition 2.4 A function f on the set C Mg is said to be extended 

(s,m) v -preinvex function with respect to </>(.) and ??(.,.)• For f : M 0 

and some fixed ( s,m ) € [—1, 1] x (0, 1], if 

f(x+Xe l<t, y(y,x )) < (1- X) s f(x)+mX s f , \/x,y £ K^, Ae [0,1]. (2.4) 

In order to establish some new Simpson type integral inequalities, we need 
the following key integral identity, which will be used in the sequel. 


Lemma 2.1 Let K ^ C M be a fi-invex subset with respect to f>{.) and y : 
K^ v x K ^ CM, a,b € with a < a + y{b, a). If k,t £ M, / : — > M is a 

differentiable function and f £ L[a, a + e^y (b, a)] we have that 


tf{a) + (! - k)f[a 

/■a+e*' # ‘r;(fc,o) 


e^ifib, a) 


= e l<t> y(b, a) 


+ e l<t> y(b, a)^ + ( k - t)f + 
f(x)dx 


f't’yib, 


(A — t)f + Xe l<l> y(b, a)^j dX 


+ (A — k)f ^a + Xe z ^y(b, a)jdA 


(2.5) 
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Proof. Set 


J = e l<l> r](b, a) f Q 2 (A — t)f + Xe z ^r](b , a) j dA 

+ Ji(X — k)f [a + Xe^rj^b, a)^dA . 


Since a, b £ and is 0-invex subset with respect to 4> and 77 , for every 
t £ [0, 1], we have a + A e lc/> r](b, a) £ K^ v . Integrating by part, it yields that 


J = ^ a) { e^(M) [ (A + Aei0,?(6 ’ a) ) lo 

— J f[a + Xe l ^r](b,a) S jAX 

+ efor?(6 a) ( A “ fc )/(« + a)) /(a + Ae’VM))dA 

= (^ -i)/(a+ +tf(a.)- f(a + Xe l *r)(b,a)jdX 

+ (1 - k)f (a + e l<l> r](b, o)) - - fc)/^a + 

— Ji /( a + Xe z<l> ri(b, a)^dA 
= i/(a) + (1 - &)/(« + e l0 ?7(6, a)) + (fc - t)f + 6 

— J f(a + Ae*^?7(6, a)^dA. 

Let x = a + X e z<l> ij(b, a), then dx = e l< ^r](b, a)dA and we have 
J = t/(a) + (1 - fc)/( a + e l4 ‘r](b, a)) + (k - t)f ^o + 


e^rjib, a) 
2 


^ /•a+e*' # ’r/(ft,a) 


/(x)dx, 


icb IU 1 / ■' 

e l< t>r]{b,a) J a 
which is required. 

Remark 2.1 Clearly, applying Lemma 2.1 for (f> = 0, 77 ( 6 , 0 ) = b — a, t = 

5 

and k = t/ien we obtain the Lemma 2.1 in ([28], 2013). 

3 Some Simpson type integral inequalities 


In what follows, we establish another refinement of the Simpson’s inequality for 
extended (s, m)^-preinvex functions in the second sense. 
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Theorem 3.1 Let A ^ C R 0 be an open <p-invex subset with respect to </>(.) and 
rj : Afjyrj x A$ v — > Ko ; a,b £ A ^ with a < a + e lc ^r](b,a), a < b. Let k,t £ R. 
Suppose that f : A^ — > Ko is a differentiable function and f is integrable on 
[a,a + e^ri{b,a)\. If \f'\ is extended {s,m) ( f,-preinvex on A ^ for some fixed 
( s,m ) £ [—1,1] x (0,1] then the following inequality holds: 

1. when s £ (—1, 1], we have 


tf{a) + (1 - k)f (a + e l<t> r](b, a)) + (k -t)f(a + 
' f(x ) da 


e^T)(b, a) 
2 


e^rjfb, a 
< |e^r?(6,o)| 


fi\f'{a)\+mu 2 /'(— ) 
\mJ 


(3.1) 


where 


2(1 — + 2(1 — k) s +^ + [2(fc + t)(s + 2) — 2(5 + 3)] 2 s +2 H - 2 1 — 1) 


vi = 


( s + l)(s + 2) 


and 


2 t s + 2 + 2 k s+2 + [2(s + 1) - 2(s + 2 )(k + t)] + {s + l-ks- 2k) 


V2 = 


(s + l)(s + 2) 
2. when s = —1, t = 0 and k = 1, we have 


f(a + 




1 


f>a-\-e z< ^r](b,a) 


*^17(6, ( 


f(x)da 


< 


e^r]{b,a) | In 2 | /'(a) | + rn f' 


(3.2) 


Proof. 1. When — 1 < s < 1, by Lemma 2.1 and using the extended (s,m)^- 
preinvexity of \f\ on A^, we have 


tf(a) + (1 - k)f (a + e l ^r](b, a)) + (fc - f )/ (a + 

1 ra+e 1 ^ r](b,a) 

f(x)dx 


e^rjfb, a) 


a) 


< e l ^g(b, a) 


|A — 1| /' (a + e^A^fe, a)) 


dA 


A / \ 

|A — fc| f' [a + \e l ^i^{b,a)j 


dA 
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|e^i?0,a)|i / | A — t|(l — A) s |/'(a)|dA + ra / \\-t\\ s f'(— ) 
[Jo Jo VTO/ 

+ J |A-fc|(l-A) s |/'(a)|dA + m |A - fc|A s |/'(^) 


dA 


= |e*^?7 (6, a) 


|A — i|(l — A) s dA+ / |A — fc|(l — A) s dA 


I /'(a) 


m J |A — £|A s dA + ra J |A — /c|A s dA 


/'(A) 


Using the fact that 


|A — t|(l — A) s dA+ / |A-fc|(l-A) s dA 


2(1 — £) s ”^ 2 + 2(1 — &) s ~^ 2 + [2 {k + t)(s + 2) — 2(s H- 3)] + (ts + 2£ — 1) 


(s + 1) (s + 2) 


and 


|A-f|A s dA+ / |A-/t|A s dA 


2t s + 2 + 2fc s+2 + [2 (s + 1) - 2(s + 2)(fc + i)] + (s + 1 - ks - 2fc) 


(s + 1) (s + 2) 


the desired inequality (3.1) is established. 

2. When s = — 1, f = 0, and k = 1, utilizing Lemma 2.1 again and the extended 
(— 1, ?n) < 7 >I) -preinvexity of |/'| on A^, we have that 


f(a + 




1 


pa+e*^?7(6,a) 


< e l<l> 7j(b, a) 


e^rjib, a) J a 
|A| /' (a + Ae l0 ?7(6, a)) 


f(x)dx 


dA 


+ / |A — 1| /'(a + \e l<t>r q(b, a)^j 


dA 


< |e*^?7(6, a) 


1- A 


|/(«)|+m(|/'(A) 


dA 
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[^ | /' ( “ ) l + ”>Vl / '(^)l] dA } 

a) | In 2 |/'(a)| + m 


This proves as required. 

Direct computation yields the following corollaries. 

Corollary 3.1 Under the conditions of Theorem 3.1 and s € (—1, 1], 
1 5 

1. if t = - and k we have 
J 6 6 ’ 


< 


f{a) + f (a + e , 0 ??O,a)) +4/^a + 

e^rjib, a) J a 

[(s - 4)6 S+1 + 2 x 5 S+2 - 2 x 3 S+2 + 2] 


(b,a) 


f(x)dx 


6 s+2 (s + l)(s + 2 ) 


x|e‘V&> a) 


|/'(a)| + to /'( — ) 
\mJ 


2. if 4> = 0, rj(b,a) = b — a, and m = 1 in inequality (3.3), we have 
f(a) +f(b) + 4/(- 


(a + b\ 

1 f b 

( 2 )J 

/ f(x)dx 
b -aJ a 


i 

< „-4rmX^- i>y + H2 (1 _ a) f|/ , (o)( + |m| l ; ( 3. 4) 


(3.3) 


6 s+2 (s + l)(s + 2 ) 


3. ift = k=- and s = m = 1 in inequality (3.1), we have 


f( a ) + f (a + e^rjfb, a)) 


na-\-e z< ^r](b,a ) 


e i<p 7 7 ( 6 , a) J a 


f{x)da 


< 


'^f^(\nv\+\r 

4- if 4> = 0 in inequality (3.5), we have 

I /(a) + f (a + 77 ( 6 , a)) 1 7 “+^) 


(3.5) 


< 


2 r)(b,a) J a 

\vQ>,a)\ 


f{x)dx 


(\f(a)\ + \f 


(3.6) 
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Remark 3.1 Inequality (3-4) is the same as inequality of (1.2) presented by 
Sarikaya et al. in ([30], 2010). Inequality (3.5) is the same as inequality of 
(1.8) presented by Noor et al. in ([22], 2015). Inequality (3.6) is the same as 
inequality of (1.5) established by Barani et al. in ([2], 2012). Thus, inequality 
(3.1) is a generalization of these inequalities. 

Corollary 3.2 The upper bound of the midpoint inequality for the first deriva- 
tive is developed as follows: 

1. By putting f(a) = f(a + e l ^ii(b, a)^j = f^a + - — v ^ b ' a ^ in inequality (3.1), 
we have: 




CL + 


< e^g (b, a) 


i4, v{b,< 




e^rifaa) J a 

vi\f(a)\+mv 2 f(-) 
\mJ 


f(x)dx 


(3.7) 


where v\ and v 2 are defined in Theorem 3.1. 

1 5 

2. Putting <p = 0, s = 1, m = 1, t = -, and k = - in the above inequality (3.7), 

6 6 

it yields that 


2 a + gib, a) 


fa+r/(b,a ) 


g(b,< 


fix) da 


< 


5|?7 (b, a)| 

72 


(l/'(«)l + |/'(6)|).(3.8) 


Remark 3.2 It is noted that the above midpoint inequality (3.8) is better than 
the inequality (1.6) presented by Sarikaya et al. in ([29], 2012). 


Corollary 3.3 Under the conditions of Theorem 3.1 and s = —1, if <f> = 0, 
g(b, a) = b — a, we have 



1 

b — a 


f{x)dx 


<ib 


a) ln2 \f{a)\ + m 



(3.9) 


Remark 3.3 When applying m = 1 to inequality (3.9), then we get inequality 
(1-4)- Thus, Theorem 3.1 and its consequences generalize the main residt in 
([35], 2015). 

Theorem 3.2 Let f be defined as in Theorem 3.1 with ± ^ = 1. If \ f\ q for 

q > 1 is extended (s, m) ^-preinvex on A ^ for some fixed (s, to) £ (—1, 1] x (0, 1] 


11 
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then the following inequality holds: 


tf(a) + (1 - k)f(a 


, + e l ^rj{h, a )j + ( k - t)f + 


e^T](b, a) 
2 


pa-\-e z< ^ri(b^a) 


< 


e^ijib, a) J a 

\e^y(b,a)\ 

{p + 1)? (s + 1)« 
' 1 \ s +i 


f(x)dx 

'1 \p+i 


MriM'wrvar 


\p + 1 


x 






c( l 2_ 

^nriJ 


(3.10) 


Proof. By Lemma 2.1 and using the famous Holder’s inequality, we have 
tf(a) + (1 - k) f (a + e^rjib, a)) + (k -t)f(a+ 

na-\-e l< ^r](b,a) 


1 


e^rjfb, a 

< | a) | 

r 1 

+ |A — k\ f (a + \e l<l> 7i(b,a)^J 


f(x) dx 
|A — t\ f'(a + Xe l< ^r](b, a)^ 


dA 


dA 


< \e z ^r](b, a) I 


|A — f| p dA 


L 70 


f(a + Xe^i/ib, a)) 


dA 


|A — fc| p dA 


f'(a + Xe^r^ib, a)) 


dA 


Also, making use of the extended (s, ?n) ^-convexity of \f'\ q , it follows that 
tf{a) + (1 - k)f(a 

/ -a+e*^r;(fc,o) 


e^rj^b, a) 


, + e l ^r](b, a)^ + (k - t)f + 

i 

f(x)dx 


e^rjib, a) 
2 


12 
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< |e+? 7 (b,a) 


x JJ ^(l-A) s |/ , (a)| 9 +mA s |/ , (^)| 9 JdA ' 

+ (/i 1 i A-fc i pdA ) p j! ( (i - A )i/ ,(a) r +mA i /, (^)r) dA ? 


Direct calculation yields that 

7o p + i Ji p + i 

similarly, we have 

fh /-I l-f !) s+1 fi r 1 (+) s+1 

J (1 — A) s dA = j X s d\= — — , J X s dX = j (l-X) s dX= . 

Therefore, combining the above four equalities can lead to the desired result. 
The statement in Theorem 3.2 is proved. 

Corollary 3.4 Under the condition of Theorem 3.2, 

1. when s = 1, we have 


tf(a) + (1 - k)f(a + e+??(6, a ) ) + {k - t)f(a + 


^ ra+e 1 ^ r}(b,a) 


e^rj^b, a) 


f(x)dx 


■f¥M)l fu» + (i.,y 

2«(p+1)pIL ^2 / 


P+ 1 ] - r3|/»| 9 , H/U)N’ 


+[(*-r+^T 


Hl/'(«)l 9 , 3m|/'(£)N* 


! (3+1) 


2. when <f> = 0, k = 1, t = 0, and m = 1 in inequality (3.11), we can get 
J iV (b,a)\ 1 r H,(6, ° ) ^ J 

T + — J-Sm)X 

+Ql/'(a)l , + |/'(&)l , y • 
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Remark 3.4 Asp = , exchange a and b in inequality (3.12), then we can 

q- 1 

deduce the inequality (1.7). 

In the following corollary, we have the midpoint inequality for powers in 
terms of the first derivative. 


Corollary 3.5 By substituting f(a) = f (a + e l(/> ri(b,a = f(a + e , 

e lcl> ri(b,a)' 


1 5 

t = and k = - in Theorem 3.2, we have 

6 6 


1 


na+e t( ^r](b.a) 


< 


e^vib, a) J a 
1^77(6, a) | 

2« (p + l)p 


f(x)dx — /( a + 


/ ; 

1 \ p+! / 

l\P+ r 

[(« 

5 ) + (: 

5) J 


J 

\3\f(a)\ q , 

1 

<? 

_ 1 _ 

\\f(a)\ q , 3m|/'(£)|*] 

•1 

1 

[ 4 + 4 J 

1 

L 4 + 4 J 

/ 


>.(3.13) 


In the following theorem, we obtain another form of Simpson type inequality 
for powers in term of the first derivative. 


Theorem 3.3 Let f be defined as in Theorem 3.1. If the mapping \f\ q for 
q > 1 is extended (s, mf^-preinvex on A ^ for some fixed ( s , m) € (—1, 1] x (0, 1] 
then 


tf{a) + (1 - k)f (a + e l ^r](b, a)) + (k-t)f[a + 

^ pa+e'^r](b,a) 

f(x) da 


s^r?(6, 


*^ 17 ( 6 , ( 


< \e z<t, T](b,a)\{ ( & ~ + g 


1 A 1 0 


3, 5\ 1_ « r 


+ ,fc ^2 fc+ 8 


61 f'{a)\ q + mf 4 /'(^) 


(3.14) 


where 

t(s + 2) — 1 + 2(1 — f) s ~*~ 2 + (2 ts + 4t — s — 3) 9 

/■ _ 2 S+Z 

(s + l)(s + 2) 

2t s+ “ + (s + 1 — 2 ts — 4f) 2 S -|-2 
6 = (s + l)(s + 2) ’ 

2(1 - k ) s+ 2 + (2fcs + 4/c - s - 3)— ^ 

c _ 2 S+Z 

(s + l)(s + 2) 
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2 k s+2 + (s + 1 — 2 ks — 4 k) » + (s + 1 — ks — 2k) 

c 2 S+Z 

?4 (s + l)(s + 2) 

Proof. By Lemma 2.1 and power-mean inequality, it follows that 


tf(a) + (1 - k)f(a + e^rjfb, a)^j + (k - t)f(a + e 


2 


T»a+e l< ^77(6,a) 


e^7y(6, a) J a 


f(x)dx 


: \e^r](b, a) | J |A — t\ f + Xe^rjib, a)^ dA 
+ |A — k\ f (a + Xe z ^r](b,a)^ dA 


< |e ,0 ??(6,a)|H J \X — t|dA 


1-4 r n 


\^ — t\ f (ci + Xe l</> rj(b,a)\ dA 


|A- fc|dA 


Hr /*i 


\X — k\ f (a + Xe l(/> r](b,a)] dA 


Using the extended (s, m)^- convexity of \f'\ q , we have that 


tf(a) + (1 - k)f (a + e z ^r)(b, a )) + (k - t)f(a + 


;??(&, a) 


T»a+e l ^r7(6,a) 


e^r/(6, a) J a 


f{x)dx 


x f | A — fed (1 — A) s |/'(a)| 9 + mA s |/'(^) [W 9 


< |e^r?(6,a)|H j |A — t|dA 


x [ 2 \X-t\((l-Xy f(a) q + mX* f(-) Ad^l * + ( [ \X — k\dX 


By simple calculations, we can get 


[J |A - f|dA = t 2 - \t + i, ^ |A - fc|dA = k 2 -*k+^ t (3.15) 
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|A — t|(l — A) s dA = 


t(s + 2) - 1 + 2(1 - t) s+2 + (2 ts + 4£ — s — 3) 


2 S + 2 


(s + l)(s + 2) 


<3-16) 




2 t s+2 + (s + l-2ts- At) 


2 S + 2 


(s + 1) (s + 2) 


(3.17) 


J ’ |A — fc|(l — A) s dA = 


2(1 - fc) s+2 + (2 ks + Ak-s-3) 


2 S + 2 


(s + 1) (5 + 2) 


and 


(3.18) 


|| |A-fc|A s dA = 


2fc s+2 + (s + 1 — 2fcs — 4fc) + (s + 1 — ks — 2k) 



(s + l)(s + 2) 


.(3.19) 


Thus, our desired result can be obtained by combining equalities (3. 15)-(3. 19) , 
the proof is completed. 

1 5 

Corollary 3.6 Let f be defined as in Theorem 3.3, if s = 1, t = and k = 

6 6 

the inequality holds for m-convex functions: 


f{a) + f (a + e l<t> r](b, a )) + 4/ + 

-1 /•a+e*'^r;(6,a) 


e^rjfb , a) 


e^rjib, a) 


< 


f{x) dx 

( 61 


(£)* + n 


9 \ 5 


61m 

/ b \ 

q \ r 

+ 1296 

f ( — ) 

\m/ 

) J 


(3.20) 


In particular, if in = l, <j) = 0, and ifb,a) = b — a in inequality (3.20), the 
inequality holds for convex function. If |/'(a;)| < Q, Vx £ I, then we have 


/(«) + 4/(^)+/wl 


<~^ <*“> 


Remark 3.5 It is observed that the inequality (3.21) is an improvement com- 
pared with inequality (1.3). Thus, Theorem 3.3 and its consequences generalize 
the main results in ([)], 2000). 
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ISOMETRIC EQUIVALENCE OF LINEAR OPERATORS ON 
SOME SPACES OF ANALYTIC FUNCTIONS 

LI-GANG GENG * 


Abstract. In this paper, we are interested in the isometric equivalence 
problem for the weighted composition operator W u , v and the composi- 
tion operator C v on the Hardy and the Dirichlet space. We show what 
properties the operators must satisfy to insure that they are isometric 
equivalent. 


1. INTRODUCTION 

Let D be the unit disk in the complex plane, and 5(D) be the set of ana- 
lytic self-maps of D. The algebra of all holomorphic functions with domain 
D will be denoted by if(D). 

Let <p be an analytic self- map of D and u E H{ D), the multiplication op- 
erator M u is defined by ( M u f)(z ) = u(z)f(z), and the weighted composition 
operator W u ^ induced by u and ip is defined by (W u>ip f)(z) = u(z)f(ip(z)) 
for z € D and f € H( D). If let u = 1, then W u ^ = C v , which is often 
called composition operator. As is well known, the weighted composition 
operator can be regarded as a generalization of a multiplication operator 
and a composition operator. 

Let X and Y be two Banach spaces and T\ and T 2 are bounded linear 
operators on X and Y respectively . We say that Tf and T 2 are isometrically 
equivalent if there exists surjective isometries Ux and Uy on X and Y 
respectively such that UxT\ = T^t/y. For X = Y, two operators Xj and T 2 
are said to be similar if there is a bounded invertible operator 5 such that 
ST 2 = Tj5. If 5 could be chosen to be an isometry as well, then T\ and T 2 
are said to be isometrically isomorphic. If A is a Hilbert space as well as 
a Banach space, then isometric isomorphism on X is referred to as unitary 
equivalence. 
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32A37. 

Key words and phrases, isometric equivalence; weighted composition operator; compo- 
sition operator; Hardy space; Dirichlet space. 
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2 L.G.GENG 

The “unitary equivalence” problem for operators on a Hilbert space has 
received a lot of attention over the yeas. The analogous problem for opera- 
tors on Banach spaces, due to the lack of inner product structure, requires 
different techniques directly related to the specific settings under consid- 
eration. The “isometric equivalence problem” arises as to what properties 
the operators must satisfy to insure that they are isometrically equivalent. 
There has been some recent work on the isometric equivalence problem in 
spaces of analytic functions. In [1], Wright investigated the isometric equiv- 
alence of composition operators for X = Y = H p ( D) for 1 < p < oo and 
p ^ 2, he obtained that if two composition operators C Vl and 2 are iso- 
metrically equivalent on Hardy space H p , then p\{z ) = e id p 2 (e~' lS z). In 
[2, 3], Hornor and Jamison studied isometric equivalence of composition op- 
erators on several important Banach spaces of analytic function spaces on 
the unit disk D. In [4], Jamison studied isometric equivalence of composition 
operators for X = Y = B, where B is a Bloch space. He obtained that if 
two composition operators C V1 and C V2 are isometrically equivalent on B, 
then there is an automorphism ip such that <p\ {p(z)) = p(p 2 {z))', he also 
investigated the isometric equivalence problem of certain operators on some 
specific types of Banach spaces. In [5], Nadia studied isometric equivalence 
of differentiated composition operators on some analytic function spaces. He 
obtained that two operators DC Vl and DC : H p — > H q { 1 < p,q < 00 , and 
p,q / 2), then DC V1 W P = W q DC V2 if and only if p\ (z) = e~ ldp p 2 (e ldq z), 
here DC V : H p — > H g is defined to be DC v f = (/ o p) 1 , W p and W q are 
surjective isometries on H p and H q . 

Building on those foundation, the present paper continues this line of re- 
search. More precisely, we first investigated the case of weighted composition 
operators on the Hardy spaces. 

2. Isometric equivalence of weighted composition operators on 

Hardy spaces 

Let iL°°(D) denote the space of bounded holomorphic functions / on the 
unit disk with the supremum 

1 1 / 1 1 00 = sup|/(z)|. 
ze d 

The surjective linear isometries of iL°°(D) were determined in [6]. It was 
proven that, a surjective linear isometry T of H°°( D) is of the form: 

Tf = af (r ) (1) 

for every / £ LJ°°(D). Where r is a conformal map of D and a is a unirnod- 
ular complex number. 

The Hardy space iL p (D) for 1 < p < 00 is defined to be the Banach space 
of analytic functions in D such that 

{ 1 ( '2,7V ^ 1/p 

— / f(re l6 ) P dO \ < 00 . 

2tt J 0 J 
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In [7], it was proved that if p ^ 2, a surjective isometry T of H p is of the 
form: 

Tf = a(r') 1/p f(r) (2) 

where |o) = 1 and r is a conformal map of the disk. 

In the following theorem, we are interested in the isometric equivalence 
for the weighted composition operators on the space i7°°(D): 

Lemma 1. If ipi and <p 2 are analytic functions of the disk into itself, then 
C Vl and Cp 2 are isometrically equivalent on H co { D) if and only if cpi(r) = 
r(y? 2 ); M Ul and M U2 are isometrically equivalent on H°°( D) if and only if 
ui(t) = U 2 , where U\,U 2 G H( D) and t is a conformal map of the disk. 

Proof. Suppose C lfx and C, fi2 are isometrically equivalent on H°°( D), then 
there is a surjective isometry T on i7°°(D) such that TC lfl = C V2 T. From 
(l),we have 

a/Oi(V)) = a/(r(^ 2 )) 

for any / G H°°( D), so (pi(r) = r(<^ 2 ). For the converse, if </?i(t) = r((/? 2 ), 
then 

TC Vl f = C V2 T f 

for any / G H°°( D). 

Similarly, suppose M Ul and M U2 are isometrically equivalent on 77°°(D), 
then TM Ul f = M U2 Tf for any / G i7°°(D). It’s easy to get that 

aui(r)/(r) = a« 2 /(r), 

so u\{r) = U 2 - For the converse, if u\{r) = u 2 , then 

aui(r)/(r) = au 2 f(r ) 

for any / G H°°( D). This implies that M u , and M U2 are isometrically 
equivalent on H°°( D). The converse is obviously. □ 

Theorem 2. Let U\,U 2 G H( D) and (pi,<p 2 £ 5(D). Two weighted compo- 
sition operators W ultV>1 and W U2 ^ 2 are isometrically equivalent on 
if and only if C V1 and C^ 2 , M U1 and M U2 are isometrically equivalent on 
H°°{ D) respectively . 

Proof. For the sufficiently, suppose C ipi and C v 2 , M U1 and M U2 are isomet- 
rically equivalent, then there exists surjective isometric T on i7°°(D) such 
that 

TCp 2 = C V] T. and TM U2 = M Ul T. 

It follows from (1) that 

TW U2 , V2 f = TM U2 C V2 f = M Ul TT~ 1 C ipi T f = M Ul C Vl Tf = W Uim Tf. 

For the necessity, now suppose TW uliV1 f = W U2 ^ 2 T /, where T is a surjec- 
tive isometry on H°°{ D). It follows from (1) that 

aril (t) (t)) = au 2 f{r{g)2)) (3) 

for any / G H°°{ D). 
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Let f = z in (3), then pi{r) = r{p 2 ). By Lemma 1, we know that C Vl 
and C V2 are isometrically equivalent on H°°( D). 

Let / = lin (3), then ui(r) = U 2 - Consequently, from Lemma 1, this 
implies that M Ul and M U2 are isometrically equivalent on iL°°(D). The 
proof of this theorem is completed. □ 

Theorem 3. Suppose M Ul and M U2 are two multiplication operators on 
H p ( D),l < p < oo andp / 2, then M Ul and M U2 are isometrically equivalent 
if and only if there exists a conformal map r of the unit disk onto itself such 
that u\ = U 2 (t ) . 

Proof. Suppose that M Ul and M U2 are isometrically equivalent, and T is an 
isometry of H P (JD > ) onto itself. Then 

M U] Tf = TM U2 f 

for any / € H p ( D). It follows from (2) that 

buif(T)(T') 1/p = 6 w 2 ( t )/( t )( t ') 1/p . 

So u\ = U 2 {t). The converse is obvious. □ 

Theorem 4. Let is a composition operator on H p ( D),l < p < oo 
and p / 2, C^ 2 is a composition operator on H°° then C VI and C V2 are 
isometrically equivalent if and only if (p\ and <f 2 are constants or (p\(z) = 
d Ld ^>2 ( t ( z )), here t is a conformal map of the disk. 

Proof. Suppose C ^ and C^ 2 are isometrically equivalent, then there exists 
an isometry T\ on H p and an isometry T 2 on H°° such that C vl Tif = 
T 2 C ifi2 f. By (1) and (2), from the expression of Ti and T 2 , we have 

«( r i(<^i )) 1/p f{T((pi)) = Pffafo)), (4) 

where a and (5 are unimodular complex numbers; t,; , i = 1,2 is conformal 
map of D onto itself. 

Let / = 1 in (4), then a(r{ (<^i)) 1,/p = ft. 

Let f = z in (4), then a{r[ (^i)) 1 / p Ti(<^i) = ^ 2 ^ 2 ). Here n(z) = 
where |A*| = 1, \wi\ < 1. 

If uq / 0, i = 1, 2, we can get (pi and p 2 are constant functions. If Wi = 
0, i = 1,2, we can get Ai<^i = <^ 2 (A 2 ^), that is: p\ (z) = e l9l <p 2 (e ie2 z). If pi 
and P 2 are not constant functions, from a(T[{p i)) 1//p = /3, we can get w\ = (1 
and a{\i) l / p = (3, then Xipi(z) = P 2 { p 2 (z)), that is pi{z) = e l6 p 2 (T 2 {z)) 
The converse is obvious. □ 

3. Isometric equivalence of composition operators on 

Dirichlet space 

For 1 < p < 00 , let L p denote the Bergman space of the unit disk D and 
|j • ||p denote the usual norm. T> p will denote the space of analytic functions 
on D for which f € L p . The norm on T> p is defined as the following: 

II/IIot = (l/(o)| p + ll/'llp) 17 ”. 
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In [8] , the linear isometry T of T> p (p 2) onto itself is given by: 

Tm = a [/( o ) + n rwm 2,p fmm\ ( 5 ) 

Jo 

where |A| = |/x| = 1 and ^ is a conformal map of the disk. 

We have the following theorem for isometric equivalence of composition 
operators on T> p : 

Theorem 5. Let <pi and <p 2 be analytic maps of the disk. The composition 
operators C Vl and C V2 are isometrically equivalent, as operators on V p (1 < 
p < oo and p / 2) if and only if cpi(z) = (z) = z. 

Proof. First assume that C ¥ , 1 and C^ 2 are isometrically equivalent then for 
any / G T> p and T a surjective linear isometry on T> p , we have 

TC Vl f = C V2 T f 

By (5): 

Tc vi f(z) = a [/(^( o )) ncf\o} 2/p f\MmWimm] 

Jo 

and 

r<P2(z) 

c^Tf(z) = a [/( o ) + ii / 

Jo 

From TC Vl f = C V2 T f , we can get: 

Jo 

rV2{z) 

= a[/(o)+p / wm 2/p f'mm\ 

Jo 

for any / G V p . Derivative with respect to z on both sides of above equation, 
we can get: 

[4>\z)] 2,P f\vi{$(z)))<p' 1 ((t>(z)) = [(f\y2{z))\ 2,p f' {(t)(ip2{z)))v' 2 {z). 

Let / = z, we get 

l^M] 2/ Vi«M) = W(M*))\ Vr &(*); (6) 

Let / = z 2 , we get 

[f>\ z )Y /p, -Pi{^{z))^{(t>{z)) = [(f'{^2{z))} 2lp (j){^2{z))^ 2 {z)\ 

Let / = z n ,we can get 

[0'( 2 )] 2 "’( V iW 2 )))”-V',(^)) = K(%C))] 2/p (0te(2)))”-V'2(z). 

For p / 1, we can get: 

<piO(z)) = </>(<p 2 (^))- (7) 

Derivative with respect to z, we can get: 

t'i(Hz)W(z) = (j)' (<p 2 (z))<p 2 (z) (8) 
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The following equations can be obtained from (6), (7) and (8) 
<t>' 0 ) = <t>'{<P 2 0 )) and (p' 2 (z) = {</>{z)). 


(9) 


The conformal map (j) of the unit disk can be written as the form <f)(z) = 
\fEt-. where |A| = 1, |a| < 1, so 


f(z) 


A 


1 — |a| 2 
(1 — az ) 2 ' 


Then <pi(z) = <f 2 (z) = z can be got from (7),(9)and (10). 
The sufficient condition is obvious. 


(10) 

□ 
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S - fuzzy subalgebras and their E-products in E> E-algebras 
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Abstract. Using the s-norm S, the notions of an B-fuzzy subalgebra of EE-algebras are introduced, and some 
properties are investigated. The B-product of B-fuzzy subalgebras is discussed. 


1. Introduction 

In [5], H. S. Kim and Y. H. Kim introduced the notion of a BE-algebra. S. S. Ahn and K. S. 
So [3,4] introduced the notion of ideals in BE-algebras. S. S. Ahn et al. [1] fuzzihed the concept 
of BE-algebras, investigated some of their properties. Y. B. Jun and S. S. Ahn ([6]) provided 
several degrees in defining a fuzzy filter and a fuzzy implicative filter. It is a generalization of a 
fuzzy filter in BE-algebras. 

In this paper, we introduce the notion of an B-fuzzy subalgebra of BE-algebras over an s- 
norm B, and we investigate some related properties. We also discuss the B-product of B-fuzzy 
subalgebras of BE-algebras. 


2. Preliminaries 


An algebra (X; *, 1) of type (2, 0) is called a BE -algebra ([5]) if 
(BE1) x * x — 1 for all x E X] 

(BE2) x*l = l for all x E X] 

(BE3) 1 * x — x for all x E X; 

(BE4) x * (y * z) = y * (x * z) for all x,y, z E X ( exchange ) 

We introduce a relation “<” on a BB-algebra X by x < y if and only if x * y — 1. A non-empty 
subset B of a B E-algebra X is said to be a subalgebra of X if it is closed under the operation 
“ * Noticing that x * x = 1 for all x E X, it is clear that 1 E S. A BE-algebra (X; *, 1) 
is said to be self distributive if x * (y * z) = (x * y) * (x * z) for all x,y,z E X. A mapping 

°2010 Mathematics Subject Classification: 08A72, 06F35. 

°Keywords: 13 .E-algebra; B-fuzzy subalgebra; B-product. 

* The corresponding author. Tel.: +82 33 248 2011, Fax: +82 33 256 2011 (K. S. So). 

°E-mail: sunshine@dongguk.edu (S. S. Ahn); ksso@hallym.ac.kr (K. S. So). 
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/ : X — > Y of £> A- algebras is called a homomorphism if f(x * y) = f(x ) * f[y ) for any x, y G X. 
A homomorphism / of .BA- algebras is called an epimorphism if / is onto. Note that if / is a 
homomorphism of BA-algebras, then /( 1) = 1. 

Proposition 2. 1 ( [5] ) . Let (X; *, 1) he a self distributive BE-algebra. Then the following hold: 
for any x,y,z G X, 

(i) if x < y, then z * x < z * y and y * z < x * z; 

(ii) y * z < (z * x) * (y * z); 

(iii) y * z < (x * y) * (x * z). 

A BE - algebra (X; *, 1) is said to be transitive if it satisfies Proposition 2.1 (iii) . 

We now review some fuzzy logic concepts. Let X be a non-empty set. A fuzzy set p in X is a 
function p '■ X — > [0, 1]. Given a fuzzy set p in A" and a G [0, 1], the set 

U(p]a ) := {x G X\p(x) > o}(resp. L(p;a ) := {x G X\p(x) < a}) 

is called an upper (resp. lower ) level subset of p. 

Definition 2.2( [1] ) . Let gbea fuzzy set in a BE - algebra X. Then p is called a fuzzy BE-algebra 
of A" if p(x * y) > min {p(x), p(y)} for all x, y G A". 

Definition 2.3([6]). A binary operation S on [0, 1] is called a t-conorm if 

(51) boundary condition: A(a:,0) = x; 

(52) commutativity: S(x,y) — S(y,x); 

(53) associativity: S(x, S(y, z)) = S(S(x, y), z); 

(54) monotonicity: S(x,y ) < S(x,z) whenever y < z, for all x,y,z G [0, 1]. 

We call such a t-conorm an s-norm in this paper. 

Note that rna x{x,y} < S(x,y) for all x,y G [0,1]. Moreover, ([0,1]; S') is a commutative 
semigroup with 0 as the neutral element. In particular, 

S(S(x,y),S(z,t)) = S(S(x, z), S(y, t)) 

holds for all x, y,z,t G [0, 1]. 

The set of all idempotents with respect to S, i.e., the set 

E s := {x G [0, l]|S'(x, x) = x} 

is a subsemigroup of ([0, 1]; S'). If Im(p ) C E s , then the fuzzy set p is said to be idempotent. 
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3. S'-fuzzy subalgebras 

In what follows, let S and X denote an s-norm and a BE- algebra respectively, unless otherwise 
specified. 

Definition 3.1. A fuzzy set y in X is called a fuzzy subalgebra of X over S (briefly, an S -fuzzy 
subalgebra of X) if it satisfies 
(SF 0 ) y(x*y) < S(y(x),y(y)) 

for all x,y G X. An S-fuzzy subalgebra y of X is said to be idempotent if Im(y) C E$, where 
E s = {x e [0, l]|S'(x, x) = x}. 

Example 3.2. Let X := {1 ,a,b,c,d} be a AA-algebra([5]) with the following table: 


* 

1 

a 

b 

c 

d 

1 

1 

a 

b 

c 

d 

a 

1 

1 

b 

c 

d 

b 

1 

a 

1 

c 

c 

c 

1 

1 

b 

1 

b 

d 

1 

1 

1 

1 

1 


Let S m : [0, 1] x [0, 1] — > [0, 1] be a function defined by S m (x, y ) := min(.x-+y, 1) for all x, y G [0, 1]. 
Then it is easy to see that S m is an s-norm. Define a fuzzy set y in X by y( 1) = 0 ,y(a) = y(b) = 
0.5 and //(c) = y(d) = 1. Then y is an S' m -fuzzy subalgebra of X, which is not idempotent, since 
0.5 G Im(y) and 0.5 ^ Es m . 

Let Sm ■ [0, 1] x [0, 1] — » [0, 1] be a function defined by Sm(x, y) := max(r, y) for all x, y G [0, 1]. 
Then Sm is also an s-norm. It follows that y is an idempotent S^-fuzzy subalgebra of X. 

Proposition 3.3. Let S m be the s-norm defined in Example 3.2 and let S be a subalgebra of 
X. Then the fuzzy set // in X defined by 

/ ( J ■ \ 1 otherwise, 

is an idempotent S m -fuzzy subalgebra of X. 

Proof. Let x,y G X. If x,y G S, then x * y G S and so y[x * y) = 0 < S m (y(x), y(y)). If x S 
and y ^ S, then y(x) = 1 = y(y). Hence S m (y(x), //(//)) = minjl + 1, 1} = 1 > y(x * y). If 
exactly one of x and y belongs to S, then exactly one of y{x) and y(y) is equal to 0. It follows 
that S m (y(x), y(y)) = min{ 1 + 0, 1} = 1 > y(x * y). Therefore y is an S'm-fuzzy subalgebra of 
X. Obviously, Im(y ) C Eg m , completing the proof. □ 

Proposition 3.4. If y is an idempotent S-fuzzy subalgebra of X, then y( 1) < y(x) and y(x*y) < 
ma x{y(x), y(y)} for all x,y G X. 
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Proof. For any x,y G X, we have y( 1) = y(x*x) < S(y(x), y(x)) = y(x) and ma x{y(x),y(y)} = 
S(max{fj,(x), y(y)}, max{/x(x), y(y)}) > S(y(x), y(y)) > y(x*y). This competes the proof. □ 

Proposition 3.5. Let y be a fuzzy set of X. If every non-empty lower level subset L(y; a) of y 
is a subalgebra of X, then y is an S-fuzzy subalgebra of X. 

Proof. Assume that there exist a, b G X such that y(a * b) > S (y(a) , y(b)) . If we take mo : = 
\(y(a*b) + S (y(a ) , y(b ))) , then y(a * b) > m 0 > S(y(a), y(b)) > ma x(y(a) , y(b)) . Hence a, b G 
L(y, mo), but a*b ^ L(y, mo). This is a contradiction and so y satisfies the inequality y(x*y) < 
S(y(x), y(y)) for all x, y G X. This completes the proof. □ 

The converse of Proposition 3.5 may not be true as seen in the following example. 

Example 3.6. In Example 3.2, define a fuzzy set v in X by z/(l) = 0, v{b) = v(d) = 0.5 and 
v(a ) = i /(c) = 1. Let S m be the s-norm in Example 3.2. Then it is easy to see that v is an 
S'm-fuzzy subalgebra of A", but the lower level subset L{v\ 0.5) = {1 ,b,d} is not a subalgebra of 
X, since b * d — c ^ L(u; 0.5). 

Proposition 3.7. Let y be an idempotent S-fuzzy subalgebra of X. Then the non-empty lower 
level subset L(y ; a ) of y is a subalgebra of X. 

Proof. Let x,y 6 L(y;a), where a G [0,1]. Then y{x) < a and y(y) < a. Hence y(x * y) < 
S (y(x ) , y{y)) < S(a,a) = a and so x *y E L(y, a). Thus L(y, a) is a subalgebra of X. □ 

Proposition 3.8. Let y be an S-fuzzy subalgebra of X. If there is a sequence {:i' n } in X such 
that lim n ^ > . 00 S(y(x n ), y{x n )) = 0, then y{ 1) = 0. 

Proof. For any x G X, we have y( 1) = y(x*x) < S (y(x) , y(x)) . Therefore y( 1) < S(y(x n ), y(x n )) 
for each n G N and so 0 < y( 1) < lim n ^. 00 S(y(x n ), y(x n )) = 0. It follows that y( 1) =0. □ 

Let / be a mapping defined on X and let y be a fuzzy set in f(X). The fuzzy set f~ l {y) in X 
defined by [/ _1 (/i)](a;) := y(f(x)) for all i G X is called the preimage of y under /. 

Theorem 3.9. Let f : X — > Y be an epimorphism of B E-algebras and let y be an S-fuzzy 
subalgebra ofY. Then the preimage / _1 (/i) of y under f is also an S-fuzzy subalgebra of X. 

Proof. Assume that y is an A-fuzzy subalgebra of Y. Let x,y G X. Then 
[f~\y)]{x * y)) =y(f(x * y)) = y{f{x) * f(y)) 

<S{y{f{x)),y{f{y))) = S([f~\y)](x), [f~\y)}(y)). 

Hence f~ l (y) is an A-fuzzy subalgebra of X. □ 

Let y be a fuzzy set in X and let / be a mapping defined on X. The fuzzy set yJ in /( X) 
defined by y f (y) mf xe f-i^ y(x) for all y G /( X) is called the anti-image of y under /. 
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Definition 3.10. An s-norm S on [0,1] is said to be continuous if A is a continuous function 
from [0, 1] x [0, 1] to [0, 1] with respect to the usual topology. 

Theorem 3.11 Let S be a continuous s-norm and let f : X — > Y be an epimorphism of BE- 
algebras. If p is an S-fuzzy subalgebra of X, then anti-image /.A is also an S-fuzzy subalgebra of 
Y. 

Proof. Let A 1 := f~ 1 (y 1 ),A 2 := / _1 (t/ 2 ) and A 12 := / _1 ( 2/1 * 1 / 2 ), where y 1 ,y 2 E Y. Consider 
the set Ai * A 2 {a; G X\x = Oi * a 2 for some ai G A 1 ,a 2 E A 2 }. If x E A x * A 2 , then 
x = x\ * x 2 for some X\ E Ai,x 2 E A 2 and so f(x) = f(x 1 * x 2 ) = fix 1 ) * f(x 2 ) — yi * y 2 , i.e., 
x E / -1 (yi * y 2 ) = A 12 . Hence A x * A 2 C A 12 . It follows that 

P f {yi*y 2 ) = inf u{x) = inf p(x) 

xef 1 (yi*y 2 ) xeA \2 

< inf p[x) — inf p( x i * x 2 ) 

x£Al*A2 x£Ai,X2£A2 

< inf S(p(x i),p(x 2 )). 

X€Ai,X2£A2 

Since S is continuous, if e is any positive number, then there exists a number 6 > 0 such that 
Sixfxl) C S'(inf a ,. ieJ 4 1 g(xi), mf X2£ A 2 p{x 2 )) + e, whenever x\ < inf^^ p(xi) + ^ and x 2 — 
mi X2 ^A 2 d x 2 ) + <5- Choose Oi E Ai,a 2 E A 2 such that p( a i) — inf^Ai d x i) + ^ and M° 2 ) A 
inf X2 en 2 d x i) + A Then S(p{ai), p(a 2 )) < <S'(inf a;ie ^ 1 p(x\), inf X2 eA 2 d x A) + e - Hence we have 

d(yi*V2) < inf s(d x i),d x 2 )) 

XieA\,X2£A2 

<S( inf p(xi), inf p(x 2 )) 

xi€Ai X 2 &A 2 

= S(g f (y 1 ),g f (y 2 )). 

Thus jP is an S'-fuzzy subalgebra of Y . □ 

Theorem 3.12. Let p be an idempotent S-fuzzy subalgebra of X. Then the set 


is a subalgebra of X. 


X,,, := {x E X\p(x) = B(l)} 


Proof. Noticing that /a(l) < p(x) f° r all x G X, we have L(g] p( 1)) = {a; G X\ p(x) A /^(l) } = 
{a; G X\p{x) — b(1)} = X fl . By Proposition 3.7, X M is a subalgebra of X. □ 

Proposition 3.13. Let p, v be idempotent S-fuzzy subalgebras of X. If p C v and p( 1) = z/(l), 
then X f C X v . 

Proof. Assume that p C v and p( 1) = z/(l). Let x E A /t . Then v(x) > p(x) = p( 1) = z/(l). 
Noticing u(x) < u(l) for all x E X, we have v(x) = u( 1), i.e., x E X v . This completes the 
proof. □ 
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Theorem 3.14. Let Sm be an s-norm defined in Example 3.2. Let p be an Sm- fuzzy subalgebra 
of X and let f : [//(l), 1] -A [0, 1] be an increasing function. Define a fuzzy set /if : X — > [0, 1] by 

g f (x) := f(p(x)) 

for all x G X. Then pf is an Sm - fuzzy subalgebra of X. Furthermore, if f(a ) > a for all 
a G [/t(1), 1], then p C pf. 

Proof. Let x, y G A". Then 

p f (x*y) =f(p(x*y )) < f(S M (p(x),p(y))) 

<S M (f(n(x)), f(p(y))) = S M (fif(x),pf(y)). 

Hence pf is an Sb/- fuzzy subalgebra of X. Assume that f(a ) > a for all a G [/x(l) , 1] . Then 
Pf(x) = f(p(x)) > p(x) for all x G X, which proves that p C pf. □ 

4. Direct products and s-normed products 

Definition 4.1. Let p and v be fuzzy sets of X and let S be an s-norm of X. Then the S -product 
of p and v is defined by 

\p ■ v]s(x) := S(p(x),u(x)) 
for all x G X and we denote it by [p ■ iz\s- 

Theorem 4.2. Let p, v be two S -fuzzy subalgebras ofX and let S* be an s-norm which dominates 
S, i.e., 

S*(S(a,b),S(c,d )) < S(S*(a,c),S*(b,d)) 

for all a,b,c and d G [0,1]. Then the S* -product [p ■ u]s* of p and u is an S -fuzzy subalgebra of 
X. 

Proof. For any x,y G A", we have 

[p ■ iz]s*(x * y) = S*{p(x * y), v(x * y)} 

< S*{S{p(x),p(y)},S{u(x), u(y)}} 

< S{S*{p(x), v(x)}, S*{p(y), v{y)}} 

= S{[p ■ iz] s *(x), [p-iz\s*(y)}- 

Hence [p ■ u]s* is an S'- fuzzy subalgebra of A". □ 

Let / : X — > Y be an epimorphism of HA- algebras. If p and v are S'-fuzzy subalgebras of Y, 
then the S'*-product [p-v\s* of p and v is also an S'-fuzzy subalgebra of Y whenever S* dominates 
S. Since every epimorphic preimage of an S'-fuzzy subalgebra is also an S'-fuzzy subalgebra, the 
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preimages / _1 (/t), / _1 (iz) and / _1 ([/t • u] 5*) are S- fuzzy subalgebras. The next theorem provides 
the relation between / -1 ([/t • u] ,9* ) and the ^-product [/ _1 (/i) • / -1 (zz)]s* of f~ l (p) and / -1 (i/). 

Proposition 4.3. Assume that f : X — > Y is an epimorphism of BE-algebras and S, S* are 
s-norms such that S* dorminates S. For any S-fuzzy subalgebras p and v ofY, we have 

f~\ih • Hs*) = [f~\h) • r»]s*. 


Proof. For any x E X, we obtain 

{r l {\h ' Hs*)}(V) =\h ■ u] s *(f(x)) 

=S*{p{f(x)),u(f(x))} 

=S*([f-\p)}(x), [f~\iz)](x)) 

=[/~V) • 

completing the proof. □ 

Let (Ad, *!, li) and (Ad, * 2 , 12) be B E- algebras. Define a binary operation on X\ x X 2 by 

(xi, x 2 ) * (2/1, 2/2) := (xi *1 x 2 , 2/1 *2 2/2) 

for all (xi, x 2 ), ( 2/1 , 2/2 ) ^ A. Then (A", *, 1 ) is a BE- algebra, where 1 = (li , 1 2 ). 

Theorem 4.4. Let X = X\ x X- 2 be the direct product of BE-algebras X\ and X 2 . If p\ ( resp ., 
/i 2 ) is an S-fuzzy subalgebra of Xi (resp., X 2 ), then p pi x p 2 is an S-fuzzy subalgebra of X 
defined by 

p(x i,x 2 ) = {pi x p 2 )(x i,x 2 ) = S(pi(xi), p 2 (x 2 )) 
for all (xi,x 2 ) G Ad x A 2 . 

Proof. Let x = {x\ ,x 2 ),y = (2/1, 2/2) G X. Then we have 

P(x*y) =p((x i,x 2 ) * (2/1, 2/2)) 

=p(x 1 * y u x 2 * y 2 ) 

=S(p 1 (x 1 *y 1 ),p 2 (x 2 *y 2 )) 

<S(S(tx 1 (x 1 ),p 1 (y 1 )),S(p 2 (x 2 ),p 2 (y 2 ))) 

=S(S(p 1 (x 1 ),p 2 (x 2 )),S(p 1 (y 1 ),p 2 (y 2 ))) 

=S(p(xi,x 2 ),p(yi,y 2 )) 

=S(p(x),p(y)). 

Hence p = p\ x p 2 is an S'-fuzzy subalgebra of X. □ 
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Now, we generalize the idea to the product of S'-fuzzy subalgebras. We first need to generalize 
the domain of an s-norm to J]J =1 [0, 1] as follows. 

Definition 4.5. We define a map S n : n" =1 [0, 1] [0, 1] is defined by S n (ai, a 2 , • ■ ■ ,a n ) : = 

S(ai, S n -i(ai, • • • , i, cKj+i, • • • , a n )) for all 1 < i < n, where S 2 = S and Si = id[ 0 ,i] - 

Using the induction on n, we have following two lemmas: 

Lemma 4.6. For an s-norm S and every a tJ fi t , where 1 < i < n and n > 2, we have 

S n (S(a 1 , fii),S(a 2 , fi 2 ),, ■ ■ ■ ,S(a n ,fi n ) 

S(S n [oi\ , Q ! 2 , ■ ■ ■ , o n ) , S n (fi \ , ft 2 1 i fin ) ) • 


Lemma 4.7. For an s-norm S and every a±, a 2 , ■ ■ ■ ,a n E [0,1], where n > 2, we have 

Sn^C^li ^2? 5 &n) *-^(* * * 7 S (S (S (ot i, OL 2), OL 3, OL 4), , O^n) 

=S(a 1 ,S(a 2 ,S(a 3 , ■ ■ ■ ,S(a n _i, a n ) • • • ))). 


Theorem 4.8. Let X := Y\fi =l X l he the direct product of BE -algebras { X , } ™ = , . If g, is an 
S-fuzzy subalgebra of X i} where 1 < i < n, then g = ]J” =1 hi defined by 

n 

g(xi,--- ,x n ) = , x n ) = S(g(x i),--- ,g(x n )) 

i= 1 

is an S-fuzzy subalgebra of X. 

Proof. Let a; = (xi, • • • , x n ),y = (yi, • • • , y n ) be any elements of X. Using Lemmas 4.6 and 4.7, 
we have 

h( x * y ) =p((x 1 * 2/i), (. x 2 * y 2 ), ■■■ , (x n * y n )) 

S n (hl( X l * 2 / 1)7 1 hn( x n * 2/n)) 

^ Sn(S (g 1 (iCi ) , gl (gjl )),**' , Siygri {xfi ) , g n igjnf) ) 

S (S n ( gl (iCi ) , /I2 (^2) , , gn (Xn)) > 

Sn(h l(2/l)) /^2 (2/2 ) 7 j hn(Un))) 

= S(g((x !,■■■ ,X„) * (2/1, ‘ • *3/n))) 

=5'(//(x*j/)). 

Hence g = Y\fi=i hi * s an 5'- fuzzy subalgebra of X. □ 
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Theorem 4.9. Let S be a continuous s-norm and f : X — > Y be an epimorphism of B E-algebras, 
and let p and v be S -fuzzy subalgebras of X. If an s-norm S* dominates S, then 

([ a * • v]s*y q ih f • 


Proof. By Theorems 4.2 and 3.11, the S*-product [p ■ u] s * is an ,S-fuzzy subalgebra of X, and 
the S*-product [pi ■ iyl]s* is an S'-fuzzy subalgebra of Y. Moreover, for each y e Y, we have 

O' v]s*) f {v) 


proving that ( [p • v\ s* ) * C [pi ■ vl]s*. 
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= inf \h-"\ s* (x) 

= jpf, S*(p(x),u(x)) 

1 (y) 

<S*( inf p(x), inf n(x)) 

x&f~ 1 {y) x£f~ 1 (y) 

= S*(p f (y),u f (y)) 

= ([h f -v f ]s*)(y), 
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1 Introduction 

It is known that the modern metric fixed point theory was motivated from Banach 
contraction principle (see, e.g., [1]) which plays an important role in various fields of ap- 
plied mathematical analysis. In 1922, Polish mathematician proved the following classical 
Banach contraction principle: 

Theorem 1.1 ([1]) Let T : X — > X be a contraction on a complete metric space (X,d). 
Then T possesses exactly one fixed point x* G X. Moreover, for any point x G X, the 
sequence { T n (x ) : n = 0,1,2,....} converges to x* G A". That is lim^oo T n (x) = x *, for 
each x G X, where T n denotes the n-fold composition of T. 

Since 1922, many authors have obtained all kinds of versions to extend the famous 
Banach contraction principle. In general, people did such extensions by means of two 
methods. One is to extend Banach contraction to other more general mapping or mappings 
(for example, when two or more mappings are involved and discussed, the common fixed 
point (s) is(are) usually investigated). The other is to extend classical metric space to more 
general spaces (usually called abstract spaces). There are many generalizations of the 
concept metric space in the literature. In 1964, Perov [34] introduced vector valued metric 
space, instead of general metric space, and obtained a Banach type fixed point theorem 
on such a complete generalized metric space. Later on, following Perov, many authors 
studied fixed point results of Perov-type in more general abstract spaces, such as cone 
metric spaces, etc (see [35]- [39]). Among them, Cvetkovic and Rakocevic [36] introduced 
the concept of /-quasi-contraction of Perov-type and obtained fixed point results for such 
kind mappings, which is a generalization of the famous Ciric mappings. Let (A", d ) be a 
complete metric space. Recall that a mapping T : X — )■ X is called a quasi-contraction if, 
for some k G [0, 1) and for all x, y G A", one has 

d(Tx , Ty ) ^ kmax{d(x, y), d,(x, Tx ), d{y , Ty ), d(x, Ty), d{y, Tx)}. 

Ciric [13] introduced and studied quasi-contractions as one of the most general classes of 
contractive-type mappings. He proved the well-known theorem that any quasi-contraction 
T has a unique fixed point. Recently, many authors obtained various similar results on 
cone 6-metric spaces (some authors call such spaces cone metric type spaces) and cone 
metric spaces. See, for instance, [7]-[15]. 
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Since 2010, some authors have investigated the problem of whether cone metric spaces 
are equivalent to metric spaces in terms of the existence of the fixed points of the mappings 
involved. They used to establish the equivalence between some fixed point results in metric 
and in (topological vector spaces valued) cone metric spaces by means of the nonlinear 
scalarization function £ e where e denotes the vector in the internal of the underlying solid 
cone (see [16]- [19]). Very recently, based on the concept of cone metric spaces, Liu and Xu 
[21] studied cone metric spaces with Banach algebras, replacing Banach spaces by Banach 
algebras as the underlying spaces of cone metric spaces. In [21], the authors proved some 
fixed point theorems of quasi-contractions in cone metric spaces over Banach algebras, 
but the proof relied strongly on the assumption that the underlying cone is normal. We 
need state that it is significant to study cone metric spaces with Banach algebras (which 
we would like to call in this paper cone metric spaces over Banach algebras). This is 
because there are examples to show that one is unable to conclude that the cone metric 
space (. X , d) over a Banach algebra A discussed is equivalent to the metric space (. X , d*), 
where the metric d* is defined by d* = £ e ° d, here the nonlinear scalarization function 
£ e : A — > R (e e intP) is defined by 

£ e (y) = inf{r e M : y G re — P}. (1.1) 


See [20] for more details. 

In the present paper we introduce the concept of generalized ^-quasi-contractions of 
Perov-type in cone metric spaces over Banach algebras and obtain common fixed point 
theorems for two weakly compatible self- mappings satisfying g-quasi-contractive condition 
in the case of g-quasi-contr active constant vector with r( A) e [0, 1/s) in cone metric spaces 
without the assumption of normality. Our main results extend the fixed point theorem 
of quasi-contractions of Das-Naik in metric spaces to the case in cone metric spaces over 
Banach algebras. As consequences, we obtain the versions of Ciric fixed point theorem and 
Banach contraction principle in the setting of cone metric spaces over Banach algebras. Our 
main results generalize and extend the relevant results in the literature (see, for example, 
[3]-[9], [13], [15], [21], [23], [25], [27]). 

In addition, we give an example to show that the main results are genuine generaliza- 
tions of the corresponding results in the literature. 
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2 Preliminaries 

Let A always be a real Banach algebra. That is, A is a real Banach space in which an 
operation of multiplication is defined, subject to the following properties (for all x, y, z G 

A, a e M): 

1. (: xy)z = x(yz ); 

2. x(y + z) = xy + xz and (x + y)z = xz + yz; 

3. a(xy) = (ax)y = x(ay ); 

4. \\xy\\ ^ ||a;|| ||?/||. 

Throughout this paper, we shall assume that a Banach algebra A has a unit (i.e. , a 
multiplicative identity) e such that ex = xe = x for all x e A. An element x G A is said 
to be invertible if there is an inverse element y G A such that xy — yx — e. The inverse of 
x is denoted by x -1 . For more details, we refer to [28]. 

The following proposition is well known (see [28]). 

Proposition 2.1 Let A be a Banach algebra with a unit e, and x G A. If the spectral 
radius r(x) of x is less than 1, i.e., 

r{x) = lim ||a; n ||" = inf ||a; n ||" < 1, 

n— > oo 

then e — x is invertible. Actually, 

OO 

(e — x) _1 = ^ x l . 

|=o 

Now let us recall the concepts of cone and semi-order for a Banach algebra A. A subset 
P of A is called a cone if 

1. P is non-empty closed and {9, e} C P; 

2. aP + /3P C P for all non-negative real numbers a, f3; 

3. P 2 = PP c P; 

4. P n (-P) = {6»}, 
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where 6 denotes the null of the Banach algebra A. For a given cone P C A, we can define 
a partial ordering A with respect to P by x A y if and only if y — x e P. x -< y will stand 
for x A y and x ^ y, while will stand for y — x € intP, where intP denotes the 

interior of P. 

The cone P is called normal if there is a number M > 0 such that for all x,y G A, 

9 -< x A y =>■ ||x|| ^ M||t/||. 

The least positive number satisfying above is called the normal constant of P. 

In the following we always assume that P is a cone in Banach algebra A with intP ^ 0 
and A is the partial ordering with respect to P. 

Definition 2.1 (See [2], [3], [20], [21]) Let A be a non-empty set. Suppose the mapping 
d : X x X — » A satisfies 

1.0^ d(x, y) for all x, y G X and d(x, y) — 0 if and only if x — y\ 

2. d(x, y ) = d(y, x) for all x, y G X; 

3. d(x, y ) P d(x, z) + d(z, x) for all x, y, z E X. 

Then d is called a cone metric on A", and (A", d) is called a cone metric space over a Banach 
algebra A. 

Definition 2.2 (See [2], [3], [20], [21]) Let (A, d) be a cone metric space with a solid 
cone P over a Banach algebra A, x G X and {x n } a sequence in X. Then 

1. {x n } converges to x whenever for each c G A with 0Cc there is a natural number N 
such that d(x n , i)«c for all n ^ N. We denote this by Hindoo x n = x or x n — > x. 

2. {xn} is a Cauchy sequence whenever for each c G A with 0 C c there is a natural 
number N such that d(x n , x m ) <C c for all n, m ^ N. 

3. (A, d) is a complete cone metric space if every Cauchy sequence is convergent. 


Now, we shall appeal to the following lemmas in the sequel. 
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Lemma 2.1 (See [12]) If E is a real Banach space with a cone P and if a -< Xa with 
a G P and 0 < A < 1, then a = 9. 

Lemma 2.2 (See [27]) If E is a real Banach space with a solid cone P and if 6 < u <C c 
for each 0<c, then u = 6. 

Lemma 2.3 (See [27]) If E is a real Banach space with a solid cone P and if ||x n || — * 
0(n — » oo), then for any 0 C e, there exists N G N such that for any n > N, we have 
x n <C e. 

Finally, let us recall the concept of quasi-contraction defining on the cone metric spaces 
over Banach algebras, which is introduced in [21]. 

Definition 2.3 (See [21]) Let ( X , d) be a cone metric space over a Banach algebra A. 
A mapping T : X — > X is called a quasi-contraction if for some k G P with r(k) < 1 and 
for all x, y G X, one has 

d{Tx , Ty) ■< ku , 

where 

u G {d(x, y ), d(x, Tx), d(j/, Ty), d(x, Ty), d(y, Tx)}. 


Remark 2.1 (See [29]) If r(k) < 1, then ||A; m || — > 0(m — >■ oo). 

Lemma 2.4 (See [4]- [6], [23], [32]) Let -< be the partial ordering with respect to P, 
where P is the given solid cone P of the Banach algebra A. The following properties are 
often used while dealing with cone metric spaces where the underlying cone is solid but 
not necessarily normal. 

(1) If u <C v and v ^ w, then u <C w. 

(2) If 9 P u c for each c G intP, then u = 9. 

(3) If a P b + c for each c G intP, then a P b. 

(4) If c G intP and a n — » 9, then there exists n 0 G N such that a n <C c for all n > n 0 . 

(5) Let (. X , d) be a cone metric space over a Banach algebra A, x G X and {x n } be a 

sequence in X. If d(x n ,x) y< b n and b n 9, then x n — > x. 
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Lemma 2.5 (See [3]) The limit of a convergent sequence in cone metric space is unique. 

Definition 2.6 (See [4], [11]) The mappings f,g:X — > X are called weakly compatible, 
if for every x G X holds f gx = gfx whenever fx = gx. 

Definition 2.7 (See [4], [11], [14]) Let / and g be self-maps of a set X. If w = fx = gx 
for some x in X, then x is called a coincidence point of / and g, and w is called a point of 
coincidence of / and g. 

Lemma 2.6 (See (See [4], [11], [14]) Let / and g be weakly compatible self-maps of a 
set X. If / and g have a unique point of coincidence w — fx — gx , then w is the unique 
common fixed point of / and g. 

Definition 2.8 (See [23] Let (X,d) be a cone metric space. A mapping / : X — > X such 
that, for some constant A G [0, 1) and for every x,y G X, there exists an element 

u G C(g ; x, y ) = {d(gx, gy), d(gx, f x), d(gy, fy ), d(gx, fy), d(gy, fx)} 

for which d(fx, fy) A A u is called a ^-quasi-contraction, where g : X — > X, /( X) C g(X). 

Definition 2.9 Let (. X , d) be a cone metric space over a Banach algebra A. A mapping 
/ : X — > X is called a generalized ^-quasi-contractions of Perov-type, if there exist a 
mapping g : X — > X with f(X) C g(X) and some A G P with r(A) G [0, 1), for all 
x, y G A", one has 

d(fx, fy) A Xu, (2.1) 

where 

u G C(g-, x, y) = {d{gx, gy), d(gx, fx),d{gy, fy), d(gx, fy), d(gy, fx)}. 


Definition 2.10 (See [30], [31]) Let P be a solid cone in a Banach space A. A sequence 
{u n } C P is a c-sequence if for each c> 0 there exists n 0 G N such that u n -C c for n > n 0 . 
It is easy to show the following propositions. 
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Proposition 2.2 (See [30]) Let P be a solid cone in a Banach space A and let {«„,} and 
{v n } be sequences in P. If { u n } and {v n } are c-sequences and a,/3 > 0, then {au n + /3v n } 
is a c-sequence. 

In addition to Proposition 2.2 above, the following propositions are crucial to the proof 
of our main results. 

Proposition 2.3 (See [30]) Let P be a solid cone in a Banach algebra A and let {«„} 
be a sequence in P. Then the following conditions are equivalent. 

(1) {u n } is a c-sequence. 

(2) For each c 9 there exists n 0 G N such that u n -< c for n > n 0 . 

(3) For each c>0 there exists n i G N such that u n A c for n > n i . 

Proposition 2.4 (See [30]) Let P be a solid cone in a Banach algebra A and let {u n } be 
a sequence in P. Suppose that k G P is an arbitrarily given vector and { u n } is a c-sequence 
in P. Then {ku n } is a c-sequence. 

Proposition 2.5 Let A be a Banach algebra with a unit e, P be a cone in A and A be 
the semi-order be yielded by the cone P. Let A G P. If the spectral radius r(A) of A is less 
than 1, then the following assertions hold true. 

(i) We have (e — A) -1 >- 9. In addition, we have 6 ■< \ n ■< (e — A) -1 A n -< (e — A) -1 A 
for any integer n > 1. 

(ii) For any u >~ 9, we have u ^ Xu. Moreover, we have u ^ A n u for any integer n > 1. 

Proposition 2.6 (See [29]) Let (X, d) be a complete cone metric space over a Banach 
algebra A and let P be the underlying solid cone in Banach algebra A. Let {x n } be a 
sequence in A". If {x n } converges to x G X , then we have 

(i) { d{x n ,x )} is a c-sequence; 

(ii) for any p G N, {d(x n ,x n+p )} is a c-sequence. 

3 Main results 

In this section, without the assumption of normality of the underlying cone, we give 
some common fixed point theorems for generalized ^-quasi-contractions of Perov-type with 
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the spectral radius r( A) of the g-quasi-contr active constant vector A satisfying r(A) G [0, 1) 
in the setting of cone metric spaces over Banach algebras. 

Theorem 3.1 Let (X,d) be a cone metric space over a Banach algebra A and the un- 
derlying solid cone P. Let the mapping / : X — > X be the ^-quasi-contractions of Perov- 
type with the spectral radius r(A) of the g-quasi-contractive constant vector A satisfying 
r(A) G [0, 1). If the range of g contains the range of / and g( X) or f(X) is a complete 
subspace of X, then / and g have a unique point of coincidence in A". Moreover, if / and 
g are weakly compatible, then / and g have a unique common fixed point in A". 

We begin the proof of Theorem 3.1 with a useful lemma. For each xq G A", set gx i = f x 0 
and gx n+ \ = fx n . We will prove that {gx n } is a Cauchy sequence. First, we shall show 
the following lemmas. Note that for these lemmas, we suppose that all the conditions in 
Theorem 3.1 are satisfied. 

Lemma 3.1 For any N > 2 and 1 < m < N — 1, one has that 

d(gx N , gx m ) A A(e - A )~ l d{gx l , gx 0 ). (3.1) 

Proof. We now prove Lemma 3.1 by induction. When N — 2, m — 1, since / : X — > X 
is a generalized g-quasi-contractions of Perov-type satisfying (2.1), there exists 

Mi G C(g;xi,x 0 ) = {d(gxi,gx 0 ),d(gx 1 ,gx 2 ),d(gxo,gxi),d(gx l ,gx 1 ),d(gxo,gx 2 )} 

such that 

d(gx 2 ,gx 1 ) A Aui. 

Hence, Ui = d(gxi,gx 0 ) or u\ = d(gx 0 , gx 2 ). (Note that it is obvious that v,\ ^ d(gxi,gx 2 ) 
since d(gx 2 ,gxi) ^ Xd(gxi, gx 2 ) and u i ^ d(gxi,gx\) since d(gx\,gx 2 ) ^ 9.) 

When Mi = d(gx\, gxo), we have 

d(gx 2 ,gx 1 ) A \d(gx 0 ,gxi) A A(e - X)~ 1 d(gx 1 , gx 0 ). 

When Mi = d(gx 2 , gxo), then we have 

d(gx 2 ,gx i) A Xd(gx 2 ,gx 0 ) A X[d(gx 2 ,gx 1 ) + d(gx 1 ,gx 0 )}. 

So we get 

(e - X)d(gx 2 , gxi) A Xd(gx 1 ,gx 0 ), 
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which implies that 

d(gx 2 ,gxi) A A(e - X)~ 1 d{gx 1 , gx 0 ). 

Hence, (3.1) holds for N = 2 and m = 1. 

Suppose that for some N >2 and for any 2 < p < N and 1 < n < p, one has 

d(gx p , gx n ) A A(e - X)~ 1 d(gxi, gx 0 ). (3.2) 

That is, 

d(gx p , gx i) A A(e - \)~ 1 d(gx 1 , gx 0 ), (3.2.1) 

d(gx p , gx 2 ) di A(e - X)~ 1 d(gx 1 , gx 0 ), (3.2.2) 


d(gx p , gxp-i) di A(e - A) ^x 0 ). (3.2.p - 1 ) 

Then, we need to prove that for IV + 1 > 2 and any 1 < n < N + 1, one has 

d(gx N+1 ,gx n ) A A(e - A) -1 d(^xi,^x 0 ). (3.3) 

That is, 

d(gx N+1 ,gxi) A A(e - \)~ l d{gxi, gx 0 ), (3.3.1) 

d(gxN+i, gx 2 ) A A(e - A) _1 d(^a;i, ^x 0 ), (3.3.2) 


d(gx N+ i,gx N -i) A A(e - A) ^(c/aq, pa; 0 ), (3.3.1V - 1) 

d(gx N+1 ,gx N ) A A(e - A) -1 d(^a;i, ^ 0 ). (3.3.1V) 

In fact, since / : X — > A" is a ^-quasi-contraction, there exists 

Ml G C'(cc;xAr,Xo) = {d(goqv, c/Xo), d( 0 Xjv, 0 Xiv+i), d(gx 0 , gxi), d(gx N , gxi), d(gx 0 , gx N+1 )} 
such that 

d(gx N+1 ,gxi) A \ Ul . 

If Mi = d(gxN, gxi), then by (3.2.1) we have 

d(gx N+1 ,gxi) A A 2 (e - X)~ 1 d(gx 1 , gx 0 ) A A 2 (e - X)~ 1 d(gx 1 , gx 0 ) A A(e - X)~ 1 d(gx 1 ,gx 0 ). 


If Mi = d(gx 0 , gxi), then we have 

d(gx N+1 ,gx 1 ) A Xd(gx 1 ,gx 0 ) A Xd(gx 1 ,gx 0 ) A A(e - X)~ 1 d(gxi,gx 0 ). 
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If u\ = d(gxN,gx o), then by (3.2.1) we have 

d(gx N+ i,gx i) r< Xd(gx N ,gx 0 ) r< A(d(^xjv,^i) + d(gx 1 ,gx 0 )) 

d A(A(e - A) - 1 d(^xi, <7x0) + S^o)) 

= A(A(e - A ) -1 + e)d{gx 1} gx 0 ) 

= A(e - A) _1 d(5(a;i,5(a;o). 

If Mi = d(gxo, gxN+i), then we have 

^ Ad(^x 0 ,^xjv+i) ^ X(d(gx 0 ,gx l ) + d(gxi, gx N+1 )). 

Hence, we see 

(e - X)d(gx N+ i,gx 1 ) ^ Xd(gx 0 ,gxi) t 

which implies that 

d(gx N+ 1 ,gxi) ^ (e - A ) -1 Ati( 5 'LCo, Wu)- 

Without loss of generality, suppose that U\ = d(gx^, gx^+i)- Since / : X — > X is a 
g-quasi-contraction, there exists m 2 € C(g;x n-i,xn) such that 

mi = d(gx N ,gx N+ i) di X m 2 , 

where 


C{g\x N -i,x N ) = {d{gx N -i,gx N ),d{gx N -i,gx N ),d{gx N ,gx N+1 ), 
d(gx jv-i, ccxat+i), d(gopv, S^jv)}- 


So, we get 

d^JV+nS^i) ^ Am x r< A 2 m 2 . 

Similarly, it is easy to see that m 2 7 ^ d(gxiy, gxN) since u 2 ^ 9 and u 2 7 ^ d(gx n, g%N+i) 
since d(gx N , gx N+l ) ^ X 2 d(gx N , gx N+ i). 

If m 2 = d(gxN_i, gxjsf), then by the induction assumption (3.2) we have 

d(gx N+1 ,gxi) ^ A 2 m 2 ^ A 3 (e - \)~ 1 d(gx 1 ,gx 0 ) 
di A 3 (e - X)~ 1 d{gxi, gxo) 
di A(e - X)~ 1 d(gxi, gx 0 ). 
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Without loss of generality, suppose that w 2 = d(gxN-i, gxN+i)- There exists 113 e 
C(g]XN-2,XN) such that 

u 2 = d(gx N ^ 1 ,gx N+1 ) ^ A u 3 , 

where 


C(g]x N -2,x N ) = {d{gx N -2,gx N ),d{gx N -2,gxN-i),d{gx N ,gx N+ i), 
d(gx N -2,gx N +i), d(gx N , gx N _i)}. 

In general, suppose that 1 = d(gxN-i+2, gxN+i)- Since / : X — > X is a g- quasi- 
contraction, by the similar arguments above, there exists tq G C(g] XN-i+h x n) such that 

Ui—l di^gX ]\j —i-s r 2' 1 gXj\j-\-\) Z2 A Wj, 


for which we obtain 


d(gxN+i, gx\) -< Xu 1 A 2 w 2 ^ A*rtj, 


where 


C(g] at) — {^(^Ar-i+i, gx^, d(gxN-i+ 1 , <7£jv-*+2), d(gxN , <?apv+i), 

d(gxN-i + i, gx]y + i), d(gx jv, g^jv-^)}- 

Similarly, it is easy to see that u* 7^ d(gxN, gxN+i)- This is because by Proposition 
2 . 5 (iii) we have 

ui = d^zjv^apv+i) 7^ \ l ~ l d{gx N ,gx N+l ). 

So we know that if u t = d(gx N _ i+1 , gx N ) or ^ = d{gx N _ i+l ,gx N _ i+2 ) or = d(gx N , gx N _ i+2 
then by the induction assumption ( 3 . 2 ) we have Ui ■< A(e — X)~ 1 d(gxi, gxo). Hence, 

d(gx N+ i,gxi ) ^ A l u { -< A* +1 (e- X)~ 1 d{gx 1 , gx 0 ) 

-< (A)* +1 (e - \y 1 d(gx 1 ,gx 0 ) 

X(e - X)~ 1 d(gx 1 ,gx 0 ), 

which means that ( 3 . 3 . 1 ) holds true. Without loss of generality, suppose that u.i = 
d(gxN-i+i, gxN+i)- Then by the similar arguments as above we have U{ -< Atp + i, where 
u i+ 1 G C(g] xx-i, xn). Hence, there is a sequence {u n } such that 

d,(gx jv+i, gx 1) r< Ami ■< X 2 w 2 22 ■ ■ ■ di A n ~ 1 un~i di X N u^, 
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where 


un - i — d(gx 2 , gxN+i) di Xun 


and 


u N e C(g]Xi,x N ) = {digxi, gx N ),d(gXi, gx 2 ),d(gx N , gx N+1 ),d(gx N , gx 2 ),d(gx 1 , gx N+1 )}. 

Obviously, u n ^ d(gxi, gx^+i) and un ^ d{gxN, gxN+i)- On the contrary, if u n = 
d(gxi, gxN+i), then un di X n un, a contradiction. If un = d{gx N , gxN+i) = ui, then we 
have 

Mi = d{gx N , gx N+ i) < A 2 m 2 z< • • • z< X n ~ 1 un~i ■< A N ~ l u\, 

a contradiction. Hence, it follows that = d(gxi,gx n), «jv = d(gxi,gx 2 ) or = 
d(gxN,gx 2 ). By the induction assumption (3.2), in any case, we have 

u N ^ A(e - X)~ 1 d(gx ll gx 0 ). (3.4) 

Therefore, we get 

d(gxN+i, gx i) Ami A 2 m 2 ^ X n un 

d A iV (e - A)” 1 Ad(( 7 a; 1 , giro) 

^ (A) 7V+1 (e - A) _1 y/( 5 -lc 1 , ^aro) 

d A(e - A) _1 d(ga;i, gx 0 ). (3.5) 

That is to say, (3.3.1) is true. By (3.5), we have 

Mi ^ A iV ' 1 A(e - \)~ 1 d(gx 1 ,gx 0 ). 


Thus, 


d(gx N , gx N+1 ) = ui ^ A Ar_1 A(e - A) -1 rf(^xi,^x 0 ) 
^ (A) Ar (e - X)~ 1 d{gx\ ) gx 0 ) 
A(e - A) _1 d(5fa;i,5fa;o), 


which implies that (3.3.N) is true. Similarly, since 


m 2 = d(gx N -i,gx N+ i), . . . ,u t = d(gx N - i+ i, gx N+1 ), . . . , 


by (3.4) and (3.5) we get 

Ui ^ A N ~ l u N ^ A n_ * +1 (e - X)~ l d{gxi,gxo). 


(3.6) 
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Hence, it follows from (3.6) that (3.3.2)-(3.3.iV — 1) are all true. That is, (3.3) is true. 
Therefore, we conclude that Lemma 3.1 holds true. 

By Lemma 3.1, we immediately obtain the following result. 

Lemma 3.2 For all i,j G N + , one has 

d(gx h gxj) -< A(e - \)~ l d{gx 0 , gx i). (3.7) 

Now, we begin to prove Theorem 3.1. First, we need to show that {gx n } is a Cauchy 
sequence. For all n > m, there exists 

z'i G C(g-x n - i,z m _i) ={d(gx n -!, gx m -i), d(gx n -i, gx n ), 

d(gx m — i , gXm) , d[gx n , \ . gx-m ') , d(gx m —ij QXn)} 


such that 

d(fx n -i, /x m _i) r< Ai/i. 

Using the g-quasi-contractive condition repeatedly, we easily show by induction that 
there must exist 


v k G {d(gxi, gxj) : 0 <i< j <n} (k = 2, 3, . . . , m) 

such that 

Uc -< Az/fc+i (k = 1,2, . . . , m - 1). 

For convenience, we write u m = d(gxi,gxj ) where 0 < i < j < n. 

Using the triangular inequality, we have 


(3.8) 


d(gx i ,gx j ) -< d(gx h gx 0 ) + d(gx 0 , gx s ) (0 < i,j < n), 
and by Lemma 3.2 we obtain 

d(gx n ,gx m ) = d(fx n _ u fx m _ i) ^ An, ^ A 2 v 2 d ^ A m v m 
di A m d(gxi,gxj) 

= A m+1 (e - A) -1 d(ga;i, gxo). 
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Since r( A) < 1, by Remark 2.1 we have that A m+1 (e — X)~ 1 d{gxi,gxo) — >■ 9 as m — > oo, 
so by Proposition 2.4, it is easy to see that for any c G intP, there exists no € N such that 
for all n > m > n 0 , 


d(gx n ,gx m ) ^ A m+1 (e - A) 1 d(gx 1 ,gx 0 ) < c. 

So {gx n } is a Cauchy sequence in g(X). If g(X) C X is complete, there exist q G g( X) 
and p G X such that gx n — > q as n — » oo and gp = q. 

Now, from (2.1) we get 

d(fx n , fp ) ^ Az/ 

where 


z/ G C{g\x n ,p) = {d(gx n ,gp),d(gx n ,fx n ),d(gp,fp),d(gx n ,fp),d(fx n ,gp)}. 

Clearly at least one of the following five cases holds for infinitely many n. 

(1) d(fx n ,fp ) r< A d(gx n ,gp) ■< Xd(gx n+1 ,gp) + Xd(gx n+1 , gx n ); 

(2) d(fx n ,fp) ^ A d(gx n ,fx n ) = Xd(gx n , gx n+ i); 

(3) d(fx n Jp) ^ A d(gp,fp) ^ A%z n+ i,gp) + Xd(gx n+1 , fp), 
that is, d(fx n , fp) ^ A(e - A) _1 d(ga; n+ i, gp); 

(4) dffx n Jp ) r< Xd(gx n Jp) ^ Xd(gx n+1 ,fp) + Ad(gz n+ i, gx n ), 
that is, d(fx n , fp) di A(e - A) _1 d(c/a; n+ i, gx n )-, 

(5) dffx n Jp) ^ Xd(fx n , gp) = Xd(gx n+1 , gp). 

As A ^ A(e — A) -1 (since 6* ^ A and r(A) < 1 ), we obtain that 

d(gx n+1 ,fp) di A(e - A) -1 [rf(^a: n+ i,^x n ) + d(gz n+ i, q)]. 

Since gx n — >• q as n — > oo, we get that for any c G intP, there exists ri\ G N such that 
for all n > n i , one has 

d(gx n+1 ,fp ) <C c. 

By Lemmas 2.4 and 2.5, we have ga; n — >• fp as n — >• oo and q = fp. 

Now if ta is another point such that gu = fu = w , hence 

d(w, g) = d(/u, fp) Xu, 

where r(A) G [0, 1) and 

z/ G C(g; u,p) = {d{gu,gp),d{gu, fu),d{gp, fp),d{gu, fp),d{fu,gp)}. 
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It is obvious that d(w,q ) = 6 , i.e., w — q. Therefore, q is the unique point of coincidence 
of / and g in X. Moreover, the mappings / and g are weakly compatible, by Lemma 2.6 
we know that q is the unique common fixed point of / and g. 

Similarly, if f(X) is complete, the above conclusion is also established. 

According to Das-Naik version of the known theorem in the setting of metric spaces 
from [33], we have following result similar to Theorem 3.1. 

Theorem 3.2 Suppose one of the following conditions holds: 

(1) As in Theorem 3.1, let (X, d ) be a complete cone metric space over a Banach 
algebra A. Assume one of / (X) or g (X) is closed and the other conditions in Theorem 
3.1 are not changeable; 

(2) As in Theorem 3.1, let (X, d) be a complete cone metric space over a Banach 
algebra A. Assume /, g are cone compatible and both continuous and the other conditions 
in Theorem 3.1 are not changeable; 

(3) As in Theorem 3.1, let (X, d) be a complete cone metric space over a Banach 
algebra A. Assume / commutes with g, f or g is continuous (see Theorem 3.2 in Cvetkovic- 
Rakocevic [36]) and the other conditions in Theorem 3.1 are not changeable. 

Then the conclusions of Theorem 3.1 are also true. 

Proof. (1) The proof of this case is the same as that in Theorem 3.1. 

(2) The sequence y n = fx n = gx n+ i,y n ^ y n +i for all n G N converges to some z e X 
as n — > oo. Further, since fx n — > z and gx n z we get that 

d ( fz , gz) < d ( fz , fgx n ) + d ( fgx n , gfx n ) + d ( gf x n , gz) ->■ 0 + 0 + 0 = 0. 

Hence fz = gz = u>. Hence, /, g has (a unique) point of coincidence. Since / and g are 
compatible then they are weakly compatible. Therefore by standard result they have a 
unique common fixed point (in this case it is <*;).□ 

(3) Let g be continuous. 

Then we get gy n — >• gz and fy n — * gz since / commutes with g. Indeed, fy n = 
fgxn+i = gfy n + 1 -t gz. 
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So we get 


d(fz,gz) d d {fz, fy n ) + d (fy n , gz) 
=< A u + d { fy gz ) , 


where 


ue{d (< gz , ^j/ n ) , d {gz, fz) , d (gy n , fy n ) , d {gz, fy n ) , d {gy n , fz) + d {fy n , gz)} . 

Hu = d {gz, gy n ) or u = d {gy n , fy n ) or d {gz, fy n ), then we obtain that A u + d {fy n , gz) is 
a c-sequence. This mens that fz = gz. If u — d {gz, fz) or u = d {gy n , fz) d d {gy n , gz) + 
d {gz, fz) we get 

d {fz, gz) d A d {gz, fz) + d {fy n , gz) 
or 

d {fz, gz) d A d {gz, fz) + A d (, gy n , gz) + d { fy n , gz) . 

In both cases we have that 

d {fz, gz) di{e- A y 1 c n , 

where c n is a c-sequence. Hence, f, g have a unique point of coincidence. Since / commutes 
with g then they are weakly compatible and by known result have a unique fixed point. 
Now let / be continuous. 

Again, fy n -> fz and gy n = gfx n = fgx n = fy n _i ->• fz. 

Further we get 

d {fz., z) did {fz, fy n ) + d {fy n , y n ) + d {y n , y) . 

Since d {fz, fy n ) + d {y n , y) = c n is c-sequence it is sufficient to estimate d {fy n , y n ) ■ 

We have 

d {fy n , Vn) = d {fy n , fx n ) d A u, 

where 

u E {d {gy n , gx n ) , d {gy n , fy n ) , d {gx n , f x n ) , d {gy n , f x n ) , d { gx n , fy n )} 

{^ (/ Un—i, Vn—i) , d {fy n —\, f y n ) , d {fy n — \ , y n ) , d {yn— 1 , / Vn) , d {y n — 1, yn)} ■ 

Now we get the following cases: 
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I) U = d (fy n - 1 , Un- i) • Then 

d(fz.,z) ^ c n + \d(fy n -i,y n -i) 

c n + X(d {fy n _ i, fy ) + d ( fy , y) + d (y, y n _ i)) 

or 

d{fz.,z ) ^ (e-A) _1 c n + (e-A) _1 A(i(/7/ n _ 1 ,/7/) + (e-A) _1 A(i(7/,7/ n _ 1 ) 

= d n where d n is a new c-sequence. 

II) u = i) 

III) u = d(fy n -i,y n ) 

IV) u = d (y n -i, fy n ) 

V) u = d(y n _ u y n ) 

In all cases we obtained that /z = z. 

For details see Theorem 3.2 in Cvetkovic-Rakocevic [36]. 

Corollary 3.1 Let (X, cl) be a complete cone metric space over a Banach algebra *4. 
and let P be the underlying cone with k G P. If the mapping T : X — > A" is a quasi- 
contraction, then T has a unique fixed point in X. And for any x G X, the iterative 
sequence {T n x} converges to the fixed point. 

Proof. Set g = I\, the identity mapping from X to X. It is obvious to see that 
Theorem 3.1 yields Corollary 3.1. 

Remark 3.1 Corollary 3.1 does not need to require the assumption of normality of the 
cone P. So Corollary 3.1 improves and generalizes Theorem 9 in [21]. 

Remark 3.2 From the proof of Lemma 3.1, we note that the technique of induction 
appearing in Theorem 3.1 is somewhat different from that in Theorem 9 from [21], and 
also different from that in Theorem 2.6 from [11], which is more interesting and easily 
to understood. In addition, the proof of Theorem 3.1 is a valuable addition to [9] since 
Theorem 3.1 is a generalization of Theorem 3 from [9] but some main results in the proof 
of Theorem 3 from [9] were not proved in general. 

Remark 3.3 Taking E — R, P = [0, +oo), ||.|| = |.| , A e [0, 1) in Theorem 3.1, we get 
Das-Naik’s result from [33]; if g = lx we get Ciric’s result from [13], both in the setting of 
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metric spaces. 

The following corollary is the Jungck’s result in the setting of cone metric spaces over 
Banach algebras. 

Corollary 3.2 Let (X,d) be a cone metric space over a Banach algebra A with the 
underlying solid cone P. Let the mappings /, g : X — > X satisfy the condition that 
for A G P with r( A) G [0, 1) and for every x, y G X holds d(fx,fy ) A A d(gx,gy). If 
g( X) C f(X) and g( X) or /( X) is a complete subspace of X, then / and g have a unique 
point of coincidence in X. Moreover, if / and g are weakly compatible, then / and g have 
a unique common fixed point. 


The next result is the Banach contraction principle in the setting of cone metric spaces 
over Banach algebras. 

Corollary 3.3 (see [29]) Let (X,d) be a cone metric space over a Banach algebra A 
the underlying solid cone P. Let the mapping / : X — > X satisfy the condition that for 
A G P with r(A) G [0, 1) and for every x,y G X holds d(fx,fy) A Xd(x,y) (namely, / is 
a generalized Lipschitz contraction). If /(A) is a complete subspace of A", then / has a 
unique point in X. 


We will present an example to show that the results presented above are real general- 
izations of the corresponding results in the literature. 


Example 3.1 Let X = [1, oo) and A be a set of all real valued function on [0, 1] which 
also have continuous derivates on [0, 1] with the norm ||a;|| = H^Hoo + ||^ / || 00 and the usual 
multiplication. Let P — {x G A : x (t) > 0, t G [0, 1]} . It is clear that P is a nonrmal cone 
and A is a Banach algebra with a unit e — 1. Define a mapping 

d : X x X -G A 


by 

d(x,y) (t) := \x - y\ e*. 

We make a conclusion that (A, d) is a complete cone metric space over Banach algebra 
A. Now define the mappings /, g : X — > X by / (x) = 3x — 2, g (x) = 4x — 3. Choose 
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A (t) = + |. Since / (A") C g (A") and r (A) = |, thus, all the conditions of Theorem 3.1 

are satisfied and consequently / and g have a unique comon fixed point x — 1. Indeed, for 
x, y G X we can putting u (x, y) — d(g (x) , g ( y )) = 4 |x — y \ . In this case we have 

d (/ (x) , / (j/)) = 3 |x - y\ e* < (^t + ^ 4 \x - y\ e* ^ ^ 
which is indeed true. On the other hand, we see that 


/ (<? (x)) = / (4x - 3) = 3 (4x - 3) - 2 = 12x - 11 = 4 (3x - 2) - 3 = g (/ (x)) , 

that is, / commutes with g and other words /, g are weakly compatible. 

Now let us estimate r (A) = lim^oo ||A n ||" . Since 




n— 1 


we have (t — 1) 


IIAIL+IIA' 


f5\ n n { 5\ n 1 n f5\ n 1 (12 5 A 
\6 y + 12(6y _ 12 \6/ \n'6 + ) 


n 

12 




Further we get 



However, both / and g are not quasi-contraction. Indeed, for x — 2, y — 1 and for all 
A with r (A) G [0, 1), we get 


d (/ 2, / 1) (t) = d (4, 1) (t) = 3e t > X (t) u, 


for all 


u G {d (2, 1) e t , d (2, /2) e*, d (1, /l) e t , d (2, /l) e 4 , d (1, /2) e*} 
= {e t ,2e‘,0,e t ,3e t } , 

and similarly 

d (g2, gl) (t) = d (5, 1) (t) = 4e* > A (t)u 

for all 


u G {d(2,l)e t ,d(2,g2)e t ,d(l,gl)e t ,d(2,gl)e t ,d(l,g2)e t } 
= {e*, 3e*, 0, e‘, 4e*} . 

Hence, Theorem 3.1 is a genuine generalization of Theorem 9 from [21]. 
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Abstract 

In the paper, we prove that the Bateman’s G— function satisfies 

V* ( 2 " - liggn _ 1 ^ (2 ra - l)B 2n 

nx 2n ^ u \ x ) x nx 2ri ’ 

n — 1 n — 1 


the double inequality 
me N 


with best bounds, where B' r s are the Bernoulli numbers and we study the nronotonicity of 
some functions involving the function G{x). Also, we present some estimates for the error 
term of a class of the alternating series, which improve and generalize some recent resutls 
and we prove the increasing monotonicity of a sequence arising from computation of the 
intersecting probability between a plane couple and a convex body. 


2010 Mathematics Subject Classification: 33B15, 26D15, 41A80. 


Key Words: Digamma function, Bateman’s G-function, sharp inequality, nronotonicity, 
alternating series, sequence. 


1 Introduction. 

The ordinary gamma function is defined by [3] 

poo 

T(x) = / £ I-1 e -t d£, x > 0 

Jo 

and the derivative of log T(a;) is called the digamma function and is denoted by We can 

considered to the gamma function, the digamma function and the the Riemann zeta function as 
the most important special functions [5] . For more details on bounding the gamma function and 
its logarithmic derivatives, please refer to the papers [2]-[5], [7], [8], [14]- [20] [22] -[26], [35]- [41] 

1 Permanent address: Mansour Mahmoud, Department of Mathematics, Faculty of Science, Mansoura Uni- 
versity, Mansoura 35516, Egypt. 
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and plenty of references therein. 

The Bateman’s G — function is defined by Erdelyi [6] as 

G(x) = ip ^ (f) * a: 7 ^ 0,-1, -2,.. 


which satisfies [6]: 


and 


G(l+x) + G(x) = - 
x 


G{1 — x) + G(x) = 27t csc(7nr). 

The function G(x) can be defined by the hypergeometric function as 

G(x) = - 2 -Fi(1, x; 1 + x; -1). 
x 

From the integral representation of the function [3] 


( 1 ) 

( 2 ) 

(3) 


°o / e -t 


^( x ) = -r- 


~.—xt 


t 1 — e 


- 1 


dtt , x > 0 


we obtain the following integral representation 


G{x) = 


-°o 2 e -xt 


1 + e 


-t 


dt, x > 0. 


(4) 


The function G(x) is very useful in summing and estimating certain numerical and algebraic 
series [27] . For example: 


£ 

k = 0 


' U ‘ =s L G('-), u / 0, —s, —2s, ... 


s k + u 2s 


(5) 


and its n t l partial sum is given by 


£ 

k = 0 


(-i) fc _ l 
s k + u 2s 


u 


G - +(-l) n G -+n+l 


u 


n/0, — s, —2s, ... . 


( 6 ) 


Qiu and Vuorinen [43] deduced the inequality 


4(1.5 — log 4) 


x z 


< gw -; < 2 ?- x > 2 


(7) 


Mahmoud and Agarwal [16] presented an asymptotic formula for Bateman’s G-function G(x) 
and deduced the double inequality 


1 s 1 1 

— < G(x) < — x > 0 

2x 1 2 + 1.5 x 2x 2 


( 8 ) 
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which improve the lower bound of the inequality (7) and they posed a sharp double inequality 
of the function G(x) as a conjecture. Mortic-i [21] established the inequality 

1 

0 < if{x + u) — if( x ) < ip(u) + 7 H u x > 1; u G (0, 1), (9) 

u 

where 7 is the Euler constant, which also improves the result of Qiu and Vuorinen. Also, Alzer 
presented the double inequality [2] 

1 1 

A n (w, x ) — S n (u; x ) < if (x + u) — ij)(x) < A n (u] x), 

oc oc 

where n > 0 be an integer, x > 0, u e (0, 1), 


A n (u\x) = (1 - u) 


n— 1 


u + n + 1 (x + i + l)(x + i + u) 

i=0 x 7 x 7 


and 


1 (x + n) ( - x+n ^ 1 ~ u Xx + n+ l)( a: +"+ 1 h 

0n(«; X) = 


x + n + u 


(x + n + u) x+n+u 


In this paper, we prove the conjecture posed by Mahmoud and Agarwal [16] about a sharp 
double inequality of the function G(x). We will study the completely monotonicity property of 
some functions involving the Bateman’s G— function. Our results generalize and improve some 
inequalities about the error term of a class of alternating series and will prove the main result of 
[9] about the increasing monotonicity of a certain sequence . 


2 Main results. 

Theorem 1. The Bateman’s G— function satisfies 

^ , 1 ^(2 2n -l)B 2n (2 2m + 2 _ l)B 2rn+ 2 n 

G(x) — - + ^ — 1 — x 2 +9 — 0i, m — 1, 2, 3, .. 

x nx Zn (m + 1 )x zrn+z 

n= 1 

where B[s are Bernoulli numbers, 9 1 is independent of x and 0 < 6\ < 1. 

Proof. Using the integral representation of the function G(x) and the formula [1] 

1 1 

lS— 1 ^~Xt 


x s (s — 1)! 


t s ~ e dt, sGN 


we get 


G(x) = / tanh(t/2) e xt dt. 


x 


We will apply a technique which used later by Qi and Guo [34] . By the expansion [1] 

4 1 

— ' t 2 4- 7T : 
k= 


tanh(f/2) = 


7^ t 2 + 7t 2 (2 k — I) 11 

3 


( 10 ) 


( 11 ) 
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and the identity 
4 1 


E 


4 ^ 4 ) re— 1 ^ 2 n— 1 4 ^ 


t 2 + n 2 (2k — l) 2 Ti' 2n (2k — l) 2n ir 2rn (2k — l) 2m t 2 + n 2 (2k — 1) : 

we obtain 

coo 00 / m M i \n— l+2n— 1 


777 G N 


G(*) 

x 


, 4(-l)n-l t 2n-l 4 (_ 1 )m f 2m+l 

/ y ( / y rwnr + 


Now 


o 7I ’ 2n (2^ — l) 2n 7r 2m (2k — l) 2m t 2 + 7 t 2 (2 k — 1) 

4(— l) n_1 t 2n_1 1 ^ 4(-l) n " 1 t 2n - 1 


e x dt m G N. 


EE 


E 


7T 2n (2k — l) 2 " z — ' 7T 

k= l n=i v 7 n=l 

where £(t) is the Riemann zeta function which satisfies [3] 


2 n 


(l-2~ 2n )((2n), 


7 l') s ~ 1 7r 2s 2 2s— 1 

C(2s) = 1 B 2s , s 6 N. 


(2s) 


Then 


EE 

fc=l n=l 


4(-l) n -R : 


n— 1 +ln— 1 


7T 2n (2k — l) 2n 


E 

n=l 


2(2 2n - 1)R : 


(2 n) 


— t 2n ~\ m G N. 


( 12 ) 


4(-l) m t 2m+1 1 


Also, 

OO 

7i - 2rn (2k — l) 2m t 2 + n 2 (2k — l) 2 7T 

and hence 


4 ^ l) m ^ 2m ~*-i 


2m+2 


E 


~i ( 2k - 1) 2 ”* +2 ( ■ Vii 

_1 ^(2fe-l) 7 + 


777 G N 


E 


47 


4 ^ 2 )™{ 2m +i 


^ ir 2m (2k — l) 2m t 2 + 7T 2 (2k — l) 2 7T 2m+2 

where 0 < 9(t) < 1. Then 


wE 


^ (2k - 1) 2 ™+ 2 


, 777 G N 


E 


4 ^ |jmj2m+l 


^ 7T 2m (2 k — l) 2m t 2 + Tl 2 (2k — l) 2 
Now 

G(x) - 1 = E 2(2n " l)B2n r 


2 (2 2m + 2 - l)£ 2m+1 5 2 m+2 
(2777 + 2)! 


9(t), 0 < 9(t) < 1; 777 G N. 

(13) 


X 


n= 1 


( 277 )! 


t 2n-l e - xt dt + 2 (2 2m+2 1 ) 5 2m+2 


0(t)t 2m+1 e- xt dt. (14) 


(2777 + 2)! ,/ 0 


Using the ordinary gamma function and its functional equation T(t7 + 1) = 77 ! for n G N, we get 

GM _ 1 = y P 2 " + ( 2M ~ ^ meN 

a; 77rc 2n (777 + l)rr 2m+2 ’ 

n=l v 7 


where 0! is independent of re and 0 < 9i < 1. 


□ 
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Theorem 2 ([16], Conjecture 1). The Bateman’s G— function satisfies the following double in- 
equality 


2m (2 2n - 1 )B 2n 


E 

n= 1 


nx 


2 n 


< gw - 1 < E (22 " ' 1)B2 ” 

n = 1 


nx 


2n 


m = 1, 2, 3, 


(15) 


with sharp bounds, where B[s are Bernoulli numbers. 


Proof. The inequality (15) satisfies from the relation (10) and the following property of Bernoulli 
constants [12]: 

h> 2 r +2 < 0 and B- 2r +A > 0 for r = 1, 3, 5, ... . (16) 

Now, we will prove the sharpness of the inequality (15) using Mortici’s technique [25]. From the 
definition [11], the asymptotic expansion of a function Tfx ) of the form 


T(x) = K(x) + b 0 + J2 

k = 1 


h_ 

x k 


satisfies for every fixed r, that 


lim x r 

£—>■00 


T(x) - K(x) + b 0 + J2 


k = 1 


X" 


= 0. 


Using the relation (10), we have 


lim x 

x — >oo 


2m 


m— 1 


GW - - - E 


(2 2 "-l )B 2n 


x A ' nx 

n— 1 


2 n 


(2 2m - 1 )B 2m 


m 


, m = 1,2,3,... . (17) 


If we have other constants /i 2 , h 4 , h 6 , ... satisfy 


2.2* < ^( 2; ) , r . < , r .2i : 


i=l 

4 


£ ' ar 

i=i 


2i 


E^<g(*)-;<E|« 


E^i<GW-)<E^ 


1=1 

i = 1 

e us that 


lim^oo x 2 [G(x) 

- 1] = iu - 

lirn^oo x 4 [G(x) - 


U-kx> x 6 [G(ar) - | 

h 2 / 14 ] 

X 2 x 4 J 


( 18 ) 
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etc. Comparing the relations (17) and (18), gives us that 

(2 2 ^ - 1 )B 2j 


h 2j - 


VjeN. 


( 19 ) 


This means that the constants l 2 3 in the inequality (15) are the best. Also, the constant 

one in the function G(x ) — can not be improved whatsoever, see [16]. □ 

Remark 1. As a special case of the inequality (15), we get 


_1 1 _ M _1 _1 1 _ 1 

2x 2 Ax 4 x 2x 2 Ax 4 2a; 6 ’ 


(20) 


which improve the right hand side of the inequality (8) for x > 0 and its left hand side for 


x > 


2 ’ 


Lemma 2.1. For m G N, the functions 


2m 


F m (x) = G(x) V 

X ^ 


(2 2n - 1 )B : 


2 n 


n— 1 


nx 


2 n 


and 


2m— 1 


H m (x) = ~G(x) + -+T 

x “ 


(2 2n - 1 )B 2n 


n= 1 


nx 


2 n 


are strictly completely monotonic. 

Proof. Using the relation (14), we have 

G f x ) -~-jr (22n _ l)B ' 2n 2(22m+2 _ 1 ) j02m + 2 


e(t)t 2m+l e~ xt dt. 


x 


n = 1 


nx 


2 n 


(2m + 2)\ J o 


Then 


■1)* 


dx k 


G f x) ~--j2 (2 ' n ~ l)B ' 2n ' - 2(22m+2 ~ l)B2m+ 2 


x 


n= 1 


nx 


2 n 


(2m + 2)! J o 


e(t)t 2m+k+1 e - xt dt. 


Using the Bernoulli number’s property (16), we get 


d: 


2m 


-l) fc — G(x) V 

dx k x 


(2 2n - 1 )B 


2 n 


n= 1 


nx 


2 n 


and 


2m— 1 


■i) A 


dx k 


- - - E 


(2 in - 1 )B 


2 n 


n=l 


nx 


2 n 


> o 


< 0. 


□ 
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Corollary 2.2. For odd k, we have 


(2 2,t — l)(2n)(2n + l)...(2n + k — l)B 2n < q(F( x 
nx 2n 

n= 1 


k\ 



n=l 


l)(2n)(2n + 1)...(2 n + k - 1 )B 2n 
nx 2n 


and the inequality will reverse for even k's. 


m = 1, 2, 3, ... 


3 Applications 


3.1 Bounds of the error of some alternating series 

A series of the form 

OO 

Ei-ox 

r= 1 

where a r > 0 for all r, is called an alternating series. By Leibnitz’s Theorem [11], the alternating 
series converges if a r decreases monotonically and a r — * 0 as r — » oo. Moreover, let S denote the 
sum of the series and S n its n th partial sum, then 


\S n ^S\ < a n+1 , n e N. 


For further details about hnding estimates for the error \S n — S'), please refer to [13], [28]- [33] . 
The alternating series [10] 


E 

k = 1 


(- 1 ) 


k - 1 


k 


In 2 and 


(- 1 ) 


fc-i 


71 


k= 1 


2k -1 


presented early important results of the calculus. Kazarinoff [10] deduced the following error 
estimates 


and 


4n + 2 

1 


< 


y' (-1 ) r 

^ 2r - 1 4 


r= 1 


< 


< 


t<AA_ lll2 

/ J T 


4n — 2 ’ 
1 


n e N 


r — 1 


t/4 


2{n + 1) 

by studying the function 

A ?l = 

Toth [32] improved Kazarinoff’s estimates by 

1 


< — , n e N 

2n 


tan n Odd, n £ N. 


4n + 2\/l9 — 8 


< 


y- (~l) r vr 

^ 2r - 1 4 


r=l 


< — , n e N 
4n 


( 21 ) 


( 22 ) 


(23) 
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and 


1 


2 n + 2y/7 - 4 


< 


n ( 1 ++1 

In 2 


r = 1 


< 


2n + 1 ’ 


n E N. 


(24) 


Also, Toth and Bnkor [33] shown that the best constants a and b such that the inequalities 


hold are a = 


2 In 2—1 
1— In 2 


2 n + a 


and 6 = 1. 


< 


/ J T 


r= 1 


< 


2n + b ’ 


n > 1 


Koumandos [13] refined Kazarinoff’s estimate (21) by 


4n + c 


< 


2-^ 9 r - 1 4 


r= 1 


< 


4n + d ’ 


n e N 


where the constants c = — 4 and d = 0 are the best possible. 

In [16], Mahmoud and Agarwal presented the following generalization 


4 (l + n ) 2 + 10(Z + n) + 9 
2(1 + n+l) [4(1 + n) 2 + 8(/ + n) + 7] 


< 


E 

r=n+l 


■i) 


r— 1 


r + 1 


< 


2(1 + n) + 3 
4(/ + n + l) 2 ' 


(25) 


(26) 


(27) 


where / > —n — 1 and — l ^ N. The double inequality (27) improved the two inequalities (25) 
and (26) for n > 1. 


Now, using (5) and (6), we have 


E 

r=n+ 1 


■i) 


r — 1 


r + l 


■1) ? 


G (l + n + 1) 


= -G (l + n + 1) , -l£ N. 


Then our double inequality (15) will give us sharp bounds of the the error r +i 

-It N . 


oo (- l ) 1 - 1 


(28) 
, for 


Lemma 3.1. 

2 2(2 2r - 1 )B 2r 


n 


E 


— ' r(l + n + l) 2r 


< 


E 

r=n+l 


(- 1 ) 


r— 1 


r + 1 


2 1 r,(r,2r 

< - 
n 

r 


+ E 


2(2 2r - l)5 2r 

2r 


— ( r(l + 77+1) 


Ti e N 


(29) 


with sharp bounds, where l > —n — 1 and — l t N. 


Remark 2. The inequality (29) improve the inequalities (25) and (26) for special values of the 
parameter /. Also, it is a generalization of the inequality (27). 
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3.2 New proof of the increasing monotonicity of a sequence arising 
from computation of the intersecting probability between a plane 
couple and a convex body 

The increasing of the sequence 


Pk 



keN 


was a question arises from computation of the intersecting probability between a plane couple 
and a convex body [9]. To prove the increasing monotonicity of the sequences Pk, Guo and Qi 
[9] studied equivalently the increasing monotonicity of the sequence 


Qk 


lppy) 

k rq|) 


ke N. 


Qi, Mortici and Guo [42] investigated an asymptotic formula for the function 


0(f) = 2 logT 


f + 1 


i°gr( - 


log t 


t > 0 


and proved some properties of the sequence Qk- Also, Mahmoud [17] generalized some properties 
of the function 0(f) and answered about the two posed questions in [42] about the sequence Qk- 


The first derivative of the function 0(f) can be represented by 

m = cm - \ 

and then the function 0'(f) is strictly completely monotonic, that is 

(-ir(0'(f)) W >0, r = 0,1,2 ,.... 

Hence the function 0(f) is increasing and also the function 


<?w = 


1 r 2 (y) 

« U(i) 


t > o 


since Q'(t) = Q(t)(f>'(t). Then Q(t) is increasing function and hence the sequence Qk is increasing 
sequence, which is the main result of [9]. 
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3- VARIABLE ADDITIVE p-FUNCTIONAL INEQUALITIES IN FUZZY 

NORMED SPACES 

JOONHYUK JUNG, JUNEHYEOK LEE*, GEORGE A. ANASTASSIOU, AND CHOONKIL PARK* 


Abstract. In this paper, we introduce and investigate the following additive p-functional in- 
equalities 


N(f(x + y + z) — f{x) - f(y) - f{z), t ) 


> N 


- fix) 

- fiv) - 

-2 /(*)), i), 


+ z ) - f( x ) - f(v ) 

- Viz) 

u) 


> N 

(KAWA) 

-fix) 

- fiv) - 

-/(«)) d) , 

N(f(x + y + z) — f(x) - f{y) - f(z), t) 



> N 


- fix) 

- fiv) - 

-/(«)) ,t) 


in fuzzy normed spaces. 

Furthermore, we prove the Hyers-Ulam stability of the above additive p-functional inequali- 
ties in fuzzy Banach spaces. 


1. Introduction and preliminaries 

Katsaras [16] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view [10, 20, 44]. In particular, Bag and Samanta [2], following Cheng and 
Mordeson [8] , gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric 
is of Kramosil and Michalek type [19]. They established a decomposition theorem of a fuzzy 
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3]. 

We use the definition of fuzzy normed spaces given in [2, 24, 25] to investigate the Hyers-Ulam 
stability of additive p-functional inequalities in fuzzy Banach spaces. 

Definition 1.1. [2, 24, 25, 26] Let A be a real vector space. A function A : A x K — > [0, 1] is 
called a fuzzy norm on A if for all x, y G X and all s,RK, 

(Ni) N(x,t) = 0 for t < 0; 

(A 2 ) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(JV 3 ) N(cx, t ) = N(x, A) if c / 0; 

(A 4 ) N(x + y,s + t ) > min {N(x,s),N(y,t)}‘, 

(IV 5 ) A(x,-) is a non-decreasing function of M and lim^oo A(x, t) = 1. 

(Nq) for x 7 ^ 0, N(x, •) is continuous on M. 

The pair (A, A) is called a fuzzy normed vector space. 

We know that N(—x,t) = N(x,t) for all x G A by (A 3 ). 


2010 Mathematics Subject Classification. Primary 46S40, 39B52, 47H10, 39B62, 26E50, 47S40. 

Key words and phrases. Hyers-Ulam stability; additive p-functional inequality; fuzzy normed space. 
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The other properties of fuzzy norrned vector spaces and examples of fuzzy norms are given in 
[23, 24], 

Definition 1 . 2 . [2, 24, 25, 26] Let ( X , N) be a fuzzy norrned vector space. A sequence {x n } in X 
is said to be convergent or converge if there exists ani£l such that lim™-^ N(x n — x,t) = 1 
for all t > 0. In this case, x is called the limit of the sequence { x n } and we denote it by 
A^-lim n _ >0O x n = x. 

Definition 1 . 3 . [2, 24, 25, 26] Let (X,N) be a fuzzy norrned vector space. A sequence { x n } 
in X is called Cauchy if for each e > 0 and each t > 0 there exists an no G N such that for all 
n > no and all p > 0, we have N(x n+p — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy norrned vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
norrned vector space is called a fuzzy Banach space. 

We say that a mapping / : X — > Y between fuzzy norrned vector spaces X and Y is continuous 
at a point xq £ A if for each sequence { x n } converging to xq in X , then the sequence {/(x n )} 
converges to /( xq ). If / : X — y Y is continuous at each x € X, then / : X — > Y is said to be 
continuous on X (see [3] ) . 

The stability problem of functional equations originated from a question of Ulam [43] 
concerning the stability of group homomorphisms. The functional equation f(x+y) = /(x)+/(y) 
is called the Cauchy equation. In particular, every solution of the Cauchy equation is said to 
be an additive mapping. Hyers [12] gave a first affirmative partial answer to the question of 
Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings 
and by Th.M. Rassias [36] for linear mappings by considering an unbounded Cauchy difference. 
A generalization of the Th.M. Rassias theorem was obtained by Gavruta [11] by replacing 
the unbounded Cauchy difference by a general control function in the spirit of Th.M. Rassias’ 
approach. The functional equation / = ^f(x) + \f{y) is called the Jensen equation. 

The stability problems of several functional equations have been extensively investigated by a 
number of authors and there are many interesting results concerning this problem (see [7, 13, 
15, 17, 18, 21, 31, 32, 33, 34, 37, 38, 39, 40, 41, 42]). 

Park [29, 30] defined additive p - functional inequalities and proved the Hyers-Ulam stability 
of the additive p-functional inequalities in Banach spaces and non- Archimedean Banach spaces. 

We recall a fundamental result in fixed point theory. 

Let A be a set. A function d : X x X — > [0, oo] is called a generalized metric on X if d 
satisfies 

(1) d(x, y) = 0 if and only if x = y: 

(2) d(x, y ) = d(y, x) for all x, y € X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z 6 X. 

Theorem 1 . 4 . [4, 9] Let (X,d) be a complete generalized metric space and let J : X -A X 
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element 
i£l, either 

d(J n x, J n+l x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo, Vn > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y 6 X \ d(J n °x,y) < oo}; 

( 4 ) d(y,y*) < j^dfaJy) for all y G Y. 

In 1996, G. Isac and Th.M. Rassias [14] were the first to provide applications of stability theory 
of functional equations for the proof of new fixed point theorems with applications. By using 
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fixed point methods, the stability problems of several functional equations have been extensively 
investigated by a number of authors (see [5, 6, 23, 27, 28, 34, 35]). 

Lemma 1.5. Let N(x,t ) > N(Xx,t) for all t. > 0. Assume that A is a fixed real with |A| < 1. 
Then x = 0. 


Proof. Putting instead of t, we get 


N[x, 


|A| 


vt)^( |A| *'FF t)^( x w) 


So we get 


N(x, t ) > N ( x, 


I A| t 


for all positive integers n. Passing the limit n — > oo, we get N(x,t) = 1 by (A5), and so x = 0 
by (N 2 ). ' □ 


In this paper, we introduce and investigate additive p-functional inequalities associated with 
the following additive functional equations 

f(x + y + z) - f{x) - f{y) - f{z) = 0 

2/ (^y- + 2) - f(x) - f{y ) - 2 f(z) = 0 

v{— f^) -/w- /(»)-/« - 0 

in fuzzy norrned spaces. 

Furthermore, we prove the Hyers-Ulam stability of the additive p-functional inequalities in 
fuzzy Banach spaces. 

Throughout this paper, assume that X is a real fuzzy norrned space with norm N(-,t) and 
that Y is a fuzzy Banach space with norm N(-,t). 


2. Additive p-functional inequality / 

In this section, we investigate the additive p-functional inequality 
(2.1) N (. f(x + y + z)~ f{x) - f(y ) - f(z),t) 

>N^p ^2/ - f{x) - f(y ) - 2 f(z)^j ,tj 

in fuzzy norrned spaces. Assume that p is a fixed real number with |p| < 

Lemma 2.1. Let f : X — >■ Y be a mapping satisfying (2.1) for all x,y,z € X . Then f : X —>■ Y 
is additive. 

Proof. Letting x = y = z = 0 in (2.1), we get N(2f(0),t) > IV(2p/(0),f) and so /( 0) = 0 by 
Lemma 1.5. 

Replacing y by x and z by — x in (2.1), we get N(f(x) + f(—x),t) > N(2p(f(x) + f(—x)),t) 
and so f(—x) = —f(x) for all x £ X by Lemma 1.5. 

Replacing y by x and z by — 2x in (2.1), we get 

N(f(2x) - 2 f(x),t) > N(2p(f(2x) - 2f(x)),t) 

and so /( 2x) = 2 f(x) for all x € X by Lemma 1.5. 

Replacing z by — x — y in (2.1), we get 

N (/(* + y)~ f[x) - f(y),t ) > N (p (/(x + y)- fix) - f{y )) , t) 
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and so f(x + y) = f(x) + f(y) for all x, y G X by Lemma 1.5. 
Hence / : X — > Y is additive. 


□ 


We prove the Hyers-Ulam stability of the additive p- functional inequality (2.1) in fuzzy Banach 
spaces. 

Theorem 2.2. Let (p : X 3 — > [0, oo) be a function such that there exists an L < 1 satisfying 

<fi{x, y, z) < ^ip (2x, 2 y, 2 z) , <p(0, 0, 0) = 0 

for all x,y,z&X. Let f : X — >■ Y be a mapping satisfying 

(2.2) N (f(x + y + z)~ f{x) - f(y) - f(z),t ) 

' x + y 


> min < N [p 2/ 


+ z - f{x) - f{y) -2f(z) ) ,t , 


t + cp(x,y,z) 


for all x,y,z G X and all t > 0. Then A(x) := iV-lim n _ > . 0O 2 n f (^) exists for each x G X and 
defines an additive mapping A : X — > Y such that 


(2.3) 


N{f(x) - A(x),t) > 


(2 - 2 L)t 


(2 — 2 L)t + Lip(x, x, 0) 


for all x G X and all t > 0. 


Proof. Letting x = y = z = 0 in (2.2), we get N(2f(0),t) > N(2pf(0),t) and so /( 0) = 0 by 
Lemma 1.5. 

Replacing y by x and z by 0 in (2.2), we get 

< 2 - 4) N(/(2x)-2/ W . t )> ( + >>( ^ |0) 

for all x £ X. 

Consider the set 

S:={g:X^Y} 

and introduce the generalized metric on S: 

t. 


d(g,h ) = inf </*£ M + : N(g(x) — h(x),yt) > 


- , Vx € X, Vt > 0 > , 


t + <p(x, x, 0) ' 

where, as usual, inf <f = +oo. It is easy to show that (S,d) is complete (see [22, Lemma 2.1]). 


Now we consider the linear mapping J : S -A S such that 

' x ' 


Jg(x) := 2 g 

for all 

Let g, h € S be given such that d(g, h ) = e. Then 

N(g(x) — h{x),et) > 


t + <p(x, x, 0) 

for all x £ X and all t > 0. Hence 

N(Jg{x) — Jh(x), Let) = N(2g(^-2h(^),Let)=N(g 


-h 


x\ L 


-et 


> 


Lt 

2 


> 


Lt 

2 


f + (£(§,§, 0) % + %(p(x,x,0) t + p(x, x, 0) 
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for all x £ X and all t > 0. So d(g. h) = e implies that d(Jg, Jh ) < Le. This means that 

d(Jg, Jh) < Ld(g, h) 

for all g , h £ S. 

It follows from (2.4) that N (/(x) — 2/ (|) , ^t) > t+lfi * x - Q ) for all x & X and all t > 0. So 

d(f,Jf)<%. 

By Theorem 1.4, there exists a mapping A : X — > Y satisfying the following: 

(1) A is a fixed point of J, i.e., A (|) = ^A(x) for all x £ X. Since f : X Y is odd, 
A : X -A Y is an odd mapping. The mapping A is a unique fixed point of J in the set 

M = {g £ S : d(f,g) < oo}. 

This implies that A is a unique mapping satisfying (2.6) such that there exists a p £ (0, oo) 
satisfying N(f(x ) - A(x),pt) > t+y( * ;X;0) for all x £ X; 

(2) d(J n f , A) — > 0 as n -A oo. This implies the equality 




for all x £ X] 

(3) d(f. A) < jz^d(f, Jf), which implies the inequality d(f, A) < This implies that the 

inequality (2.3) holds. 

By (2.2), 


N T (f 


x + y + z 


> min N Tp 2/ 


-/ -/ Ut -/ ,2"t 


x + y + 2z 
2 n+1 


-/ ™ -/ -2/ xu ,2"t , 


+ + oo (*- X 

° ' t \ 2 n ’ 2 n 5 2 n / 


for all x, y £ X, all f > 0 and all n £ N 

: get 

' x + y + z 


Replacing t by t^-, we get 


N 2 n f 


> min N 2 > 2/ 


-/ 


x 


-/ 


-/ 




x + y + 2z 
2 n+1 


-/ ™ -/b h 2 /Ui M . 


2^ H - 2 n y 5 ^0 J 

for all x, y £ X, all f > 0 and all n G N. Since lim n _ > . 0O 
t > 0, 


2?a V 2 n 


= 1 for all x, y £ X and all 


N (A(x + y + z) — A(x) - A(y) - A(z),t) 

>iv(p ( ' 2A + z) - 4(x) - -4(2/) - 24(z)^ , t) 

for all x,y £ X and all t > 0. By Lemma 2.1, the mapping A : X — > Y is Cauchy additive, as 
desired. □ 
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Theorem 2.3. Let p : X 3 -A [0, oo) be a function such that there exists an L < 1 satisfying 

p{x,y,z) < 2L<p |, , <^(0,0,0) = 0 


/or all x,y,z £ X. Let / : X -A T 6e a mapping satisfying (2.2). Then A(x) := iV- 
linin^oo ^f(2 n x) exists for each x £ X and defines an additive mapping R : X — > Y such 
that 


(2.5) 


N (f(x) - A(x),t) > 


(2 - 2 L)t 

(2 — 2L)t + <p(x, x, 0) 


for all x £ X and all t > 0. 


Proof. Let (5, d ) be the generalized metric space defined in the proof of Theorem 2.2. 
It follows from (2.4) that /( 0) = 0 and 

N (/ (2x) — 2/(x),t) > 


t + p(x, x, 0) 

for all x £ X. Consider the linear mapping J : S — > S such that Jg(x) := 2x). 

t 


N{Jf(x) - f(x),t) > 


t + \p(x, X, 0) 


So, we can get d(Jf, /) > ^ 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Lemma 2.4. Let f : X -a Y be a mapping satisfying 

(2.6) f(x + y + z)~ /(x) - f(y) - f{z) = p ^2/ + z) - f(x) - f(y) - 2 f(z)^j 

for all x,y,z^X. Then f : X -A Y is additive. 

Proof. Letting x = y = z = 0in (2.6), we get —2/(0) = —2pf(0) and so /( 0) = 0. 

Replacing y by x and letting z = 0 in (2.6), we get /( 2x) — 2/(x) = 0 and so /( 2x) = 2/(x) 
for all x £ X. 

Letting z = 0 in (2.6), we get 

/(* + y)~ /(*) - f(y) = p f - /(*) - /(y)) = p(f( x + y)~ f( x ) - f(y)) 

and so /(x + y) = f(x) + f(y) for all x, y £ X. □ 


Now, we prove the Hyers-Ulam stability of an additive p- functional inequality associated with 
(2.6) in fuzzy Banach spaces. 

Theorem 2.5. Let p : X 3 -A [0, oo) be a function such that there exists an L < 1 satisfying 

p(x, y, z) < ^ p (2x, 2 y, 2 z) , <p(0, 0, 0) = 0 

/or all x,y,z£X. Let f : X -A Y be a mapping satisfying 


(2.7) 


N ((/(* + y + z) - /(x) - /(y) - f(z) 
' x + y 


~P 2/ 


+ z - f(x) - f(y) -2f(z) ) ,t > 


t 


2 7 •' v “ / ~‘ ,v '7 , 7 -t + ^(x,y,7 

/or all x,y,z £ X and all t > 0. TTien t/iere exists an unique additive mapping A : X 
satisfying (2.3). 


y 
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Proof. Letting x = y = z = 0 in (2.7), we get iV(2(l — p)f(0),t) = 1. So /( 0) = 0. 
Replacing y by x and z by 0 in (2.7), we get 

(2.8) N(f(2x) — 2/(x),f) > 


t + <p(x, x , 0) 


for all x £ X. So 


N ( /(X) - 2/ (f) •*) " t + rt |,f,0) a t + *rfx,x,0) 
for all x & X. Consider the linear mapping J : S — > S such that Jg(x) = 2 g (|). 

t 


N(f( x) - ' L 


t + tt<p(x,x,0) 


and so d(f, J f) < k 


The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Theorem 2.6. Let ip : X 3 —> [0, oo) be a function such that there exists an L < 1 satisfying 

p(x, y , z) < 2 L 97 (|, |, |) , <^( 0 , 0 , 0 ) = 0 

/or all x,y,z G X. Let f : X Y be a mapping satisfying (2.7). T/ien t/iere exists an unique 
additive mapping A : X Y satisfying (2.5). 


t 


Proof. It follows from (2.8) that /( 0) = 0 and 

JV(/(2x)-2/(x),t)> r+v(ijii0) 

for all x & X. Consider the linear mapping J : S — )• 5 such that Jg(x) = ^g , (2x). 

t 


N{Jf(x) - f (x) , f ) > 


t + i</?(x, x, 0) 


So, we can get d(/, J f)>\ 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


3. Additive ^-functional inequality II 
In this section, we investigate the additive p- functional inequality 

(3-1) N ^ 2 / + z) - f{x) ~ f(y) - 2 f(z),tj 

>n(p (2 f ( X + V 2 + ^ ~ fi x ) ~ f(y) - fi z )^j 
in fuzzy norrned spaces. Assume that p is a fixed real with \p\ < 1. 

Lemma 3.1. Let f : X —tY be a mapping satisfying (3.1) for all x,y,z G X . Then f : X — »• Y 
is additive. 

Proof. Letting x = y = z = 0 in (3.1), we get IV(2/(0),f) > N(pf(0),t) and so /( 0) = 0 by 
Lemma 1.5. 

Replacing z by x and letting y = 0 in (3.1), we get N (2f (^) —3 f(x),t) = 1 and so 
/(if) = 1/0*0 for all x G X by Lemma 1.5. 

Replacing y by x and z by x in (3.1), we get N (2/(2x) — 4 f(x),t) = 1 and so /( 2x) = 2/(x) 
for all x G X by Lemma 1.5. 
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Replacing y by — x and z by y in (3.1), we get 

N (/(*) + ) >N(p (f(x) + f(-x )) , t) 

and so f(—x) = —fix) for all x £ X by Lemma 1.5. 

Replacing z by — x — y in (3.1), we get 

N {f{x + y)~ f[x) - f(y),t ) > N (p (f(x + y)~ fix) - f(y )) , t) 

and so f(x + y) = f(x) + f(y) for all x, y £ X by Lemma 1.5. So / : X — > Y is additive. □ 

We prove the Hyers-Ulam stability of the additive p-functional inequality (3.1) in fuzzy Banach 
spaces. 

Theorem 3.2. Let (p : X 3 -A [0, oo) be a function such that there exists an L < 1 satisfying 

2 f 2> 3 3 \ 

<p(x, y, z) < -Lip ( -x, -y, -z J , <p(0,0,0) = 0 

for all x,y,z£X. Let f : X — >■ Y be a mapping satisfying 
' x + y 


(3.2) 


AM 2/ 


+ z - f(x) -f(y) -2f(z),t 


> min < N p ( 2/ 


x + y + z 


- fix) - f(y) - f(z) ) ,t , 


t + ip{x,y,z) 


for all x,y,z G X and all t > 0. Then A{x) := lV-lim n _ ) . 0O 2 n f (^-) exists for each x G X and 
defines an additive mapping A: X — >■ T such that 


(3.3) 


N(f(x) - A(x),t) > 


(3 - 3 L)t 


(3 — 3 L)t + Lip{x , 0, x) 


for all x € X and all t > 0. 


Proof. Letting x = y = z = Oin (3.2), we get N(2f(0),t) > N(pf(0),t) and so /( 0) = 0 by 
Lemma 1.5. 

Replacing y by 0 and 2 by i, we get 


(3.4) 


AM 2 /(-£)- 3 f(x),t) > 


t 


t + ip(x, 0, x) 


for all x € X. 

Consider the set 

S:={g:X^Y} 

and introduce the generalized metric on S : 

d(g,h) = inf / p £ M + : N ( g{x ) — h(x ) , pt) > 


t. + </j(x, 0, x) 


, Vx G X, Vt > 0 > , 


where, as usual, inf <f = +oo. It is known that [S, d) is complete. 
Now we consider the linear mapping J : S — > S such that 


Jg(x ) := -g o x 


for all x G X. 
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Let g, h € S be given such that d(g, h ) = e. Then N(g(x) — h(x),et) > t+lf ^ x 0 x y for all x G X 
and all t > 0. Hence 


N(Jg(x) — Jh(x), Let) = 


> 

for all x 6 X and all t > 0. 


N (I s (B - \ h (B • Let ) =N ( s (B - h (B • \ Let ) 

2 Lt 2 Lt . 

3 > 3 _ ® 

^ + ip (lx, 0, lx) - ^ ^ tp{x , 0, x) t + ip( x, 0, x) 

So d(g, h ) = e implies that d(Jg, Jh ) < Le. This means that 


d( Jg, Jh) < Ld(g, h) 


for all g , h 6 S. 

It follows from (3.4) that 


N f(x) 


3 -f 




> 


t 

t + (p(x, 0, x) 


for all x G X and all t > 0. So d(f, Jf) < ^ . 

By Theorem 1.4, there exists a mapping A : X — > Y satisfying the following: 

(1) A is a fixed point of J , i.e., A (|x) = lA(x) for all x £ X. Since / : X — y Y is odd, 
A : X — > Y is an odd mapping. The mapping A is a unique fixed point of J in the set 


M = {g e S : d(f,g) < oo}. 

This implies that A is a unique mapping satisfying (2.6) such that there exists a g £ (0, oo) 
satisfying N(f(x) - A(x),/j,t) > for all x € X] 

(2) d(J n f , A) 0 as n — > oo. This implies the equality 

N J^(f) f((l) *) = vu 


for all x € X; 

(3) d(f, A) < jzr^d{f, J /), which implies the inequality d(f, A) < ■ This implies that the 

inequality (3.3) holds. 

By (3.2), 


N 






n 




> min 







for all x, y € X, all t > 0 and all n G N. 
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Replacing t by 4r, we get that 


N 


2 / 


> min < N 


2 / 


x + y 


+ z 


-/( ( 3 ) *)-/(( o) »)-2/( M - 


x + y + z 


-/ 


2 

- I x 


3 

,t I , 


2 
3 

(!)"* 


M 


for all x, y £ X, all f > 0 and all ra € N. Since lim n _ ) . 0O 
and all t > 0, 


(§)"* 


;§)"t+(f)Vw) 


(IP+tfr^Ow) 

= 1 for all x,y £ X 


N 2 A 


x + y 


> N Ip 2A 


+ z) - A(x) - A(y) - 2 A(z),t 


- A{x) - A(y) - A{z) ,t 


x + y + z 


for all x,|/el and all t > 0. By Lemma 2.1, the mapping A : X — > Y is Cauchy additive, as 
desired. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Theorem 3.3. Let (p : X 3 -A [0, oo) be a function such that there exists an L < 1 satisfying 

2 2 2 


( x , y, z) < -L(p ^-x, -y, -zj , 99 ( 0 , 0, 0) = 0 

for all x,y,z £ X. Let f : X — > Y be a mapping satisfying (3.2). Then A(x) := N- 
linJ n -00 (§)"/((§)" x) exists for each x £ X and defines an additive mapping A : X Y 
such that 

(3 - 3 L) t 


(3.5) 


iV(/(x) - A(x),t) > 


(3 — 3 L) t + ip (x, 0, x) 


for all x £ X and all t > 0. 


Proof. Let (S', d ) be the generalized metric space defined in the proof of Theorem 3.2. It follows 
from (3.4) that /( 0) = 0 and 

N ( 2 f -3 f(x),t] > 


t + ip(x, 0, x) 


for all x £ X. Consider the linear mapping J : S — > S such that Jg(x) := | g (|x). 

t 


N{Jf(x) - f(x),t) > 


t + \<p(x, x, 0) 


So, we can get d(Jf, /) > | 

The rest of the proof is similar to the proof of Theorem 3.2. 


□ 


(3.6) 


From now on, we investigate another additive p- functional inequality 

x + y + z' 


AM 2/ 


>N[p[2f 


- f{x) - f(y) - f(z),t 
x + y 


+ z - /(x) - f(y) - 2f(z) ,t 


in fuzzy norrned spaces. Assume that p is a fixed real with \p\ < b. 
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Lemma 3.4. Let f : X — >■ Y be a mapping satisfying (3.6) for all x,y,z£X. Then f : X — >■ Y 
is additive. 

Proof. Letting x = y = z = Oin (3.6), we get N(f(0),t) > N(2\p\f(0),t). and so /( 0) = 0 by 
Lemma 1.5. 

Letting x = y = 0 in (3.6), we get N (2/ (f ) — f(z),t ) = 1 and so /(f) = \ f(x) for all x G X. 
Replacing z by — x — y in (3.6), we get 

N (/(-* - y) + f(x) + f(y),t) >N(p (/(-x -y) + f{x) + f{y )) , t ) 

and so 

f{~x - y) = ~f{x) - f{y) 

for all x, y € X. 

Letting y = 0 in (3.6), we get f(—x) = —f(x) for all x G X. 

Thus f(x) + f(y) = —f(—x — y) = f(x + y) for all x,y G X. Hence / : X — > Y is additive. □ 

4. Additive /afunctional inequality III 
In this section, we investigate the additive p- functional inequality 

(4.1) N {f{x + y + z) — f(x) - f{y) - f(z),t) 

>N^p (2f V + V 2 + - f(x) - f(y) - f(z)j ,?j 

in fuzzy norrned spaces. Assume that p is a fixed real with \p\ < 1. 

Lemma 4.1. Let f : X — >■ Y be a mapping satisfying (4.1) for all x,y,z G X. Then f : X Y 
is additive. 

Proof. Letting x = y = z = 0 in (4.1), we get N(2f(0),t) > N(pf(0),t). and so /( 0) = 0 by 
Lemma 1.5. 

Replacing z by — x — y in (4.1), we get 

N{f(x) + f(y) + f{-x - y),t ) > N(p(f{x) + f{y) + f(-x - y)),t) 

and so 

(4.2) f(x) + f(y) + f(-x -y)= 0 
for all x, y € X. 

Letting y = — x in (4.2), we get f(—x) = —f{x) for all x e X. 

Thus f(x) + f(y) = —f(—x — y) = f(x + y) for all x, y € X. So / : X — >■ Y is additive. □ 

We prove the Hyers-Ulam stability of the additive p-functional inequality (4.1) in fuzzy Banach 
spaces. 

Theorem 4.2. Let <p : X 3 — > [0, oo) be a function such that there exists an L < 1 satisfying 

p(x, y, z) < ^ (p (2x, 2 y, 2 z ) , <p( 0, 0, 0) = 0 

for all x,y,z&X. Let f : X — >■ Y be a mapping satisfying 

(4.3) N (/ (x + y + z) - f{x) - f(y ) - f(z),t) 

> min {w (p (2/ (^t| + £) _ /(I) - /(„) - /W) ,t) , 
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for all x,y, z G X and all t > 0. Then A{x) := X-lin^,^,^ 2 n f (^-) exists for each x G X and 
defines an additive mapping A : X -A Y such that 


(4.4) 


N(f(x) - A(x),t) > 


(2 - 2 L)t 


(2 — 2 L)t + Lip(x , x, 0) 


for all x G X and all t > 0. 


Proof. Letting x = y = z = Oin (4.3), we get IV(2/(0),t) > N(pf(0),t) and so /( 0) = 0 by 
Lemma 1.5. 

Replacing y by x and letting z = 0 in (4.3), we get 

< 45) N(/(2x)-2/ W . t )> ( + >>( ^ |0) 

for all x G X. 

Let (S,d) be the generalized metric space defined in the proof of Theorem 2.2. 

Consider the linear mapping J : S — > S such that Jg(x ) = 2g (|). Then 

N(f(x) — Jf(x),t ) > — — r- > - T — \ - 

t + vi 2 > 2 ’°) t + ffip(x,x, 0) 

So d(/,J/)<f. 

The rest of the proof is similar to the proof of the Theorem 2.2. 

Theorem 4.3. Let : X 3 — >• [0, oo) be a function such that there exists an L < 1 satisfying 


□ 


V(x,y,z) < 2Lip (|, |, |) , ¥>(0,0,0) = 0 


/or all x,y,z G X. Let f : X Y be a mapping satisfying (4.3). Then y1(x) := IV- 
linin^oc ^f(2 n x) exists for each x € X and defines an additive mapping A : X — )• Y such 
that 


(4.6) 


N(f(x) - A(x),t) > 


(2 - 2 L)t 


(2 — 2 L)t + (/>(x, x, x) 


/or all x G X and all t > 0. 


Proof. Let (5, d) be the generalized metric space defined in the proof of Theorem 2.2. 
It follows from (4.5) that /( 0) = 0 and 


N (/ (2x) — 2f(x),t) > 


t 


t + ¥>(x, x, 0) 

for all x G X. 

Consider the linear mapping J : S' — >■ S such that Jg{x) = \g{ 2x). Then 

Of f 

N(f(x) - Jf(x),t) > ' — > — y — 

2t + (p(x,x,0) t. + ^(p{x,x, 0) 

So d(f, J f) < 7, . The rest of the proof is similar to the proof of the Theorem 4.2. 
Lemma 4.4. Let / : X — »• Y be a mapping satisfying 

X + V + Z ' - f(x) - f(y) - f(z) 


□ 


(4.7) f(x + y + z)~ f[x) - f(y) - f{z) = p (^2/ 
for all x,y, z G X . Then / : X — »• T is additive. 
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Proof. Letting x = y = z = 0 in (4.7), we get —2/(0) = —pf{ 0) and so /( 0) = 0. 

Replacing y by x and letting z = 0 in (4.7), we get /( 2x) — 2 f[x) = 0 and so /( 2x) = 2 f(x) 
for all x G X. 

Letting z = 0 in (4.7), we get 

'x + y' 


fix + y)~ f(x ) - f(y) = p 2/ 


- fix) - fiy) = pifix + y)~ fix) - fiy)) 


□ 


and so fix + y) = f(x) + fiy) for all x, y E X. 

Now, we prove the Hyers-Ulam stability of an additive p- functional inequality associated with 

(4.7) in fuzzy Banach spaces. 

Theorem 4.5. Let ip : X 3 — > [0, oo) be a function such that there exists an L < 1 satisfying 

Vix, y, z) < i2x, 2 y, 2 z) , <p(0, 0, 0) = 0 

for all x,y,z&X. Let f : X — >■ Y be a mapping satisfying 

(4.8) NUfix + y + z)- fix)- fiy)- fiz) 

' x + y + z' 


-p 2/ 


- fix)- fiy)- fiz)] ,t > 


t 


2 J — ' v '7’7 ~t + <pix,y,z) 

for all x,y,z E X and all t > 0. Then there exists an unique additive mapping A : X -A Y 
satisfying (4.4). 

Proof. Letting x = y = z = Oin (4.8), we get iV(( 2 — p)/(0), t) = 1 and so /(0) = 0. 

Replacing y by x and letting z = 0 in (4.8), we get 

(4.9) N if (2x) — 2f(x),t) > 7 r 

v ; u v J w ’ ’ ~ t + <pix,x,0) 

for all x G X. 

Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2. 

Let Jgix) = 2g (|). Then 

N{fix) — Jfix),t) > 7 r- > j — 

UV M J ~t + p{ f,f,0) ~t + %<pix,x, 0) 

So d(/,J/)<f. 

The rest of the proof is similar to the proof of Theorem 4.2. □ 

Theorem 4.6. Let ip : X 3 [0, oo) be a function such that there exists an L < 1 satisfying 

p(x,y,z) < 2L(p |, 0 , <p(0, 0, 0) = 0 

/or all x,y,z G X. Let f : X Y be a mapping satisfying (4.8). T/ien there exists an unique 
additive mapping A : X —>■ Y satisfying (4.6). 

Proof. It follows from (4.9) that /( 0) = 0 and 

JV(/(2x)-2 m>t)> t + J xx0) 

for all x G X. 

Let iS,d) be the generalized metric space defined in the proof of Theorem 2.2. 

Consider the linear mapping J : S — > S such that Jgix) = |p( 2x). Then 

Of f 

Nifix) - Jf(x),t) > 2 . > 


2t + ip(x,x,0) t + hcpix,x, 0) 
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So 

The rest of the proof is similar to the proof of Theorem 4.2. □ 
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Abstract 

Directly from Benenti’s theorem, which characterizes separability with one single Killing tensor, we adopt an 
algorithm to execute the task of separability test. The algorithm is applied to generalized quartic and quintic 
polynomial potentials as well as some multi-separable systems on (pseudo)-Euclidean spaces. It yields many 
well-known integrable systems in a unified and straight manner, in contrast to some complicated techniques 
employed in the literature to derive them. 

Keywords: completely integrable system; separable system; Killing two-tensor; Henon-Heiles systems 


1. Introduction 

Finite dimensional completely integrable system has always attracted much attention. Recently authors 
adopted various methods or perspectives to investigate them. Prominent of all, are the separability theory 
of Hamilton- Jacobi equation [1], the approach of Lax representations [2], and the bi-Hamiltonian theory 
[3, 4] among others (see e.g. the references above and therein). 

For a given Hamilton system finding canonical separation coordinates is very non-trivial. The above 
approaches can partly solve this problem. Sklyanin developed a method based on a Lax pair [5]. The 
separable coordinates are obtained from the spectrum of the Lax operator. Another approach is based on 
the existence of a bi-Hamiltonian representation [6, 4], The separable variables, called Darboux-Nijenhuis 
coordinates, are related with the recursion operator constructed from the Poisson pencil. 

For a generic system there is no intrinsic criterion of the existence of a Lax or bi-Hamiltonian formulation. 
Benenti [7, 8] has developed an intrinsic characterization for a Hamiltonian system being separable (see 
Theorem 1). It is based on geometric properties of the Killing tensors corresponding to the first integrals 
of the system. We can make a comparison of these approaches to the separability of the Hamilton-Jacobi 
equation. While the technique based on the Lax or bi-Hamiltonian formulation may be more effective in 
studying particular examples (for which such formulation has been found beforehand) , the Benenti approach 
is more rigorous from the mathematical point of view. 

Though integrability does not necessarily imply separability, the separable class constitute the vital 
examples among all integrable systems. Directly from Benenti’s theorem, we can adopt a strategy to cope 
with the problem of separability test. We present this method as an executable algorithm, which are 
especially applicable to families of Hamiltonian systems containing some numeric constants. In this paper 
we employ this algorithm to test several natural systems, recovering some known models obtained by other 
approaches such as Painleve analysis or differential Galois theory [9]. 

This paper is organised as follows. In Section 2, some basic concepts in Killing tensors method of H-J 
separability are reviewed, then based on it we suggest an executable algorithm to make concrete separability 
test. The algorithm is, in Section 3, applied to test several potentials, including inhomogeneous quartic 
polynomial potential, homogeneous quintic potential, as well as some multi-separable systems on Euclidean 
and Minkowski planes. These will yield many well-known integrable systems in a unified and straight 
manner, in contrast to complicated techniques employed in the literature. The last section is devoted to 
some concluding remarks. 
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2. The Geometric Method to Variables Separation and an Executable Algorithm 

We briefly recall some necessary facts about the separation of variables method, considered in the frame- 
work of symplectic geometry. Let be a symplectic manifold with symplectic form w. Then the 

Poisson bivector is P = w -1 . Note here we view u (and P) as transformation taking vector field to one-form 
(and vice-versa, respectively). It is well known that the Schouten bracket vanishes, [P,P] = 0. 

Let ( q,p ), q = (<?i, . . . , q n ), p = (pi,...,p n ) be the (local) canonical coordinates on At, then the 
Poisson bivector is P = A The Hamiltonian vector field corresponding to a smooth function 

H = H(q,p) is defined as Xjj = PdH. The triple ( M,P,H ) is called a Hamiltonian system. 

In this paper we will focus on Hamiltonian system in the setting of Riemannian geometry. That is 
to say, the phase space is the cotangent bundle T*M of some (pseudo)-Riemannian manifold ( M,g ). We 
remind that we are finding separable coordinates related to the original physics coordinates (q,p) via a 
point transformation. In the setting of Riemannian geometry a natural Hamiltonian H = T + V takes the 
form as follows 

n 1 

h =Y. 2 G l:, (q)P l Pj+V(q) (2.1) 

*d= l 

where G lJ is the inverse of metric g and V (q) the potential. The classical Hamilton- Jacobi equation reads 

” 1 

Y 2 G ' J diW d 3 W + V = E (2.2) 

i,j = 1 


where E is the constant of conserved energy (Hamiltonian). It is a first-order partial differential equation 
of the unknown W. 


Definition 1. The Hamiltonian H (2.1) is separable in the canonical variable (q,p), if the Hamilton- Jacobi 
equation (2.2) admits a complete integral of additive form 

W(q,a)=Y. Wi(q',a), ( 2 . 3 ) 

Z J l=l 


where a = (aq, . . . , a n ) are integration constants, such that det 
separable variables. 


d 2 W 

dqi dotj 


^ 0. The variables (q, p) are called 


It is well known that the n first integrals obtained by solving the Hamilton-Jacobi equation (2.2) are either 
quadratic or linear in momenta and thus correspond to Killing 2-tensors or Killing vectors, respectively. 

Definition 2. A Killing tensor K of valence p defined on ( M,g ) is a symmetric (p, 0) -tensor satisfying the 
Killing tensor equation 

[K,G\ = 0, (2.4) 

where [ , } denotes the Schouten bracket. 

All Killing p-tensors constitute a vector space JC P (M). For manifold of constant curvature its dimension 
attains the maximum, see e.g. [10]. 

Separability of the natural Hamiltonian H = T + V depends on the Killing 2-tensor of the underlying 
manifold ( M,g ). This idea, due to Eisenhart, has been extensively exploited by many authors, see e.g. 
[11, 12]. The intrinsic criterion given by Benenti [7, 8] allows one to characterize separability by a single 
Killing 2-tensor (orthogonal case) , or a Killing 2-tensor together with an abelian algebra of Killing vectors 
(non-orthogonal case). Here we focus on the orthogonal case since it is more common. 

Theorem 1 (Benenti). A Hamiltonian H = T + V is separable in some orthogonal coordinates if and 
only if there exists a Killing 2-tensor K with pointwise simple and real eigenvalues, orthogonally integrable 
eigenvectors and such that 

d(KdV)=0. (2.5) 
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The (0,2)-tensor K is called characteristic Killing tensor. On a Riemannian manifold it can be viewed 
as (2,0)- or (1, l)-tensor by lowering or raising indices via metric g or G. Here K in (2.5) is seen as a 
(1, l)-tensor which takes a one-form to another. In local coordinates (2.5) entails the following one-form is 
closed, 

K dU = V gii diV dq i . (2.6) 

This theorem elegantly and intrinsically characterizes the orthogonal separability of the natural Hamil- 
tonian (2.1). Often in the literature one is faced with a general system with some parameters involved in 
the Hamiltonian. Many sophisticated methods have to be invented and applied to identify the rare cases 
which are separable, or integrable. We will revisit some of these examples in later sections. 

From the Benenti’s theorem 1 we come up with an approach to deal with the problem of searching for 
separable case of parameters, presented by an Algorithm as below: 

Algorithm. Let H be a natural Hamiltonian with potential U(g;aq ) defined on some pseudo-Riemannian 
manifold (M, g ), where a;’s are some constant parameters. The special values of parameters, that guarantees 
the system H is H-J separable, are achieved during execution of the algorithm. 

Begin. 

Step 1. For the pseudo-Riemannian manifold (M,g), using the Killing tensor equation (2.4) to calculate 
the general Killing 2-tensor K. All of them constitute a vector space /C 2 (M) of dimension d. The 
expression of a general Killing 2-tensor is K = UjKj, where (Kj) is the basis, C, £ R. 

If d < dim(M), then by theorems due to Kaluins & Miller [II] there exists no separable potential — 
Stop. 

Essentially, this step is a pure problem of differential geometry. 

Step 2. The Killing tensor K obtained above is of covariant (2,0)-type. Using metric g, transform it to a 
(1, l)-tensor K which can be regarded as an endomorphism of the cotangent bundle T* M . 

By abuse of notation we use K to denote the new tensor below. Note that in matrix form K is always 
symmetric, K is not so in general. 

Step 3. Insert the (1, l)-tensor into the core equation (2.5). The vanishing of form d(KdV) entails the 
vanishing of all its coefficients. Thus a system of equations involving variables q/. and constants Gq, Cj 
follows, which are usually (or can be transformed to) polynomials of qk- 

Simplify this system of equations, eventually we obtain algebraic equations of the parameters ai,Cj 
only. Solve the system of algebraic equations. The obtained solutions are candidates of separable 
cases. 

Step 4. Substitute the C/s back into the general expression of Killing tensor. Calculate its eigenvalues and 
eigenvectors. Check whether they satisfy the additional condition in Benenti’s theorem. These gives 
the complete set of all separable cases. 

Step 5 (Optional). For a separable case, by using the eigenvalues and eigenvectors obtained in step 4, we 
can figure out which concrete coordinate system permits the separability of the corresponding system, 
(see e.g. [12]) 

End. 


3. Applications 

In this section, we first review the Killing vectors (tensors) of E 2 (see e.g. [13]), then we use them to 
make a detailed analysis of several systems involved with some constants. 
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In the situation of E 2 we will write the familiar (x,y) for (g 1 ,^ 2 ), and ( p Xl p y ) for {pi,p 2 ), here (x,y) is 
the usual Cartesian coordinate. The space of Killing vectors has dim/C 1 (E 2 ) = 3 with a basis [13] being 


d x ,d y (two translations), yd x — xd y (rotation) 
where we adopt the notation d x = d y = The second space /C 2 (E 2 ) has a basis [13] 

k 1 = d 2 , K 2 = d 2 , k 3 = a x d v + d v d x (=G), 

K 4 = -2 y dl+x d x dy + x dyd x , K 5 = -2x d^+y d x d y + y d y d x , 

K 6 = y 2 d 2 + x 2 <9 2 - xy d x d y - xy d y d x . 

So the expression for a general Killing 2-tensor is 

K = V 6 CiKt = ( C 6 y 2 - 2C 4 y + C7r) d 2 + (C 6 z 2 - 2C 5 a: + C 2 ) d 2 + 

Z ^ i= 1 y 

+ (— Cq xy + C4 a; + C5 y + C3) ( d x d y + dydx) 


or, in matrix form 

(vij ' 1 _ /" Cer — 2C 4 y + Ci — Cg xy + C 4 X + C$y + C 3 \ 
~ y-C e xy + C 4 x + C 5 y + C 3 C 6 x 2 -2C 5 x + C 2 J 


where Ci are constants. 

At last, we mention a special non-separable situation, that is, 


(3.1) 


(3.2) 


(3.3) 


(3.4) 


(NS) C 4 = C 2 , C 3 = C 4 = C 5 = C 6 = 0. 

In such a case the matrix K = C± / 2 , where / 2 denotes the identity matrix. It is not simple as it admits 
two coincident eigenvalues. This means the characteristic tensor K does not exist, hence the system is not 
separable. Such a special case arises several times during our arguments later. 


3.1. System with a General Quartic Potential 

We shall use these general results to several specified systems defined on E 2 . In this section we consider 
a system with a quartic polynomial potential, whose Hamiltonian is 

H= l(p 2 + p 2 ) + (Ax 2 + yy 2 ) + (cx 4 + bx 2 y 2 + ay 4 ) (3.5) 

in which a, 6, c, A,/r are constants. Note that the system (3.5) is called Yang-Mills-type system in [16]. In 
general, the system with arbitrary parameters are non-integrable and display chaotic behaviour. 

After applying the celebrated Painleve analysis or differential Galois theory, several special cases for 
values of constants are identified, which turn out to be integrable (see e.g. [14, 15, 16]). These cases are 
given by 

(i) 5 = 0, all other parameters are arbitrary, 

(ii) a:6:c = l:2:l, A and p arbitrary, 

(iii) a : b : c = 1:6:1, A = /z, 

(iv) a : b : c = 1 : 12 : 16, A = 4/z, 

(v) a : b : c = 1 : 6 : 8, A = 4/x, (proved to be the only non-separable case below) 

Cases (ii)-(v) are well-known integrable Henon-Heiles systems [17]. For each of these cases there exists a 
second integral of motion K independent of H [17]. 

Remark 1. One may note that the four cases given above are not symmetric for A, p whereas the Hamil- 
tonian is so. Actually there are not only five integrable cases as above, but more. The additional cases 
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(iv) ' a : b : c = 16 : 12 : 1, A = p/d, 

(v) ' a : b : c = 8:6:1, A = p/d, 

are symmetric (thus equivalent) to the cases (iv) and (v), respectively. We can make an assumption a < c 
to eliminate these isomorphisms. 

Our main result in this subsection is the following 

Theorem 2. For Hamiltonian system with quartic potential (3.5), there exist exact four cases of values 
of constants, which guarantee the corresponding H-J equation being additively separable. These cases are 
exactly the first four cases (i) — (iv) in the list above. 

This shows case (v) is the only integrable, but non-separable case. 

Proof. Notice now (2.6) reads KdV = j=i K 1 - 7 djV d q l , whose explicit expressions is messy. After taking 
exterior differentiation 

d(KdK) = Z dx A dy, 

its coefficient is a polynomial of x and y, which after collecting the same entries reads 

Z = (24aC 6 - 126C 6 ) y 3 x + (12 bC 6 - 24 cC e ) yx 3 + (-12a0 4 + 1660 4 ) y 2 x 

+(-16605 + 12cC 5 ) yx 2 + (-260 4 + 24cC 4 ) a: 3 + (-24aO s + 26C 5 ) y 3 

+(-12 aC 3 + 2bC 3 ) y 2 + (-460 4 + 460 2 + 8 pC 6 - 8AO e ) xy + (-26C 3 + 12c0 3 ) x 2 (3.6) 

+(— 2/x0 4 + 8AC 4 ) x + {-8pC 5 + 2AC 5 ) y - 2pLC 3 + 2AC' 3 . 

The vanishing of two-form d(KdT) means its coefficient Z vanishes. All the parameters a , 6, c, A, p, Ci 
in (3.6) are constants. In turn Z vanishes identically entails all its coefficients of x, y vanishes. A system of 
algebraic equations follows, 


C 3 (A - p) = C 4 (4A - p) = C 5 ( A — 4/x) = 0 (3.7a) 

C 3 (6a - 6) = C 3 {b - 6c) = 0 (3.7b) 

C 4 (6 — 12c) = C 4 (3a — 46) = 0 (3.7c) 

O5(12a-6) = O5(46-3c) = 0 (3.7d) 

C 6 (2a - 6) = C 6 (b - 2c) = 0 (3.7e) 

(C 1 -C 2 )b + 2C 6 (X- p) = 0 (3.7f) 

This is the system of algebraic equations we want to solve in detail. First we notice when 6 = 0, the 


parameters C\ — C 2 ^ 0, Ci = 0, i = 3, 4, 5, 6, directly solve the above system. The matrix corresponding to 
Killing tensor K has distinct eigenvalues C' 4 , C'2. Hence this is a separable case, which corresponds to case 
(i) in our list. 

To proceed we will always assume 6 ^ 0 below. It can be seen 6 7^ 0 implies a,c^0. Otherwise constants 
Ci are exactly in the non-separable situation (NS). To solve the system (3.7), we observe that (3.7b) and 
(3.7e) imply 

C 3 (a-c) =C 6 (a~c) = 0 (3.8) 

Based on this observation one can make classification as below: 

t a/c. Equations (3.8) imply that C 3 = Cq = 0. Substituting this into (3.7), one has 

C 4 (4A — p) = C 5 (A-4/x) = 0 

C 4 (6 - 12c) = C 4 (3a - 46) = 0 

C 5 (12a - 6) = 05(46 - 3c) = 0 ( ' ’ 

Ci - o 2 = 0 


703 


Hai Zhang 699-708 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


The second equation implies 64(0— 16c) = 0. As a— 16c ^ 0 (otherwise c/a = 1/16 < 1), it holds that 
C4 = 0. We claim C5 ^ 0, otherwise the constants C/ are in non-separable situation (NS). Combing 
all the results above, we arrive at 


a : b : c = 1 : 12 : 16, A = 4 /x, 
which recovers the case (iv) in the list. 

• a = c. Again we have C^a — 16c) = 0, which reduces to C±a = 0. As a ^ 0 hence C4 = 0. Similarly 
C5 = 0. Substituting C4 = C5 = 0, a = c into the system (3.7), it reduces to 

C 3 (A-/x)=0 

C 3 ( 6 a- 6 ) = C 6 (2a- b) = 0 (3.10) 

(Ci-C 2 )6 + 2C 6 (A-/x) = 0 


We discuss its possible solutions: 

— a = c, A = /x. The condition A = /x reduces the system (3.10) further to 

C 3 (6a - b) = C 6 (2a - b) = 0, C\ - C 2 = 0. 

One of C 3 and Cq should be non-zero (otherwise the situation (NS) arise again), which implies 
a : fe : c = 1 : 6 : 1, ora:6:c=l:2:l. They corresponds to the case (iii) and (ii), respectively. 

— a = c, A//i. The system (3.10) is reduced to 

C 3 = C 6 (2a -b) = (Ci - C 2 )b + 2C 6 (A - /x) = 0 

Once more C§ ^ 0 to avoid the situation (NS), which gives a:6:c=l:2:l. It is case (ii) in 
the list. This completes the proof of Theorem 2. 


□ 


Remark 2. One could use the Killing tensor to figure out the coordinate system in which the H-J equation 
separates. For example, let us consider the case (ii). According to Step 4 in Algorithm, taking b = 2a, c = 
a / 0 back into the original system (3.7) one find the following to be a solution of the system (3.7): 

Cl = , c 2 = c 3 = c 4 = c 5 = 0 , c 6 = 1 

a 

Note that (/x — A) is in general not zero. The characteristic tensor (3.4) turns out to be 


K = 


1 

' a 

-xy 



(3.11) 


Its characteristic equation is 

a 2 / 2 1 2 1 /x- A 2 n 

A — (x +y -\ )A H x =0 

a a 

or in equivalent form 

^ ay 2 = n 

A aA — (y — A) 


(3.12) 

(3.13) 


For the case of A 7^ /i, the above equation (3.13) defines just well-known elliptic-hyperbolic coordinates 
in the Euclidean plane. The eigenvalues A 1 , A 2 , i.e. the solutions of the equation (3.12) or (3.13), are the 
variables of separation for the dynamical system. Hence we conclude the system is separable in the elliptic 
coordinates (A 1 , A 2 ), determined by 
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For the case of A = /z, the solutions of (3.12) are A 1 =0, A 2 = x 2 + y 2 , one of which is constant. This 
implies the system separates in degenerated elliptic coordinates. The Hamiltonian is 

H = ^(p 2 +p 2 y) + A(.t 2 + y 2 ) + a(x 4 + 2 x 2 y 2 + y 4 ) 

with potential V = A r 2 + a r 4 depending on r only. It is easy to see the system separates in the standard 
polar coordinates (r,6). 

3.2. System with a Homogeneous Quintic Potential 

Next we consider a family of Hamiltonian systems with a quintic polynomial potential, 

H= ^(pl+p 2 y ) +ay 5 + by 3 x 2 + cyx 4 , (3.14) 

where a, b, c are scalar constants. Note they are not the most general quintic potential. Our main result 
regarding this potential is the following 

Theorem 3. For the Hamiltonian (3.14), there exists exact 3 cases of parameters for the corresponding 
H-J equation to be additively separable. These cases are: 

(i) b = c = 0, a arbitrary; (ii) a : b : c = 16 : 16 : 3; (Hi) a : b : c = 1 : 10 : 5. 

Remark 3. Case (i) is trivial in that it corresponds to Hamiltonian H = (p 2 + p 2 )/ 2 + ay 5 , which trivially 
separates in Cartesian coordinates. Case (ii) has already appeared in literature [14] where the authors 
obtained it by using the (weak) Painleve method. Case (iii) appeared in Perelomov’s book [18, p.81] 

Proof of Theorem 3. We apply the algorithm again, now to the potential (3.14). Using the general Killing 
tensor (3.4), it follows that the 2-form d(KdU) = Zdx A Ay, with coefficient Z given by 

Z = (-66C 4 + 32cC 4 )ya: 3 + (-20a<7 4 + 20 bC 4 )y 3 x + (21 bC 6 - 28 cC 6 )y 2 x 3 
+ (35aCe — ldbCe)y 4 x + (—6bC 4 + 6bC 2 )y 2 x + (—6bC 3 + 12cC 3 )yx 2 
+ {-27bC 5 + 12cC 5 )y 2 x 2 + (-4cCi + 4cC' 2 )a; 3 + (-35 aC 5 + 2 bC 5 )y 4 

+ 7cx 5 Cq + (—200(73 + 26(73)y 3 — l\cx 4 C$. 

The form d(KdU) vanishes entails Z also vanishes. Again, Z is a polynomial of variable x, y, hence all of 
its coefficients are zero. Thus we arrive at a system of algebraic equations 

c[C\ - <7 2 ) = &(<?! - C 2 ) = 0, 

C 3 (b - 2c) = C 3 (10a -b) = C 4 (3b - 16c) = 0, 

< 74(0 - b) = C 5 {% - 4c) = <7.5 (35a - 2b) = 0, (3.15) 

C 6 {3b - 4c) = <7 6 (5a - 2b) = 0, c<7 5 = c(7 6 = 0, 

We analyze the solution of this family: 

• c = 0. Substitute this into the system (3.15) to produce 

6(Ci - <7 2 ) = 0 
C3(10a — b) = C 4 (a — b) = 0, 

<7 5 (35o - 2b) = (7 6 (5a - 2b) = 0, (3.16) 

C 3 b = C 4 b = C 5 b = C 6 b = 0, 

One easily sees that b is also zero. (Otherwise the new system leads to the (NS) case). Hence the 

above system (3.16) further reduces to C 3 a = C 4 a = C 3 a = C§a = 0. For any a, it admits a solution 

<7i — (7 2 ^ 0, C 3 = C 4 = C 3 = Cq = 0. Thus we have a separability corresponding to the case (i). In 
fact we can obviously see this from the original potential (3.14). In the special case of b = c = 0, the 
Hamiltonian is additively itself, implying it separates in the canonical Cartesian system. 


705 


Hai Zhang 699-708 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


• c ^ 0. The system (3.15) can be simplified to be 

<7r - <7 2 = C 5 = C e = 0, 

C 3 (b — 2c) = C 3 (10a-b) = 0, 

C4(3& — 16c) = Ci(a — b) = 0, 

One can see one of C 3 , C4 is not zero. (Otherwise C\ — C 2 = C 3 = C 4 = C 3 = C 3 = 0 — dissatisfies 
the basic theorem 1). So there exists two possibilities: 

— C 3 ^ 0, which gives a : b : c = 1 : 10 : 5 corresponding to case (iii). 

— C 4 y£ 0, which gives a : b : c = 16 : 16 : 3 corresponding to case (ii). We thus reproduce all the 
cases in the theorem. 

St 


3.3. Multi- Separable Potentials on Euclidean and Minkowski Planes 

We now apply our Algorithm to identify some multi-separable systems which are defined on (pseudo)- 
Euclidean spaces. We remind that a Hamiltonian system is multi-separable if it separates in several distinct 
coordinate systems. 

Theorem 4. For the system 

H = \(PI +Pl) +X 2 + a V 2 + ^ ( 3 - 17 ) 

with potential defined on Euclidean plane E 2 , where a,b are two constants, there exists exact three cases of 
parameters such that H is multi-separable. They are given by 

(i) a = 1/4, b = 0; (ii) a = 1, b arbitrary; (iii) a = 4, b arbitrary. 

Remark 4. Here we consider the multi-separability, i.e. 2 rad -order super-integrability for the system (3.17). 
For any integer a = k 2 ,k £ N, it admits an additional first integral which is a k th - order polynomial in 
momenta [19], implying its (higher order) super-integrability. For such potentials there exist much more 
super-integrable cases than multi-separable ones. 

Note that case (iii) is the celebrated Smorodinsky-Winternitz I potential [20] , thus by using our Algorithm 
we reproduce this system quite straightforwardly. 

Proof of Theorem f. According to the algorithm we apply K (3.4) to dV where V = x 2 + ay 2 + b/x 2 . After 
exterior derivative one has 

d(KdH) = ZdxAdy (3.18) 

with the coefficient Z given by 

Z = ^ • (4(a - 1 )x 5 y C 6 + (1 - 4 a)x 4 y C 5 

+(4 — a)x 5 C 4 + (1 — a)x 4 C 3 + ?>byC 3 + 3bC 3 ) (3.19) 

In Z’s expression, Ck,a,b are constants. One notice Z is not polynomial in ( x,y ), but rational functions. 
Nevertheless, we can transform it to be a polynomial as below. The form d(KclF) vanishes equivalents to 
Z = 0, which, in turn, equivalents to the vanishing of the polynomial Z = Z • x 4 /2. So we obtain a system 
of algebraic equations 

bC 3 = bC 5 = 0, 

<74(0 — 4) = C 3 (a — 1) = 0, (3.20) 

C 6 (a — 1) = (75(40- 1) = 0 

Since C\,C 2 do not arise in the equations, all of C/ = 0 except that <7i — C 2 ^ 0 solves the system 
above. This implies the Hamiltonian is separable in the Cartesian coordinates. For the system to be 
multi-separability, it suffices to find another solution linearly independent of the trivial solution given above. 
A new solution to equations (3.20) exists if and only if one of the following cases occurs: 
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• Cq ^ 0 a = 1, 6 arbitrary; 

• C 4 7^ 0 => a = 4, b arbitrary; 

• C5 7^ 0 =>■ a = j, 6 = 0; 

• C3 7^0=>a = 1,6 = 0. 

Observe that the last case is only a subcase of the first case. Thus we obtain exact three multi-separable 
cases, corresponding to cases (ii), (iii), (i) in the theorem, respectively. O 

The next configuration space we consider is a Minkowski case M 2 whose metric is g = da" 2 — d y 2 . 
We compare the two planes M 2 and E 2 . Both are of constat curvature (zero), hence the dimensions of 
vector spaces of their Killing tensor attain the maxima: /C 1 (M 2 ) , /C 2 (M 2 ) are of dimension three and six, 
respectively. 

Nevertheless, the basis of Killing tensors (hence the entire spaces) are not identical. The Minkowski M 2 
has the basis of Killing vectors (compare with (3.1)) 

d x , d y (two translations), yd x + xd y (Minkowski “rotation”) (3-21) 

The basis of Killing 2-tensors are the following (compare with (3.2)) 

Ki = a 2 , k 2 = d 2 y , k 3 = d X dy + dyd x , 

K 4 = 2 ydl+xd x d v + xd v d x , K 5 = 2 x d 2 + y d x d y + y d y d x , (3.22) 

K e = V 2 dl + xy d x d y + xy d y d x + x 2 d 2 y , 

Carrying out an analysis similar to that for the Euclidean plane (Theorem 4), we arrive at 
Theorem 5. For the system 

H = \{pI -P 2 y ) +z 2 + a V 2 + ^ (3-23) 

with potential defined on Minkowski M 2 , a, 6 are constants, there exists exact three cases such that H is 
multi-separable. They are given by 

(i) a = —1/4, 6 = 0; (ii) a = — 1, 6 arbitrary; (iii) a = —4, 6 arbitrary. 

4. Concluding Discussions 

Based on Benenti’s classical theorem 1, we have suggested an Algorithm and applied it to detect H-J 
separability of several families of two-dimensional natural systems. This method has the advantage of having 
a clear procedure and not depending on intricate techniques which can be seen in lots of literatures, thus 
executable in a computer- like environment. 

However, the applications we make here are merely preliminary. There are several directions one can take 
into account to improve and extend its scope. For example, one may consider some nontrivial (pseudo)- 
Riemannian spaces such as spaces of constant curvature S n ,H n etc., or surfaces of revolution. These 
manifolds are easy to handle as their Killing tensor are much investigated. The crucial task in step 1 in our 
Algorithm is thus solved. 

Another line is to generalize the potentials under discussion to more general ones, which may be involved 
some arbitrary functions. This can greatly enlarge the families of separable systems. Proceeding the analysis 
as above may yield some well-known or novel models. It is natural that the calculations are much more 
complicated, with the aid of computer symbolic system sometimes being a necessity. 

Acknowledgments. The author would like to thank Profs. Qing Chen and Dafeng Zuo for encouragement 
and support. 
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Abstract 

In this paper, the cross-entropy for generalized hesitant fuzzy sets 
(GHFSs) is developed by integrating the cross-entropy for intuitionistic 
fuzzy sets (IFSs) and hesitant fuzzy sets (HFSs). First, several mea- 
surement formulas are discussed and their properties are studied. Then, 
two approaches, which are based on the developed generalized hesitant 
fuzzy cross-entropy, are proposed for solving multi-criteria decision mak- 
ing (MCDM) problems under an generalized hesitant fuzzy environment. 
Finally, an example is provided to illustrate the practicality and effective- 
ness of the developed approaches. 


1 Introduction 

The cross-entropy measures are mainly used to measure the discrimination in- 
formation, and then it is an important measure in decision making, pattern 
recognition and other real-world problems. Lots of studies on this issue have 
been extended and developed to fuzzy and its extended environments. For in- 
stance, Vlachos and Sergiadis [14] introduced the concepts of discrimination 
information and cross-entropy for intuitionistic fuzzy sets (IFSs), and revealed 
the connection between the notions of entropies for fuzzy sets and IFSs in terms 
of fuzziness and intuitionism. Hung and Yang [6] constructed J-divergence of 
IFSs and introduced some useful distance and similarity measures between two 
IFSs, and applied them to clustering analysis and pattern recognition. Based 

‘Corresponding author: yckwun@dau.ac.kr (Y.C. Kwun) 


1 


709 


Jin Han Park et al 709-725 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


on which, Xia and Xu [17] proposed some cross-entropy and entropy formulas 
for IFSs and applied them to group decision making. Ye [21] proposed a method 
of fault diagnosis based on the vague cross-entropy. He [22] also introduced the 
cross-entropy for IFSs and interval- valued intuitionistic fuzzy sets (IVIFSs) and 
utilized then to solve multi-criteria decision making (MCDM) problems. Wang 
and Li [15] provided two improved methods for solving MCDM problems, which 
were based on the cross-entropy for IFSs. Hung et al. [5] introduced the discrim- 
ination information and cross-entropy for IFSs and also used them to improve 
the fault diagnosis of turbine problems. Mao et al. [9] introduced the cross- 
entropy and entropy measures for IFSs. Zang and Yu [28] constructed a series 
of mathematical programming models, which were based on an interval-valued 
intuitionistic fuzzy cross-entropy, in order to determine the criteria weights and 
applied them to MCDM problems. Xia and Xu [17] proposed two methods for 
determining the optimal weights of criteria and developed two pairs of entropy 
and cross-entropy measures for intuitionistic fuzzy values. The relationships 
among the entropy, cross-entropy and similarity measures have also attracted 
many attentions. For example, Liu [8] gave the axiomatic definitions of entropy, 
distance measure, and similarity measure of fuzzy sets and discussed their basic 
relations. Zeng and Li [25] discussed the relationship between the similarity 
measure and the entropy of interval-valued fuzzy sets. Zang and Jiang [27] pro- 
posed the entropy and cross-entropy for IVIFSs and discussed the connections 
among some important information measures. Xu and Xia [19] introduced the 
concepts of entropy and cross-entropy for hesitant fuzzy sets (HFSs), analyzed 
the relationships among the entropy, cross-entropy and similarity measures, and 
developed two multi-attribute decision making methods. 

Qjan et al. [10] , recently, introduced the concept of generalized hesitant fuzzy 
sets (GHFSs) , extending the element of HFSs from real numbers to intuitionistic 
fuzzy values, which can arise in group decision making problem. GHFS is fit 
for the situation when decision maker have a hesitation among several possible 
memberships with uncertainties. GHFS can reflect the human’s hesitance more 
objectively than other extensions of fuzzy set (IFS, IVIFS and HFS), and thus it 
is necessary to develop some theories about GHFSs. In this paper, we discuss the 
cross-entropy for generalized hesitant information. To do this, Section 2 reviews 
some related preliminaries such as IFSs, HFSs and GHFSs. In Section 3, we 
propose some cross-entropy formulas for generalized hesitant fuzzy elements, 
obtain some important conclusions, and provide an example to illustrate the 
application of cross-entropy in MCDM problem. Finally, Section 4 gives the 
concluding remarks. 


2 Basic concepts 

Intuitionistic fuzzy sets introduced by Atanassov [1] have been proven to be 
highly useful to deal with uncertainty and vagueness. 
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Definition 1 . [1] Let X be ordinary non-empty set. An intuitionistic fuzzy 
set (IFS) A in X is defined as 

A = {{x,iia{x),v a {x))\x € X}, (1) 

where [Ia,va '■ X -A [0,1] denote, respectively, the membership and non- 
membership functions of A with the condition: 0 < ^a(x) + va(x) < 1 for 
all x G X. 

For an IFS A, tta(x) = 1 —ha{x)—va{x) represents the degree of hesitation or 
intuitionistic index of x to A. For a fuzzy set, the degree of hesitation ka(x) = 0. 
Thus for each x, /Ua(x) and va{x) define an interval [ha{x)A ~ va{x)]. This 
interval is the vague value of value set by Gau and Buethrer [4] (Bustince and 
Burillo [3] proved that vague sets are equivalent to IFSs). Further, the interval 
can also represent an interval- valued fuzzy set [10]. Hence Xu [18] concluded 
that IFSs are also equivalent to interval- valued fuzzy sets, and replaced Eq. (1) 
with 


A = {{x, [ha(x), 1 - v A {x)])\x G X}. 


( 2 ) 


The ordered pair a(x) = ((J, a (x),v a {x)) is referred to an intuitionistic fuzzy 
value (IFV) [18], where n a {x), v a (x) G [0, 1] and n a {x) + v a (x) < 1. Associated 
with the degree of hesitation, an IFV can also be equivalently denoted by a{x) = 
{Ha(x),v a (x),i T a (x)) : where /z a (x), v a {x), Tt a {x) G [0,1] and fi a (x) + v a (x) + 
Tr a (x) = 1. In the rest of this paper, for a certain x in X , IFV a = (/z, u, n) 
is abbreviated as a = (/z, v) when no misunderstanding raises. Since an IFV 
represent an interval, an interval [/z, 1 — v] in [0, 1] will be directly transformed 
into (/z, v). 

Definition 2. [5, 6, 14, 17, 22] Let oq = (/z ai ,!z ai ) and a 2 = (Ma 2 >Ma 2 ) be 
IFVs, then the cross-entropy oq and a 2 > denoted as CE(aq,a 2 ), should satisfy 
the following properties: 

(1) CE(oq, a 2 ) > 0; 

(2) CE(ai,a 2 ) = 0 if aq = a 2 ; 

(3) CE(aJ, a|) = CE(aq, a 2 ), where af = (y Q :i , /z ai ) is the complement of a* 

(i = 1,2). 

In the following, some intuitionistic fuzzy cross-entropy and symmetric in- 
tuitionistic fuzzy cross-entropy formulas are reviewed. 

Vlachos and Sergiadis [14] developed 


CEi(aq,a 2 ) = Mai In — \-v ai \n ^ ai 




( 3 ) 


and 


CE2(ai, 02 ) — 2 


Mai In Mai + Ma 2 In Ma2 Mai “b Ma2 -i Mai T Ma2 

in 


v ai In i/ ai + v a2 In v a2 _ v ai + v a2 u ai + v a2 


• ( 4 ) 
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Hung and Yang [6] defined 


CE (a o. ) 2 [ ^ ai Ma 2 ^ n Ma 2 Mai Y 7*a2 Mai Y Ma 2 


In u ai + v a2 In v a2 is ai + v a2 v ai + v a2 


7r ai In v ai + v a2 In v a2 is ai + v a2 „ ai 


In 

In 


2 

V n , Y Vn 


■ ( 5 ) 


Ye [22] proposed 


CE 4 (a 1) a 2 ) = ^ + 1 ^ log 2 — + 1 ^ 

Z Z fJy(Xl ^Oi 1 I fZ a 2 ^ / Q'2 

! ^ai H - 1 Mcki 1 “hi f^cni ) 

“> q l0 §2 


^ f^cti 1 Mck 2 ^Ck 


( 6 ) 


Hung et al. [5] developed 


CE 5 (ai, a 2 ) = Mai log 2 — 7^22 h v ai log 2 — 


Mai Y Ma 2 

27TQ. 

+7Tai l0g 2 


' OL\ 1 u Oi 2 


1 ai 1 '‘Q2 


Xia and Xu [17] proposed 


( 7 ) 


CE6(q;i, a 2 ) — 


f / Max Y Ma 2 /" Mai Y /^a 2 


1 - 2 1 "? 

I4v, + 14 


2 \ 2 
^ / rr < ? —1— 77 -Q 


Oil &2 


, ( 8 ) 


where 1 < q <2. 

For the symmetric property, it is necessary to modify Eqs. (3)-(8) to obtain 
a symmetric discrimination information measures for IFVs ([11, 26]): 

CEfe(ai, 0 : 2 ) = CEfc(ai, a 2 ) + CEfc(a 2 , ai), k= 1,2,... ,6. (9) 

The hesitant fuzzy set [12, 13], as a generalization of fuzzy set, permits 
the membership degree of an element to a set presented as several possible 
values between 0 and 1, which can better describe the situations where people 
have hesitancy in providing their preferences over objects in process of decision 
making. 

Definition 3. [12, 13] Given a fixed set X, a hesitant fuzzy set (HFS) on 
X in terms of function h is that when applied to X returns a subset of [0, 1], 
which can be represented as the following mathematical symbol: 


E = {(a:, h(x))\x £ X}, 


( 10 ) 
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where h(x) is a set of the some values in [0, 1], denoting the possible membership 
degrees of the element x £ X to the set E. For convenience, Xia and Xu [16] 
called h(x) a hesitant fuzzy element (HFE) and the set of all HFEs is denoted 
by HFES. 

Definition 4. [19] Let hi and h 2 be two HFEs, then the cross-entropy of 
h\ and h 2 , denoted as CE(hi,h 2 ), should satisfy the following properties: 

(1) CE(/ii,/i 2 ) >0; 

(2) CE(hi, h 2 ) = 0 if and only if hi® = h>l® for alH = 1, 2, . . . , l. 

Based on Definition 4, l = l (hi) = l(h 2 ) and denote the number of elements 
in hi and h 2 . The elements are arranged in increasing order in hi and h 2 , 
respectively, and hi® ( i = 1,2, ... ,l(h\)) and hi® ( i = 1,2 ,...,l(h 2 )) are 
the ?’th smallest values in h\ and h 2 , respectively. Xu and Xia [19] constructed 
several cross-entropy for HFEs: 


CEi(/ii, h 2 ) 


1 / (1 + qh\®) ln(l + qhl®) + (1 + qhl®) ln(l + qhl®) 

~ rr 2^ \ b 


i- 1 


2 + qhl® + qhl® ^ 2 + qhl® + qhl® | (1 + g(l - hf~ l+1) )) 

xln(l + ,(l- *«<-«>)) + ( 1 + ^-^'-' +1| »M l + g (l-^'- +1, » 


2 + q(l — hl (l ~ i+1) + 1 - h° (l ~ i+1) ) 

2 

2 + <7(1 - h1 {l ~ i+1) + 1 - h° 2 {l ~ i+1) ) 


x In 


(ID 


where T = (1 + q) ln(l + q) — ( 2 + g)(ln(2 + q) — In 2) and q > 0. 


CE 2 (hi, h 2 ) 


(1_2 1 -p)/^ 


/ ( h v(i) 


(hl {i) Y + (hl®) p (i - hl (l ~ i+1) Y + (i - h a 2 {l ~ i+1) Y 


' hi® + hi® y (i- hf - i+i) + 1 - hf~ i+i) \ p N 


, P> 1- (12) 


For the symmetric property, it is necessary to modify Eqs. (11) and (12) to 
obtain a symmetric discrimination information measure for HFEs: 


CEfc(/ii, h 2 ) — CEfc(/ii, h 2 ) + CEk(h 2 , hi), k — 1, 2. 


( 13 ) 


Note that Eqs. (11) and (12) are all defined under the assumption that two 
HFEs are of the same length. If the corresponding HFEs are not equal in length, 
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then the shorter one should be extended to be the same size as the longer one 
by adding the same value repeatedly. 

3 Generalized hesitant fuzzy sets and their cross- 
entropy measures 

3.1 Generalized hesitant fuzzy sets 

During the evaluating process, several possible memberships of an alternative 
satisfying a certain criterion may be not only crisp values but also interval values 
in [0, 1]. In order to handle this kind of assessment in decision making, Qjan et 
al. [10] extended HFSs by using IFSs to modify Definition 3. 

Definition 5. [10] Given a set of N membership functions: 

M — {oti — ^ oa ) 1 0 ^ l^a.i , 1 , hoti T ^OLi ^ 1)2,,*., N} (14) 

the generalized hesitant fuzzy set (GHFS) associated with M, that is Iim, is 
defined as follows: 

h M {x) = U {^ a ., Voii )eM{{^<xi{x),v ai {x))}. (15) 

Note that HFSs, IFSs and fuzzy sets are special cases of GHFSs redefined 
here. In fact, if /i ai + v ai = 1, for i = 1,2,..., IV, then GHFSs reduce to 
HFSs. If N = 1 or union of N IFSs, i.e. uA^a:*, in Eq. (14) is convex set in 
[0, 1], then GHFSs reduce to IFSs. If IV = 1 and /.t aN + v aN = 1, then GHFSs 
reduce to FSs. Thus GHFSs are not only the generalization of HFSs but also 
the generalized representation of fuzzy sets, IFSs and HFSs. For the sake of 
convenience, given a certain x € X, a represents an IFS in h(x). Notice that a 
is represented an interval as well. Similar to [16], abbreviated as h(x), 

is called a generalized hesitant fuzzy element (GHFE) and the set of all GHFEs 
is denoted by GHFES. 

Let 1(h) be the number of elements of a GHFE h. In most cases of two 
GHFEs hi and h 2l the numbers of elements of hi and h 2 may be different, 
i.e. l(hi) y l(h 2 ), and for convenience, let l = ma,x{l(hi), l(h 2 )}- To operate 
correctly, we should extend the shorter ones, until both of them have the same 
length when we compare them. To extend the shorter one, the best way is to 
add the same values several times in it. In fact, we can extend the shorter one 
by adding any values in it. The selection of this value mainly depends on the 
decision makers’ risk preferences. Optimists anticipate desirable outcomes and 
may add the maximum value, while pessimists expect unfavorable outcomes and 
may add the minimum value. In this paper, we assume the GHFEs hi and h 2 
should have the same length l when we compare them. 

Some useful operations on GHFEs are as follows: 

Definition 6. [10] Let h, hi and h 2 be three GHFEs and A > 0, then 
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(1) ftiUft 2 = U ai6 ^ i a2g ^ 2 {aiUa 2 } = U Qi6 ^ i>a2g ^ 2 {(max{/x ai ,/x Q2 }, min{i/ Ql , ^ Q2 })}; 

(2) hinhv = U Qlg ^ lia2g R 2 {a ina 2 } = U aig ^ >a2g ^{(min{/x ttl ,/x a2 },max{^ Ql ,r/ Q2 })}; 

( 3 ) =U a6 j,{a c } = U ag fe{K,Ma)}; 

(4) /ii©ft 2 U Q , ig ^ i a2g ^ 2 {«i©a 2 } >a2 g^ 2 { (Mai 4^7*02 Mai Ma 2 > Gii ^02 )} i 

(5) ft! ®ft 2 = U Qlg fc lia2g fc 2 {ai ® a 2 } = U aig ^ l)a2g ^ 2 {(/ia 1 Ma2^a 1 + "a a - 

^ai ^a 2 )}l 

(6) Aft = U ag ^{Aa} = U ag ^{(l - (1 - M«)\ v x )}\ 

(7) h x = U ag ^{a A } = U ag ^{(/x A , 1 - (1 - ^a) A )}- 

Definition 7. Let hi (i = 1,2, ...,n) be a collection of GHFEs, and let 
GHFWA : GHFES" -> GHFES, if 

GHFWA U) (fti, ft 2 , . . . , h n ) = ® ie 2 h 2 ® • ■ ■ ® w n h n , (16) 

where w = (u>i, w 2 , . . . , w n ) T is the weight vector of hi ( i = 1,2 with 

Wi > 0 and Y^i = l w i = 1> then GHFWA is called the generalized hesitant fuzzy 
weighted averaging (GHFWA) operator. 

Based on operations (4)-(7) of GHFEs described in Definition 6, we can 
derive the following result. 

Theorem 1. Let ft,; = eh i ai } (* = 1,2, ... ,n) be a collection of GHFEs, 
and w = (w\,W 2 , ■ ■ ■ ,w n ) T be the weight vector of ftj (i = 1,2, ...,n) with 
Wi > 0 and X^"=i w i = 1- Then the aggregated value, by using the GHFWA 
operator, is also a GHFE, and 

GHFWA U) (ft 1 , ft 2 , . . . , ft„) 

u i-nd-^r.nd ■ ( i? ) 

aielii,a 2 G/i 2 ,...,a n e/in ^ ' 

Theorem 1 can be proved by using the mathematical induction and then the 
process is omitted here. 

Definition 8. Let ft,; (* = 1,2, ...,n) be a collection of GHFEs, and let 
GHFWG : GHFES" -> GHFES, if 

GHFWG tu (ft 1 , ft 2 , ■ • • , h n ) = ft” 1 ® ft“ 2 ® • • • 0 ft”", (18) 

where w = (w ±,W 2 , ■ ■ ■ ,w n ) T is the weight vector of hi ( i = 1,2 ,...,n) with 
Wi > 0 and J0" =1 vj t = 1, then GHFWG is called the generalized hesitant fuzzy 
weighted geometric (GHFWG) operator. 

Theorem 2. Let ft, = U a . e h {®i} (/ = 1.2. . .... n) be a collection of GHFEs, 

and w = (wi,W 2 , ■ ■ ■ ,w n ) T be the weight vector of hi (i = 1,2, ...,n) with 
'Wi > 0 and 5Z"=i w i = T Then the aggregated value, by using the GHFWG 
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operator, is also a GHFE, and 

GHFWG w (hi,h 2 ,...,h n ) 

= _ u 

a 1 6 hi ,ai2 E h,2 , . . . € h 1 

Theorem 2 can be also proved by using the mathematical induction and then 
the process is omitted here. 

3.2 Cross-entropy measures of GHFEs 

Definition 9. Let hi , ft 2 S GHFES and CE : GHFES x GHFES — > R, then the 
cross-entropy of hi and h 2 , denoted as CE(/ji,/i 2 ), should satisfy the following 
properties: 

(1) cnJuM) > 0; 

(2) If hi = h 2 , then CE(fti,ft 2 ) = 0; 

(3) CE(hi,h 2 ) = CE(fti,ft 2 ), where ft? is the complement of hi defined in 
Definition 6. 

On the basis of Definition 9, we can construct several cross-entropy for GH- 
FEs: 


\i=l i= 1 


(19) 


CE 1 (ft 1 ,ft 2 )= £ | ]T U ai log ; 




2/^ O'! 


/^o:i T f-^a .2 


E 




1 E f^i lo g2 2l/ai 




; ( 20 ) 


CE 2 (/n, I12) — 


\ 


E E r ai l0S: 




f^cx. 1 T I^ol 2 


El^Ef^ 2 ’" 




Oi2^h2 


' ol\ r (/ Q2 


(21) 


where p > 1 

CE3(fti, h 2 ) 

1 


E 770 E 




f-loil T 1 


log 2 


2(/^q: 1 T 1 ^0:1) 

2 T /^cti — ^ai T fJ'Ci 2 ^ ex. 


E 




1 \ ^ ^ 1 — Pai + Gi q 2(1 — /.i Ql + ^ ai ) 

xL O g2 


2 hoci ~b Gi ~h 


; (22) 
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CE 4 (ft.i, hz) 



where p > 1; 


CE5(hi, h?) 



where 1 < q < 2; 
CEe(/ii, /12) 



where p > 1 and 1 < <7 < 2. 

For the symmetric property, it is necessary to modify Eqs. (20)-(25) to a 
symmetric discrimination information measure for GHFEs as follows: 

CE£(/ii, h) = CE k (h u h) + CE k (fn, hi), k = 1, 2, . . . , 6. (26) 

Example 1. Let hi (i = 1,2,3) and h be three patterns and a sample. 
They are denoted by GHFEs as follows: hi = {(0.5, 0.4), (0.6, 0.3)}, h-2 = 
{(0.4, 0.5), (0.8, 0.1)}, h 3 = {(0.3, 0.4), (0.7, 0.2)} and h = {(0.5, 0.4), (0.7, 0.2)}. 
Given the sample h , which pattern does this sample h most probably belong to 
? 
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For convenience, let p = q = 2. By (20)-(25), we have 

CE*(hi,h) = 0.0275, CE \(h 2 ,h) = 0.0976, CEj(ji 3 ,h) = 0.0693; 
CEZ(h lt h) = 0.2601, CE* 2 (h 2 , h) = 0.4285, CE* 2 (h 3 , h) = 0.3982; 

CE* 3 (h!,h) = 0.0241, GE* 3 (h 2 ,h) = 0.0838, CE * 3 (h 3 ,h) = 0.0541; 

CEl(h!,h) = 0.2609, CE * 4 {h 2 ,h) = 0.4298, CE l(h 3 ,h) = 0.3856; 

CE%(h lt h) = 0.0300, GE* 5 (h 2 , h) = 0.1000, CEl(h 3 , h) = 0.0800; 

CEg(/ii,/i) = 0.0239, CEg(ft, 2 , h) = 0.0707, CE£(/r 3 , h) = 0.0620. 

From this data, the proposed symmetric discrimination information measures 
CEjjl ( k = 1,2,3, 4, 5, 6) show the same classification according to the principle 
of the minimum degree of symmetric discrimination information measure for 
GHFEs. Thus, the sample h belongs to the pattern h\. 

4 Two MCDM approaches based on the cross- 
entropy measures of GHFEs 

For a MCDM problem, let X = {xi, x 2 , . . . , x m } be a set of m alternatives, 
and Y = {yi, y 2 , . . . , y n } be a set of n criteria, whose weight vector is w = 
(w i,w 2 , . . . , w n ) T , satisfying Wj > 0, j = 1,2 , . . . , n and Ej=i w j = where Wj 
denotes the importance degree of the criterion yj . Decision makers evaluate the 
performance of alternatives with respect to criteria based on their knowledge and 
experience. One decision maker could give several evaluation values. However, 
in the case where two or more decision makers give the same value, it is counted 
only once. The performance of the alternative x t with respect to the criterion y :j 
is measured by a GHFE = {/% = , vp tj )\ fcj G e „}, where indicates 

the degree that the alternative Xi satisfies the criterion yj, z/g.. indicates the 
degree that the alternative Xi does not satisfy the criterion ijj , such that yp,, G 
[0,1], G [0,1], y 0ij +v/ 3 id < 1 (i = 1,2,..., to; j = 1,2, ...,n). All 
(i = 1, 2, . . . , to; j = 1, 2, . . . , n) are contained in the generalized hesitant fuzzy 
decision matrix E = ( ey) mx „ (see Table 1). 

Table 1: The generalized hesitant fuzzy decision matrix 



2/i 

2/2 

Vn 

Xi 

en 

§12 

Cin 

X2 

e2i 

§22 

§2n 






6ml 

Cm2 ' ' 

G-mn 


In what follows, we develop two approaches to multi-criteria decision making 
under generalized hesitant fuzzy environment. 
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Approach I. 


Step 1. Normalize the performance values and then construct the normal- 
ized generalized hesitant fuzzy decision matrix. 

If all the criteria y-j ( j = 1,2, ... , n ) are of the same type, then the perfor- 
mance values do not need normalization. Whereas there are, generally, benefit 
criteria (the bigger the performance values the better) and cost criteria (the 
smaller the performance values the better) in multi-criteria decision making, in 
such case, we may transform the performance values of the cost type into the 
performance values of the benefit type. Then, E = ( eij) mxn can be transformed 
into the matrix F = ( h.ij) mxn , where 


E — ^ aii ehii i a ij} 


.{/3ij}, for benefit criterion y-j ; 


fiij £ dij 

i = 1,2,..,, m; j = l,2,...,n, 


U /3 ij£dij 

fj}, for cost criterion yj , 


(27) 


where /?£• is the complement of /% = , vy tj ) such that /??• = (^/ 3 y ,M/ 3 y )- 


Step 2. Calculate the separation degree of each component h-ij to positive 
ideal solution and negative ideal solution. 

The positive ideal solution (PIS) and negative ideal solution (NIS) can be 
denoted as h + = {(1, 0)} and h~ = {(0, 1)}, respectively, within the generalized 
hesitant fuzzy environment. The separation between alternatives can be calcu- 
lated by cross-entropies. For the convenience of both calculation and analysis, 
only one cross-entropy (21) is selected. The separation degrees, G+- and G“, of 
each h-ij (i = 1,2 , ,m;j = 1,2,..., n) to the PIS h + and NIS h~ , respectively, 
are derived from Eq. (21): 


G+ = CE * 2 (hij,h + ) = CE 2 (fi ij ,h + ) + CE 2 (/i + , %) 


\ 


J- y (V a ..i og2 -^- 

l(hij) - V 3 May + 1 

&ij 'T'ij 


\ 


l {h-ij) 


E 

ocij^hi- 


+ 


\ 


1 £ (k* 2 




ay C/y 


1 + Ma 


(28) 


and 


G“. = CE \{hij,h-) = CEi(hij,h~) + CE^h-Mj) 


y 

\ 


777 7 E + p 


Qt-ijtzhi 


1 




ocij£hi 


E ( V <*» l0 S2 


2v n 


Vcta + 1 


\ 


E ( log2 ITT 


l {h-ij) 


an£hi 


(29) 
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Step 3. Calculate the closeness degree of the alternatives to the NIS. 

The closeness degree G(xi) of each alternative Xi (i = 1,2 to the 
NIS can be obtained by following: 

n Cj 

G{xi) = where Gy = , . (30) 

(jr • • (jr • • 

3=1 % 3 l 3 


Step 4. Rank the alternatives. 

The bigger the closeness degree G(xi), the better the alternative x-, will be, 
as the alternative Xi is closer to the PIS h + . Therefore, the alternatives ay 
(i = 1,2, ... , to) can be ranked in descending order according to the closeness 
degrees so that the best alternative can be selected. 

Approach II. 

Step 1. For this step, see Approach I. 


Step 2. Calculate the overall aggregated values of each alternative. 
Utilize the GHFWA operator (17) (or the GHFWG operator (18)): 


hi — GHFWA, j, ( hj \ , /y 2, • • • , hm) 

= _ u 

otii^hii ,ai2£hi2 . yOtinCihi. 


3 = 1 3 = 1 


(31) 


or 


h i = GRFWG w (h il ,h i2 ,...,h in ) 


U IKia-IK 1 -- 

aii£hi 1 ,ai2Ghi2,...,ai n £hin \ V — 1 1 


(32) 


to aggregate all the performance values /ly (j = 1,2, ... ,n) of the ith line and 
get the overall performance value hi corresponding to the alternatives a;,. 

Step 3. Calculate the closeness degree of the alternatives to the PIS. 
Utilize the cross-entropy (21) between the overall performance value hi (i = 
1,2 ,... ,m) and the PIS h + = {(1, 0)} to get closeness degree of each alternative 
Xi (i = 1, 2, . . . , to) to the PIS h + : 

G{ Xi ) = GE*(hi,h + ) = CE 2 (hi,h + ) + CE* 2 {h + ,hi) 
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Step 4. Rank the alternatives. 

The smaller the closeness degree G(x*), the better the alternative Xi will 
be, as the alternative x* is closer to the PIS h + . Therefore, the alternatives X{ 
( i = 1,2, , to ) can be ranked in ascending order according to the closeness 
degrees so that the best alternative can be selected. 

5 An illustrative example 

In this section, a generalized hesitant fuzzy MCDM problem of selecting an 
investment is used to illustrate the proposed methods. 

A city is planning to build a municipal library. One of the problems facing 
the city development commissioner is to determine what kind of air-conditioning 
system should be installed in the library (adapted from [20]). The contractor 
offers five feasible alternatives Xi ( i = 1,2, 3, 4, 5), which might be adapted 
to the physical structure of the library. Suppose that three criteria y± (eco- 
nomic), y 2 (functional), and y 3 (operational) are taken into consideration in 
the installation problem, and the weight vector of the criteria yj ( j = 1,2,3) 
is w = (0.3, 0.5, 0 . 2 ) T . Assume that the characteristics of the alternatives Xi 
(i = 1,2, 3, 4, 5) with respect to the criterion yj ( j = 1,2,3) are represented 
by the GHFEs h^ = {a^ = (/j ay , u a ..)\aij € h^}, where p aij indicates 
the degree that the alternative x* satisfies the criterion yj and v ai . indicates 
the degree that the alternative x* does not satisfy the criterion yj, such that 
fe,' Toy G [0,1] and ^ A 1- All hij = {cxij = (/Jayi^ajj)]^ € hij } 

( i = 1,2, 3, 4, 5; j = 1,2,3) are contained in the generalized hesitant fuzzy 
decision matrix E = ( hij ) 5x 3 (see Table 2). 


Table 2: The generalized hesitant fuzzy decision matrix 


Xl 

X2 

X3 

X 4 

XS 


m 

{( 0 . 3 , 0 . 2 ), ( 0 . 3 , 0 . 4 )} 
{( 0 . 5 , 0 . 2 ), ( 0 . 6 , 0 . 2 )} 
{( 0 . 3 , 0 . 4 ), ( 0 . 4 , 0 . 5 )} 
{( 0 . 2 , 0 . 6 ), ( 0 . 2 , 0 . 7 )} 
{( 0 . 8 , 0 . 1 ), ( 0 . 7 , 0 . 2 )} 


J/2 

{( 0 . 7 , 0 . 2 ), ( 0 . 5 , 0 . 2 )} 
{( 0 . 3 , 0 . 1 ), ( 0 . 4 , 0 . 2 )} 
{( 0 . 7 , 0 . 2 ), ( 0 . 8 , 0 . 1 )} 
{( 0 . 8 , 0 . 1 ), ( 0 . 7 , 0 . 2 )} 
{( 0 . 6 , 0 . 3 ), ( 0 . 7 , 0 . 2 )} 


V3 

{( 0 . 5 , 0 . 2 ), ( 0 . 6 , 0 . 3 )} 
{( 0 . 7 , 0 . 1 ), ( 0 . 8 , 0 . 1 )} 
{( 0 . 4 , 0 . 3 ), ( 0 . 4 , 0 . 4 )} 
{( 0 . 7 , 0 . 2 ), ( 0 . 8 , 0 . 1 )} 
{( 0 . 2 , 0 . 5 ), ( 0 . 2 , 0 . 6 )} 


To select the best air-conditioning system, we utilize above-mentioned two 
approaches to find the decision result (s). 

Approach I. 

Step 1. Considering that all the attributes y 3 ( j = 1,2,3) are benefit type 
attributes, the performance values of the alternatives x» ( i = 1, 2, 3, 4, 5) do not 
need normalization. 

Step 2. Utilize Eqs. (28) and (29) (let p = 2) to calculate the separation 
degree G tJ of each component hij (i = 1,2, 3,4, 5; j = 1,2,3) to PIS h + = 
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{(1,0)} and NIS h = {(0, 1)} and then we get the following results: 

G+ = 1.2724 ,Gf 2 = 0.7737, G {" 3 = 0.8951, G£ = 0.8401, G^, = 1.0549, 

G+ = 0.4620, G^ = 1.3496, G^ 2 = 0.5201, G^, = 1.1911, G^ = 1.7059, 

G+ = 0.5201, G+ = 0.5201, G+ = 0.5201, G+ = 0.7573, G + 3 = 1.6062, 

G^ = 1.2458, G }" 2 = 1.6622, G^ = 1.5574, G 21 = 1.6062, G 22 = 1.43 69, 

G 2< 3 = 1.8601, G 31 = 1.1264, G 32 = 1.8351, G 33 = 1.2969,04! = 0.7023, 

G 32 = 1.8351, G^ = 1.8351, G^ = 1.8351, G 32 = 1.6571, G^ = 0.8401. 


Step 3. Utilize the weight vector w = (0.3, 0.5, 0.2) T of the criteria yj ( j = 
1,2,3) and Eq. (30) to calculate the closeness degree G(x,:) of the alternatives 
Xi (i = 1, 2, 3, 4, 5) to the NIS: 

G(xi) = 0.6166, G{x 2 ) = 0.6455, G(x 3 ) = 0.6303, G(x 4 ) = 0.6329, G(x 5 ) = 0.6456. 

Using this, we rank all alternatives Xi (i = 1,2, 3,4, 5) in descending order in 
accordance with the values G(xi) (i = 1, 2, 3, 4, 5): 


X5 >- X2 >~ Xi>~ X3 >~ Xi- 


Therefore, the best alternative is X 5 . 

Approach II. 

Step 1. For this step, see Approach I. 

Step 2. Utilize the GHFWA operator (31) to aggregate all the performance 
values hij (i = 1, 2, 3, 4, 5; j = 1, 2, 3) of the ith line and get the overall perfor- 
mance value hi corresponding to the alternatives Xi (i = 1,2, 3, 4, 5); 

hx = {(0.5716, 0.2000), (0.5903, 0.2169), (0.4469, 0.2000), (0.4710, 0.2169), 
(0.5716, 0.2462), (0.5903, 0.2670), (0.4469, 0.2462), (0.4710, 0.2670)}; 
h 2 = {(0.4658, 0.1231), (0.5075, 0.1231), (0.5055, 0.1741), (0.5440, 0.1741), 
(0.5004, 0.1231), (0.5393, 0.1231), (0.5375, 0.1741), (0.5735, 0.1741)}; 
h 3 = {(0.5557, 0.2670), (0.5557, 0.2828), (0.6372, 0.1888), (0.6372, 0.2000), 
(0.5757, 0.2855), (0.5757, 0.3024), (0.6536, 0.2018), (0.6536, 0.2138)}; 
h 4 = {(0.6712, 0.1966), (0.6969, 0.1711), (0.5974, 0.2781), (0.6287, 0.2421), 
(0.6712, 0.2059), (0.6969, 0.1793), (0.5974, 0.2912), (0.6287, 0.2535)}; 
h 5 = {(0.6268, 0.2390), (0.6268, 0.2479), (0.6768, 0.1951), (0.6768, 0.2024), 
(0.5785, 0.2942), (0.5785, 0.3051), (0.6350, 0.2402), (0.6350, 0.2491)}. 


Step 3. Utilize Eq. (33) to calculate the closeness degree G(xi) of each 
alternative (i = 1, 2, 3, 4, 5) to the PIS h + = {(1, 0)}: 

G(x 1 ) = 0.9146, G{x 2 ) = 0.8291, G( x 3 ) = 0.8103, G(x 4 ) = 0.7350, G(x 5 ) = 0.7799. 
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Using this, we rank all alternatives X, ( i = 1,2, 3, 4, 5) in ascending order ac- 
cording to the values G(x,) (i = 1, 2, 3,4, 5): 


X4 >- £5 >~ X3 y X-2 >- X\. 


Therefore, the best alternative is X4. 

If we utilize the GHFWG operator (32) in Step 2 of Approach II, then the 
closeness degree G(xi) of each alternative x t (i = 1,2, 3,4, 5) to the PIS is 
calculated: 

G(x 1 ) = 0.9835, G(x 2 ) = 0.9117, G{x 3 ) = 0.9700, G(x 4 ) = 1.0543, G(x 5 ) = 0.9597. 

and so the ranking of all alternatives x,; (i = 1,2, 3, 4, 5) in ascending order 
according to the values G(x») (i = 1, 2, 3, 4, 5) is obtained: 


X2 >~ X5 >- X3 >- Xi >- X4. 


Therefore, the best alternative is X 2 . 

From the above analysis, we know that the results obtained by the proposed 
approaches are different. Each of methods has its advantages and disadvantages 
and none of them can always perform better than the others in any situations. 
It perfectly depends on how we look at things, and not on how they are them- 
selves. As we can see, in Approach II, depending on aggregation operators used, 
the ranking of the alternatives is different. Therefore, the results may lead to 
different decisions. 


6 Conclusions 

In this paper, we developed cross-entropy under generalized hesitant fuzzy envi- 
ronment. Axiomatic definition about this information measure have been given 
for GHFEs. Two approaches, based on the developed generalized hesitant fuzzy 
cross-entropy, of generalized hesitant fuzzy MCDM are developed which permits 
the decision maker to provide several possible IF Vs for an alternative under the 
given criterion, which is consistent with humans’ hesitant thinking. The illus- 
trative example demonstrated the validity and practicability of the developed 
approaches. 


Acknowledgement 

This work was supported by a Research Grant of Pukyong National University 
(2015). 


15 


723 


Jin Han Park et al 709-725 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


References 

[1] K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20 (1986), 
87-96. 

[2] K. Atanassov and G. Gargov, Interval-valued intuitionistic fuzzy sets, 
Fuzzy Sets and Systems 31 (1989), 343-349. 

[3] P. Burillo and H. Bustince, Vague sets are intuitionistic fuzzy sets, Fuzzy 
Sets and Systems 79 (1996), 403-405. 

[4] W.L. Gau and D.J. Bueherer, Vague sets, IEEE Transactions on Systems, 
Man and Cybernetics 23 (1994), 610-614. 

[5] K.C. Hung, K.P. Lin and C.C. Weng, Fault diagnosis of turbine using an 
improved intuitionistic fuzzy croos entropy approach, in: 2011 Interna- 
tional Conference on Fuzzy System, Taipei, Taiwan, 2011, pp. 590-594. 

[6] W.L. Hung and M.S. Yang, On the J-divergence og intuitionistic fuzzy 
sets with its application to pattern recognition, Information Sciences 178 
(2008), 1641-1650. 

[7] J.Q. Li, G.N. Deng, H.X. Li and W.Y. Zeng, The relationship between 
similarity measure and entropy of intuitionisticfuzzy sets, Information Sci- 
ences 188 (2012), 314-321. 

[8] X.C. Liu, Entropy, distance measure and similarity measure of fuzzy sets 
and their relations, Fuzzy Sets and Systems 52 (1992), 305-318. 

[9] J.J. Mao, D.B. Yao and C.C. Wang, A novel cross-entropy and entropy 
measures of IFSs and their applications, Knowledge-Based Systems 48 
(2013), 37-45. 

[10] G. Qjan, H. Wang, X.Q. Feng, Generalized hesitant fuzzy sets and their ap- 
plication in decision support system, Knowledge-Based Systems 37 (2013), 
357-365. 

[11] X.G. Shang and W.S. Jiang, A note on fuzzy information measure, Pattern 
Recognition Letter 18 (1997), 425-432. 

[12] V. Torra, Hesitant fuzzy sets, International Journal of Intelligent Systems 
25 (2010), 529-539. 

[13] V. Torra, Y. Narukawa, On hesitant fuzzy sets and decision, in: The 
18th IEEE International Conference on Fuzzy Systems, Jeju Island, Korea, 
2009. pp. 1378-1382. 

[14] I.K. Vlachos and Sergiadis, Intuitionistic fuzzy information application to 
pattern recognition, Pattern Recognition Letter 28 (2007), 197-206. 


16 


724 


Jin Han Park et al 709-725 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


[15] J.Q. Wang and J.J. Li, Multi-criteria fuzzy decision making method based 
on cross entropy and score functions, Expert Systems with Applications 
38 (2011), 1032-1038. 

[16] M.M. Xia, Z.S. Xu, Hesitant fuzzy information aggregation in decision 
making, International Journal of Approximate Reasoning 52 (2011), 395- 
407. 

[17] M.M. Xia and Z.S. Xu, Entropy/cross entropy based group decision making 
under intuitionistic fuzzy environment, Information Fusion 13 (2012), 31- 
47. 

[18] Z.S. Xu, Intuitionistic fuzzy aggregation operators, IEEE Transactions on 
Fuzzy Systems 15 (2007), 1179-1187. 

[19] Z.S. Xu and M.M. Xia, Hesitant fuzzy entropy and cross-entropy and 
their use in multiattribute decision-making, International Journal of In- 
telligent Systems 27 (2012), 799-822. 

[20] Z.S. Xu and R.R. Yager, Intuitionistic fuzzy Bonferroni means, IEEE 
Transactions on Systems, Man and Cybernetics 41 (2011), 568-578. 

[21] J. Ye, Fault diagnosis of turbine based on fuzzy cross entropy of vague 
sets, Expert Systems with Applications 36 (2009), 3103-3106. 

[22] J. Ye, Multicriteria fuzzy decision-making method based on intuitionistic 
fuzzy cross-entropy, in: Proceedings of the 2009 International Conference 
on Intelligent Human-Machine and Cybernetics, Hangzhou, China, 2009, 
pp. 59-61. 

[23] J. Ye, Fuzzy cross entropy of interval- valued intuitionistic fuzzy sets and 
its optimal decision-making method based on the weights of alternatives, 
Expert Systems with Applications 38 (2011), 6179-6183. 

[24] L.A. Zadelr, Fuzzy sets, Information and Control 8 (1965), 338-353. 

[25] Q.S. Zeng and H.X. Li, Relationship between simialrity measure and en- 
tropy of interval- valued fuzzy sets, Fuzzy Sets and Systems 157 (2006), 
1477-1484. 

[26] Q.S. Zhang and S.Y. Jiang, A note on information entropy measure for 
vague sets and its application, Information Sciences 178 (2008), 4184-4191. 

[27] Q.S. Zhang and S.Y. Jiang, Relationships between entropy and simialrity 
measure of interval-valued intuitionistic fuzzy sets, International Journal 
of Intelligent Systems 25 (2010), 1121-1140. 

[28] H.M. Zhang and L.Y. Yu, MADM method based on cross-entropy and ex- 
tended TOPSIS with interval-valued intuitionistic fuzzy sets, Knowledge- 
Based Systems 30 (2012), 115-120. 


17 


725 


Jin Han Park et al 709-725 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


ON HARMONIC QUASICONFORMAL MAPPINGS WITH FINITE 

AREA 

HONG-PING LI AND JIAN-FENG ZHU 


Abstract. In this paper, we study the class of harmonic A'-quasiconformal map- 
pings of the unit disk U with finite Euclidean areas |/(U)| eiiC . We first give the 
Schwarz-pick lemma (cf. [8]) for this class of mappings as follows: 


I/* 0)1 < 


I/(U)U 1 

7r(l — fc 2 ) 1 — I^:| ’ 


ZGU, 


where k = Furthermore, we obtain the sharp coefficient estimates of this 

class of mappings. As an application, for harmonic mappings / £ S ^ with finite 
|/(U)|etic we obtain sharp coefficient estimates. 


1. Introduction 

Let U = {2 e C : \z\ < 1} be the unit disk in the complex plane C. The classical 
Schwarz lemma says that if an analytic function p of U satisfies that |<^(z)| < 1 
and 92 ( 0 ) = 0. Then \p(z)\ < \z\ and |y/(0)| < 1. The equality occurs if and 
only if <p(z) = e ia z, where ct is a real constant. The classical Schwarz lemma is 
a cornerstone in complex analysis and attracts one to give various versions of its 
generalization. 

A complex-valued function f(z) of class C 2 is said to be a harmonic mapping if it 
satisfies f zz = 0. It is known that every harmonic mapping f(z) defined in U admits 
a canonical decomposition f(z) = h(z) + g(z), where h(z) and g(z) are analytic in 
U with g( 0 ) = 0. One can refer to [5] and the references therein for more details 
about harmonic mappings. 

For z 6 U, let 

(!) A /(-) = max \f z (z) + e~ 2ld f s {z) \ = \f z (z)\ + \f g (z )\ , 

U\C7<.Z7T 

and 

( 2 ) x f( z ) = mm I fz(z) + e~ 2ie f s {z) \ = \\f z (z)\ - \f s (z)\\. 
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The Lewy theorem [7] tells us that a harmonic mapping / is locally univalent and 
sense-preserving in U if and only if its Jacobian satisfies the following condition 

Jf( z ) = X A Z ) A A Z ) = \fz(z)\ 2 ~ \fz(z)\ 2 > 0 for zeV. 


Suppose that f(z) is a sense-preserving univalent harmonic mapping of U. Then 
f(z) is a Jl -quasiconformal mapping if and only if 


K(f) := sup 

zeu 


\fz(z)\ + \f g (z)\ 
\fz(z)\ - \f s (z)\ 


< K. 


Harmonic quasiconformal mappings are natural generalizations of conformal map- 
pings. Recently, many mathematicians have studied such an active topic and ob- 
tained many interesting results (cf. [1] , [6], [10], [8], [12], [13], [14], [15] ). 

In 2007, M.KneAevic and M.Mateljevic [8] proved the following Schwarz-Pick lem- 
ma for harmonic quasiconformal mappings. 


Theorem A. Let f be a harmonic K -quasiconformal mapping of U into itself. Then 


\fz(z)\ < 


(K + 1)(1 ~ \f{z)\ 2 ) 
2(1 -N 2 ) 


holds for all z £ U, and 


dx(f(z 1 ),f(z 2 )) < Kd x (zi,z 2 ) 

holds for any z ll z 2 e U, where d\ is the hyperbolic distance. 

Furthermore, they obtained the opposite inequalities in Theorem A as \f z (z)\ > 
(A 2A-(i-| l f| 1 4 )l ] and dx(f(z 1 ),f(z 2 )) > j^dx(z u z 2 ) by assuming that / is onto. Such 
an assumption is necessary since that \f z (z)\ will bounded below by a positive con- 
stant (see [8] for more details). 

In 2010, X. Chen and A. Fang [2] improved the above results as follows. 


Theorem B. Let C C be a simply connected convex domain of hyperbolic type 
and Aq be its hyperbolic metric density with the Gaussian curvature —4. If f is a 
harmonic K -quasiconformal mapping of U onto Q, then the inequalities 

(K + 1)A D (;) (A' + lUuM 

2K\ a (f(z)) 2A „(/(*)) 

hold for all z G U. Moreover, the above estimates are sharp. 

We point out that the composition of a harmonic mapping / with a conformal 
mapping ip is still harmonic. Hence we can fix the defined domain as U for har- 
monic mappings. However, ip o f is not harmonic in general. This implies that the 
Schwarz-Pick lemma for harmonic quasiconformal mappings will closely relate to its 
target domain. Instead of the assumption that harmonic quasiconformal mappings 
have convex or bounded ranges, we study the class of harmonic mappings with fi- 
nite Euclidean areas. Example 1 shows there exists a harmonic mapping with an 
unbounded range but finite Euclidean area. 
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Assume that f(z) = h(z ) + g(z ) is a harmonic K -quasiconformal mapping of U 
with a finite Euclidean area |/(U)| euc , where 

oo oo 

h(z) = a n z n and g(z ) = b n z n 

n = 0 n = 1 

are analytic in U. Under the assumption of finite Euclidean areas, we obtain a 
new version of the Schwarz-Pick lemma for the class of harmonic K -quasiconformal 
mappings as follows 


( 3 ) 


\fz(z)\ < 


l/(U)U 1 

7r(l — k 2 ) 1 — \z 


ze u, 


where k = j-. See Theorem 1 for details. 

Furthermore, we obtain the sharp coefficient estimates for f(z) 


( 4 ) 


+ N 2 < 


(K + l/K)\f{V)\ t 

2n7T 


{n = 1,2, 


This result is given at Theorem 2. 

Denote by Sh the family of all sense-preserving univalent harmonic mappings 
defined in U which admit a canonical representation f = h + g, where 


( 5 ) 


OO OO 

hfz ) = z + a n z n and g(z) = b n z n 

71=2 71=1 


are analytic in U. The class S ° H is the subclass of Sh with g'( 0) = 0. 

A well-known result of the classical analytic univalent functions is the Bieberbach 
conjecture which was posed by Ludwig Bieberbach in 1916 and was finally proven 
by Louis de Branges [4] . This result has many important geometric applications. In 
1984, T.Sheil-Small [3] published a landmark paper which pointed out that many 
classical results of conformal mappings have analogues of harmonic mappings. One 
of the famous results is the coefficients conjecture of S° H . As an application of 
Theorem 2, we obtain the coefficients estimate for / e which is given by (9). 


2. Main results and their proofs 


Theorem 1. Let K > 1 be a constant. If f(z) = h(z) + g(z) is a harmonic K- 
quasiconformal mapping of the unit disk U such that its Euclidean area |/(U)| euc is 
finite, then 


\fz( Z )\ < 


\f (U) \euc 1 
7r(l — k 2 ) 1 — | Z 


ze u, 


where k 


K-l 
K + 1 ’ 


Proof. Since f(z) is a harmonic Jl -quasiconformal mapping, we obtain that 


sup 

^eu 


9'(z) 


h'(z ) 


< k 


K-l 
K + 1 
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|/(U)|e 




U 


(\h\z)\ 2 -\g\z)\ 2 )da 


> (1 - k 2 



\h\z)\ 2 da. 


u 


This implies that 

( 6 ) 



l/(U)| f 


u l^)| 2 ^< x _ k . 


By [11, Corollary 2.6.4 and Theorem 2.4.1], we obtain \h\z)\ 2 is subharmonic in U. 
Thus, for r G [0, 1 — \z\), it follows 

1 r 27r 

(7) | h\z)\ 2 <— \ti(z + re ie )\ 2 d0. 


2vr 


Utilizing the inequality (6), we get 


n l— \z\ 

r\h'(z + re i6 )\ 2 dr dd 



morda 


D(z) 


< 



I ti(C)\ 2 da< 


u 


| f (U) \euc 

1-k 2 ’ 


where D(z) : = {( e C } \( - z\ < 1 - \z\} C U. Then \h\z)\ 2 < 
This completes the proof. 


□ 


Remark 1. The Euclidean area of f( U) is finite doesn’t imply that f is bounded. 
The following Example 1 shows that Theorem 1 is not covered by Theorem A and 
Theorem B. Furthermore, let f(z) = e ia z be a conformal mapping of U onto itself, 
where a is a real constant. Then \f z (z)\ = 1 and |/(U)| euc = n. This shows that (3) 
is sharp at z = 0. 

Example 1. Let fli = e C : 0 < Im£ < l,Re£ > 0} and tpfiz) : U H > be 

a conformal mapping. Let <^(0 := ^ In be a conformal mapping of Qi onto 
fU- Then w(z) = ip 2 ° <pi (z) is a conformal mapping of U onto U 2 . Here is an 
unbounded (and not convex) domain with the boundary curves { c 1 : Im w = 0,0 < 
R ew < {c 2 : Rew = 0,lm-u; G M} and {03 : w(t + i) = ^ln^^, t E [0,oo)} 

which is shown by figure 1. Then |tc(U)| euc = is finite. This shows that Theorem 
1 is not covered by Theorem A and Theorem B. 
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Figure 1 . Image of the domain 


Theorem 2. Let K > 1 be a constant. If f(z) = h(z) + g(z) is a harmonic K- 
quasiconformal m.apping of U such that |/(U)| euc is finite, where 


(8) h(z) = a n z n and g(z ) = b n z n 

n=0 n = 1 

are analytic in U. Then 

(K 4- 1 /K)\ /TTT'i I 

(rz = 1,2,...). 


2 . I, |2< (A' + 1/A-)|/(U)|, 

\^n\ i \Un\ — 


2rnr 

The above coefficient estimates are sharp for all n = 1,2,..., with the extremal 
functions f n (z) = fj^z n + ^f=z n where k = and a G C is a constant. 

Proof. For every z = re l6 G U, 

OO OO 

f(re i9 ) = Y a n r n e inG + Y Kr n e~ ind . 


n = 0 


n= 1 


Hence h'(re l9 ) = na n r n 1 e^ n ^ 9 and g'[re ld ) = nb n r n 1 e^ n 'A Applying the 

n = 1 n = 1 

Parseval identity, we obtain 



u 


{\ti(z)\ 2 + \g\z)\ 2 )da = vr^n(|a n | 2 + \b n \ 2 ). 


n= 1 


Since f(z) is a A'-quasiconformal mapping, we have 

\h'(z)f + \g\z )\ 2 < \(K + 1/ K) (|ft'W| 2 - |j'M| 2 ) ■ 
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This implies that 

OO 

-^n(|a n | 2 + 1 6, 


7 r 


n I ) fs 


n=l 



-{K+l/K){\h\z)\ 2 -\g'{z)\ 2 )da 
u z 


= -{K + 1/ K)\f(XJ)\ t 


Then 


,2 , ,, , 2< g+Vgl 

2mr 


\a n \ 2 + \K \ 2 < 


(n = 1,2, 


Let f n (z ) = then |/ n (z)| euc = / J v Jf n (z)da = (1 - k 2 )n\a\ 2 . This 

shows that \a n \ 2 + \b n \ 2 = ^±L_M — (A+1 /^^ (u ^ euc . Hence, the estimates are 
sharp. 

This completes the proof. □ 


Theorem 3. If f — h + g G Sfi satisfies that |/(U)| euc is finite, where h, g are 
given by (5) with b\ — 0. Then 

K| 2 + \b n \ 2 < s(n, t 0 ), (n = 2, 3, . . .), 

where s(n,t 0 ) is given by (10). 

Proof. Let F(() := where / G S%, ( G U and 0 < t < 1. Then A^(£) = A /(fC) 
holds for all ( G U. According to (5) we see that 

OO OO 

no = 

n = 2 n=2 

OO OO 

= C + 5>„C” + 

n=2 n=2 


where A n = t n 1 a n and = t n l b n . Let uj(z) = Then u(z) is holomorphic 

in U satisfying co(0) = 0 and |co(^)| < 1. By the Schwarz lemma we know that 
|a;(z)| < \z\ for z & U. Therefore, for any 0 < t < 1 and U* := {z : \z\ < t} we have 

^f( z ) _ 1 + |^(^)| < 1 + t _ 

A f (z) l-\u(z)\~l-f 

This implies that F is a AVquasiconformal mapping of U. Furthermore, 

|L\C)U= j £ Jf{Qda < \f(V)\ euc . 


Applying Theorem 2, we have 


K| 2 + |B„| 2 < (1+t2)l/<U)le 


mr(l — t 2 ) 


(n = 2,3,...). 
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Hence, 

(9) 


K | 2 + \K \ 2 < 


(i + t 2 )|/(U)U 

mrt 2n ~ 2 (l — t 2 ) 
>t), W€ 

, then 


:=s(n,t), (n = 2,3,...). 


Since lim s(n,t) = 00 = lim s(n,t), we see that min s(n,t) exists. Choose the 

t-> 0 t->i 0<t<l 

minimal point to — 


n— 1 


x /(n-l) 2 +l+l 


K | 2 + N 2 < s(n,t 0 ) 


( 10 ) 


1 - - l) 2 - 1 


n— 1 


V(n-l) 2 + l + n \ |/(U)| e 


71—1 


^(n - l) 2 + 1 + 2-n 


nn 


The proof is completed. 


□ 


Remark 2. By direct calculation, we see that s(n,t 0 ) is an increasing function of 
n and lim s(n,t 0 ) = 2 e l/(U)U c _ 77 ^ i m pH es that s(n, t 0 ) < MOTOUe. Therefore, 

n — >00 77 ' n 

|fln| + I bn | < V2(|a n | 2 + |6 n | 2 ) < 2^/3ZME. 
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Weak Estimates of the Multidimensional Finite 
Element and Their Applications 

Yinsuo Jia*and Jinghong Liu^ 


In this article we first introduce interpolation operator of projection type 
in multidimensional spaces. Then we derive weak estimates for tensor-product 
block finite elements. Finally, the applications of the weak estimates in super- 
convergent properties are discussed. 


1 Introduction 


Superconvergence of the finite element approximation for second order elliptic 
boundary value problems has been an active research topic (see [1 7]). It is well 
known that the weak estimates for the finite element and the estimates for the 
discrete Green’s function play important roles in the superconvergence study 
(see [8-15]). In this article we focus on the study of the weak estimates and we 
will derive the weak estimates for the multidimensional finite element. 

we shall use the symbol C to denote a generic constant, which is independent 
from the discretization parameter h and which may not be the same in each 
occurrence and also use the standard notations for the Sobolev spaces and their 
norms. 

We consider the following Poisson equation: 


Cu = —A u = f in Cl, u = 0 on dfl, 


( 1 . 1 ) 


where fl C lZ d (d > 2) is a bounded polytopic domain. The weak formulation 
of (1.1) reads, 

J Find u € ifg(fi) satisfying 
\ a(u , v) = (/ , v) for all v G Hq(Q). 

where 

a(u , v) = / Vu-VucLY, 

Jn 

and 

(f,v)= [ fvdX. 

Jn 
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Let {T h } be a regular family of rectangular partitions of Cl. Denote by S h (Cl) a 
continuous piecewise tensor-product m-degree polynomials space regarding this 
kind of partitions and let Sq(CI) = S h (Cl) fliLg ($7). Discretizing the above weak 
formulation using Sq(CI) as approximating space means, 

J Find Uh £ Sq (fi) satisfying 
\ a(uh , v) = (f , v) for all v £ Sq(CI). 

Thus, the following Galerkin orthogonality relation holds. 

a(u — Uh , v) = 0 Vw £ Sq(CI). (1.2) 


2 Weak Estimates for the Finite Element 

In this section, we first introduce an interpolation operator of projection type 
in multidimensional spaces, and then derive the weak estimates for the finite 
element by using the interpolation operator of projection type. 

Let element 

e = (x lt e - h lt e,X 1>e + h 1>e ) X (x 2 ,e ~ h 2 , e , X 2 , e + ^2,e) 

X * * * X ( Xd,e ^d,ei Xd,e T ^V,e) (2.1) 

= h x I 2 x • • • x I d , 

and let {h {Z 2 ,y (a7 2 )}y2=oU ‘ "> {ld,j(%d)}£Lo be the normalized orthog- 
onal Legendre polynomial systems on L 2 (/i), L 2 (/ 2 ),---, L 2 (/d), respectively. 
Now let d Xl d X2 ■ ■ ■ d Xd u £ L 2 (e). Then we have the following expansion: 

oo oo oo 

d Xl dx 2 ' * ’ &Xd U = ^ ^ ^ ^ ^ ^ {xi)l2,i 2 (^ 2 ) * * * I'd, i d ( x d)i ( 2 - 2 ) 

i 1 — 0 i 2 —0 id— 0 


where 


^Xl &x 2 


’ dx d ^d ^l,ii (*£l)^2,i 2 (*^ 2 ) * * * ^d, id (*^d) dX. ( 2.3 ) 


Set 


px k 

0 {Xk) — 1) ^k,j - (-1 (Xk) — I ^k,j (0 ^>5 ^ — 1? * ’ ’ 5 d) j ^ 0. 

J Xk.f—hk.f 


By the Parseval equality, we have for X = (aq, a?2, • • • , Xd) G e 


00 00 00 

U {.X) = ^ ^ (^l)^2, i 2 (*^ 2 ) * * * ^d,id { x d)i (^-4) 

ii =0 i 2 =0 2^=0 


where 


/^00---0 — 1l(x p e hl,ei ^2,e ^2,e? * * * ? ’d’d.e hd,e)i 
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PiiOO-’O — j &xi u(x\ , X 2 ,e h'2 ,ei‘ ‘ ‘ -> x d,e — l(*Tl) d%h 

■’ll 


I 2 O" -0 — j &xi &X2 U^Xi , X 2 1 *T3,e ^3,et ” ’ i ^d,e) 

Jhxh 

ll,i 1 -l( x l)l2,i 2 -l( x 2) dXidx 2 , 


Piii2---id J &xiidx2 ' ' ' 

ll,ii — l( x l)l 2 ,i 2 — 1 (*^ 2 ) ' * * Id, id. — 1 ( x d) dX , 

where > 1, k = 1, • • • , d. Similarly, the other coefficients can also be given. 

We introduce a standard tensor-product polynomial spaces of degree m > 1 
denoted by T m , i.e. , 

<l( x ) = X! r m, 

where the indexing set I is as follows: 


I = {(*i,*2,- • • ,*d)|0 < • • ,id < m}. 


Define the tensor-product interpolation operator of projection type by 11^: 
H d (e) -A T m (e) such that 

= ^ ] /3iii2---*d w l,*l (• r l) w 2,i 2 (^d)- (2-5) 

By the definitions of the finite element space Sq (fl) and 11^, we have the inter- 
polation operator of project type 

II TO : H d (fl) n Hq(CI) -a So(fl), 


where (II m u)| e = TV^u. 

In addition, the function uik,i(xk) has the following properties (see [5]): 

U- Ldk,i(, x k,e i hk,e) O5 1 'P 2, 

h blk,i(Xk,e (*Tlc x k,e)) — ( 1) -|- Xk,e))i 2 A 2, g\ 

C- (Wfcy, Pm) = 0, V p m G Prn(Ik)i i Tfl ~\~ 3, 

d. (w feji , w fe>i ) =0, i, j > 2, * ± j, and |z - j| ± 2, 

where k = 1, ■ ■ ■ , d. For simplicity, we write 

= Ai*2"-id W l,H (• Z 'l) W 2,i 2 O^) ' ' ' w d,id i x d)- 


736 


Yinsuo Jia et al 734-743 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


JIA, LIU: WEAK ESTIMATES OF THE MULTIDIMENSIONAL FINITE ELEMENT 


From (2.4) and (2.5), 


R 


( sr^m sr^m \-~\m w — moo 

Z^i 1 — 0 Z^/i 2 — 0 Z-^i d _ 1 —0 Z-^i d =m-\- 1 

, sr^m sr^m sr^oo ^-~>oo 

' Z^i 2 —0 Z^i d _ 1 =m -\- 1 Z^i d = 0 

. . ^-~\7Yl >00 >00 

' ' 2-^ii= 0 Z-^i 2 =m-\-l 2-^i d = 0 


E oo >oo y^oo v~\o° \ \ 

1 2^i 2 —0 2-^i d _i= 0 2-^i d = 0 ) i 


(2.7) 


which is called remainder of interpolation. Next, we will derive the weak esti- 
mates for the finite element. 

Theorem 2.1 Let {T h } be a regular family of rectangular partitions of Cl, 
u £ W m+2 ’°°(fl) fl Hq(LI), and v £ Sq(CI). Then, the m-degree interpolation 
operator of projection type H m satisfies the following weak estimates: 



\a(u-Il m u,v)\ < C'/i m+1 ||u|| m+ 2 , 00 , 

nMi,i,n, 

m > 1, 

(2.8) 

and 

\a(u-U m u,v)\ < Ch m+2 \\u\\ m + 2 ,oo, 

2,l,f2: 

m > 2. 

(2.9) 

where 

= M 2 > be- 





Proof. By the properties of cok,i{xk) (see (2.6), c) as well as the orthogonality 
of the Legendre polynomial system, we have 


Vi?. • Xv dX = / Vr • Vv dX = I e \/e £ T h 


where 


2-^ii= 0 /-^i 2 — 0 


E m w^m+2 

id- 1=0 2^i d —m -\- 1 


E m sr^m ^\m- \-z 

ii— 0 2-^i 2 — 0 Z-ji d _ 1 —‘ 

— p; 

E m+ 

h = 


m+2 ^m+2 

tti+1 Z^Ji d — 0 


E m ^->771+2 ^■~>77i+2 

i i =0 Z-^i 2 — m+1 i 


E 771 + 2 
id — 0 


( 2 . 10 ) 


■>771+2 ^->771+2 

=771+1 2-/i 2 — 0 


13=0 

E m- 

i d _ i=0 Z^i d =0 J /X W 2 •••i £ r 


id=0 

771 + 2 ^-^771+2 \ \ 

=0 Z^i w =0 j 


Obviously, r only contains finite terms. 

Among the indices ik, k = 1, 2, • • • , d, when some ik = m + 1 or m + 2, and 
the others are zero, we have by the orthogonality of the Legendre polynomial 
system 


VAjjj 


V« dX = 0. 


( 2 . 11 ) 


When only two of the indices ik, k = 1,2, ■ • ■ ,d are nonzero, and the others are 
zero, without loss of generality, we assume i\ ^ 0, *2 ^ 0, and *3 = H = ■ ■ ■ = 
id = 0. It is easy to see that ii + > m + 2. Thus, the integration by parts 

yields 


ii20---0 


I d Xl d X2 u{x U X 2 , 3)3,e hs, e , , Xd,e kld,e) 
Jh x/ 2 
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h,i 1 -i(xi)l 2 ,i 2 -i(x 2 ) dxidx 2 

= (-1 ) S+t ( d°+ 1 d t + 1 u(x 1 ,X 2 ,X 3 , e - h 3 ,e,--- ,Xd,e~ h d ,e) 

J/ 1 X /2 

D~ s h,i 1 -i{xi)D~ t l 2 ^ 2 -i(x 2 ) dx\dx 2 , 

where 0 < s < i\ — 1, 0 < t < i 2 — 1, s + 1 = in, . The operator D~ n (n > 1) 
denotes the integration operator of order n such that 

D ~ n ip{xi )) = tp(xi). 


In particular, when n = 0, 


D n ip(xi) = ip(xi). 


Thus, 


\Piii20---0 | < C'/l m+1 ||u|| m+ 2, 00 ,e- 


( 2 . 12 ) 


In addition 

V A^^o-'-o * ^ v dX 


< 1/3: 


iii20---0 1 


/ V {uJi,i 1 (xi)uj 2 ,i 2 {x 2 )) ■ XvdX 

J e 


< C\0 iliaO ...o\ J \Vv\dX 


Further, from (2.12), we have 


J VA^ijO-.-o • XvdX 


<Ch m+l |H| m+ 2, 00) eH 1 , 1 ,e- (2-13) 


Similar to the arguments as above, without loss of generality, when ik ^ 0, k = 
1, 2, • • • , j and ij+i = ij+ 2 = ■ ■ ■ = i d = 0, we have 


X \niz-ij0-0 ' Xv dX 


<C/l Tn+1 ||u|| rn+ 8 l00 ,eH 1 , 1 , e . (2.14) 


Finally, we consider the case of ik ^ 0, k = 1, 2, • • • , d. Obviously, J2 k =i — 
to + d. We have by the integration by parts 

Piii 2 -~id = J ^ Xl d X2 ■ ■ ■ d Xd u(X) 

ll,ii — 1 (x 1 )^ 2, 22 — 1 (*^ 2 ) * * * ld,id — l(Xd) dX 

= (_i r +. a +-+- r d ^dz +i ■ ■ ■ d% +i u(x) 

J e 

D~ Sl h t i 1 -i(xi)D~ S2 l 2d2 -i(x 2 ) ■ ■ ■ D~ Sd l dt i d -i(x d ) dX, 
where 0 < s k < i k — 1, k = 1, > • • , d and s k = m + 2 — d. Thus, 

I0W-.J < Ch m+2 ~% ||u|| m+2i00 , e . (2.15) 
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Obviously, 


j VA ili2 ...j d • VudX 

— |Ait2-"*dl 

J V (cDi ;il (a;i)w 2 ,i 2 (a: 2 ) ■ ■ • w djid (a: d )) • Vu dX 


< /|Vi>|dX 


J e 


Further, from (2.15), we have 


X ^ ^ dX 


<Ch m+1 \\u\\ m+2i00 , e \v\i,i,e- (2.16) 


Combining (2.10), (2.11), (2.13), (2.14), and (2.16) yields 
\I e \ <Ch m+ 1 \\u\\ m+ 2 ,oo,e\v\l,l,e- 


(2.17) 


Summing over all elements proves the result (2.8). In the following, we will 
prove the result (2.9). 

If to > 2, without loss of generality, we assume ik 7 ^ 0, k = 1, 2, • • • , j and 
ij+i — ij+2 = • • • — id — 0. 

= J e ^ * V V dX 

= Phii-ijO-O f e V (wi,*! (x!)oj 2 ,i 2 (x 2 ) ■ ■ ■ LOj tij (. Xj )) • Vi> dX 

— J e (xi )cU2y 2 (^ 2 ) * * * ^j,ij (*C )) L' 

+Aii2-.-ij0.-0 Jg ^X2 (*Tl )a^2,i 2 (*^2 ) ^j.ij )) ^X2 ^ ^^7 

“P * * * “P fii 1 j,2---ij0---0 J e &X-J (*Tl )w2,i 2 (*£ 2 ) * * * (*0 )) L' 

= /l + I 2 + • • • + . 

(2.18) 

We assume ii > to + 1, thus > ?n + 1 > 3. By the orthogonality of the 
Legendre polynomial system, 

7| /^ii ? 2 ■■ Tj 0" '0 / ^i,ii — i (^ 1 )^ 2 , i 2 (^ 2 ) * * * ^j,ij )^xi n dX 0. (2.19) 

J e 

In addition 

7 2 = d/ l ; 2 ...; ,(|...!i f e CV lt i 1 (x 1 )l 2 ,i 2 -l(x 2 ) ■ ■ ■ UJj ti:i (Xj)d X2 V dX 

fdiii2---ij0--0 f e D UJidi (*Tl )^2,i 2 — 1 (^ 2 ) * * * ^j,ij (*^i )^xi 7Ac 2 T d>X . 


In fact 

71 (xi)?2. 

Combining (2.20)-(2.22) yields 


:m+ 2 I 


get 

(2.20) 

m+2 -i|M| m+2 ,oo,e. 

(2.21) 

=0{h^). 

(2.22) 

||m+2, oo,e|^|2,l,e. 

(2.23) 
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Similarly, we have 

|4| < Ch m+2 \\u\\ m+2> oo, ebM, e, k = 3, • • • , j. (2.24) 

From (2.18), (2.19), (2.23), and (2.24), 

|4 1 i2-i J o...o| <Gh m+2 \\u\\ m+ 2 ,oo,e\v\ 2 ,i,e, k = 3, - ■ ■ ,j. (2.25) 

When each 4 ^ 0, k = 1, • • • , d, similar to the above arguments, we easily get 


VA i li2 ...i d ■ VvdX 


< Ch m+2 \\u\\ m + 2 ,oo,e\v\ 2 , 


From (2.10), (2.11), (2.25), and (2.26), 

|4| <Ch m+2 \\u\\ m+2 ,oo,e\v\ 2 ,i,e- 
Summing over all elements proves the result (2.9). 


(2.26) 


3 Superconvergence of the Finite Element 


In this section, we will give applications of the weak estimates. Some appli- 
cations may be found in the published literatures. First we need to give the 
definitions of the discrete Green’s function and the discrete derivative Green’s 
function. For every Z £ 12, we define the discrete derivative Green’s function 
dz,eGz £ Sq and the discrete Green’s function G z £ Sq such that (see [7]) 

a(d z ,eG%,v) = dtv{Z) Vv e Sft(fi), (3.1) 

a(G%,v) = v(Z) Vv€Sf}( Sl) f (3.2) 

where £ £ 1Z d and \t\ = 1. div(Z) stands for the onesided directional derivative 


d e v(Z) 


.. v{Z + AZ)-v(Z) 

hm — : 

|az|— > o |AZ| 


A Z = \AZ\l 


As for dz,eGz and G(|, we have obtained some estimates (see [8-15]). 

Using the weak estimates (see (2.8) and (2.9)) and the estimates for dz/G^ 
and Gz, we give superconvergent estimates of the multidimensional tensor- 
product m-degree finite element as following: 

• In the case of d = 3, we have (see [8-10]) 

\dz/Gz\ 11 = 0(\ ln/i|5), (3.3) 

\dz,eG h z \ h 21 = Oih,- 1 ), (3.4) 

\G h z \h=0(\\nh}i). (3.5) 
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Thus, from (1.2), (2.8), (2.9), and (3.1)— (3,5) , we get superconvergent estimates 
\u h - H m u\ h ^ n < Ch m+1 1 In /i| 3 |M| m+2,oo,n, rn= 1, (see [9]) 

\^h n m u|i i0O>n ^ Ch 1 1 ^ 1 1 r?T.-t-2, oo , ri 777 2, (see [9]) 

and 

\u h - n m u\ 0}OOtQ < Ch m+2 \\nh\*\\u\\ m+ 2,oo,n, m > 2. (see [10]) 

• In the case of d = 4, we have 

=CD(|lnh|S), (see [11]) (3.6) 

\dz 4 G h z \ h 21 = 0{h- l \\^), (see [12]) (3.7) 

\G h z \ h 21 =0(\lnh\^). (3.8) 

Thus, from (1.2), (2.8), (2.9), (3.1), (3.2), and (3.6)-(3,8), we get superconver- 
gent estimates 

I H/i, IlmUl-j^ ^ q <1 (Jh | In h\ 5 ||'a||m-(-2, oo, LU 777 = 1? 

\u h -U m u\ lt0o n < Ch m+1 \\nh\i\\u\\ m+ 2 ,oo,n, m>2, (see [12]) 

and 

\ u h — n TO w| 0 oO) Q < Ch m+2 \ ln/i| 2 ||^||m+2, oo, Q? ^7- ^ 2. 

• In the case of d = 5, we have (see [13, 14]) 

l^ G z| M = 0(|hifc|h, (3-9) 

iGllJ^Odlnhlf). (3.10) 

Thus, from (1.2), (2.8), (2.9), (3.1), (3.2), (3.9), and (3,10), we get superconver- 
gent estimates 

\u h -H m u\ loon <Ch m+1 \\nh\ 5 ||^||m+2, oo, O5 ^7 ^ 

and 

\u h — n m u| 0 oo n < Ch m+2 \ In /i| 8 1| ^||m+2, 00, ^ 2. 

• In the case of d = 6, we have 

=C?(|ln/i|3), (see [15]) (3.11) 


(Gll^ =0(^1). (3.12) 

Remark 1. The result (3.12) was submitted in JOCAAA. 
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Thus, from (1.2), (2.8), (2.9), (3.1), (3.2), (3.11), and (3,12), we get super- 
convergent estimates 

\u h - n m u\ 1; 00] n < Ch m+1 \lnh\i IMU+ 2 , oo, n, m> 1, (see [15]) 

and 

\u h -H m u\ 0oo ^<Ch m+2 \\nh\ ® IMIm+2,oo,fii m> 2. 

• In the case of d > 7, we only have 

\d Z jG h z \ hl =0(/i^), (3.13) 

\G h z \ h 2tl = 0(h^). (3.14) 

Remark 2. According to the results (3.13) and (3.14), we can not obtain 
the pointwise superconvergent estimates in the case of d > 7. 
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NEW INTEGRAL INEQUALITIES OF HERMITE-HADAMARD TYPE FOR 
OPERATOR m-CONVEX AND (a,m)-CONVEX FUNCTIONS 

SHUHONG WANG* 


ABSTRACT: In this paper, authors introduce the concepts of operator m- 
convex function and operator ( a , m)- convex function, and establish some new in- 
tegral inequalities of Hermite-Hadamard type for operator m-convex and (a, ra)- 
convex functions. 

KEY WORDS: Integral inequality; operator m-convex function; operator (a, m)- 
convex function. 

2010 Mathematics Subject Classification: 15A39, 26A51, 26D15, 47A63. 


1. Introduction 

Throughout this paper, we adopt the notations: R = (— oo, oo) and Ro = [0, oo). 
We firstly list the definition of convex functions. 


Definition 1.1. The function / : / C R — > R is said to be convex function if 

f(tx + (1 - t)y) < tf(x) + (1 - t)f{y) 
holds for all x,y G I and t G [0, 1]. 


( 1 . 1 ) 


One of the most important integral inequalities for convex functions is the Hadamard inequal- 
ity (or the Hermite-Hadamard inequality). The following double inequality is well known as the 
Hadamard inequality in the literature. If any / is convex function on [a, 6] C R with a < b, then 


/ 


a + b\ 1 
2 ) ~ b — a 


f f(x) dx < 

J a 


f(a) + /(&) 
2 


(1.2) 


Both inequalities hold in the reversed direction if / is concave on [a, b\. We note that the Hermite- 
Hadamard’s inequality may be regarded as a refinement of the concept of convexity and it follows 
easily from Jensen’s inequality. 

In the literature, the concepts of m-convexity and (a; m)-convexity are well known. The 
concept of m-convexity was first introduced by G. Toader in [11] (see also [1]) and it is defined 
as follows: 


Definition 1.2 ([11]). The function f : [0, b] — > R, b > 0 is said to be m-convex, where 
m € [0, 1], if for every x, y G [0, b] and t G [0, 1], we have 

f{tx + m(l - t)y) < tf{x) + m(l - t)f(y). (1.3) 

The class of (a, m)-convex functions was also first introduced in [8] and it is defined as follows: 
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Definition 1.3 ([8]). The function / : [0, b] — > M, b > 0 is said to be (a, to)- convex, where 
(a, to) £ [0, l] 2 , if we have 

f(tx + m{ 1 - t)y) < t a f(x) + m( 1 - t a )f(y ) (1.4) 

for all x, y £ [0, b] and t £ [0, 1]. 

In [1], S. S. Dragomir and G. Toader proved the following Hadamard type inequalities for 
TO-convex functions. 


Theorem 1.1 ([1]). Let f : Ro — >■ R be an m-convex function with to £ (0, 1]. if 0 < a < b < 
oo and f £ Li[a, b], then the following inequality holds 

[m d* < min { m ±^LM , /(t) + 2 m/ fe> }. (i.5) 

In [2], S. S. Dragomir established new Hadamard-type inequalities for TO-convex functions. 

Theorem 1.2 ([2]). Let f : Ro —> R be an m-convex function with to £ (0, 1]. if 0 < a < b < 
oo and f £ Li[am,b], then the following inequality holds 


b — a 


1 

TO + 1 


1 

mb — a 


('mb 


fix) da: + 


1 

b — ma 


fix) dx 


< 


fia)+fib) 


(1.6) 


In [10], E. Set et al. proved the following Hadamard type inequalities for (a, m.)-convex 
functions. 


Theorem 1.3 ([10]). Let f : K 0 — t R be an (a, to ) -convex function with (a, to) £ (0, l] 2 . if 
0 < a < b < oo and f £ Li[a, b], then the following inequality holds 


f 


< 


< 


1 


2 a ib~a)J a L 

1 


fix) + mi 2 a - 1 )/( — 


cl a; 


{ /(a) + fib) + m(a + 2 a - 1) [/(— ) + /( — ) 
[ L Vto/ V m J 


2 Q+1 (a + 1) 

+ am 2 i 2“ - 1) |/(-^) + /(-^) j j dx ■ 

\m z m z /J J 


(1.7) 


Some generalizations of this result can be found in [12] and [13]. 

In recent years, several extensions and generalizations have been considered for classical con- 
vexity. A significant generalization of convex functions is that of operator convex functions 
introduced by S. S. Dragomir in [5]. 

Now we review the operator order in B(H) and the continuous functional calculus for a 
bounded self-adjoint operator. For self-adjoint operators A,Bg B(H), we write A < B if 
(Ax, x) < ( Bx , x) for every vector x £ H, we call it the operator order. 

Let A be a bounded self-adjoint linear operator on a complex Hilbert space (H; (., .)). The 
Gelfand map establishes a *-isometrically isomorphism $ between the set C(Sp(A)) of all contin- 
uous complex- valued functions defined on the spectrum of A, denoted Sp(A), and the C*-algebra 
C*(A) generated by A and the identity operator 1 H on H as follows (see for instance [6], p.3). 
For any f,g £ C(Sp(A)) and any a, f3 £ C, we have 

(i) $(a/ + fig) = a$(/) + /8$(s); 

(ii) *(fg) = Hf)*(g) and $(/*) = $(/)*; 

(in) ||$(/) || = || /|| := sup | / |; 

t€Sp(A) 

(iv) $(/ 0 ) = and $(/i) = A, where f 0 (t) = 1 and f l (t) = t for t £ Sp(A). 
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With this notation, we define 

f(A) :=$(/) for all / e C(Sp(A)) (1.8) 

and we call it the continuous functional calculus for a bounded self-adjoint operator A. 

If A is a bounded self-adjoint operator and / is a real- valued continuous function on Sp(A), 
then f(t) > 0 for any t £ Sp(A) implies that f(A) > 0, i.e. f(A) is a positive operator on 
H. Moreover, if both / and g are real-valued functions on Sp(A) such that /(£) < g(t) for any 
t € Sp(A), then f(A) < f{B) in the operator order in B(H). 

We denoted by B(H) + the set of all positive operators in B(H) and 

C{H) := {A £ B(H) + : AB + BA > 0 for all B £ B(H) + }. (1.9) 

It is obvious that C(H) is a closed convex cone in B(H). 

A real valued continuous function / on an interval I C R. is said to be operator convex 
(operator concave) if the operator inequality 

/((l - t)A + tB) < (>)(1 - t)f(A) + tf(B ) (1.10) 

holds in the operator order in B(H), for all t £ [0, 1] and for every bounded self-adjoint operators 
A and B in B(H) whose spectra are contained in I. 

In [5], S. S. Dragomir gave the operator version of the Hermite-Hadamard inequality for 
operator convex functions. 


Theorem 1.4. Let f : I C R. — ► R be an operator convex function on the interval I. 
for any self-adjoint operators A and B with spectra in I, we have the inequality 


Then 


f 


A + B 


1 

< - 
~ 2 


/ 


3 A + B 


< 


f(tA + (l-t)B)dt< - 


+ / 

A 


A + 3B 


B 


.f(A) + f(B) 


< 


m + f{B) 


(l.n) 


For recent results related to Hermite-Hadamard type inequalities are given in [3], [4], [6], [7], 
and plenty of references therein. 

The goal of this paper is to obtain new inequalities like those given in Theorems 1.1, 1.2, 1.3, 
but now for operator m-convex and (a, m )- convex functions. 


2. Operator to-convex and (a, m)- convex functions 

In order to verify our main results, the following preliminary definitions and lemmas are 
necessary. 

Definition 2.1. Let [0,6] C K 0 with 6 > 0 and K be a convex set of B{H) + . A continuous 
function / : [0, 6] — > R. is said to be operator m-convex on [0, 6] for operators in K, if 

f(tA + m( 1 - t)B) < tf(A) + m( 1 - t)f(B) (2.1) 

in the operator order in B(H), for all t £ [0, 1] and every positive operators A and B in K whose 
spectra are contained in [0, 6] and for some fixed m £ [0, 1]. 

Remark 2.1. For m = 1, we recapture the concept of operator convex functions defined on 
[0, 6] and for m = 0 we get the concept of operator starshaped functions on [0, 6], namely, we call 
/ : [0, 6] — > R to be operator starshaped if 

f(tA) < t.f(A) (2.2) 

for all t £ [0, 1] and every positive operators A in B{H) + whose spectra are contained in [0,6]. 
Lemma 2.1. If f is operator m-convex, then /( 0) < 0, where 0 is the zero operator on H. 
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Proof. Taking A = 0 and B = 0 in the inequality (2.1), then 

(! — t)(l — to)/(0) < 0. 

Also by t, to G [0, 1], we get /( 0) <0. □ 

Lemma 2.2. If f is operator m-convex, then f is operator starshaped. 

Proof. For all t G [0,1] and positive operators A G B(H) + whose spectra is contained in [0,6], 
we write 

f(tA) = f(tA + m( 1 - t) 0) < tf{A) + to(1 - t)f{ 0) < tf(A). 

□ 

Lemma 2.3. If f is operator m\- convex and 0 < TO 2 < to. i < 1, then f is operator m 2 ~convex. 

Proof. For all t G [0,1] and positive operators A,Bg B(H) + whose spectra are contained in 
[0,6], we drive 

fit A + m 2 (l - t)B) = f(tA + toi(1 - t)(—\B\ < tf(A) + toi(1 - t)f(—B) 

< tf(A) + TOi(l - t)—f{B) = tf{A) + to 2 ( 1 - t)f(B). 

TOi 

□ 

Definition 2.2. Let [0,6] C K 0 with 6 > 0 and K be a convex set of B(H) + . A continuous 
function / : [0, 6] — > R. is said to be operator (a, TO)-convex on [0, 6] for operators in K , if 

f(tA + to( 1 - t)B) < t a f(A) + to(1 - t a )f(B) (2.3) 

in the operator order in B{H) 1 for all t G [0, 1] and every positive operators A and B in K whose 
spectra are contained in [0,6] and for some fixed (a, to) G [0, l] 2 . 

Remark 2.2. It can be easily seen that for (a, to) G {(0, 0), (1, 1), (1, to)} one obtains the follow- 
ing classes of functions: operator increasing, operator convex and operator m-convex functions 
respectively. 

Similarly to the proof of Lemma 2.1, the following result is valid. 

Lemma 2.4. If f is operator ( a,m)-convex , then /( 0) < 0, where 0 is the zero operator on 

H. 

Lemma 2.5 ([9]). Let A,Bg B(H) + . Then AB + BA is positive if and only if f (A + B) < 
f(A) + f(B) for all non-negative operator monotone functions f onRo- 

Now, we give an example of operator m-convex function. 

Example 2.1. Since for every positive operator A,B G C(H), AB + BA > 0. Utilizing 
Lemma 2.5, we obtain 

[tA + m{ 1 — t)B] s < t s A s + m s ( 1 — t) s B s < tA s + m( 1 — t)B s . 

Therefore, the continuous function fit) = t s {0 < s < 1) is operator m-convex on Ro for operators 
in C(H). 

Remark 2.3. We can consider the same continuous function f(t) = t s (0 < s < 1) as an example 
of operator (a,m)-convex function for a = 1. 
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3. Some new Hermite-Hadamard type inequalities 

We will now point out some new results of the Hermite-Hadamard type. 

Theorem 3.1. Let the continuous function / : Ro -I K k operator (a, to ) -convex for oper- 
ators in K C B(H) + with (a,m) 6 [0,1] x (0,1]. Then for all positive operator A, B £ K with 
spectra in Ro, the following inequality holds: 

' B \ £ ( n\ i ft A' 


f 1 [ f(A) + amf(-) f(B)+amf( — )\ 

/ fit A + (1 — t)B) At < mini — — ■> iM . 

Jo \ a + 1 a + 1 j 


(3.1) 

(3.2) 


Proof. For x £ H with ||x|| = 1 and m,t € (0, 1], we have 

<0 tA + m( 1 — t)B)x, x) = t(Ax, x) + m(l — t)(Bx , x) £ Ro, 
since (Ax,x) £ Sp(A) C R 0 and (Bx,x) € Sp(B) C R 0 - 

Continuity of / and (3.2) imply that the operator-valued integral J Q f(tA + m( 1 — t)B)dt 


exists. 


Since / is operator (a, m)- convex, therefore for (a, to) € [0, 1] x (0, 1] and A,B € K, we show 


f(tA + (1 - t)B) < t a f(A) + m( 1 - t a )f ( — 

V m 


and 


f(tB + (1 - t)A) < t a f(B) + to( 1 - t“)/ 


for all t £ [0, 1]. 

Integrating over t on [0, 1], we obtain 


and 


However 


Jo a + 1 

[ f(tB + (1 - t)A) d t < - ^ + 

Jo 


a + 1 


f f{tA + (1 — t)B) dt = f f(tB + (1 — t)A) d t, 
Jo Jo 

and the inequality (3.1) is obtained, which completes the proof. 


□ 


Corollary 3.1.1. Under the assumptions of Theorem 3.1, choosing a = 1, we get the inequal- 
ity for operator m-convex functions: 


/ f(tA + (1 — t)B) dt < min 
Jo 

Furthermore, for a, to = 1 we have 


f f( A ) + to/( j ) f(B) + mf(-; 

l r» ’ o 


f f(tA+(l-t)B)dt < 

Jo 2 


(3.3) 


(3.4) 


Theorem 3.2. Let the continuous function / : Ro -> R k operator (a, m) -convex for oper- 
ators in K C B(H) + with (a,m) £ [0,1] x (0,1]. Then for all positive operator A, B £ K with 
spectra in Rq. the following inequalities hold: 


f 


A + B 


1 

< — 
— 2“ 


f(tA + (1 - t)B) + to(2“ - 1 )/ 


(1 -t)A + tB 


TO 


dt 
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< 


2 Q+1 (a + 1) 

+ am 2 ( 2“ — 1) 


f(A) + f(B)+m(a + 2“ - 1) 


A 


f = +/ = 




A 


/ ITT + / 


B 


Proof. By operator (a, ?n)-convexity of /, we give 


/ 


A + B 


< l~t)B) + m( 1 - ^ )/ 


1 \ /(l-t)4 + tB 


f{tA + (1 - t)B) + to(2“ - 1)/ 


TO 

(l-t)A + t.B 

TO 


where (a, to) £ [0, 1] x (0, l],t £ [0, 1] and A,B £ I\ with spectra in K 0 - 
Integrating over t £ [0, 1], we drive the first inequality in (3.5). 

Next, from operator (a, m)-convexity of /, we also deduce 


f(tA+(l-t)B)+m(2 a -l)f 


B 


(1 -t)A + tB 


<^\t a f(A) + to(1 - n/^-J + 2“ - 1) 

Integrating over t on [0, 1], we get 


B 


t a f[- + m(l — t a )f 


A 


1 


f(tA + (l-t)B)+m(2 a -l)f 


B 


(1 - t)A + tB 


d t 


2 a (a + 1) 

Similarly, taking into account that 


f(A) + m{a + 2 Q - 1)/ — + am ( 2 a - 1)/ 

TO 


A 


f f{tA + (1 — t)B) elf = f f{tB + (1 — t)A) d t 
Jo Jo 


and changing the roles of A and B , we obtain 


1 


f(tA + (l-t)B)+m(2 a -l)f 


(1 -t)A + tB 


TO 


dt 


1 


2 Q (a + 1) 


f{B) + m(a + 2“ — 1)/ — +am 2 (2“-l)/ 


A 


TO 


B 


TO 


(3-5) 


(3.6) 


(3.7) 


(3.8) 


(3.9) 


Summing the inequalities (3.8) and (3.9) and dividing by 2, we get the second inequality 
in (3.5). The proof thus is complete. □ 

Corollary 3.2.1. With the conditions of Theorem 3.2, taking a = 1, we obtain the inequalities 
for operator m-convex functions: 


f 


A + B \ < 1 


.1 


io L 


f(tA + (l-t)B) + mf 


(l-t)A + t.B 


<-j/(A) + /(£) + 2m 

In addition, if a,m = 1, we have 


/(-)+/ 


m 


m 

{- 

\ m 


dt 


A 




+ f 


B 




f ^ ^ J o f( tA + (! - t) B ) dt < 


f( A ) + f{B) 


(3.10) 


(3.11) 
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Theorem 3.3. Let the continuous function f : Ro — > R be operator (a, m) -convex for oper- 
ators in K C B(H) + with ( a,m ) £ [0,1] x (0,1]. Then for all positive operator A, B £ K with 
spectra in Ro> the following inequality holds: 

f f(tA + (1 - t)B) d t < ^ + + am [Am) + /(m)] _ ( 3 . 12 ) 

J o 2(a + l) 

Proof. Using operator (a, m)-convexity of /, we can write 


and 


f(tA + (1 - t)B) < t a f(A) + m( 1 - t a ).f ( - 

V m 


f(tB + (1 - t)A) < t a f(B) + m( 1 - t a )f ( - 

TO 


for all t £ [0, 1] and some fixed (a, m) € [0, 1] x (0, 1]. 

Adding the above inequalities and integrating over t on [0, 1], we have 

f f(tA + (l-t)B)dt+ f f(tB + (1 - t)A) d t < ^ + + + . 

Jo Jo a + 1 

As it is easy to see that 

f f(tA + (l — t)B)dt = f f(tB + (l — t)A)dt, 

Jo Jo 

we deduce the desired result. The proof of Theorem 3.3 is complete. 


□ 


Corollary 3.3.1. Under the assumptions of Theorem 3.3, letting a = 1, we get the inequality 
for operator m-convex functions: 


10 

In addition, for a,m = 1, we have 

ni 


jT f(tA + (1 - t)B) dt < /( A ) + f( B ) + + /(m)] . 

>e have 

f f(tA+(l — t)B)dt< 

Jo 


m + m 
2 


(3.13) 


(3.14) 


Theorem 3.4. Let the continuous function f : Ro —l ► R be operator (a, m) -convex for oper- 
ators in K C B(H) + with ( a,m ) £ [0,1] x (0,1]. Then for all positive operator A, B £ K with 
spectra in Kg. the following inequality holds: 


1 1 [f(t. A + m(l - t)B) + f(tB + to( 1 - t)A)\ dt < (1 + m a)[f(A) + f{B)\ 

Jo « + 1 


15) 


Proof. By operator (a, to)- convexity of /, we can obtain 

f(tA + m( 1 - t)B) < f Q /(A) + to(1 - t a )f(B), 

/(( 1 - i)A + mtB) < (1 - f) Q /(A) + to( 1 - (1 - t) a )f(B), 
f(tB + m(l - i)A) < t a f (B) + to( 1 - t a )f(A), 

and 

/((! - t)B + mtA ) < (1 - t) a f(B) + m( 1 - (1 - f)“)/(A) 
for all t £ [0, 1] and some fixed (a, m) £ [0, 1] x (0, 1]. 

Adding the above inequalities with each other, we get 

f(tA + to( 1 — f)B) + /((l — i)A + mt5) + f(tB + m{ 1 — f)A) + /((l — f)B + mtA) 
< [t“ + (1 - 1)“ + m(l - i°) + m(l - (1 - *)“)] [/(A) + /(B)] . 
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Now integrating over t £ [0, 1] and taking into account that 


[ f(tA + m(l — t)B)dt= f f((l — t)A + mtB)dt 

Jo Jo 


and 


f f(tB + m(l — t)A)dt= f f{(l — t)B + mtA)dt 

Jo Jo 

we obtain the inequality (3.15). The proof of Theorem 3.4 is complete. 


□ 


Corollary 3.4.1. Under the assumptions of Theorem 3.4, choosing a = 1, we get the inequal- 
ity for operator m-convex functions: 

(1 + m)[f(A) + f{B)} 


f [f(tA + m(l — t)B) + f(tB + m( 1 — t)A)] d t < 

Jo 

[ f{t A + (1 - t)B) dt < 

Jo 2 


/o 

Moreover, for a,m = 1, we have 

r*l 


(3.16) 


(3.17) 


Theorem 3.5. Let the continuous function / : K 0 — >■ K 6e operator (a, m) -convex for oper- 
ators in K C B[H) + with (a,m) 6 [0,1] x (0,1]. Then for all positive operator A, B £ K with 
spectra in Ro, the following inequalities hold: 

' 2 — m 


f 


777 

2 -B+-(mA) 


1 

< — 
~2 a 


< 


f(t{2 — m)B + (1 — t)m 2 A) + m{ 2“ — 1)/ 

/(( 2 — m)B) + m{a + 2 a — l)f{mA) 

(2 — m)B s 


(1 — t)( 2 — m)B + tm 2 A 


dt 


2“(a + 1) 

+ m 2 a{ 2 a — 1)/ 


m* 


(3.18) 


Proof. From operator (a, m)- convexity of /, we can deduce 

/( 


2 — m „ to . . . 

-^—B+—{mA) 


+ 0~t)™ 2 A) T to ^ 


1 / 

2" 1 


f(t( 2 — m)B + (1 — t)m 2 A ) + m( 2 a — 1 )f 


(1 — t)( 2 — m)B + tm 2 A 


(1 — t){ 2 — m)B + tm 2 A 


(3.19) 


where (a, to) £ [0, 1] x [0, 1 ], t £ (0, 1] and A,B £ K with spectra in R 0 - 
Integrating over t £ [0, 1], we drive the first inequality in (3.18). 
Next, by operator (a, m)-convexity of /, we also write 


and 


/ 


(1 — t)( 2 — m)B + tm 2 A 


< t a f(mA) + m(l — t a )f 


nfimA) 

(3.20) 

(2 -m)B\ 

TO 2 / 

(3.21) 


Submitting the inequalities (3.20) and (3.21) into the inequality (3.19), we get 


1 


f(t( 2 — m)B + (1 — t)m 2 A ) + m( 2“ — 1)/ 


(1 — t)( 2 — m)B + tm 2 A 


TO 
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%{*“/(( 2 - m )B) + m[ 1 - t a + t a ( 2“ - 1)] f(mA) 

' (2 — m)B ' 


+ m 2 (2 a — 1)(1 — t a )f 


(3.22) 


Integrating over t on [0, 1], we deduce the second inequality in (3.18). This completes the proof 
of the Theorem 3.5. □ 

Corollary 3.5.1. Under the assumptions of Theorem 3.5, letting a = 1, we get the inequalities 
for operator m-convex functions: 

' 2 — m . 


/ 


1 

< 

— 2 , 

1 

< 

“4 


, 777 

2 


/(*( 2 — m)B + (1 — t)m 2 A) + mf 


(1 — t)(2 — m).B + tm 2 A 


dt 


/((2 — m)B) + 2mf(mA) + m 2 f 


In addition, for a,m= 1, we drive 

' A + B x ^ 


/ < J f(tA + (1 - t)B) dt < 


m + f{B) 


(3.23) 


(3.24) 
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Abstract. In data analysis, one needs to study Fourier sine analysis on the unit cube. However, for this kind of 
non-periodic case, no exact result is available. In this paper, firstly, based on our multivariate function decomposition, we 
deduce an asymptotic formula of Fourier sine coefficients of continuously differentiable functions / on [0, l] d . Secondly, 
we deduce an asymptotic formula of hyperbolic cross approximations of Fourier sine series of / on [0, l] d . By this way 
we can reconstruct high-dimensional signals by using fewest Fourier sine coefficients. Thirdly, we extend these results 
to Fourier sine analysis of stochastic processes and give uncertainty of stochastic Fourier sine approximation, i.e. , we 
obtain expectations and variances of stochastic Fourier sine coefficients and stochastic Fourier sine approximation errors. 
Finally, we discuss some known stochastic processes. 

Key words: asymptotic behavior, multivariate decomposition, stochastic approximation, hyperbolic cross 

truncation 


1. Introduction 

It is well known that Fourier sine analysis on [0,l] d is an important tool for signal processing. Based our 
decomposition of multivariate continuous functions on the cube [11], we first deduce an asymptotic formula of 
Fourier sine coefficients of continuously differentiable function / on [0, l\ d and obtain a necessary and sufficient 
condition: 

c n (/) = o f ) 

\n i ■■■rid) 

for each nk —■ ► oo. Next we deduce an asymptotic formula of hyperbolic cross truncations of the Fourier sine 
series of /. Thirdly, we extend these results to the case of stochastic processes. In detail, we will obtain the 
following three asymptotic behaviors of stochastic Fourier sine analysis. 

Suppose that £ is a continuously differentiable stochastic process on [0, l] d . 

* Zhihua Zhang is a full professor at Beijing Normal University, China. He has published more than 40 first- authored pa- 
pers in applied mathematics, signal processing and climate change. His research is supported by National Key Science Program 
No.2013CB956604; Fundamental Research Funds for the Central Universities (Key Program) No.l05565GK; Beijing Young Talent 
fund and Scientific Research Foundation for the Returned Overseas Chinese Scholars, State Education Ministry. Zhihua Zhang is an 
associate editor of “EURASIP Journal on Advances in Signal Processing” (Springer, SCI-indexed) and an editorial board member 
in applied mathematics of “SpringerPlus” (Springer, SCI-indexed). Palle E. T. Jorgensen is a full professor at the University 
of Iowa, USA. He has published more than 100 papers and is an editorial board member of “Acta Applicandae Mathematicae” 
(Springer, SCI-indexed). 
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(i) The expectation of Fourier sine coefficients c n (£) satisfy 


E[c n (0] 



(<*„(£) + o(i)) 


(n = (rn, ...,n d ) £ Z+) 


for each ilk — * oo, where a n (£) is an algebraic sum of expectation of £ at vertexes of the cube [0, l] d . 

(ii) The variance of Fourier sine coefficients c n (£) satisfy 


Var(c„(0) 



(<?„(£) + o(l)) 


for each rif- —> oo, where 0 n (£) is an algebraic sum of covariance of £(A) and £(A ; ), where A and A' are any two 
vertexes of [0, l] d . 

(iii) The mean square error of hyperbolic cross truncations S$\£) (see (6.1)) of the Fourier sine series of £ 
satisfies 

£[ll 4°(0 - £ Hi] = W N ( 1 + o(l)) (N oo), 
the principal part IPy is equal to 


W N 



E E ^w\' 2 \ 

Ae{o,i} d 


and 


W N 


log d_1 iV 

N~ 


where {0, l} d is the set of vertexes of the cube [0,l] d . The number of Fourier sine coefficients in the iVtli 
hyperbolic cross truncation 4* (0 satisfies N c ~ iVlog^ 1 N. So 


E[n-s$\t) mi 


log 2d - 2 N c 

N r 


However, the number of Fourier sine coefficients in the Nth ordinary partial sum satisfies N c = N d . So 

E[H-s N (0 111] — E- 

m 

Finally, we discuss some known stochastic processes. 

2. Preliminaries 

Denote the set of vertexes of the unit cube [0, l] d by {0, l} d and the boundary of [0, l] d by <9([0, l] d ), and 
= {(m, ...,rid) | each n-k £ Z + } and Z + is the set of natural numbers. 

If / is a function defined on [0, l] d and St f...g t continuous on [0, l] d , we say / £ W([ 0, l] d ). If £ is a stochastic 
process defined on [0, l] d and continuous on [0, l] d , we say £ £ SW([0, l] d ). Denote the expectation and 

variance of a stochastic variable ?y by E[rj\ and Var(?;), respectively. Denote the covariance and correlation of 
two stochastic variable £,77 by Cov(£, 77 ) and i?(£, 77 ), respectively. 

2.1. Projection operators and fundamental polynomials 
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We always assume e\ and e 2 are two disjoint subsets of the set {1,2 Define a projection operator 
Q e i,e 2 from [0, l] d to <9([0, l] d ) as 

Oei,e 2 (^1> ^d) (ill (2.1) 

where 

( 0, k £ ei, 

Vk = < 1, k £ e 2 , 

{ t k , k£e (e = {1, d} \ (d (J e 2 )). 

The fundamental polynomial P( ei ’ e2 \t) is defined as 

p (ei ’ e2) ( t )= n ( 2 . 2 ) 

feGe i 2 

For example, consider the case d = 3. If ei = {1,3} and e 2 = 2, then 


Q ei ,e 2 (t) = (0,1,0), 

P^\t)=t 2 (l-t 1 )(l-t 3 ), 
where t = (ti,t 2 ,t 3 ) £ [0, l] 3 . If ei = 0 and e 2 = {1,2}, then 


Q eii62 (t) = (1,1, t 3 ), 


p(ei,e 2 )( t ) = tlt2> 

where t = {ti,t 2 ,t 3 ) £ [0, l] 3 . 

2.2. Decompositions of continuous functions on [0, l] d 

Any continuous function / on the cube [0,1 ] d can be decomposed into [11] 

d + 1 

/ = E /i - 

v—1 


where 


and 


hi = £ f(Q ei ,e 2 )P (ei ’ e2] - 

|ei | + |e 2 |=d 

K= £ U-l (Qe u e 2 )P (ei ’ e2) 

|ei| + |e 2 |=d— v+1 

hd-\-i — f hi * hdi 

fo = f, 

f v -t=f v - 2 -h v -\ (2 <v<d), 
fd fd—1 h-d- 


and the cardinality of a set F is denoted by \F\, and 


(2 < v < d), 


E 


A 


ei,e 2 


|ei | + |e 2 1 —k 


E 


A 


ei,e 2 - 


ei,e 2 £{l d} 

ei fl e 2 =® 
|ei| + |e 2 |=fc 


(2-3) 
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The following proposition shows the structure of each h v . 

Proposition 2.1 [11]. If / is a d — variate continuous function on the unit cube [0, l] d , then 

(i) hi is a d — variate polynomial and each f{Q ei ,e 2 1) is a constant and it is the value of / at a vertex of the 
cube [0,l] d . Precisely say, 

f(Q ei ,e 2 1) = /(Al,...,A d ), 

where 

, _ J 0, k £ e i, 

k ~ \ 1, k e e 2 (ei(Je 2 = {l,...,d}). 

(ii) for each 2 < v < d, h v is a sum of products of a {v — 1)— variate function /„_i(Q ei ,e 2 - ) on [0, 1]" _1 and 
(d — v + 1)— variate polynomial P^ e 1 < e2 \ where each product is of separation of variables. Moreover, 

fv-i(Q e i,e 2 -) = ° on ^([0, l] 1 ' -1 ); 

(iii) hd+i is a d — variate function on [0, l] d and ha+ 1 (-) = 0 on <9([0, l] d ). 

If £ is a d - variate continuous stochastic process on [0, l] d , then the above decomposition and Proposition 2.1 
are still valid. 

For example, if £ is a bivariate continuous function on [0, l] 2 , then £ = hi + h 2 + h 3 and 

M t) = £(0, 0)(1 - ti)(l - t 2 ) + £(0, 1)(1 - ti)t 2 + f (l,0)ii(l - ta) + ?(1, l)ht 2 , 

h 2 (t) = Ci (1, * 2)^1 + Ci(0,* 2 )(l — t\) + ^i(ti, l)t 2 + Ci(*i,0)(l — t 2 ) (Ci = C ~ hi), 
h'3 (t) = Ci (t) - h 2 (t). 

We see from this decomposition that hi is a polynomial determined by values of f at four vertexes of [0, l] 2 , 
h 2 is a sum of products of separation of variables, and h 2 ( t) = 0 at four vertexes of [0, l] 2 , and the bivariate 
function h 3 ( t) vanishes on the boundary of [0, l] 2 . 

2.3. Fourier sine series of stochastic processes 

Let a probability space (12, F, P) be given. A stochastic variable £ is defined as a function £ from 12 to R or 
C. In this paper we always assume that £ satisfies F[|£| 2 ] < 00 , i.e., assume that £ is a second-order stochastic 
variable. For a stochastic process £(t) on [0, l] d , its autocorrelation function and covariance function are defined 
respectively as: 

Rt( t,s) := P[£(t)£(s)] 

Cov(£(t), £(s)) := E[(£(t) - E[£(t)])(£(s) - E[£(s)])] 

We recall some known concepts in stochastic calculus [14, 15]. 

Let {£n }i° be a sequence of second-order stochastic variables and £ be a second-order stochastic variable. If 
lim E[|£„ — £| 2 ] = 0, then we say {£ ra }i° converges to £ in the mean square sense. Based on the above concepts, 

n — »oo 

one can derive the concept of continuous and the concepts of the derivatives and the integrals of stochastic 
processes [3]. 

For a stochastic process £ on [0, l] d , the derivative and the expectation can be exchanged, the integral and 
the expectation can be exchanged, and Newton-Leibnitz formula holds. For a product of a stochastic process 
and a deterministic function, differential formula of products holds and the integration by parts also holds. 
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Let £(t) be a stochastic process on [0, l] d and 

[ £[£ 2 (t)]clt < oo. 

J[ o,i] d 

Then £(t) can be expanded into the stochastic Fourier sine series 

d 

£(*) = E c "(£) T "( t ) ( T *( t ) = II sin nn ) 

nez^. i= i 

in mean square sense, where the Fourier sine coefficients are stochastic variables and 

c n (£) = 2 d J £(t) T n (t) dt (neZj). 

[o,i ] d 

3. Asymptotic behavior of Fourier sine coefficients 

Let / be a continuous function on the unit cube [0, \} d . By (2.3), / can be decomposed as 

d + 1 

f = Y, h u, 

V=\ 

where {h^} d+1 are stated in Section 2.1 and 

/o = /, 

fv-l = fv -2 ~ K-i (2 <v<d). 

If / G W([0, l] d ), we easily prove 

f,-i€W([ 0,l] d ) (v = 2,...,d). 


(2.4) 


(3.1) 


Based on this decomposition, we give an asymptotic representation of Fourier sine coefficients of /. 

Theorem 3.1. If / is a continuous function on [0, l] d and / € W([0, l] d ), then its Fourier sine coefficients 
c n (/) possess the asymptotic behavior: 


c n (/) = i n — (*» (/) 

- 1 - 7r n • 


m 


Vd), 


. 3=1 


where ??fc — > 0 as rik — * oo (fc = 1 , ., , , d) and 


Al(/)= E /( A ) £ n(A), 

Ae{o,i} d 

r n (-i) nj+1 , yf 0, 

e n(A) — < j£G x 

{ 1, G\ = 0, 

where A = (Ai, ..., A d ) G {0, l} d and n = (m, ...,n d ), and G\ = {j G {1, Ay = 1}. 


(3.2) 
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From this, we see that e n (A) = ±1 and K d (f) is an algebraic sum of values of / at vertexes of [0, l] d . From 
Theorem 3.1, we deduce the following corollary. This corollary plays an important role in the proof of Theorem 
4.1. 

Corollary 3.2. If / is a continuous function on [0, l] d and / € W([0, l] d ), then its Fourier sine coefficients 
c n (/) satisfy 

(i) E q6{ o,i} d l<W/)l 2 = (£)* ^ |/(A)| 2 + ??i + • • • + rf)j ; 

(ii) c„(/) = ^ J] ^ ( ? h d 1" Vd) if and only if /(A) = 0 (A G {0, l} d ) ( r] k ->■ 0 as n k -> oo). 

From Corollary 3.2, we deduce immediately that c n (/) = o for each n k — > oo if and only if 

/(A) = 0 (A S {0, l} d ). 

For example, consider the case d = 3. If / G W([0, l] 3 ), then Fourier sine coefficients c ni , n2j n 3 (f) possess 
the asymptotic behavior: 

Cni,n 2 ,n 3 (f ) = ^(/(0,0,0) - (-1)^ /(l, 0, 0) - (-1)" 2 /(0, 1, 0) 

uin 2 n 3 7r ci 

(-i)" 3 /(0, o, 1) + (- 1 )" 1 + "V( 1 , 1 , 0) + (-I) ni+ri 3 /(i, 0, 1) 

+ ( _l)„ 2 + „ 3 /( 0 , 1; 1} _ ( _ 1)ni+n2+ns/(1) lf 1} + m + m + V3 y. 

where % — > 0 as n k — > oo (k = 1, 2, 3). 

Proof of Theorem 3.1. By (2.3), the Fourier sine coefficients c n (/) satisfy 

d+1 


c n (/) — ^ ' c n(^i/)i 


(3.3) 


where c n (h u ) = 2 d f /i„(t)T n (t)dt. 

[o,i] d 

First, we compute c n (/ii). By (2.4), we have 

Cn(/b) = 2 d £ J 

hil + l e 2l=d [o,i]d 


f(Q ei ,e 2 t)P^’ e *Ht)T n (t)dt. 


By Proposition 2.1 (i), f(Q e 1)e2 t) = /(A) is a constant independent of t. So 

c n (h 1 ) = 2 d /(Ai, •••, Ad) j P (ei ’ e2) (t)T n (t)dt, 


where = 


0, /d G 6i, 

1, k € e 2 (ei (J e 2 = d}). 


|ei| + |e 2 |— d [0,l] d 

Since 

p(ei. e » )(t) = na-^n^ 


(3.4) 


j6e l 


iSe 2 


T n(t) = JJsin( 7 rnjtj), t = (t 1} ..., t<j), 

f=i 
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a direct computation shows that 


/ p( e i>e2) (t)T n (t)dt 
[ 0 , 1 ]" 


n /a- tj) sm(Trrijtj)dtj ) I J tj sm(Trrijtj)dtj 

, tee 1 0 / V j Se 2 0 


n ^ n 


(- 1 ) 


TTTlj ; I TOj 

ijSei / \jSe 2 


n n (-i) 

U'€(ei U e 2 ) / t6e 2 


n ^ n (-i)^' +1 

ii=i / jee 2 


n,- + l 


( e l U e 2 — (1) d}). 


From this and (3.4), we get 

Cn(/ll) = 2 d 




|ei| + |e 2 |=d 


1 6e 2 


J=1 


Since e x (J e 2 = {1, d} and ei = {j £ {1, d}, A ; = 0}, and e 2 = {j £ {1, d}, A, = 1} =: G\, 

c n {h 1 )=2 d K d a {f)(\{ — 

» AJ - 7rrij 


Vi =1 


(3.5) 


where JF d (/) = £ /(A) II (-l) n ' +i * 

Ae{o,i}" jeG A 

Next, we compute c n (h u ) (2 < u < d). By (2.3) and (2.4), 

c n (M= 2 d ^ / /.-i(Qe 1>e2 t)P (ei ' e2) (t)T n (t)dt. (3.6) 

|ei| + |e 2 |=d— 12+1 

Since |ei| + |e 2 | = d — v + 1, we may denote e\ (J e 2 = {/3 i, ..., fid-v+i}- By (2.2), the fundamental polynomial 
p(ei,e 2 )( t) on ]_y depends on tp ± , —,tp d _ v+1 , write 

p(ei > e 2)(t) = p(e 1 ,e 2)(f/3i) ... j ^ +i) . 

Since e = {l,...,d} \ (ei(J e 2 ) and |e| = ia — 1, we may denote e = {ai,...,a„_i}. Then /„_i(Q eiie2 t) only 
depends on t ai , ...,t olv _ 11 write 

fv-l(Q ei ,e 2 t) = ft-T(t ai ,.^,t av _ 1 )- (3.7) 

So each product f u -i(Q ei: e 2 t)P ( ' ei,e2 ' > (t) in (3.6) is of separated variable type, and so 


j / 1 /- 1 (<5e 1> e 2 t) P^ ei,e2 -*(t)T n (t)dt = LW(e 1 ,e 2 )4 2 ) 1 (e 1 ,e 2 ), 


(3.8) 


[ 0 , 1 ]" 


where 


/ d— I'+l 

sm(TTnp j tp j )dtp 1 ■ ■ -dtp d _„ +1 , 

3 = 1 


[ 0 , 1 ]" 
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( V ~ 1 

^ 2 n ( ei 5 e 2 )= / /„ e - r ( t ai , VJ [I 

[o,i]— 1 j=1 


CKi d-totv — l * 


We compute Ty 2 n(ei, e 2 ). We rewrite it as follows: 


L%l(e 1 ,e 2 )= / / sm(^7r?7'Q/^ ) d^Q/^ J sin(7rn aj t aj )dt a2 * * * d (3.9) 

[0,1]— a Vo / ^= 2 

From (3.1) and (3.7), we know that f^l 2 G VF([0, l] 1 ' -1 ). Using integration by parts, the part inside brackets: 


i 

J ft-T (■ t ax , t a „_ J sin(7 m ai t ai )d t ai = \ 2 (t ai , t a „_ J 


cos(7rn ai t ai ) 


t Q1 =o 


1 


t rn G 


a< Q1 


cos(7rn ai t ai )dt ai . 


By (3.7) and Proposition 2.1 (ii), we have 


/®-i 2 (*c«„ -,*«._!) , =n = ° (fc = -1). 


(3.10) 


Therefore, 


f /*ii 2 (*a M . — ,ia„^i)sin(7rn a it Q i)dt a i = — / 

J 'ff'ft'Ct i J 




d t 0 


cos(7rn ai t Ql )df ai . 


From this and (3.9), we get 
1 


F 2 n ( e l ; e 2 ) — [ \ [ 

t m Ql J \ J 




<9U 


[o,i]— 2 \ o 


sin(7rn a2 t Q2 ) dt a2 ) JJ sin^n^t^) 
1=3 


cos(7r?r Ql t Ql ) dt Ql df a3 • • • d< Qu _ 1 . 


Using integration by parts, the part inside brackets: 


/ 57T - fv—i 2 (^ai j totv-i) sin(7rn Q2 t a2 )dt 0 


(3.11) 


^/jyl’l 2 (iai ) COs(7TO:2iQ 


dt Q 


t a o =0 


■ / 

[ 0 , 1 ] — 1 


die* dt a< 2 


cos(nn a2 t a2 ) d t a 


By Proposition 2.1 (ii), 


/i/— l(^ai,0,t CK3 ,...,t a ^_ 1 ) /y— l(ta 1 ,l,ta3,"-Ua^_i) 0, 
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and so 


Therefore, 






dt n 


= 0 . 


./' dtcj fv— \ (^ai > sin(7rn Q2 f a2 ) dt 0 


1 f d 2 ft-l 2 (*aj , , x ,, 

n„„ J dt n ,dt n „ COs(irn a2 ta 2 ) dt a2 . 


[ 0 , 1 ]- 


From this and (3.11), we get 
^L 2 n( e l) e 2) = 


1 

(7rn ai )(7rn a2 ) 


[0,1] 1 ' — 2 \ 0 




l/,2 Q:2 


sin (7rn a3 t a3 ) d t a3 


is — 1 


• sin(7rn Q3 t Qj ) cos(7T?r ai t ai ) cos(7m a2 f a2 ) dt ai df 

Q!2 dto: 4 • * • dt Q . | ^_ 1 . 
j = 4 

Continuing this procedure, we deduce finally that 


17-1 


' 17 — 1 


L ™ (ei ’ ej) = I n ^ a a i i 

t— 1 2 


Since 


[o,i]— 1 

nv-l fei,e 2 (f ... f 1 
12 7iy— 1 lAai) i t o„-U 


U =1 


e C'([o,i] iy_1 ) 


iO/ . . . <0/ 

1-7 

and e = {cti, i } , applying the Riemann-Lebesgue lemma, we get 

4 2 ^(ei,e 2 ) = o ( J] -h) = (Wl 


n a 
i=i J 


USe 


where e e — > 0 as rij — > oo (j £ e). 

We compute T^n(ei,e2). Notice that ei(Je2 = {/3i, fld-v+ij- We assume in which 


e l = {Tl ? •••? If mi } 5 

^2 { ^1 5 * • * 5 ^7712 } 5 


where mi + m2 = d — v + 1. By (2.2), we get 
Lu.xi (01 , 62) 


-y+i 


= / P {eue2) (t Pl ,...,t^ 3d _„ +1 ) n sin(7rn /3 t / 3)dt j g 1 ---dt /3<l _ 1 , +1 , 


[0,1] d 


i=i 


= / fl(l-^) sin(7r?r 7j . t 7j ) dt 7l • • • dt 7mi / fl fo* sin^n^. t Sj ) dtg t ■ ■ ■ dt s „ 

[0,1] m l j= 1 [0,1] m 2 j = l 
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A direct computation shows that 

-k^n( e l> e 2) = ( n 
By (3.12) and (3.6), we have 


m 2 ( 


7 rn-y, 
l=i 11 


n 

, 1=1 


(- 1 ) 


7rri5, 


<m n 

V16ei U «2 


[ U-l(Q ei ,e 2 1) p( ei,e 2)(t) J' n (t)dt - ( n — 1 
[0,1] d \ i=1 J / 


and 


c„(M = 2 d m 

\i=i 

where e = {1, ..., d} \ (ei (J e 2 ) and e e -» 0 as rij — > oo (j G e). From this, we can deduce that 


£e l ’ 

. |ei| + |e 2 |=d-i'+l 


c„(M = n — hr >d) (v = 2 

\ . .. u i 


(3.13) 


u=i 


where rfl — > 0 as rik — > oo (fc = 1, ..., d). Finally, we compute c a (h d + 1 ). Since 


/ d 

hd+i(h, •••, id) sin(7rnjij) d t 1 --- d t d , 

[o,i] d 

by Proposition 2.1 (iii) and (3.3), applying the integration by parts and the Riemann-Lebesgue lemma, we get 
c a (hd+i) = 2 d n Tn“ / ddh dT^-dt d ’ td) n cos(7T rijtj) dti ■ • • d t d 


1=1 [0,l] d 

- ° (A *) - Ci *) - 


1=1 


where e — > 0 as rij — > oo (j = 1, ...,d). From this and (3.5), and (3.13), it follows by (3.3) that 

c n (/) = Cn{h l) + c n (/l 1/ ) + C n (/l(j + i) = 2 d ^ ^ (A„(/) + ?7l + ' ' ' + %) > 


. 1=1 


where K d (f) is stated in (3.5) and ijk — > 0 as nj, — > oo (k = 1, ..., d). Theorem 3.1 is proved. □ 

Proof of Corollary 3.2. Let n = 2p + q(p £ Z+. q g {0, l} d ). Then, for each q = (qi,...,q d ) and 
p = (p -[ , ...,p d ), by Theorem 3.1, we have 


C2 P + q (/) = 2 d | Yl 


fJi 7r ( 2 Pj + Qj) 


(^2p+q(/) + °(Vl + ' ' ' + Vd)) 
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and 


Alp +q (/) = 5] /(A) n (-!) 9j+1 == K (/)• 

Ae{o,i} d jeGx 


From this, we see that KfL | q only depends on q. So, for q G {0, l} d , we have 


c 2 p+ q (/) = ( II — ) + m 

where i% 0 as pk — > oo (fc = 1, d) and 


j =i n Pi 


Vd, 


e i4+»(/)i = ' n 


1 


2 2 

q e{o,i} d \f=i n ) \ q e{o,i} 

where rj' k — > 0 as pk — > oo (fc = 1, d). By (3.2), we have 


E W/)) 2 +^ 


Vd 


E ( A 1(/)) 2 = E E /( A )/( A ') E e «( A M A ')- 

4e{o,i} d Ae{o,i} d A'e{o,i} d gefo,!}** 


where 


E 9j + E 9j + |Gx| + |G A / 1 

e,(A)e,(A') = (~l) 9j+1 = (~l) j£G * jeG v 

jeGx jeG x ' 

When A ^ A', without loss of generality, we assume that i £ G\, i £ Gy. So we have 

1 ll i E U+ E 9j + |G a |+|G a /| 1 

E ^( a m a ') = E- E E--E(-!)^ " Gv E (-!)* = ■ o- 

9e{0,l} d 9i=0 < 2 i_i =0 < 2 i + i =0 q d = 0 9;=0 


When A = A'. Then 


From this, we get 


„ 1 1 2 £ <P+2\G X \ 

E e g(A)e 9 (A') = E ‘ ‘ ‘ E ( —1 ) j6Ga = 2 - 

ge{0,l} d gi=0 q d = 0 


( \ 

E ( A 1(/)) 2 = E + E /( A )/( A ') E ^(A)e 9 (A') = 2 d E / 2 ( A )- 

qe{0,l} d A , A 'e{o,i} d A , A 'e{o,i} d 9£{0,l} d Ae{0,l} d 

\ A=A' A^A' / 

From this and (3.15), we get (i). If 


>(/) = n — ( ? ?i 


n,- 
j = i 3 


Vd), 


we have 


e i c2 p+qi 2 = ( n ^ ^ 

qe{o,i} d 


i=i ^ 


%)• 
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By (i), the later is equivalent to 

E / 2 ( A ) = ° 

Ae{o,i} d 

which is equivalent to /(A) = 0 (A € {0, l} d ). Conversely, if /(A) = 0 (A G {0, l} d ), then, by Theorem 3.1, we 
deduce (3.18). So we get (ii). Corollary 3.2 is proved. □ 


4. Asymptotic behaviors of hyperbolic cross truncation approximation 

Approximation rate of multivariate functions by partial sum of Fourier sine series deteriorates rapidly as the 
dimension d increases. 

Let / be a continuous function on [0, \\ d . Denote the partial sums of its Fourier sine series by Sn(/): 

N 

SnU; t) = E c n(/)7 1 n(t) n= (m,...,n d ), 


where c n (/) = 2 d f /(t)T n (t)dt and T n (t) is stated in (2.4). 

[o,i] d 

If / is a continuous function on [0,1 ] d and / € W([0, l] d ), then, by the Parseval identity, the partial sum 
5jv(/) of the Fourier sine series of / satisfies 


N 


2 d II Sjv(/) -/ 111 = E - E 


,(/) 


, n i,...,ra d =l 1=1 1 


N 


= 0(1) E - E 

Vni,...,nd=l ni,...,n d = li 


"1 '*'2 ,L d 


= o(i) E 


, v—l 


d\ 

v\(d-v)\ 


E 


i ni =N-\-l 


' N 

S n 2 ,, ■•■ni 

, n u+1 ,...,rid=l U+1 d 


(4.1) 


= o(i) EE* E f 


,v=l \k=N+l 


N 


k = 1 


i-v + IN 


= Oi 


iVi 


In the partial sum of Fourier sine series, the number of its Fourier sine coefficients: 


N c = N d . 


So, by (4.1), it follows that for / G W{[ 0, l] d ), the partial sums S'jv(Z) satisfy 

ll/-M/)lG=o(i)=o(-T). 

Consider hyperbolic cross truncations of the Fourier sine series of / on [0,l] d . The Fourier sine series of f 
can be rewritten in the form 

OO 

/(*) = E E C 2 P +q T 2p+q(t) (p = {Pi , •• -, Pd) G Z+) . 

Pi — 1 qe{0,l} d 
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Define the hyperbolic cross truncations of Fourier sine series of / are 


S%\f; t)= £ £ c 2p+q T 2p+q (t), 

l<|p|<iV — 1 qe{0,l} d 

l<pi,...,p d <N-l 


d 

where |p| = J] Pk- 
k = l 

Based on asymptotic formula, we deduce that the asymptotic formula of hyperbolic cross truncations of 
Fourier sine series 
Denote 


©at = |p = (pi,-,Pd) S Z+ Pi £ Z+, 1 < P2,-,Pd < N- 1, Pk > ■ 

The difference /( t) — S^\f; t) is equal to 


fc= l 


oo N 


E E c 2p+q^2p+q(t) + E -E E E ^2p+q-^2p+q(t) • 

\pi,...,Pd = l pi = l p2,.--,Pd—l/ q6{0,l} d 


peOjv qe{o,i} d 

By the Parseval identity, we deduce that 


2 d II f~S$\f) ||i = E E 4 


pG©AT q£{0,l} d 


2p+q 


oo oo 


N 


+ I E - E E I E c| p+q 

\pi,...,p<i=l pi = l P2,- -,Pd.—i J qStOjlp 

= Ev(/) + Qat(/)- 


By Corollary 3.2 and (4.1), 


N 


Qn(I) < I E - E I E c| p+q 

\pi,...,Pd=l pi,...,pd = l/ qe{0,l} d 


’ oo N \ 

= 0(1) ( E - E . ) = 0( A). 


ipi,...,p d =l pi,...,p d =l. 


By Corollary 3.2, it follows that 

PnW = E if E l/(A)| 2 + r?i + --- + ^ 


pee N Pl Pd \Ae{o,i} d 


p(l) p( 2 ) 
— "T r N > 


where 


p(i) _ 

* “ ' 7T 2 


E - 2^-2 E i/(A)i 2 - 

z ' 7)7 •• • 7) » Z ' 


peGiv Ae{o,i} d 


(4.2) 


(4.3) 


(4.4) 


(4.5) 
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4 2) = o( 1) £ 


, 2 2 (Pi + " ' Pd) ? 

P6 e^i-P<i 


and rjk — > 0 as p*, — > oo (fc = 1, d). 
We estimate 
Notice that 


We estimate the order of Pjy — > 0 as N — > oo. 


dxi • • • dx’d 


p(!) „ V — ~ 

AT Z-* „2 . . . „2 / ~2 . . . ~2 

pe0JV Pi Pd Jx lt ...,x d >N x d 


= : i? 


and 


/.JY /■- 

i?jv = j dx-| J dx 2 ■ J 


da; 


fe+i ' ' ' 


•JV 


dx,j 


_jv XT • • • Ij 


A direct computation shows that 

I 


OO dtCrf 

N 


— i r c 
xi---x 2 , 7 J 


and 


.r " 2 <ia/ i/ 


Nx 1 ---x d - 1 ’ 

» da: d _ 

— ^ Ate 

1 ' ' x d — 1 1 d 


l rn- 
1 * * "Xd — 2 

Nx i---x d _2 •••»<£_ 


_2 Cbcd-1 


AT 


JT Xd - 3 dx d _ 2 f* 1 '**- 2 d.r,/ : / 


^ Utc d 

N x 2 ---X 2 

1 ' ' ' x d— 1 1 d 


1 f x i" ' x d—3 1 1 AT n™ 

- N Xl -x d _ 3 J 1 XdZ^ i0 S ^ dx ^-2 

= 1 r*i-**-3 i9su du 

Nxi---X d -3 J1 M 


2 AT 


1 i 2 

Nx 1 ---X d -3 6> Jj 


Continuing this procedure, we deduce that 


„ 1^1, .oiV, log d_1 TV 

P () ~r n ~ / — log d “— dxi • 

TV ^ xi xi N 


We estimate Pffi . 


Let 

From this and (4.6), we deduce that 

?(!) _ 


4 fc) = E 


P k 


p60? 


Pi 


PI •••Pd 


(fc = 


E ■, -,i 2 =0 


(^) [ N - log^-r/idaY. 
\TV/ J 1 Xx Xi 
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Since 7/i —> 0 as X\ —> oo and log = oo, by a known result in Calculus and (4.6), 


1 i d—2 N 


S N =°\n) -l0g a - Z -d *!=0 

\N J J 1 xx x\ 

An argument similar to iSjT shows that for each k, 


log 6 * -1 N 


s w_ 0 K 1JV 


From this and (4.2)-(4.6), we get 


2 d || f-S™ g=P^(l + o(l)). 

Theorem 4.1. Let / € W([0, l] d ). Then hyperbolic cross truncations S^\f',t) satisfy 


f-SPif) \\ 2 2 =P ^ (1 + 0(1)) (N — > oo), 


where 


p(i) _ 
r N — 


E TTTyi E l/Wi 

P e0 N yi Fd Uelo,!}- 1 


©at = {p = (pi,...,Pd) ■ Pi € Z+, 1 < P2, — ,Pd < A" - 1, Pi,—,Pd>N} 

1 

(1) log"- 1 N 
N N ■ 

We easily see that the number of Fourier sine coefficients in hyperbolic cross truncations satisfies 

N c ~ TVlog d_1 N. 


In fact, 


n c = E Ei 

peOjv qelo,!}^ 


J* dxi fi 1 dx 2 • • • fi 1 1 d x d 


/r d»i /r 1 d®2 • ■ • Ji 


■i'^d-1 N 


Nlog^N. 


Therefore, by Theorem 4.1, 


/-4 fc) (/) ill- log2 ^ 2iVc 


From this, we see that for / £ W([0, l] d ), the hyperbolic cross approximation of Fourier sine series is a better 
approximation tool than ordinary partial sum approximation. 


5. Asymptotic behaviors of stochastic Fourier sine coefficients 
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We extend the results in Sections 3-4 to stochastic processes. Let £(t) be a continuous stochastic process on 
[0, l] d . Then £(t) can be expanded into the stochastic Fourier sine series 

e(t)= ^c n (0T n (t) (5.1) 

nez^. 

in mean square sense, where 

Cn(£)=2 d J £(t)T n (t) dt 

[0,l] d 

and T„(t) is stated in (2.4). The Fourier sine coefficients are stochastic variables. We discuss their expectations, 
second-order moments, and variances. 

Theorem 5.1. If £ is a stochastic process on [0, l] d and £ £ SW([0, l] d ), then the expectations, second-order 
moments, and variances of its Fourier sine coefficients possess the following asymptotic behaviors: 

(i) E[ c„( 0 ] = ^ n ^ ^ (MO + ri + • • • + r d ) and 

mo = E 

\e{o,i} d 

where a n (0 is an algebraic sum of expectation of £ at vertexes of the cube [0, l] d and ru — * 0 as rik —■ ► oo, and 
e n (A) is stated in (3.2). 

(ii) E[ cl(0 ] = ^ YYj^ ) (MO + ri + • • • + r' ) and 

M0 = E E E[0 A)£(A')]e„(A)e n (A'), 

Ae{o,i} d A'e{o,i} d 

where r). 0 as rife —> oo. 

(iii) Var [ MO ] = ^ II ^ j (MO + < + ••• + M, where 

M0 = E E Cov(£(A), ?(A'))e n (A)e n (A'). 

Ae{o,i} d A'e{o,i} d 

and r'l — > 0 as nk — ■> oo. 

For example, consider the case d = 2. Assume that a stochastic process £ € <SW([0, l] 2 ). Then 
E[c n (0 ] = — ^ ( £[£((), 0) ] - (— l) ni £[£(l, 0) ] - (-1)" 2 E[^(0, 1) ] + E[0 1, 1) ] + n + r 2 ) 

77-1 77/2 7T 

and 

Var(MO) = ^2^4-(??o,o - (-l) ni ?7o,i - (-l)” 2 ?7o,2 + ?? 0 ,3 - (-l) ni ?7i,o 

+ 77!,! + (-l) ni+n2 ?7l,2 - ( l) ni 1 ? 1,3 - (-l) n2 ^2,0 + (-l)" 1+n2 r?2,l 

+ 112,2 - (-1)” 2 ?72,3 + 7/3,0 - ( l) ni 7/3,1 ~ (-l)” 2 7/3,2 + 7/3,3 + K + r' 2 ), 
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where 

Vx 1 +2X 2 ,x' 1 +2X' 2 = Cov (£(Ai, A2), £(A' l7 A' 2 )) (Ai, A 2 , A ' l7 A 2 = 0 or 1) 

and n, r\ — > 0 as n± — » 00 and r 2 , r 2 — > 0 as n 2 — > 00. 

Proof of Theorem 5.1. Exchanging the expectation and integral, we deduce from (5.1) that 

E[c n (0]=2 d j E[S(t)]T n (t)dt = c n (E[t(t)]), 

[o,i] d 

i.e. , .E[c n (£)] is the Fourier sine coefficients of the deterministic function E[£(t)]. Exchanging the expectation 
and partial derivative, we deduce from £ G SW([0, l] d ) that 

E[?(t)]GlF([0,l] d ). 

Using Theorem 3.1, we get (i). 

By (5.1), we get |c n (£)| 2 = 2 2d J f £(t)£(s) T n (t)T n (s)dt ds, and so 

[0,1 ] d [0,1 ] d 

E[\c n (0\ 2 ] = 2 2d J J ^(t)T n (t)T n (s)dtds, (5.2) 

[0,l] d [0,l] d 

where the autocorrelation function i?e(t) = E[£(t)£(s) ] is a 2d— variate deterministic function and 


t — (tl , *•*, td) 5 ® (si , . .. , Sf/) , 

t — (f 1 , • • •, ^2d) (t'd+i — Si , i — 1 , - •- , d) . 

Let rid+j = Uj ( j = 1, ..., d). Then (5.2) can be rewritten into 

r 2d 

E[\c nit ...,n d ((;)\ 2 ] = 2 2d j R^(t) ]Jsin(7rn i t J )dt. 

[o,i] 2d J=1 

From the definition of Fourier sine coefficients, we see that E[ |c nii ... jrl<i (£)| 2 ] is the Fourier sine coefficient of 
2d— variate function R £, that is, 

R[ |Cni,...,nd(C)l ] = c ni,-,n 2 d(-^$) i n d+j =n ji j = 1, — , d) . (5-3) 

By the assumption £ € <SW([0, l] d ), we deduce that Re G W([ 0, l] 2d ). In Theorem 3.1, replacing / by R 5 and 
d by 2d and letting rid+j = rij (j = 1, ..., d), we obtain 

c ni,...,n 2 d(^?) = ( ) ( Pn 1 ,...,n d (£) + r l + ' ' ' + r d ) i (5-4) 

\j=l j / 

where 

^,...,^(0 = KL..,n 2d ( R t) = E W) ( II (- 1 )" J + 1 

Ae{o,i} 2d \J' eG A 
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and 


A — (Ai, A 2d) — (Ai, A d, A), X' d ), 

= 2d}, Xj = 1}. 


By n d+j = rij (j = 1, d), we have 


where 


Since 


n (-i ) nj+1 = n (-i ) n ^ +1 n (-i )^ +1 

\ie(G~ x n{h-,d}) J , 

= n (-i)^ +i n (-i) ni+l , 

j€G\ 


G\ — {j G {1, Xj — 1}, 

Gx> = { j e {1 d}. A' = 1}. 


R i (X 1 ,...,X 2d ) = E[aX 1 ,...,X d nK,-^'d)} (X d +j = A'), 

by (5.5), we deduce by (5.4) that 

p ni ,..., n d ( 0 = E E ^[C(Ai,...,a^(a;,...,a'j] n ^ 1 )^ 1 n (- 1 )" i+1 - 

Ae{o,i}<* A'e{o,i}<* ieGx jeG v 

From this and (5.3)-(5.4), we get (ii). From (i), 

£[ C n(6] = ^2^,2 ( Q n(?) + »T H h V d ) , 

0- 

where each Ffe — » 0 as n.k — ► oo. Again, by (ii), 


■ , n n i 

j = i 3 


Var (c n (0) = ^[4(6] - |£[c„(6]| 2 = II -^2 (&(0 - “n(0 + < + ••• + 4), 


j=i J 


where r([ — > 0 as — ■> oo. Noticing that 

m) - < 4(0 = e {Emm] - Eiaxmm}) 

\,\'£{0,l} d 


E Cov(6A), C(A / )) e n(A)e n (A / ), 

A,A'e{0,l} d 


we get (iii). Theorem 5.1 is proved. □ 


(5.5) 


(5.6) 


6. Asymptotic behavior of hyperbolic cross hyperbolic cross approximations of stochastic Fourier 
sine series 

Let £(t) be a continuous stochastic process on [0, l] d . The hyperbolic cross truncation of its Fourier sine 
series is 

4 h) & t)= E E c 2 p+q 7 wt), ( 6 .i) 

|p| <7V — 1 qetO,!} 11 
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where |p| = [[ ft(P = (pi, -nVd) G Z+), is a stochastic sine polynomial. We give an asymptotic behavior of 
fc=i 

the hyperbolic cross approximation. 

Theorem 6.1. Let £ be a stochastic process on [0, l] d . If £ £ SW([0, l] d ). Then the hyperbolic cross 
truncations <S^(£) of the stochastic Fourier sine series of £ satisfy 

E[ II S ™ (0 - £ Hi 1=M) (1 + 0(1)) (N — > oo), 


where 


= ( ^ 2 ) E . 2. 1 2 

' pGOjv Pd Ae{0,l} d 




and <dpf is stated in (4.2) and 

W) ~ _/y 

Proof. By using an argument similar to Section 4, we deduce that (4.3) is still valid when f is replaced by 
£. Taking expectation on both sides, 


2*E[\\t-S%\t) |||] 

= E E E[c I p+q (0] 

pG0JV qe{0,l} d 


' 00 00 N \ 

E - E E E ^[c2 P+q (0] 

,pi,...,Pd = l P1=1 P 2 ,...,Pd = l/ qe{0,l} d 


= Pn( 0 + Qn(0- 


By Theorem 5.1, 


^[ C 2p+q(£)] 2 .. 2 


This implies that Qn{£) = O (j$)- By Theorem 5.1 (ii), it follows that 

2*E[n-S%\Q |||] 


— ^3 E „E'P 2 E /^p+q + T" + 

p£©iv VqG{0,l} d 


=: P^(0 + P ( n\0 + O {E) , 

where Ojv is stated in (4.7) and each r”. —> 0 as — > 00 , and 


( 6 . 2 ) 


P n\ 0 - 2d E „ 2 .. 2 I E ^ 2 P+U 

77 PG0JV Pd \qe{0,l} d 


= i E ^2 ( E K 

pe0» Pd \qe{o,i} d 


+ --- + E0 • 
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By (3.17), 


E /^p+q — E e2p + q(A)e 2 p+q(^') 


qGfO,!}** 


A.A'efO,!}'* 


vqe{o,i} d 


So 


h e m 2 w\- 

AG{0,l} d 


p { n\0 = 


E 


pe@N Pi" ' p d. x&{0A}d 


E E \-\tw\ 2 


Similar to the argument of Theorem 4.1, 


n 1} (0~ E 


1 log d_1 IV 




2 2 
Pi- "Pd 


N 


and 


>(2 / log d 1 N 


PP(Z) = o 


N 


From this and (6.2), we deduce the desired result. □ 


7. Examples 

In data analysis, the following three stochastic processes are often used [16]. 

(i) Gaussian stochastic process £ se { t) with mean 0 and square exponential covariance function: 

Kse( t,t')=eV 212 ), 

d 

where t = (fi, and t' = (i^, and || t || §= E and l > 0. 

A --1 

(ii) Gaussian stochastic process £,RQ(t) with mean 0 and rational quadratic covariance function: 

/T* Q (t,t') = (l+ || 2 )-“, 

where t = {t\, ...,td) and t' = (t' 1: and a > 0. 

(iii) Gaussian stochastic process £^(t) with mean 0 and linear covariance function: 


(7.1) 


K L (t,t') =< t , t ' >, 

d 

where t = (ti, —,td) and t ' = (t' 1: and < t , t ' >= tkt' k - 

k= 1 

Since these stochastic processes are differentiable [14, 15], we can use the theorems in Sections 5-6 to research 
their Fourier sine expansions, including variance estimates of Fourier sine coefficients and asymptotic formulas 
of hyperbolic cross truncation approximation. 

We expand £se into a Fourier sine series on [0, l] d as follows: 

(se( t ) = ^ C „(^ s _ B ) T n ( t ), 
nez^ 
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where c^se) = 2 d f £sE(t)T B (t)dt. 

[o,i] d 

Since -Ef^g^t)] =0(t e [0, l] d ), by Theorem 5.1 (i), we have 


E[c n (tiSE)\ = O 


1 

n\ ■ ■ ■ n d 


as each oo (n = (ni, 


Let t = (ti, and t' = (t[, Then 


t-t' II 2= - *fc) 2 


k=l 


and by (7.1), 


Cov(& B (t), £sE(t')) = 


k = 1 


By Theorem 5.1 (iii), we obtain that the Fourier sine coefficients c n (£s_E) satisfy, 

d ^ 

Var(c n (£ s _E)) = TT + r” H h r'J) and r'j. -> 0 as n k -> oo. 

- LJ - 7 r z n d 

j = l J 

where 

«n(G'/,) £ £ f n e»(A)er»(A / ), 

Ae{o,i} d A'e{o,i} d \fc=i / 

and c n (Aj is stated in (3.2) and A = (Ai, ..., X,j) and A' = (A) , ..., X' d ). 

Next we find the asymptotic formula of the hyperbolic cross truncation approximation of Fourier sine series 
of £,se- The hyperbolic cross truncation is 

Sn\%se, t) = £ £ c 2p +q(Cs£))T , 2 p + q(t) (Pi € Z+, i = 1, 

Pl---pd<N—l qg{0,l} d 

Note that E[|£g£(t)| 2 ] = Rse( 0) = 1 and 1 = 2 d . By theorem 6.1, we have 

Ae{o,i} d 


-E[|| Sn\€se) ~~ £se 111] = Wat(^S£;)(1 + o(l)) (N -> oo), 


where 


Wn(£se) 



E i 

Ae{o,i} d 


So we get the asymptotic formula as follows: 



^[11 Sn\€se) ~ t,SE III] 



( N -> oo), 


where Qn is stated in (4.2) and the number N c of Fourier sine coefficients in the hyperbolic cross truncation 
S^\£se) is equivalent to Nlog^ 1 N. 

Similarly, for the stochastic processes £rq and £&, using the same method as above, we can give the variance 
estimates of their Fourier sine coefficients and asymptotic formulas of hyperbolic cross truncation approxima- 
tions. 
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Abstract. Carlitz introduced the degenerate Bernoulli polynomials and de- 
rived, among other things, the so-called degenerate Staudt-Clausen theorem 
for the degenerate Bernoulli numbers as an analogue of the classical Staudt- 
Clausen theorem. In this paper, we consider the higher-order Carlitz’s degen- 
erate Bernoulli polynomials with umbral calculus viewpoint and derive new 
identities and properties of those polynomials associated with special polyno- 
mials which are derived from umbral calculus. 


1. Introduction 

The degenerate Bernoulli polynomials /3 n (A, x) (A ^ 0) are defined by Carlitz to 
be 

t x °° y-n 

(1.1) I (1 + At) x = E p n (A, x) — r, (A^O), (see [3, 4]). 

(l + Aip+l n[ 

Ustinov rediscovered these polynomials in [18], which are called Korobov poly- 
nomials of the second kind and denoted by k ^ ( x ). 

When x = 0, f3 n (A) = p n (A, 0) are called the degenerate Bernoulli numbers. 
Now, we observe that 

(1.2) lim p n (A, x) = p n (0, x) = B n (x) , lirn A ~ n p n (A, Xx) = b n (x) , 

A— >0 A— »oo 

where B n ( x ) and b n (x) are the Bernoulli polynomials of the first kind and of the 
second kind. 

The first few degenerate Bernoulli polynomials are given by Po (A, x) = 1, p\ (A, x) 
= x — \ + |A, p 2 (A, x) = x 2 — x + g — |A 2 , P 3 (A, x) = x 3 — |a; 2 + \x — \Xx 2 + 
\\x + | A 3 — -[A, .... As an analogue of the classical Staudt-Clausen theorem for 
Bernoulli numbers, Carlitz proved the so called degenerate Staudt-Clausen theorem 
for p n (A), (A a rational number) (see [3, 19, 20]). The generalized falling factorials 
(a;|A) n for any A £ C are defined as 

(cc|A) 0 = 1, (x|A) n = x (x — A) • • • (x — A (n — 1)) , (for n > 0) . 

Carlitz also found in [4] the following relation expressing sums of generalized 
falling factorals in terms of degenerate Bernoulli polynomials: for integers l,m with 
l > l,m > 0, 

i-r 

(1-3) E (/W (A, l) - Pm+i (A)) , 

2 = 0 " h 
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which, by letting A — > 0, becomes the familiar relation 
l - 1 

(1.4) 

i= o 

For r £ N, the Bernoulli polynomials of the second kind of order r are defined 
by the generating function to be 


i-i 

Y, im = —7( B m+i (l)-B m+1 ). 
z ' m + 1 


(1.5) 


t 


log (1 + 1) 


(1 + t) x = b n ] ( x ) — r ( see [!6]) 
' n\ 


n— 0 


and the Bernoulli polynomials of order r are given by 


( 1 . 6 ) 


t 


T j (see [2, 5-7, 9]). 


n — 0 


When x = 0, Bn ^ = Bn' 1 (0), bn' 1 = bn' 1 (0) are called the Bernouli numbers of 
the first kind of order r and of the second kind of order r. For p £ C with p ^ 1, 
the Frobenius-Euler polynomials with order s € N are defined by the generating 
function to be 


(1.7) 


1 ~ M 
e* — p 


e* t = '£ H P (x\n)^, (see [1, 10-12]). 


n — 0 


When x = 0, Hn ^ (n) = Hr ^ (0|/x) are called the Frobenius-Euler numbers of order 
s. As is well known, the Stirling number of the second kind is defined by the 
generating function to be 


(1.8) 


(e* - l) w = n\ ^ S 2 (l, to) — , (neZ> 0 ), (see [16, 17]) . 


For n > 0, the Stirling number of the first kind is given by 

n 

(x) n = x (x — 1) • • • (x — (n — 1)) = Si (n, l) x 1 , (see [13, 15, 16, 21]) . 

1=0 

Let T be the set of all formal power series in the variable t : 

{ OO 

/(‘) = E°*jti 

k = 0 

Let P = C [x\ and let P*be the vector space of all linear functionals on P.( L| p (x)) 
denotes the action of the linear functional L on p (x) which satisfies (L + M\p (x)) = 
(L\ p (x)) + (M\ p (x)) , and (cL\p(x)) = c(L\p(x)), where c is a complex constant. 
The linear functional (/ (£)| •) on P is defined as 



(1.10) (/ (t)\ x n ) = a n , (n > 0) , where / (t) £ T. 


Thus, by (1.9) and (1.10), we get 
(1.11) (t k \ x n ) = n\8 n ,k, (n,k> 0) , (see [14, 16]) , 

where 5 n ,k is the Kronecker symbol. 

Let f L ( t ) = J2kLo Thei h by (1.11), we get ( f L (t)| x n ) = (L\ x n ). So, 

the map L <— > (t) is a vector space isomorphism from P* onto T . Henceforth, 

T denotes both the algebra of formal power series in t and the vector space of all 
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linear functionals on P, and so an element / (t) of T will be thought of as both a 
formal power series and a linear functional. We call T the umbral algebra and the 
umbral calculus is the study of umbral algebra. The order o (/ (£)) of a power series 
/ (f) 0 is the smallest integer k for which the coefficient of t k does not vanish 

(see [14, 16]). If o (/ (£)) = 0, then / (t) is called an invertible series; if o (/ (£)) = 1, 
then / (t) is called a delta series. Let f (t) ,g ( t ) be a delta series and an invertible 
series, respectively. Then there exists a unique sequence s n (a;) (deg s n (x) = n ) 

such that ( <7 (t) f ( t) k s n (a;)) = n\S„ t k, for k > 0 . Such a sequence s n ( x ) is called 

the Sheffer sequence for (g ( t ) , / (£))which is denoted by s n (x) ~ (g (t ) , / (£)) (see 
[14, 16]). The sequence s n (x) is Sheffer for (g ( t ) , f (£)) if and only if 


( 1 . 12 ) 


g{f (*)) 


z vm = f^ s jM t k, (yeC ), (see [ 11 , 17]) : 


k = 0 


where / (t) is the compositional inverse of / (t) with / (/ (£)) = f (f (£)) = t. 
Let f (t) ,g (t) G T and p ( x ) G P. Then we see that 


(1.13) 


= l* fc ) jfei> p(*) = 


fc =0 


fe= o 


a; 

fc! 


From (1.13), we have 


(1.14) 


t k p(x)=p (k) (x) = 


d k p (x) 
dx k ’ 


(a;) = p (x + y) . 


By (1.14), we get (e yt \p{x)) =p(y). 

For s n (x) ~ ( g ( t ) ,/(£)), we have the following equations ([16]): 

(1.15) / (£) s„ (x) = ns n _i (a;) , (n > 1 ) , s„ (a; + y) = ^ ( . J sj (x)p n -j (y ) , 

i — n ' 


where p n (x) = g (t) s n (x), 
(1.16) 


S„+1 (x) = ( x - 


and 


9'{t) 

9 (t) J f (£) 


m®) = 11^ (s(/w) 1 f( t y 

3 = O' 7 ' 


X > X- 7 , 


(/(*)|zp(ar)) = (d t / (£)| p {x )) , 


(1.17) 


^ Sn W = Xj ( / ) ( / W| '} Si 0) . («>!)■ 


(1.18) 


In particular, for p n (x) ~ (1, / (£)), q n (x) ~ (1, g (£)), we note that 

far 


q n (x) = x 


9 (t) 


x 1 p n (x ) , (n > 1 ) . 


Let us assume that s n (x) ~ (g (t) , / (£)), r„ (a;) ~ ( h (t ) , l (£)). Then we have 

n 

(1.19) 5 n (x) ^ C n ,rnTrri (*e) j ^ 0) 7 


m=0 
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where 

(1.20) 


C n 


1 

to ! 


h {f (*)) 

g (7 ( t )) 


(I (7 (*)))"* 



(see [16]) . 


In this paper, we consider, for any positive integer r, the degenerate Bernoulli 
polynomials fin ^ (A, x) of order r which are defined by the generating function to 
be 

/ f \ r 00 f n 

(1.21) (1 + At)* =^fiP(\,x)~, (rGZ> 0 ). 


From (1.20) and (1.21), we note that 


( 1 . 22 ) 


W (X,x) 



That is, fin ^ 


(A, x) is the Sheffer polynomial for the pair 

(»w=(^r) ./«) = )(«"- 



The purpose of this paper is to give new identities and properties of the higher- 
order degenerate Bernoulli polynomials associated with special polynomials which 
are derived from urnbral calculus. 


2. Higher-order degenerate Bernoulli polynomials 
For n > 0, we note that 



From (1.18), we can derive the following equation: 



Thus, by (2.1), we get 
(2.2) fi^( \,x) 
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=EE 


r t 

K 

' n—l\ 
< k ) 

i 

(k+ 
^ r 

r ) 


S 2 (k + r, r) A k+l B\ r 


1=0 k = 0 
n — 1 n—l (n— 1\ (n—l 


e 1 - 1 


i—l—k 


n—l n—l (n—l\ (n—l\ 

E E WhE (* + F 0 (*) . 

1=0 k - 0 V r / 

Therefore, by (2.2), we obtain the following theorem. 
Theorem 2.1. For n > 1, we have 


( n 7 

K 

'n—l\ 
< k ) 

i 

rfc+ 

^ r 

r ) 


l - 0 k-0 

Remark. When x = 0 and r = 1, we get 

n—l n—l 


(2.3) p n (A) = X) E 

Z=0 fc=0 

From (1.18), (1.22) and 


1 / n — 


Jfe + 1 V / 




(*ia)„ = A ” (f)„ = E Si ( n ’ m ) A 

ra =0 

We note that 

n 

(2.4) ^ r) (A,*)=535 1 (n,m)A"- 

m = 0 
n 

= 53 ( n > m ) a ™^ 


(A j(e A '-l)) ■ 


e At - 1 

A(e* - 1) 




m=0 


t 


r / e At — 1 
e 4 — 1 J \ At 

r m /m 


n / , \ r rn /m\ 

m=0 A A /c— 0 V r / 


k^m—k 


( 7 ) 


= A ” E E tkA s > <"■ ”) At "" (^=) ■ 

m— 0 /c=0 V r / 

Therefore, by (2.4), we obtain the following theorem. 

Theorem 2.2. For n > 0, we /tare 

n m /m\ 

W (A, *) = A" E E (», H ^2 (* + r, r) \ k ~ m B^_ k (x ) . 

m=0 fc=0 V r ) 

Remark. For r = 1 and w = 0, we get an expression for the degenerate Bernoulli 
numbers: 


(2.5) 


n m 1 / \ 

pn (A) = A" 53 53 — (™ ) 5i (n, m) \ k ~ m B m _ k . 


m—0 k — 0 

Here we use the conjugation representation. 
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For /3p (A, x) ~ (^g ( t ) = = \ ( e xt - l)^ , we observe that 


9 {fit)) 1 fit) 3 x r 


(l + At)* — U l0g ( 1 + Ai) J * 


; -r (Z,i) — ^ 


E ^ J5r (/, j) \ l ^ E^ r) ( A ) ^ 

=^ !A ^E(;) 5 i (P'ME-i W- 

Therefore, by (1.16) and (2.6), we obtain the following theorem. 


Theorem 2.3. For n > 0, r > 1, we have 


j=o \ l=j 


W (A, ^) = E A_i E , pi (*> 3) ApE (A) P. 


Remark. Recall that 


(2 ' 7) (PP^T.aOp.p’-i)), ~ (*■ X < eM " *)) • 


Thus, by (2.7), we get 


( A e M _ i^ ) ^n r) (A,x) = (x|A) n , and 6 ^ 1 {x\X) n = n^X)^ . 


From (2.8), we have 


(e*- 1 Y W (A, x) = 


e At - 1 


(n)r ( X l A )n-r > if r < n 
0 , if r > n. 


By (2.9), we get 
(2.10) p?P( X,x) = 


(n)P"- r ( 7 Pr) r (f) n _ r , if r < ?r 

0 , if r > n 

(n) \ n ~ r YZf=o ( n _ r > TO ) A _m .Bp (x) , if r < 


, if r > n. 


Therefore, from (1.14) and (2.10), we have 

( 2 . 11 ) 


rJ = 


(n) r A” r EmJo ( n - r , TO ) A (x) , if r < n 

0 , if r > n. 
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In particular, 


(2.12) A/3 n (A, x) = nA "^ (n " m) X ~ mBm {X) ’ if r ^ n 

dx 0 , if r > n. 


To proceed further, we recall that the A-Daehee polynomials D r ' x (x) of order r 
are given by 


(l + «r = E<lWjl. (*e [12, 16|) . 

I 1 + V ~ 1 / n— 0 




From (1.5), (1.11) and (2.13), we have 
(2.14) /3i r) (A,i/) 


(1 + At)* - 1 


(1 + A t) x x 




log (1 + A t) 
A((l + At)* -1 




z=o v 7 

^e(;)^r, w (D' 

/— n \ / 


P { n ] (A ,y) 

/ oo 

= ( ( A ^) 


(l + At) A a; 


(i + At)x_iy | / 

At y / log (1 + At) ^ 

log (1 + At) / ^ A ((i + A t)*-l)y 

xt V (y'\\ i - x r 

log (1 + At) J ) A l\ X 




(1 + At) x x r 


z=o v 7 


2a"-‘ 
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=A"£(")e^.©. 

i=0 v 7 

Therefore, by (2.14) and (2.15), we obtain the following theorem. 
Theorem 2.4. For n > 0, we have 

t (> iV! r> © = t ©e©-. (() = (a,x) . 

1=0 ^ / 1=0 ^ ^ 

Recalling that 

A r> (A,*) ~ («(<) = (©^)'j(l) = ( (e M - 1)) , 


s(/W) a; r 


=j!a- j ' a, j) (?) a* 


=j!A- J ' («, J) (?) A* 


(1 + At)* -1/ I / 

log (1 + At) \ / At 

A ((1 + At© — l) y Vl°g( 1 + Ai ) 




log (1 + At) 

A ((1 + At)* — 1 


y b^^t m x n - 1 


^EsAuiflV'E (© log( 1 + ,A () 

ft w ^ Q \ m J \\ A ((1 + At ):*-1 

=i!A- j £ s, (U) (”)v £ ') 


n\ (n — l 


ya-EE “„ 7vo) 

l=j m = 0 v 7 v 7 

From (1.16) and (2.16), we have 
(2.17) 


1 * ’ 7 m n— Z— m, A 1 


/JM(A,x) = A© ££ U. 

j=0 I l=j m= 0 \ 7 ^ 7 I 


Remark. We have 


lim ^ r) (A, a;) = /3^ r) (0,© = B ^ (© . 

A— >0 

lim A (*) = (*) n > 

lim \~ n pP(\,\x) = bP(x), 

A— »oo 
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lim A (A*) = B « (x) . 

A— >oo 

where r > 0 . 

From (1.22), we note that 

(2.18) p n (x) = (A,*) = (*|A) n ~ (l, i (e A * - l)) . 

By (2.18) and (1.15), we get 

(2-19) fa ] (A , x + y)=jr (™)0j r) (A, a;) (y\X) n _j , 

3=0 ' 3 ' 


and, by (1.14) and (1.15), we get 

(2.20) j (e At - 1) fa) (A, x) = nfa\ (A, a:) . 

From (2.20), we have 

(2.21) fa) (A, x + A) - fa) (A> x) = nX fal x (A, X ) . 

Therefore, by (2.17), (2.19) and (2.20), we obtain the following theorem. 

Theorem 2.5. For n > 0, we have 


fa ] (A,*) 


and 



ti r) (A, * + A) = £ (") ^ ( A > x ) (A|A)„_j 
= nXfali (A, x) + fa) (A, x) . 


For fa } (A, x) ~ (5 (t) = = \ (e xt - l)^ 


(2.22) 


g'(t) 

git) 

= (i°g git))’ 

=r (log A + log (e* — l) — log ( e xt — l )) 7 
r / °° d °° dd\ 


d=0 

00 


;=o 


Z! 


=7E^( 1 )( 1 -A')?f 


1 = 1 
OO 


=r]Tl? i+ 1 (l)(l-A i+1 ) 


1 = 0 


(* + !)!’ 


By (2.22), we get 


(2.23) fa) (A, x) 


we note that 


9 
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=r^5 /+1 (l)(l-A' +1 ) 


f 


1=0 


(* + l)! 


A" 


n m (m\ 

X EE ( n > m ) & (ft + r, r) A k ~ m B ( ^_ k (x) 

m=0 k = 0 \ r ) 


n mm 


—k 


v k—m 


= A >EEE 5i (n, m) *5*2 (ft + r, r) A ft 

m =0 fc =0 /— 0 
m—k 

X E B ‘+l W ( X - A ' +1 ) (; + 1) | ( TO - ft); B rn—k—l ( X ) 


1=0 

n m m—k 


^EEE 

m=0 fc— 0 Z— 0 


1 1 

Ifcl 

/m- 
V Z 

“ fc ) 

to — k — l + 1 ( 

Zc+rA 

r J 

i 


(X k ~ m - A 1 "') 


x iSi (n, m) S 2 (fc + r, r) £ m _ fe _j+i (1) (x) 

n n m /m\ /Zc\ 

=-• 1 : e e t _ i . ! 1-H - v " ,+i ) s > (».™) 

Z=0 m=l k=l V r ) 

x 5 2 (m - ft + r, r) B k _ i+1 {1) B^ r) (. x ) . 


From (1.16) and (2.23), we have 
(2.24) ^(A,*) 

=x^ (X,x — A) - e~ xt9 ^^ (A, x) 


n / n m 


=xp ( n ) (A,® - A) - rE E E y— 


1 


(*)(*) 


L_/ X__/ /m-fc+r\ 

Z— 0 \m=l k=l V r ) 

x S 1 ! (n, m) *S *2 (to - ft + r, r) Bfc_;+i (1)) B[ r) {x - A) . 
Therefore, by (2.24), we obtain the following theorem. 
Theorem 2.6. For n > 0, we have 

Pn+\ ( X ’ x ) 


(. \ n ~ k - X n ~ l+l ) 


n / n m 


=*#’ (A,x - A) - I £ u £l ( l (A-* - A"- ,+1 ) 

Z=0 \m=Z fc=Z ^ 1 V r / 

x S± (n, to) ^2 (to ft T r, r) B k _ i+1 (1)) B\ (® - A) . 

By (A,®) - (f) = >/(*) = X ( eAt - l)) , we get 


(2.25) 




= ( ^ log (1 + At) 


ra— Z 


/ _°°_ + m 

= a_1 ( Enr 1 ^^-^ 

\ ' m! 


T — Z 
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=A -1 (-l) n_i_1 X n ~ l (n-l- 1)! 

= (— A) n_!_1 (n — l — 1)!. 

From (1.17) and (2.25), we have 


(2.26) 


d 

dx' 


n — 1 / \\n— l — 1 

o(r) 


-fn ] ( A > x ) = n - ® r) (A ’ ' 

Let n > 1. Then, by (1.11) and (1.17), we get 
(2.27) /3i r) (A,y) 


= ( 


;=o 


t 


= d t 


(1 + At)* - 1, 
t 



(1 + At)* - 1 

\ r 

t 


(1 + At) ' 

V 

(i + a t)* 


„n— 1 


.(1 + A t)* - 1, 




flt(H-At)* 



(1 + A f)* - 1, 


(1 + At) ' 


(2.28) 


The first term of (2.27) is 

K t 


y 1 


(1 + A t) 


y~ x 


.(1 + A t)* - 1 
For the second term of (2.27), we observe that 


= yPn-i ( A > v - A ) • 


1 1 


(2.29) dt 
where 

(2.30) 


,(1 + At)* - 1, 


(1 + Xt) x - 1, 


k (l + At)* - 1, 


Xl + Xt)*-!, 


(1 + At)* - 1 - t (1 + At)*' 


1 + At) * - 1 


(2.31) 


(1 + At)* — 1 — t j(l + At)* 1 — (1 + At) 1 |-t(l + At) 1 
((l + At)* - I)' 

1 t 1 

1 + Ai (1 + At)* - 1 * 


li 


799 


DAE SAN KIM et al 789-811 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


12 


DAE SAN KIM AND TAEKYUN KIM 


(2.32) 


(1 + At) * — 1 0- + Xt ) \(1 + \t)* - 1 , 

Thus, by (2.29) and (2.30), we get 

t \ 


d t 


+ + Af+ - lj 
r ( t 


(1 + A t) \(l + A+ -1/ 

+ r f / t V 1_ / t 

1 y V(i + a+ - lj 1 + xt \(i + a+ - i, 

From (2.32), we note that the second term of (2.27) is 
(2.33) 


r+1 


.(l + At)* -1, 


y — X 

(1 + A f)^~~ 


„n— 1 


+ r ( (1 + A t) x 


= -r+2 1 (A,y-A) 


r+1 ' 


y.n—1 


* 1 \(1 + A+ - 1/ 1 + xt \(1 + At)* - 1, 


+ -( (i + A ty 


= — r Pn-l (A, y — X ) 


r+1 


^ (1 + Xt) * - 1 J 1 + Xt \ (! + Xt) ±x - 1 , 


r 

H — 
n 


t 


(l + ty-lj 

t 

k (l + A t)* - 1, 


(1 + A t) x 

r+1 

I (i + At) 


y — * 


= - r+A (A, y — A) + -/+ (A, y) - -+ +1 > (A, y - A) . 
n n 

By (2.27), (2.28) and (2.33), we get 

(2.34) (l - -) /+ (A, a;) = (z-r)+A (A,x - A) - -+ +1) (A,ar — A) . 

V n/ n 

Therefore, by (2.34), we obtain the following theorem. 

Theorem 2.7. For n > 1, we have 

+ +1) (A, x - A) = (l — /+ (A, a;) + (+ - n) +A (A, x - A) . 

Here we compute 

(2.35) / ( + ) (t log (1 + A t) 


+ + A+-1/ VA 
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13 


in two different ways. 

On one hand, it is equal to 


(2.36) 


A - 


=A“ 


t 

(1 + At)* -1, 

t 

.(1 + A t)* - 1 , 


(log(l + At)) r 


i! s i {hm) -jjt 1 

l=m 


(1 + At) x - 1 / 


=m\ X~ m (?Vi ^ m ) A ' 

l=m ' 

n / \ / oo jE, \ 

=m!A _m (l,m) X 1 ( £/?« (A) - x n ~ l ) 

l=m ' ' \ k—0 n ' m / 

=m!A~" 1 ^ ("W,to)A^ (A). 

/— m ^ ' 


On the other hand, it is equal to 


(2.37) 


t 


(1 + At) x - 1/ V A 
t \ „ (l 


log (1 + A t) 


(i + xty-i) V a 


ft -log (1 + At) 


+ ft 


t 


_ (1 + At) x — 1/ / \A 
The first term of (2.37) is 
(2.38) 


T log (1 + At) 


„n— 1 


1 I I T log (1 + At) (1 + At)" 
(1 + At) x - 1/ V A 


m— 1 


=mA _ l m_1 l 

=mA _ l m_1 l 




,(1 + At) x -1, 
' \ 
t 

,(1 + At)^ -1, 


(1 + At)" 


(1 + At) 


-1 


z + z 


^mlA-l™- 1 ) t ^ Sr (J, m — 1) A* ^ 


(log (1 + At)) 7 "” 1 a;”” 1 

/ 

00 A't 

(to — 1)! ^ Si(t,TO-l) — 

(1 + At) - * 


l=m— 1 

t 


=m! A- (m - 1} 


n — 1 

l 


(1 + At) x - 1, 
(*, to - 1) A'/^., (A, -A). 


„n— 1 


i— 1— Z 


l=m— 1 

For the second term of (2.37), we recall that 

t \ 


(2.39) ft 


(1 + At) x -1, 
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t 


(i + xt ) y ^ + xt )^ -1 J 

+ ri ( t V 1_ / t 

1 1 \(i + \t)* - 1/ 1 + xt \(i + xt)* - 1 

Now, the second term of (2.37) is 
(2.40) 



X~ m ( a 



(1 + Xt) x - 1 J 


(log (1 + At))™*" 



„n— l — 1 


r+1 


n ~ l \ \(1 + A - 1, 


(1 + A t) * 


1—1 


n— 1 


n — 1 


=m!A-™^ ( " ; x j5i(Z,rn)A* 

l=m ' ' 

X {-»■/&_, (A, -A) + (A) ^ (A, -A)} . 

From (2.35), (2.36), (2.37), and (2.40), we have 

w!A_m E f/ V 1 (*> m )A l Pn-l W 


l—r 


n - 1 / _ i\ 

=m!A-( w - 1 ) X) ( i J5i(i,m-1)A I ^ I _ 1 (A,-A) 


l=m— 1 
n— 1 


+ m\X~ m E (^ /) * (*- TO ) A * (-^4-/ ( A > - A ) + ( A ) 

l=m ' ' ' 

tE-E (A,-A)V 


n — l 


where n — 1 > m > 1 . 

After simplification and modification, we get: for n — 1 > m > 1, 


l=o 


(2- 41 ) E (?Wn-*,m)A"-^< r) (A) 
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n—m / . \ 

=A E ( 11 7 ) ft (n - l - 1, m - 1) (A, -A) 

1=0 A ' 

n—m — 1 / \ 

+ E ("7 )'S 1 (n-/-l ) m)A n - 1 - 1 

x (A, -A) + W ~ ^ ~ A )) 

n—m / \ 

=A E ( n 7 ) Si (n - / - 1, m - 1) A"-*- 1 /^ (A, -A) 
z=o ' ' 

n—m— 1 ✓ 1 \ 

-r E j5i(n-Z-l,m)A”- i - 1 ^ (r) (A,-A) 

n—m — 1 ✓ \ 

+ 7 E ( i + 1 ) 5i(n - i - 1 > m)An " , " 1 ^i (A) 

n—m— 1 ✓ \ 

-7 e (E\)‘ 5i( «- ? - i > m)A " _i_1 A ( ;t 1) ( A 5 - A ) 

n—m / \ 

=A E ( 77 7 ) Sl ( n - 1 - A ” _i_1 A (r) (A, -A) 

Z=0 ' ' 

n—m — 1 ✓ 1 \ 

-r E j5i(n-Z-l,m)A"-'- 1 ^ (r) (A,-A) 

n—m / \ 

+ 7 E (")Si(n-/,m)A"- , ) 8 I (r) (A) 

Z=0 ' ' 
n—m / \ 

- 7 E ( 7 ) (n - m ) A n - ; A (r+1) (A, -A) • 

n i=o A / 

Therefore, by (2.41), we obtain the following theorem. 

Theorem 2.8. For n — 1 > m > 1, we have 

n—m / \ 

(i--)E (7) 5 i(«-^ m ) A ”“^ (r) ( A ) 

1=0 A / 

n—m / 1 \ 

=A ^ ( n 7 1 ) 5i (n - ? - 1, m - 1) A-'- 1 ^ (A, -A) 

1=0 ' A 

n—m— 1 ✓ 

-r ^7 (7; J<S'i(n-;-l,m)A" _/_1 /3; r) (A,-A) 

n—m / \ 

-7 E ;>i(n^/,m)A"-^ +1) (A,-A). 
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For r > s > 1, by (1.19), (1.20) and (1.22), we get 

n 

(2-42) fa) (A> X ) ='£ (A, x ) , 

m = 0 

where 



Therefore, by (2.42)and (2.43), we obtain the following theorem. 

Theorem 2.9. For r > s > 1, we have 

fa } (A, X)= 22 (™) (A) fa (A, x) . 

m — 0 ^ ' 

Remark. Replacing x by x + A in Theorem 2.7, we have 

(2.44) fa +1) (A, x) = (l - fa) (A, a; + A) + (J^x + ” A - n) /3^i (A, x) . 
From Theorem 2.5, we note that 

(2.45) fa ) (A, a: + A) = £ Q /3| r) (A, s) (A| A) n ^ 

= n\fa2 (A, a:) + fa } (A, a;) . 

Substituting (2.45) into (2.44), we get 

(2.46) 

/3i r+1) (A, a;) = (l - fa ] (A, a;) + ” (a; + (A - 1) r - (n - 1) A) fa± x (A, a:) . 
By using this and induction on r, it is shown in [[19]] that 

(2.47) fa ] (X,x) = rC^ 22 (-l) r_1 ' fc crr-i,fc (A ,x,n) ^ n ~ k ^' x \ 

A r / fe=o n 

where 

k 

<r r ,k{X,x,n) = 22 JJ (a; + (A - 1) ij - (ra - j) A) . 

l<ik<ik-l<---<il<r j—l 
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For r > s > 1, by (1.19), (1.20) and (1.22), we have 


(2.48) 
where 

(2.49) 


n 

W (\ X )=Y J Cn,m^ ) (A,*), 

m— 0 



Observe here that 


(2.50) 


/ e i log(l+At) _ 


= 1 ( e \ log( 1 +At) _ jV 

t r ~ s \ J 

-j oo 

= 7 ^(?-- s ) ! S 2(l,r-s) 


(log (1 + At)) 

X l l\ 


= (r — s )! ^ S 2 (l,r-s) ^ log (1 + Xt) ^ 1 ^_ (r ._ s) 


l—r—s 

oo 


_( r „)|^ S 2 {l + r-s,r-s) tl f\og{l + xt)\ l+r 


1=0 

oo 


= (r- s)!^ 


(l + r-s)l V At J 
S 2 (I + r-»,r-.) (I a) . 


;=o 


(t + r — s)! 


5i (A: + l + r — s, l + r — s) 


(At)* 


k - 0 


(fc + l + r — s)! 
Si (k + l + 1 — s, l + r — s) 

X k 


fc= o i=0 

x S 2 (l + r - s,r - s) 


(k + l + r — s)! 


k+i 


$1 (fc + t + r — s, l 4“ r — 

i=o k+i=j 

X k 


x S 2 (l + r - s,r - s) 


(k + l + r — s)! 


fc+; 


oo J 


= (r- sy.y^y^S], (j + r - s,j - k + r - s) 
j = 0 k—0 
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x S 2 (j - k + r - s,r - s) — ry 

{j + r- sj! 




From (2.49) and (2.50), we have 
(2.51) 


C n 


(r — s)! 


x ( ^2 [^2 U + r ~ s ^j ~ k + r ~ s ) (j ~ k + r - s,r - s) — ^ _ 

\ j = o \fc=o V + r s ) 


A k j\ 


(r — s)! S\ (n — m + r — s , n — m — k + r — s) 

A fc (■ n-m)\ 


k — 0 


x S 2 (n — m — k + r — s,r — s) 

(") 

\mJ 


(n — m + r — s)! 

: / ra _^ r _ a N Si (n — m + r — s,n — m — k + r — s) S 2 {n — m — k + r — s, 

V r—s ) k—0 

Therefore, by (2.48) and (2.51), we obtain the following theorem. 

Theorem 2.10. For r > s > 1, we have 

P { n s) (A, x) 

(") 

\mJ 

^ l r 

m - 0 f V 


= \ (n-mXr-s\ Sl (” “ TO + f ~ S , « - TO - k + T - s) 

r-s J k —0 


(2.52) 
where 

(2.53) 


x S 2 (n — m — k + r — s, r — s) X k } /3^} (A, x) 

= \ fn-m+r-sl ]T ^ (n - TO + r - S, fc + f - s) 

m— 0 l V r-s / fe=0 

x5 2 (Hr-s,r-s) ( A; x ) . 

For (x|A) n ~ (l, ^ (e A * - l)), by (1.19), (1.20) and (1.22), we get 

n 


m = 0 


c -- 

K - y n,m — , 

1 


m - \ \(i + A ty - 1, 


t 


A — ^ 

m! \ V(l + At)* - 1, 

t 


t m x r - 



\ \ (1 + At)* — 1, 



r-s ) A fc . 
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j-fc 

Etf’wL 


PnL (A) . 


Therefore, by (2.52) and (2.53), we obtain the following theorem. 
Theorem 2.11. For n > 0, we have 


P { n r) (A, a) = E ( ” V"-" 1 ^ ( X l A )m • 


Remark. For n > 0, we get 
(2.54) 

n ( / n\ n- 

(^i\) _ J Ui \ 


n ( / n\ n—m 'j 

71 A ) n = E E 5 i(«- m + r > fc + r ) 5 2 (* + r, r) A" _m_fc 

m — 0 l V r / fc =0 J 


Ptt (A,*). 


By (1.6) and (1.12), we easily get 


e‘ - 1 


t , (a G N) . 


From (1.19), (1.20), (1.22) and (2.55), we have 

n 

.56) B^{x) = Y J C n ,mfa ) {\x), 


Cn.m — . 

ml 




( ( 77 )' ( 7 1 )' 


ml A m \ \e At — 1/ \ £ 

=A "”£(") S2(, ' m)A '((i 

= A- m E(;)^a,m)A , ((' 


A t \ ( e 1 — l\ f t 


e xt — 1 / V t / V e* - 1 




= A” m E( j5 2 (J,m)A l E 


Case 1. For r > s > 1, we have 


MV/ t 


t e f -l 


4 r) A fe 


e*-l\7 t 


t 7 V e* - 1 


t 7 Ve 4 ^l 
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e* - 1 


= ( (r- s)\J2 


S 2 (j +r- s,r- s)j\ P n -i-i 
(j + r-s)\ j\ 


= (r — s)l 


S 2 (n — l — k + r — s,j — s) (n — l — k)\ 
(n — l — k + r — s)\ 

, , . / /n — l — k + i — s 


=S 2 (n — l — k + r — s,r — s) 


Case 2. For r = s > 1, we get 


—) ( — 

t J { e* - 1 


Case 3. For s > r > 1, we have 


— ) ( — 
t J le‘-l 


, '^=(l|a: n 1 k ) = S 0} n-l-k = $k,n-l- 


e* — 1 


-l-k \ _ n(s-r 


Therefore, by (2.56), (2.57), (2.58), (2.59) and (2.60), we obtain the following the- 


Theorem 2.12. Let n > 0. Then we have 


n f n n—l / n \ (n—l\ 

E AY-LyL «■ ( i. ">) 


m— 0 k l=m k= 0 V r—s 


x S 2 (n - l - k + r - s,r - s) X k+l B^^ /3m (A, x ) , if r > s > 1, 
( X )=U±{ A- m £ (") ^2 (l, rn) flW, } (X,x ) , ifr = s> 1, 


m=0 k l—m 
i ( n n—l 


£A-™<j££f?)(V 

m=0 U=mfc=0 A / V 

xAWfiMBirLyA'tA, 


5 2 (Z,m) 


if s > r > 1 . 


Remark. Let r > s > 1. Then we get 
(2.61) 


/3« (A,aO=£ A- m ^]T 


n\ (n — l 


m — 0 l, l—m k = 0 




^ (l, m) A k+l bPft-.'2 k (A) BW (ar) . 


For r = s > 1, we have 


Pk r) (A, *) = A” £ A -m | £ Q Si (Z, m) , j (*) 


If s > r > 1, then we note that 


(2.63) pP(\,x) 


n ( n n—l n—l—k /n\ (n—l\ 

=A"E A-EE £ 


m — 0 L l—m k=0 i— 0 
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x Si (n — l — k + s — r,i + s — r) S 2 (i + s — r, s — r) A ~ l b^ j ( x ) . 


From (1.7) and (1.12), we get 
.64) H& (%) 


e — fi 


By (1.19), (1.20), (1.22) and (2.64), we have 

n 

.65) pP (A, x)=^2 C n , m HP (x|/z) , 


m! A m (1 — 


^ e ii°g(i+A 

(a (el l°g(l+At) _ j e \og{l+\t) _ v A 

' /(d + At)i-^yf — V 

(! - m ) \ V ' \(1 + At)* - 1 


log (1 + At) x r ‘ 


(log (1 + A t)) m x 


("r (i ' m) A ' ( ( (1 + A()i - ( ( i + a!)*-i 


-j IL / \ II — L 

: W(T^w E(") s > ('.">) 

v l=m v 7 A:— 0 

It is easy to show that 


vk 1 


1 + At)* a;"- 1 "*) 


= 52 (i) (*l A )n-/-fc ' 


From (2.66) and (2.67), we have 

(2.68) 


S (”) 5 i m ) A ' 52 ( n z ) 4 r) ( A ) 52 ( ■) 1 (*i ; A )n-i-* 


A m (i -Y) s y- w 

n n—l s 

z x m (i-/j) a 525252 

v l=mfc=0i=0 


n \ in — i\ / s 


l J \ k J \i 


■ ) Si (l, m) \ l (-fx) s 1 pP ( A ) (*l A )„-j- fe • 


Therefore, by (2.65) and (2.68), we obtain the following theorem. 
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Theorem 2.13. For /igC with fi ^ 1, n > 0, we have 

ti r) (A,*) 


1 iv | n n—i s / 

^E ['-EEE O’ 


(!-m) ±7 


m— 0 


l=m k — 0 i=0 


n \ in — l 
k 


. Si (. l,m ) A* (-/z) 6 


x /3i r) (A) (i|A) n _,_ fc }ffW (*|m). 

Remark. For > 0, we have 

^ s) (%) 


n—m n—l 


-E iEE 


m=0 


/— 0 k—m 


n\ ( n — l 


S 2 (k, m) A W,_ fc (/x) i /3« (A, *) . 
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KOROBOV POLYNOMIALS OF THE SEVENTH KIND AND OF 

THE EIGHTH KIND 

DAE SAN KIM, TAEKYUN KIM, TOUFIK MANSOUR, AND JONG- JIN SEO 


Abstract. In this paper, we consider the Korobov polynomials of the seventh kind 
and of the eighth kind. We present several explicit formulas and recurrence relations 
for these polynomials. In addition, we establish connections between our polynomials 
and several known families of polynomials. 


1. Introduction 


The degenerate Bernoulli polynomials are the degenerate version of Bernoulli polyno- 
mials introduced by Calitz [3,4], On the other hand, the Korobov polynomials of the 
first kind are the first degenerate version of the Bernoulli polynomials of the second 
kind, see [13,14], 

In recent years, many researchers studied various kinds of degenerate versions of fam- 
ilies polynomials like Bernoulli polynomials, Euler polynomials, falling factorial poly- 
nomials, Bell polynomials and their variants, see [6-10] and references therein. Along 
this line of research, we introduced in [8, 9] four kinds of new degenerate versions of 
Bernoulli polynomials of the second kind, called the Korobov polynomials of the third, 
fourth, fifth, and sixth kind. 

Here, we will discuss two other degenerate versions of Bernoulli polynomials of the 
second kind, namely, the Korobov polynomials of the seventh and eighth kind. We will 
investigate some properties, explicit expressions, recurrence relations, and connections 
with other families polynomials with the help of umbral calculus (see [10,15,16]). To 
do that, we recall some families polynomials. The Bernoulli polynomials of the second 
kind b n (x) are given by the generating function 

f +n 

M + ‘)* = Ew*) a . 


For x = 0, b n = b n ( 0) are called the Bernoulli numbers of the second kind. The Daehee 
polynomials D n (x) are defined by the generating function 


( 1 . 2 ) 


log(l + 1) 

t 


4-n 

(i+*r = E 

n\ 

n>0 
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When x — 0, D n = D n ( 0) are called the Daehee numbers. The Krobov polynomials 
K n (X,x) of the first kind are given by 

\i t n 

(1.3) + 

v ' n> 0 


When x = 0, K n ( A) = K n (X , 0) are called the Korobov numbers of the first kind. The 
degenerate falling factorial polynomials (x) n ,\ were defined in [7] by the generating 
function 


(1.4) 


(1 + A) 


x (l+t) A -l 
A A 


£< 

n>0 


^ ) 71, A . • 


n\ 


Clearly, lim^_ >0 (x) n; A = (;r) n , the nth falling factorial polynomial. These polynomials 
can be defined as (x) n: \ ~ (1 ,f(t)), where 


(1.5) 


m 



XH \ 
log(l + A )J 


1 and fit) 


log(l + A) (1 + t) x - 1 
A A 


Note that we write s n (x ) ~ (git), f(t)) if s n (x)% = where /(f) is the 

compositional inverse of /(f), see [15,16]. The degenerate Stirling numbers of the first 
kind Sfin, k \ A), n > k > 0, were given in [7] by the generating function 


( 1 . 6 ) 


1 /(l + f) A -l 
k\ V A 


J2 Sl ^ k I A )^f’ 


n>k 


so that, in the notation of umbral calculus, Sfin, k \ A) 
it was shown in [7] that 


k\ 


(l+t) A -l 

A 



. Then, 


(j')n, A 



log(l + A) 
A 


k 

Sfin, k | X)x k 


with 

n 

Si(n,k | A) = Sfin,m)S 2 (m,k)X m ~ k , 

m=k 

where liniA^o (n, k \ X) = Sfin, k) is the Stirling number of the first kind. 

Here, we introduce Korobov polynomials of the seventh kind K n 7 (X, x) and of the eighth 
kind K n: g(X,x), respectively given by 


(1.7) 

log(l + Af) 

Alog(l + i ) (1 + A) 

(1.8) 

lo g(l + Af) 

(l + f) A -l (1 + A) 


(!+«) 


a ±tr 


i t n 

= yj< nJ (x,x)-, 

n> 0 

i f n 

= K n , 8 (A, x)— . 

n> 0 
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When x — 0, K n j( A) = K n j( A, 0) and K n $( A) = X n! g(A,0) are called the Korobov 
numbers of the seventh kind and of the eighth kind, respectively. We observe that 


lim 


A t 


A— s>0 (1 + t) X ~ 1 

= Mm Ml±At 
A^O (1 +t) X - 1 


(1 + tf = lim 


log(l + At) 


A->0 A log(l + t) 


(1 + A) 


X (l+t) A -l 

A A 


(1 + A) 


x (1 +t) A 
A A 


log(l + 1) 


(i + ty 


which implies that lim A _> 0 K n (X, x) = lim A ^. 0 K n 7 {\, x) = lim A _> 0 K n8 {X, x) = b n (x). 
It is immediate to see that K n j(X,x ) and K nj $(\,x) are Sheffer sequences (see [15,16]) 

for the respective pairs ( tgfi ( +t/(tjj » /(*)) and ( log^+A/p)) >/(*))> where /(*) is g iven 
in (1.5). Thus, (1.7) and (1.8) can be presented as 


(1.9) 


( 1 . 10 ) 


K nJ (\,x) ~ 


( Alog(l + f(t)) \ = ( lo S ( X + logp+A)) 

Viog(i + A my JK) ) y mha m 



K n , 8 { X,x) ~ 


\ log(l + A f(t)) 



x 2 t 

log(l+A) 

log(l + A f(t)) 



5 


In the next two sections, we will use umbral calculus in order to study some properties, 
explicit formulas, recurrence relations and identities about the Korobov polynomials 
of the seventh kind and of the eighth kind. In last section, we present connections 
between our polynomials and several known families of polynomials. 


2. Explicit expressions 


In this section, we present several explicit formulas for the Korobov polynomials of the 
seventh kind and of the eighth kind, namely K n j(X,x) and K n8 {X,x). 


Theorem 2.1. For all n > 0, 

+A log fc (l + A) 


K nJ ( \,x) = 

k = 0 £=k 
n n 


J X k 

n\ fn — A log fc (l + A) 


fc=0 l=k m = 0 

n n / \ i 


i / \ m 


Si(i, k\X)K n _u(X)x k 


X k 


Kn, s(X,x) = ( T g X) Si^k\X)K n -e,s(X)x k 


k = 0 £=k 
n n n—l 

EEE 

k = 0 l=k m = 0 


J X k 

n\ fn — A log fc (l + A) 


£ J \ m 


Si(e, k\X)K m {X)D n _ t _ m X n - i ~ rn x k 


x k 


Proof. We proceed the proof by using the conjugation representation for Sheffer se- 
quences (see [15,16]): s n (x) = Y2=o ^(/W) -1 /^)^")^, foranys n (x) ~ (, g(t),f(t )). 
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Thus, by (1.9), we have 


K n j( X,x) = Y 


k = 0 


1 / log(l + A t) log A '(l + A)((l + t) A - 1)' 
k\ \ A log(l + t) X 2k 


\x n ) x k 


log A '(l + A) / log(l + At) ((1 + t) A - l) fc 


E 

k = 0 


X k \ A log(l + t) 


k\\ k 


x n ) x k , 


which, by (1.6) and (1.7), implies 

log fc (l + A) / log(l + At) 


K n , 7 ( X,x) = Y 


k = 0 
n n 


\ k \ A log(l + t) 


E S i(T*M 


-x n ) x k 


£>k 


£\ 


( 2 . 1 ) 




k = 0 £=k 
n n 


log( 1 + At) e v x k 
A log(l + 1) 


= E E (!) „_, 7 (a)A. 

k = 0 l=k ' 7 

On the other hand, by (2.1), we have 


A n , 7 (A, x) = 2^ 2^ ( p) 77 

k = 0 l=k V 7 

which, by (1.1) and (1.2), we obtain 
K nJ (X,x) 

'n\ log fc (l + A) 


Si(£,k\X) 


log(l + At) t 


n—t \ k 


At log(l + t) 


X ) X , 


EE 

k = 0 v 7 

n n n—£ 

EEE 

/ c =0 ra =0 
n n n—i 


x k 


Si(£,k | A) 


log(l + At) 


At 


E 6 

m>0 


j-m 

_m-e \ k 

m ^ 

ml 


n\ fn — t\ log fc (l + A) 

XX 


i J \ m 


Si(t,k\X)b„ 


j log(l + At) 
\ At 


jn—i—m \ k 
Jb 


X 


EEE (!) ("7 f ) 

k= 0 -£=/c m= 0 ' 7 ' 7 \ j>0 7 

n n n— ^ / \/ /?\i k /- 1 , 

^ ^ ^ ^ 71^ ( Tl — log (1 H - A) 


n—t—m \ k 
X 


i j \ m 


X k 


-S 1 (£,k\X)b m D n -£- m X n - t - m x k , 


k = 0 £=k m=0 

which completes the proof of formulas for k n j(X,x). 

Now let us deal with the case K HjS (X,x). Similarly, by using the conjugation represen- 
tation for Sheffer sequences, (1.10) and (1.6), we obtain 

'n\ log fc (l + A) 


(2.2) ,u = EE 

k = 0 i=k 
n n 

= EE 


k = 0 £=k 


J x k 

n\ log fc (l + A) 

l) A^ 


S 1 (£,k\X)K n m,s(^ k - 
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On the other hand, by (2.2), we have 

n\ log fc (l + A) 


k = 0 l=k A / 
which, by (1.3) and (1.2), we obtain 
K nfi { A, x) 

n\ log fc (l + A) 


c/| /dAi/ l0g(1 + At) l M 
X k W> k W\ X t \l + t)*-l 


x n ~ e ) x\ 


(2.3) 


EE 

k = 0 £=k 
n n 

EEE 

k = 0 £=k m = 0 
n n n—£ 


J V 


7 x n ~ e ) x k 


ml 


E*U A ); 

\ vly m> 0 

n\ ( n - i\ log fc (l + A)^^ k\X)K m (X) +^Q.\ x n-e-m^ x k 


i 7 \ m 


X k 


£ J \ m 


= EEE 

k = 0 l=k m .= 0 

which completes the proof. 


n\ fn — A log fc (l + A) 


X k 


Si(£,k\ X)K m ( A ) D n -e_ rn X n ~ t ~ m x k , 


□ 


Now, we express our polynomials in terms of the degenerate falling factorial polyno- 
mials. 


Theorem 2.2. For all n > 0, 


Kn, 7(A, t) ^ ^ 

1=0 

n 


n 


n 


' n—l 


E 

^m=0 
' n—l 

E 


£=0 x 7 \m=0 


n — i 
m 

n — i 
m 


X n - e - m b tn D n + m (x) e ,x, 


X n - e ~ m K m (X)D n _ e _ m (x) e , x . 


Proof. By (1.9), we have 


Knj(X,y) = 


/ log(l + At) 


V (l+t) A -l 


\ A log(l + t) 
which, by (1.4), implies 

K (\ \ - / M 1 + Xt ) 
n,?( ’ V) \Alog(l + t) 

Therefore, by (2.1), we obtain 


(1 + A)* — ^ ) = 


/ log(l + At) 


v (1+0-1 


|(1 + A)X a x n ) , 


i> 0 


K n , r(A, y) = E ( ” j ( E ( * j ) (y) eM 


r 

k £V 


E (y)t,xia x " ) = 


\Alog(l + t) 

/ log(l + At) 


1=0 


e >><. 


e) yu,t ’ x \\iog(i + t) 


X 


n—l 


' n—l 


1=0 x 7 \m=0 


n — 


which completes the proof for K n j(X,y). 

By using similar arguments as above together with (1.10) and (1.4), we obtain 


K n ,s(X,y) = ( n f )(y)i,x 


1=0 


/ log(l + At) ^ n _ e 


£ j \yji,x \ (1 _|_ t)A _ 1 


x 
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Therefore, by (2.2) and (2.3), we have 

Kn, s (A,j,) = J 2 (!) ( E ('!,! (y)t,x, 

e=0 ' ' \m= 0 \ m / J 

which completes the proof. 


□ 


In the next theorem, we find explicit formulas for the coefficient of ad in K n j(X, x) and 
K nfi ( X,x). 


Theorem 2.3. For all n > 0 and s = 7,1 

( A, *^) 


n / n 


k £ 


E EEE 


(-If m / £ \ (k 


F. \mj \j 


j=0 \k=j £=0 m = 0 

Proof. By (1.4) and (1.9), we have 
Alog(l + /(f)) 


(m|A) fc _ 


log J (l + A) 
A-?' 


E 1 (n,fc|A)A^(A) xT 


log(l + A/(t)) 


A' ni7 (A,a:) = (x) n>A = ^ fc|A)a; fc ~ (1 ,/(*))■ 


k = 0 


X k 


Thus, 


n i k, 


K nJ ( X,x) = £ !g^A^S 1 (n,^|A) l0g(1 + A/ ff ) A 


fc =0 


A fc 


Alog(l + /(f))' 


(2.4) 

Note that 


± t '° gt( / +A) gi (". fc|A)^#(/(0)V. 


fc=0 L=0 




(/(f))V = E W)'~ m (1 + A 2 f/log(l + A)) m/ V 

\ vn ) 

n \ / 


ra =0 
£ k 

EE 

»n=0 j = 0 


m 


(-ir-HA),(A/log(l + A)r (^1^' 


Therefore, 

A'„, 7 (A, x) 


n k £ k 


EEEE(-i)'-’”(™ial- 


log J (l + A) 


/ c =0 ^=0 m =0 j =0 
n / n k £ 

EIEEE 


At 


S'! (n, A; I A) 


Kej(X) f £\ fk 


F. \mj \ j 


x J 


(-1 y-m (£\ fk 


j = 0 \k=j £=0 771=0 

By (1.4) and (1.10), we have 

(1 + /(0) A -1 


£! V m / Vi 


(m|A) fc _ /° gJ( *. + A) A 1 (n,felA)X,, 7 (A) ) ad. 


log(l + A /(f)) 


A'„, 8 (A,x) = (i)„, A = £ 108 ( / +A ) s 1 (n,t|A)i t ~ (1, /(«))• 


fc =0 


817 


DAE SAN KIM et al 812-824 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


KOROBOV POLYNOMIALS OF THE SEVENTH KIND AND OF THE EIGHTH KIND 7 


Thus, by using the above arguments, we obtain 
KnA A, x) 


n / n k £ 

EEEE 


(-o' 


j — 0 \k=j £=0 m = 0 

which completes the proof. 


£! \mj 


, log J (l + A) , 

m\X) k -j j. *Si(n,fc|A)A*, 8 (A) ) x. 


□ 


In the next theorem, we express Korobov polynomials of seventh and eighth kinds in 
terms of Korobov polynomials of fifth and sixth kinds. 

Theorem 2.4. For all n > 0 and s — 7, 8, 


K n , s { \,x) = C n ^jD n _ e X n - e K^ 2 (X,x). 

e=o ' ' 


Proof. Recall that Korobov polynomials of the fifth kind (see [9]) is given by 




log(l + t) 


n> 0 


x — 
n\ 


So, by (1.7), we have 


Knj(X, y ) 


/log(l + At) t 
\ X t log(l + 1) 


y (l+t) A -l 


(1 + A) a a x 


e=o 




log(l + At) 
At 


\x 


which, by (1.2), implies K nJ (X,y) = Yn'=o G) K eAA y)D n -(.X n e . 

Recall that Korobov polynomials of the sixth kind (see [9]) is defined by 


At a (l+t) A -l . 

(l + A)A, y A = y J An, 6 (A, 


(l + t) A -l 


n> 0 


X — 
ni 


Similarly, by (1.2) and (1.8), we obtain K ntS (X,y ) = YGe=o (”)-fQ,6(A, y)D n ^X n f as 
claimed. □ 

In the next theorem, we express our polynomials K n j( X,x) and K n> s( X,x) in terms 
of degenerate Bernoulli numbers /dj n \X) of order n, which are given by the generating 
function 


(2.5) 


4-71 j-£ 

((1 + At)K A — l) n = ) ^£!' 


e>o 


Theorem 2.5. For all n > 1 and s = 7, 
B n ,s (A, t) 

n / n k l ( -i m (n- 1\ / t \ (k\ 

E EEE — 1 k— 1/ \m) \ j) / 

j — 0 \ k=j £=0 m = 0 


l\ 


m\ A) fc _j 
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Proof. It is not hard to see that lo § b+ A K ~ (l,A£/log(l + A)). Thus, by (1.9), we 
have 

A log(l + f(t)) 

log(l + A f(t)) 


A t 


K n j(X,x) = x 


log(l+A) 


(1 + \ 2 t/ log(l + A))K A — 1 


X 


_ 1 log n (l + X)x r 

X n 


log n (l + A) 
X n 


-x 


(1 + Ar) 1 / A — 1 


I ry» n ~ 1 

\r=Xt/ log(l+A) i 


which, by (2.5), implies 
A log(l + fit)) 


log(l + A f[t)) 


Kn, 7 {X,x) = — '(A)- 


A^ 


fc >0 


A t 


k\ Vlog(l + A) 


x 


n— 1 


= E 

k = 0 
n 

=E 

k = 0 

On the other hand, by (2.4), we have 
log(l + A f{t)) k 


'ri-l\ RHt ^(lo g (l + X)Y- k ^ n _ k 


k 

n — 1 

k- 1 


/T( A) 


x 




Alog(l + f(t)) 


x 


k l k 

EXE 


K tJ (\)(l\(k 


t\ \m) \j 


, (-ir m (m|A) fe __ 


\ k ~3 


J log fc_J (l + A) 


£=0 m = 0 j = 0 

Therefore, the polynomials K n j(X,x) is given by 

n / n k £ 


~X 3 . 


E ( E E E ( 1 ) '~’" ( p ( ” ) C ) HA )t _ j (!£hi±A)bE(A)A„(A)) r. 


j = 0 \ k=j £=0 m = 0 


V A 


By using similar argument as above with using (1.10), we obtain the formula for the nth 
Korobov polynomial k Ui g(A, x) of the eighth kind (we leave the details for the interested 
reader) . □ 


3. Recurrences 


In this section, we present several recurrences for the Korobov polynomials of the 
seventh kind and of the eighth kind. Note that, by (1.9), (1.10) and the fact that 
(x) n ,\ ~ (1, fit)), we obtain K n>d { A, x + y) = Yfj= 0 Q) K jA A, x){y) n ~j, a, for d = 7, 8. 

Proposition 3.1. For all n > 1 and s = 7,8, 


d^n,s H - fidF-Yi— i,s (^? x'j 


n / n n 

E EE 

m = 0 \k=m C=k 


n\ ( k 




log m (l + A) 


Si(£ k\X)K n ^ s (X) )x r 
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Proof. It is well-known that if s n (x) ~ then we have f(t)s n (x) = ns n _ i(x) 

(see [15,16]). Thus, by (1.9) and (1.10), we obtain ^1 + A — 1^ K n>s ( X,x) = 

1 

nK n - which implies K n , s {\,x) + nK n _ M (A,x) = (l + i 0 g(i+A) ) * K n, s {\x). 
By Theorem 2.1 we have 


-Kn,s TlKn— l,s (^? «^) 




£) X k 

n\ log fc ~ m (l + A) 

yk—m 

k—m ( 


1 + 


A H 


log(l + A) 

t 


x 


s 1 ( e , k \\) K n _ e , s (\)( i \\) m — x k 

ml 


k = 0 i=k 
n n k 

eeeo;) 

k = 0 i=k m = 0 ' ' 

E E E (") (*) '° S 7Z. + A) ^V. tlA^IAXHA)^ 

k = 0 £=k m = 0 ' ' ' 


n / n n 


= E ( EE (") C)(iit^^^s i faia)^,,(a) i v 

m = 0 \k=m t=k A ' 

which completes the proof. 


i]\m 


□ 


In the next result, we express j-K n j( X,x) and ^ K nj8 (X,x ) in terms of K n j(X,x) and 
K Hj s(X,x), respectively. 


Proposition 3.2. For all n > 0 and s = 7, 8, 


^X„ )S (A,x) 


log(l + A) 
A 2 



( A)n— i-K-£,s ( A, t). 


Proof. Note that ^s„(z) = X)"=o ©(/fa)!®" for a]1 s «.(t) ~ (, g{t),f{t )), see 

[15,16]. So, for s re (x) = K ns (X,x), it remains to compute A = (f(t) \x n ~ e ). By (1.9) 
and (1.10), we have A = Iog 0-+ A ) (A) j ^ \x n ~ e ) = los d+ A ) (A)„_^, which completes 
the proof. □ 


Theorem 3.3. For all n > 1 and s — 7,1 


d^n,s(. A, t) 


t log(l + A) 
A 


n n—i 


n— 1 

E 

£=0 


n — 1 


(A l)n— 1— (A, 3?) 


£=0 m =0 


- 22 52 (”) ( n ~ f) B -<-m« s ((m), 


where 


u 7 (£) = b £ {(- X) n - £ - m (x) m , x - (—l) n ~ e ~ m K m j(X, x ) } , 

= K t { A) { (_A)”-<— (x) m , x - f A " 1 W 8 (A,z ) ) . 
{ \n — i — m) J 
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Proof. Since the similarity between K n j( X,x) and K n $( X,x) (see (1.9) and (1.10)), we 
omit the proof of the case K n $( \,x) and give only the details of the case K n j( X,x). 
By (1.9), we have 


(3.1) K nJ (X,y) = (- 


d ( log(l + At) 


dt \A log(l + t) 


(1-HA) 


V (1+ Q -1 


\X 


. 71—1 


= A + B, 


where B — l — log ^ 1+At ) 
wncie jd \ dt \ iog(i+p 


n . nt P+d- 
(1 + A)a a 


First, we compute the term B. 


V 1 ^ and A = +*■) |( 1 + A) 




9log(1 + A) / log(1 + At) - ( i + a)J“++i + « A v-’ 


A \Alog(l + t) 


y iog(i + A) 

A 

y iog(i + A) 

A 

y iog(i + A) 

A 


n— 1 

E 

£=0 
n — 1 

E 

£=0 

n— 1 

E 

1=0 


n — 1 


n — 1 


n — 1 


(A-l), 


/ log(l + At) 


\ A log(l + t) 
(A — 1)^ A" n -i-^,7(A, y) 

(A — l) n _i_^A^ i7 (A, y). 


i W - ~ 1 | n— 1— ^ 

(1 + A)* a \ x 


Now, we compute the hrst term A, 


A = 


/ t 


log(l + At) 


\ log(l + t) t \ 1 + At A log(l + t) 


y (l+t) A -l , 


(1 + t)" 1 } (1 + A)n — a — |a; 


„n— 1 


I / / 1 _ lo g(! + At) 

n\\l + At Alog(l-ft) 

1 / f 1 _ log(l + At) 

n \ \ 1 + At A log(l + t) 

l°g(l+Ap 


y (l+t) A -l , 


(1 + t)" 1 Wl + A)S — 


log(l + 1) 


X 


( i + rT ( i + A)!“G|^m 


(.>0 


el 


Note that jA— _ _sA_±_l|^x _|_ ^) 1 has order at least one. Thus, 


e=o 




x 


1 + At 

/ log(l + At) 
\ A log(l + t) 


(1 + A) 


(i+0 A -i . 1 


-x 


n—l 


1+t 


n , x z' n-l / 

E "ME^n^-o+Ew*. 

H=0 A / ^m=0 \ fc>0 




n—i—m 


n—i 


-^(-ir(n-£) m (^AX 7 (A,i/) 


m=0 


^>0 


it! x 


n—i—m 
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which implies 

n n—l / \ f 

A = - E E ( ” M (-A) m (n - £) m (y) n -e-m, x ~ (-1 ) m (n - £) m K n _^ mJ (X,y) l, 

£=0 m= 0 X / \ J 

Hence, by substituting the expressions of A and B in (3.1), we complete the proof. □ 


4. Connections with families of polynomials 

In this section, we present some examples on the connections with families of poly- 
nomials. To do that, we recall for any two Sheffer sequences s n (x) (0(t),/(t)) and 
r n (x) ~ (h(t),£(t)), we have that s n (x) = Y2i=o C n,mr m (x), where (see [15,16]) 


(4.1) 


C n .rn = ~T / w 


n ’ m m\\g{f{t)) 

We start with the connection to Bernoulli polynomials Bn\x ) of order s. Recall that 
the Bernoulli polynomials Bn\x ) of order s are defined by the generating function 
{J=i Y e xt = En> o- 8 "* 0*0 S’ equivalently, 


(4.2) 


BL s \x) ~ 


t 1 \ s 

e — 1 




(see [2,5,15]). In the next result, we express onr polynomials in terms of Bernoulli 
polynomials of order s. 

Theorem 4.1. Let d — 7,8. For all n > 0, K nd (X,x) = Ylk=o C n ,mBm(x), where 

n-mn-t-m /n\ Sk+m\ , fc+ m /-i , \\ 

C'n, m =J2 E ’ IitJXiS.ik + s,.,) 8 , S 1 (n-e,k + m\\). 


e=o k = o 


(T) 


\k+ r 


Proof. Since the similarity between K n j(X,x) and K n $( X,x) (see (1.9) and (1.10)), we 
omit the proof of the case K n $( X,x) and give only the details of the case K n j( X,x). 

Let K nJ (X,x) = YZi=Q C n, m Bm(x). So, by (1.9) and (4.2), we have 
r 1 / ( e/(t) - !)' lo g(l + At) * 

/•(*) Alog(l + t) ; WlX 
1 / (e-tW - l) s log(l + At) 


ml \ f s (t) 

1 / (efW- l)*- 

m\ \ f s (t ) 

1 


r(t) i 


A log(l + 1) 


x 




£>0 


ml 


e=o 


Elm •'E ^(fc + s, s) 


fc >0 


(i + s)! 1 ' 
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Thus, 


n—m n—t—m 


t=0 k = 0 


c-- = ^ E V (") K tt7 (X)S 2 (k + s,s 


J k+m (t) W n-l 
(i k + s)! 1 ' 


S! 

m\ 

s\ 

m\ 


n—m n—t—m 


n 


E E 

i=o k = o v ' v v “ 

n—m n—t—m / \ , b+m / -> , \ \ 

E E 


ft- aw ik a „ „ J°g t+m (l + V / ((l + t)*-!) *- 1 ™ 

1 - 1 ^ ^ ’ (fc + s)!A‘ +m \ \k+m 


\x 


(k + m)\Si(n — £, k + m\X). 


n _ u) ( m ) ir (won , a log fc+m (l + A) ( ,_ m 

C n , m — 2_^ — 7k+s\ — ^t, 7 {X)S 2 {k + s,s) Si(n — £, k + m\X), 


t=o k = o 
Therefore, 

n—m n—i—m ( n\ / k+m 


1 = 0 k = 0 


(T) 


X k+r 


as required. 


□ 


Similar techniques as in the proof of the previous theorem, we can express our poly- 
nomials K n7 (X,x),K nj8 (X,x) in terms of other families. Below we present two ex- 
amples, where we leave the proofs to the interested reader. In the first example, 
we express our polynomials in terms of Frobenius-Euler polynomials. Note that the 
Frobenius- Euler polynomials Hn\x \/i) of order s are defined by the generating function 


l-M 


~xt 


= E 


n> 0 


hL s) i 


x\n)—^(n ^ 1), or equivalently, 


H^\ 


x\n) 


e 4 — /i 

1-A 




(see [1,11,12]). 


Theorem 4.2. For all n> 0 and d = 7,8, K nd (X,x) = Em=o Cn,mHm(x\fi), where 


Cn.m. 


n—m s n—t—m 

EE E 

t = 0 k = 0 j=k 


^e:r)c;)a) 10^(1 + a) 

(1 - Ii) k X j+m 


Si(n - £, j + m\X)S 2 {j, k)K e<d ( A). 


For what follows, we define the associated sequence for 1 — (1 + A 2 f/log(l + A)) 1//A , 
namely (x)^ n ’ A \ Thus, 

(x) (n ’ A ) ~ (1, 1 - (1 + A H/ log(l + A)) _1/a ). 

Recall here that (x) n ~ (l,e* — 1), ~ (1, 1 — e _t ), (x) n ^ ~ (1, (1 + A 2 f/log(l + 

A))V a — l) and (1 + A 2 f/log(l + A)) 1 ^ — 1 — >■ e* — 1, as A — y 0. Now, we ready to 
present our second example. 


Theorem 4.3. For all n > 0 and d = 7,8, K n d (X,x) = Ylm=o^'n,m( x Y m,X \ where 


C n , rn = 1) 


n—i—m 


1= 0 


n \ n 


m 


(t! 1 F) n —t—m-K-t,d{, A). 
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polynomials of higher order in complex field. 
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1. Introduction 


Euler numbers and polynomials possess many interesting properties and arising in many areas 
of mathematics, mathematical physics and statistical physics. Many mathematicians have studied 
in the area of the q- extension of Euler numbers and polynomials(see [1, 2, 3, 5, 6, 7, 8, 9, 11, 
13]). Recently, Y. Hu studied several identities of symmetry for Carlitz’s g-Beruoulli numbers and 
polynomials in complex field(see [3]). D. Kim et al.[ 4] derived some identities of symmetry for 
(h, gj-extension of higher-order Euler numbers and polynomials. D. V. Dolgy et al.[ 2] derived some 
identities of symmetry for higher-order generalized p-Euler polynomials. In this paper, we establish 
some interesting symmetric identities for twisted g-Euler polynomials of higher order in complex 
field. The purpose of this paper is to present a systemic study of the twisted g-Euler numbers and 
polynomials of higher-order by using the multiple g-Euler zeta function. Throughout this paper, the 
notations N, Z, R, and C denote the sets of positive integers, integers, real numbers, and complex 
numbers, respectively, and Z + := NU {0}. We assume that q € C with |g| < 1. Throughout this 
paper we use the notation: 

[x\q = \ _ q q ( cf - [!> 2 > 3, 5]) . 

Note that lim^^a;] = x. Let e be the p^-th root of unity(see [10, 12, 13]). 

In [5], T. Kim introduced the multiple g-Euler zeta function which interpolates higher-order 
g-Euler polynomials at negative integers as follows: 


(q,r( S ’ X ) 


oo 

pi; £ 

mi,- ,m r — 0 


[mi -I + m r + x]s ’ 


(1) 


where s £ C and x £ R, with x ^ 0, —1, —2, . . .. 

Recently, D. V. Dolgy et al.[ 2] considered some symmetric identities for higher-order generalized 
g-Euler polynomials. The Euler polynomials of order r £ N attached to \ are a l so defined by the 
generating function: 




_1 \lp{x+l)t 


■ 

1=0 


odt 


l 


= E 


m— 0 


( 2 ) 


When x = 0, En} x = En) x { 0) are called the Euler numbers En} x attached to x(see [2, 4]). 
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For h £ Z, a, fc £ N, and n £ Z + , we introduced the higher order twisted q- Euler polynomials 
with weight a as follows(see [7]): 


~ I2l fc 

E ( n a Uk\x) = 


e (: (- 1 ) 


n alx 


(1 - q a ) n V 1 J (1 + eq al + h ) •••(! + eq^+b-k+i ^ ' 


In the special case, x = 0, E^ qiW (k\0) = E^ qtW (k) are called the higher-order twisted (/-Euler 
numbers with weight a. 

We consider the higher order g-Euler polynomials of order r attached to \ twisted by ramified 
roots of unity as follows(see [10]): 


n — 0 


mi ,...,77i r = 0 


Ki= 1 


( r ) 7 r \ 

In the special case x = 0, the sequence En, x ,e, q ( 0) = Ek, x , e , q are called the n-th g-Euler numbers of 
order r attached to x twisted by ramified roots of unity. 

As is well known, the higher-order twisted (/-Euler polynomials E^) q ^ e (x) are defined by the 
following generating function to be 


F<S(t,x> = [2]; •£, hmfc £ mi-| bmfcg[mH \-rrik+x] q t 

mi,- ,771/5=0 

t n 


(3) 




71=0 


(k) (k) 

where k £ N. When x = 0 ,En,q, e = (0) are called the higher-order twisted g-Euler numbers 

E^l, s - Observe that if q — > 1, e — > 1, then EnJ,,e — > E ^ and En^ e (x) — b E^ x (x). 

By using (3) and Cauchy product, we have 


(4) 


z= o ' ' 

= (<f ^ + [*],)", 

with the usual convention about replacing ( E q k }) n by En^ e . 

By using complex integral and (3), we can also obtain the multiple twisted (/-/-function as 
follows: 

i r°° 

* a_1 dt 


1 I '°° ~ 

l i k) e {S,X) = J (-t, X)t s 

(_l)£ 3 W™i £ £5’=i m i 


= it E 


(5) 


[mi -I h m k +x\ s ' 


7711 ,••• jTMfc =0 

where s £ C and x £ R, with x ^ 0, — 1, — 2 , 

By using Cauchy residue theorem, the value of multiple twisted (/-/-function at negative integers 
is given explicitly by the following theorem: 

Theorem 1. Let k £ N and n £ Z+. We obtain 

l[ k }(~n,x) = E^Jx). 


The purpose of this paper is to obtain some interesting identities of the power sums and 
the higher-order twisted (/-Euler polynomials E^l tS (x) using the symmetric properties for multiple 
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twisted g-Z-function. In this paper, if we take £ = 1 in all equations of this article, then [2] are the 
special case of our results. 

2. Symmetry identities for multiple twisted g-Z-function 

In this section, by using the similar method of [2, 3, 4], expect for obvious modifications, we 
investigate some symmetric identities for higher-order twisted q- Euler polynomials En'} he (x). We 
assume that e be the p N - th root of unity. Let w\, u> 2 € N with izq = 1 (mod 2), W 2 = 1 (mod 2). For 
h £ Z, k £ N and n £ Z + , we obtain certain symmetry identities for multiple twisted g-Z-function. 
Observe that \xy\ q = [x\ qV [y\ q for any x, y £ C. In (5), we derive next result by substitute 

W 2 

w 2 x H (ji H + jk) for x in and replace q and £ by q Wl and e Wl , respectively. 

w i 


4* 1 (s, w 2 x + — {ji d b Jk)) 

H ’ Wi 


[^] q w i 

= E 


(_1)E5=i m i£ w i Ej= i raj 


^ . W 2 , . . .. 

mi,- ,m k -o y*i + • • • + m*, + u>2£ + — + • • • + Jfejjg*"! 


- E 


= E 

m i ,••• ,771/5—0 


(_l)E*=i EjLj. mj 


0 

tUi (mi + • 

• • + mfc) + wiw 2 x + w 2 {j 1 + • 

' ' + jk) 

S 


L 

Wl 

. 

g™i 



(_l)E*=i ">j £ »i Ej=i "»j 



: 0 . 

[■uq (mi + • • 

• + mfc) + W 1 W 2 X + io 2 (ii + • • 

• +ifc)]q 



= Wl 


= [- 7 l]q 


N]g 

(_l)Ej = i raj E »i E{ = i ">j 

[wi(mi H Fm fe ) + W 1 W 2 X + W 2 U 1 H Fife)]* 


E 

,••• ,771 
OO 

E E 


mi,- ,771/c— 0 

OO tt>2 — 1 




[«ii(mi H 1- TO*,) + «qw 2 z + w 2 (ji H F ifc)](j 

mi, ••• ,771/5=0 ,lfc=0 L ^ 


Id 2 — 1 


f 1 lELh^mj+ij 


= ki; E E (- 1 ) 5 

Till ,••• ,771/e — 0 li ,••• ,lfc=0 

x £ w i Ej=i( dw 2 m 3+b) 

X ([wi(cZrC 2 Wi + Zi) + • • • + Wi(dW 2 lTlk + Zfe) + W1W2X + W2U1 + 

OO 7d2 — 1 

= M E E (-i) E ^^(-i) E ^ iJ 

mb- ,mfe= 0 ii ,ifc=0 

x £ dw 1 w 2 Ej=i Ej=i b 

x ([wiw 2 (t + dm 1 -I + cZmfc) + «q(*i 4 + ifc) + w 2 (ii + • • 

Thus, from (6), we can derive the following equation. 

U>1 — 1 


-jk)} q y 


-jk)]q) 


Ml 


y (_l)Ef=ih £ w 2 Ef=ih 


x Zgtl )£M)1 (s, io 2 a: + ^(ii H Fife)) 

Id 2 — 1 W± — l 


E E E (_l)E?=i(ji+i«+"»«) 


= N]gK]q 

X £ dwiw 2 Ej=i mi £ wi £?=i i ( £ ?«2 Ei=i 31 


mi, ' ,m k —0 »!,■■■ ,j fc =0 

fc _ „ fc • 


x ([wiUJ 2 (a; + cZmi H F eZm fc ) + ttq(zi H Fife) +W2O1 H Fife)],) 


-1 


( 6 ) 


( 7 ) 
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By using the same method as (7), we have 


w 2 —l 


qW2 


[2] fc 


x l 


(k) 


w i , 


q w 2s w 2 
oo 


(s,iuia; H — — (ji H l-jfc)) 

W2 

W2 — 1 Wl — 1 

E E E 

mi,— ,mfc=0 ji,-- ,jk=0ii,--- , ifc =0 
dw\w 2 I]f =1 mi in 2 I]f = i ilf*! 5Z?=i Jl 


( 8 ) 


X c 

x ([uiiw 2 (a; + dm.\ -\ b dm k ) + wi(ji 4 hjfc) + W 2 (iiH H*)]g) 1 

Therefore, by (7) and (8), we have the following theorem. 

Theorem 2. Let W\,W 2 £ N with tCi = 1 (mod 2), u; 2 = 1 (mod 2). For ft, £ Z , we obtain 

W i — l 


“a — / \ 

[w 2 ],[2]^ 2 E (_i)E ! =iJ! £ «' 2 E?=iJ!/W i ^ t(ii / S)U , 2X + — (ji 4 hj fc )J 

ft, ... ft, — n \ ' 


jli'” jk= o 

L02 — 1 


W2 — l / \ 

= K];[2]$«i E (-i) E|t = iji ^ lE|t = ij, 4-,e- ^,^+^(i 1 + ---+j fc )J 


(9) 


iir-- ,jk=o 

By (9) and Theorem 1, we obtain the following theorem. 

Theorem 3. Let u>i,u> 2 £ N with w\ = 1 (mod 2), u> 2 = 1 (mod 2). For ft, £ Z, ft £ N and 
n £ Z + , we obtain 

W\ — 1 


[ W 2]q[2] 9 m 2 


E {- l )^ =in£W ^ =inE nl^,e->i ( W 2 X + — (jl + • • • + Jfe)) 

.. ft, — n ' ' 


ji Jfc=0 
1^2 — 1 




ji,— dfc=0 

From (4), we note that 


W\ , . ... 

W\X H (ji H F Jfe) ■ 

U>2 


(10) 


+ y) = (9 x+ ^ile + [* + y\ 


= E(l)^<t ( y ) wr i - 
2=0 ' ' 


with the usual convention about replacing ( Eq k J) n by 
By (11), we have 


( 11 ) 


w 1 — 1 / \ 

E (-l) E ‘' =lJ! £ U ' 2E! = lJ! -Ei fc 5»i, e »i fw 2 X+— (jid hjfc)J 

... — n V 1 / 


ji,--- ,ifc=o 

U?1 —1 

= (—i^ElLi ji £ w 2l2i=iii 

ji,--- Ufc=0 


x E 


n 

V 

2=0 

Idl — 1 


W 2 , . . s 

(jlH + Jk) 

W 1 


= ^ (_1)Ei = iJ!j»'2E 1 = i3I 

ji,--- ,iic=o 


E 


X > I . )q 

2=0 


^-^U^ E ^ qWi£Wi{w2X ) 


w 2 

Wi 


{j ! + •••+ jk) 


J q« 


(12) 
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Hence we have the following theorem. 


Theorem 4. Let w\ ,u>2 £ N with w\ = 1 (mod 2), W2 = 1 (mod 2). For k £ N and n £ Z+, 
we obtain 


W 1 — 1 / \ 

E — (ii + ••• +ifc) j 

ji,- ,ife=o V Wl 2 

n / \ lli — 1 

i=0 ' ' Ji ,Jfe=0 

For each integer n > 0, let 

to— 1 

iir-- >ife=o 

The above sum <S^ fc ] 9 e (w) is called the alternating g-power sums. 

By Theorem 4, we have 

Itfl — 1 


■Wl — A. / 

HEN], E (^ + ^(ji + ---+j fe ) 

3i,-Jk=0 ' 1 

= [2]q“2 e f”) (w2*)s2,» a , e »2(wi) 


i=0 


(13) 


By using the same method as in (13), we have 
W 2—1 


^ 2— 1 / 

[2]EM E (^+^(ji+---+>) 

ji,-jk= 0 ^ 2 

= [2]g»i E (”) 


(14) 


Therefore, by (13) and (14) and Theorem 3, we have the following theorem. 

Theorem 5. Let W\,W 2 £ N with vi\ = 1 (mod 2), w 2 = 1 (mod 2). For k £ N and n £ Z + , 
we obtain 

he E ]r i ^,»i, e -i(^*) 5 S^, e » a («' 1 ) 

i=0 w 

= [2]g“l E ^ (^ 2 )- 

i= 0 w 

By Theorem 5, we obtain the interesting symmetric identity for the higher-order twisted q-Euler 
numbers in complex field. 

Corollary 6. Let Wi,u >2 £ N with wi = 1 (mod 2), W 2 = 1 (mod 2). For k £ N and n £ Z+, 
we obtain 

n /„\ 

/ n' 

*= o 


[2]E E ("J 

= [2]q“i e 

i— 0 


q w 2,e“2 • 


829 


C. S. Ryoo 825-830 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO. 5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


REFERENCES 

1. M. Cenkci, The p-adic generalized twisted (h, (/)-Euler-/-function and its applications, Adv. 
Stud. Contemp. Math., 15(2007), 34-47. 

2. D. V. Dolgy, D.S. Kim, T.G. Kim, J.J. Seo, Identities of Symmetry for Higher-Order Gener- 
alized g-Euler Polynomials, Abstract and Applied Analysis, 2014(2014), Article ID 286239, 6 
pages. 

3. Yuan He, Symmetric identities for Carlitz’s (/-Bernoulli numbers and polynomials, Adv. 
Difference Equ., 246(2013), 10 pages. 

4. D. Kim, T. Kim, J.-J. Seo, Identities of symmetric for (h, (/(-extension of higher-order Euler 
polynomials, Applied Matlremtical Sciences 8 (2014), 3799-3808. 

5. T. Kim, New approach to (/-Euler polynomials of higher order, Russ. J. Math. Phys. 
17(2010), 218-225. 

6. T. Kim, Barnes type multiple q - zeta function and (/-Euler polynomials, J. phys. A : Math. 
Theor. 43(2010) 255201(llpp). 

7. H. Y. Lee, N. S. Jung, J. Y. Kang, C. S. Ryoo, Some identities on the higher-order-twisted 
g-Euler numbers and polynomials with weight a, Adv. Difference Equ., 2012:21(2012), 10pp. 

8. E.-J. Moon, S.-H. Rim, J.-H. Jin, S.-J. Lee, On the symmetric properties of higher-order 
twisted (/-Euler numbers and polynomials, Adv. Difference Equ., 2010, Art ID 765259, 8pp. 

9. H. Ozden, Y. Simsek, I. N. Cangul, Euler polynomials associated with p-adic (/-Euler measure, 
Gen. Math., 15(2007), 24-37. 

10. C. S. Ryoo, On the generalized Barnes type multiple (/-Euler polynomials twisted by ramified 
roots of unity, Proc. Jangjeon Math. Soc. 13(2010), 255-263. 

11. C. S. Ryoo, A note on the weighted (/-Euler numbers and polynomials, Adv. Stud. Contemp. 
Math., 21(2011), 47-54. 

12. Y. Simsek, (/-analogue of twisted /-series and (/-twisted Euler numbers, Journal of Number 
Theory, 110(2005), 267-278. 

13. Y. Simsek, Twisted (h, (/(-Bernoulli numbers and polynomials related to twisted (h, q )- zeta 
function and L-function, J. Math. Anal. Appl., 324(2006), 790-804. 


830 


C. S. Ryoo 825-830 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


UMBRAL CALCULUS ASSOCIATED WITH NEW DEGENERATE 
BERNOULLI POLYNOMIALS 

DAE SAN KIM, TAEKYUN KIM, AND JONG-JIN SEO 


Abstract. In this paper, we introduce new degenerate Bernoulli polynomi- 
als which are derived from umbral calculus and investigate some interesting 
properties of those polynomials. 


1. Introduction 

The Bernoulli polynomials are defined by the generating function 

j. 00 in 

(1.1) = (see [1-14]). 

n=0 

When x = 0, B„ = B n (0) are called the ordinary Bernoulli numbers. From (1.1), 
we note that 

(1.2) (n>0), (see [13]). 

Thus, by (1.2), we get 

(1.3) ^ B n ( x ) = nB„_i (x) , (nsN). 

In [2], L. Carlitz introduced the degenerate Bernoulli polynomials which are 
given by the generating function 

t x ^ oc ‘ fn 

(1.4) £ (1 + At)* = "^Pnix I A) — . 

When x = 0, (3 n (0 | A) = p n (A) are called Carlitz’s degenerate Bernoulli num- 
bers (see [2]). 

Thus, by (1.4), we get 

(1.5) P n (x | A) = (^j Pi (A) (x | A) n _, , (n > 0) , 

where (x | A) = x (x — A) • • • (x — A (n — 1)). 

Let C be the field of complex numbers and let T be the set of all formal power 
series in the variable t, over C with 

{ °o ,/. 

/(*) = 

k = 0 


2010 Mathematics Subject Classification. 11B83, 11B75, 05A19, 05A40. 

Key words and phrases. Degenerate Bernoulli polynomial, Higher-order degenerate Bernoulli 
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Let P = C [a;] and P* denotes the vector space of all linear functionals on P. The 
action of the linear functional L £ P* on a polynomial p (x) is denoted by ( L\ p (x)), 
and linearly extended as (cL + c'L'\p{x )) = c ( L\ p (x)) +c' (L'\ p (x)}, where c and 

<feC. 

For f (t) = afc M G Py w e define a linear functional on P by setting 

(1.6) {f(t)\x n ) = a„ 

for all n > 0, (see [1, 5, 13]). 

Thus, by (1.6), we get 

(1.7) (t k \ x n ) = n\Sn tk , (n,k> 0) , (see [7, 13]), 
where S n ^ is the Kronecker’s symbol. 

Let f L ( t ) = T,Zo(L\ xk ) M- Tlien we liave (/t Wl®") = ( L \ x n ) (n > 0). The 
mapping L i— >• f L (t) is a vector space isomorphism from P* onto T . Henceforth, 
T will denote both the algebra of formal power series in t and the vector space of 
all linear functionals on P, and so an element / (t) of T will be thought of as both 
a formal power seires and a linear functional. We shall call T the umbral algebra. 
The umbral calculus is the study of umbral algebra and can be also desribed as a 
systematic study of the class of Sheffer sequences. The order o (/) of the non-zero 
power series / (t) is the smallest integer k for which the coefficient of t k does not 
vanish (see [12, 13]). 

For f (t) ,g ( t ) £ T with o (/) = 1 and o ( g ) = 0, there exists a unique sequence 
s n (x) of polynomials such that 

(s (7) / s n (£)) = n'$n,k, (n, k> 0) . 

The sequence s n (x) is called the Sheffer sequence for ( g ( t ) ,/(<)) which is de- 
noted by s n (x) ~ ( g (t ) , / (<))( see [10, 13]). 

Let / (t) £ T and p (x) £ P. Then by (1.7), we get 

(1.8) (e yt \ p(x))=p{y), {f(t)g(t)\p(x)) = {g(t)\f(t)p(x)}, 

and 

OO OO 

(1.9) f(t) = '52(f{t)\x k )—, p(x) =J2( tk \p( x ))-j^’ (see [13]). 

k—0 ' k = 0 

By (1.9), we easily get 

(1.10) P {k Ho) = (t k \p(x)) = (l\pW(x)), (k> 0), 

where p ^ (0) denotes the fc-th derivative of p (x) with respect to x at x = 0. 

From (1.10), we have 

(1.11) t k p{x)=p {k) (x). 

In [13], it is known that 

1 — °° fTi 

(1.12) SnW~(sW,/(t)) — — — e x/(t) = ^Sn(z) — , 

9 (fit)) n! 

where / (t) is the compositional inverse of / (t) such that / (/ (t)) = f (/ (t)) = t. 
From (1.7), we can easily derive 

(1.13) e yt p (x) = p (x + y ) , where p {x) £ P = C [x] . 
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For p (x) £ P, we have 

V ^) = j p{u)du, {f (t)\xp(x)) = {d t f (t)\p(x)) . 

Let /i (t) , h (t) , ■ ■ • , fm (t) £ T. Then we have 
(1.14) </i(t)/ 2 (t)---/ m (t)K>= W. ” )(fi(t)\x i ')...(f m (t)\x i ™) 

\^ 1 5 • • • 5 *"m J 

where the sum is over all nonnegative integers such that i i + - • ■ + i m = n. 

In this paper, we introduce new degenerate Bernoulli polynomials which are 
different Carlitz’s degenerate Bernoulli polynomials and investigate some interesting 
properties of those polynomials. 



(2.1) 


2. UMBRAL CALCULUS AND DEGENERATE BERNOULLI POLYNOMIALS 
From (1.1) and (1.13), we have 

e* — 1 


B n (x) 


t 


,t , (n > 0) . 


Now, we introduce the new degenerate Bernoulli polynomials which are derived 
from Slieff er sequence as follows: 


(2.2) 


/3n, A (x) 


(1 + Af) A - 1 


t 


,t , (n > 0) . 


From (1.12) and (2.2), we have 


(2.3) 


Y Pn,\ ( X ) -j- = 

z ' n\ 


n— 0 


(1 + At)* - 1 


When x = 0, f3 n} \ = /3 nt \ (0) are called the degenerate Bernoulli numbers. 
Note that 


(2.4) 


Y lim fi n X (x) -r = lim i < 

n! A_> ' 0 (1 + At)* — 1 
t 


e l — 1 


= Y Bn ( x ) 


n—0 


n\ 


Thus, by (2.4), we get 
(2.5) 

From (2.3), we have 


lim f} nX (x) = B n ( x ) , (n > 0) . 

A— >0 


( 2 . 6 ) 




n—0 


< 1=0 
oo / n 


Vm-0 


-£ £ K 


n—0 \l=0 


,\ x 


i—l 


n\ 


833 


DAE SAN KIM et al 831-840 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


DAE SAN KIM, TAEKYUN KIM, AND JONG-JIN SEO 

Thus, by (2.6), we get 


Pn,\{x) = l , (n > 0) , 


and 

(2.7) 


d 

dx 


Pn,x ( x ) = (^j Pi, x (n-l): 


,71— l— 1 


= n Y J 

1=0 

= np n - 1,A (x) . 


n — 1 

l 


Pl,\X 


n—l—l 


(2.8) 

and 


From (1.11) and (2.3), we have 

t 


(1 + At) » - 1 


= Pn,X (x ) , (n > 0) . 


(2.9) (x) = -j-Pn, \ (x) = npn- 1,A (a) , (n > 1) . 

Thus, by (2.8) and (2.9), we get 
r%+y 

(2.10) 


1 


rx-ty 

/ /3„,a (u) rfu 

J X 

~ {Pn+ 1,A {x + y)~ P n+ 1,A (#)} 
Pn,X (x) 


n ■ 
e yt - 1 


— ^ , , t k 1 p n ,X ( X ) . 


fc=l 


fc! 


From (2.9), we have 


( 2 . 11 ) 


Pn (x) = t { — Pn+l,X (x) ^ . 

1 n + 1 1 


(2.12) 


Thus, by (2.11), we get 
e yt - 1 


t 


Pn,x (x)^ = ^ e yt - l| ^y^n+l,A 
rv 

= / /?n,A («) du. 

J 0 

Therefore, by (2.12), we obtain the following theorem. 
Theorem 1. For n > 0, we have 
e yt - 1 1 


t 


Pn,X (x)^ = J P n ,X (u) dll. 


834 


DAE SAN KIM et al 831-840 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


UMBRAL CALCULUS ASSOCIATED WITH NEW DEGENERATE BERNOULLI POLYNOMIALS 


For reN, the degenerate Bernoulli polynomials of order r are defined by the 
generating function 


(2.13) 


t 


. (1 + At) A - 1 , 


= £/£!( 


n — 0 


r 


n\ 


When x = 0, (0) are called the higher order degenerate Bernoulli 

numbers. 

Indeed, lim A ^. 0 Pn\ ( x ) = Bn'* ( x ), where Bn * (x) are the higher-order Bernoulli 
polynomials which are defined by the generating function 


e t — 1 


= E B i r) (*) 


n = 0 


From (2.13), we have 
(2.14) 


and 

(2.15) 


Pn,\ ( X ) = E (?) (« > °) > 

z=o ' ' 

-jZPn,{ ( * ) = E (?) (» - 0 *' 

/— n \ / 


n—l—1 


1 = 0 
71—1 

= n E 

z=o 


n — 1 




= n @i r -iA W 

By (2.8) and (2.13), we easily get 

( 2 - 16 ) = E 


n 

ll J * • • 5 ll 


Ai,A ‘ * * /?Z r , A- 


Z i — |— - - - — (— Z — 71 

Thus, by (2.14) and (2.16), we see that (3^ \ ( x ) is a rnonic polynomial of degree 
n with coefficients in Q (A). 

From (2.14) and (2.15), we can derive 

rx-\-y -| 

(2- 17 ) J Pn\ ( u ) du = {^n+l.A ( x + y) ~ Pull , A (*) } 

p3/ 4 — 1 , > 

= —j—Pn\ ( * ) ' 

If s n (x) ~ (5 (t) , t), then s n (x) is called an Appell sequence. 

From (1.12) and (2.13), we have 


(2.18) 


Pni ( * ) 


(1 + At) * - 1 


, t , (n> 0) . 


Thus, by (2.18), we note that /3^ \ (x) is the Appell sequence for f F+ A *) A . 
From (2.18), we have 


V 


(2.19) 


— + -) fin,l( x ) ~ (M), X n ~(l,t), (n > 0) . 
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Thus, by (2.19), we get 
(2.20) x- = 


< {1 + XtrX -) (n> 0). 


V 


t 


We observe that 


( 2 . 21 ) 


= A log(l+At) _ ^ 
1 oo 

= - r \J2S2(l,r)\ 


l=r 

oo 


-;(l0g(l + At)) ; 
l\ 

1 


= ¥ r\Y,S 2 (l + r,r)\~V +r) — -y(Z + r)! £ Si(n,Z + r) 

1=0 \ )• n=/+r 

1 °° \n+r 

= — r!^S , 2 (; + r,r)A^ (/+r) ^S'i ( n + r,l+r ) 


X n t n 


1=0 
oo / n 


n=l 


(n + r)! 

1 \ t 


= E E^ + r.r)* (n + r ,; + r)A -/ 

n=0 \i=n ' r J/ 

C) 


By (2.20) and (2.21), we get 

(2.22) 


= EE S 2(' + v)Si(n + r,/+r)A n (m > 0) . 

ri=0 1=0 V i" / 

Therefore, by (2.22), we obtain the following theorem. 

Theorem 2. For m > 0, we have 

( m ) 

i—l \n ) 


= ^^S 2 (I + r ir )S 1 ( tl + r,I + r) A”" 1 /AE.a (x) . 

n—0 l — 0 V r / 


where Si (m, n) and S 2 (m, n) are the Stirling numbers of the first kind and of the 
second kind defined by 


( x) n = ( n,l)x l 

1=0 
n 

x n = ^2 S 2 (n, l) (x) 
1—0 

From (1.11) and (2.18), we have 


1 • 


(2.23) 

<i 0 

and 


(2.24) 

/ e yt - 1 

( « 


Pni ( * = (^ vt - 1| n ^y4+i,A (*)^ 
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rv 


= [ Pn\ ( U )du. 

Jo 


Moreover, 

(2-25) 


,(1 + At) s -1, 


= V 

n =if?. + ir Vi >••■>*»■/ \ (i + At)* -1 


(i + At)* - i 


and 

(2.26) 


Pn,\ = 


t 


, (n > 0) . 


(1 + At)* - 1| 

Therefore, by (2.24), (2.25) and (2.26), we obtain the following theorem. 
Theorem 3. For n > 0, we have 
e yt - 1 1 


t 


Pn\i X )j= Pn\( U ) du > 


and 


C= E 


n=i iH 1 -i r 


n 

ii , . . . , i 7 




Let P„ = {p (x) £ C [x]| degp (x) < n} , (n > 0). For p(x) £ P„, we assume 
that 


fc= o 


(2.27) p (x) = ^ bk/3k,\ (x) . 
From (2.2), we have 

(2.28) 


(1 + At)* -1 ^ 


/3 n ,\ ( x ) ) = n\5„ tk , (n, k > 0) . 


Thus, by (2.27) and (2.28), we get 
(2.29) 


(1 + A*)* ~ V 


i>w =EM (1 + A f ~ l f * 


1=0 


Pi, a (a;) 


= Y, b i l 'Ak = h'.b k . 


;=o 


Hence, 

(2.30) 


1/(1 + At)* — l fc 
&fc - jfe! \ t * 


1 / (1 + At) * - 1 
k\ \ 


t 


P(*)j 

\ 

p w (x) 


where p ( x ) = ^p(x). 

Therefore, by (2.27) and (2.30), we obtain the following theorem. 
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Theorem 4. Let p(x) £ P n . Then we have 

n 

P ( x ) = b k/ 3 k,\ (x) 


1 / (1 + At)* - 1 


p (fc) Or) . 


Let p (x) £ P„ with p ( x ) = (ar). Then, we have 

• 31 ) P (k) ( * ) = f -jz) Pnl (*) = fc! (Y) /^n-fc.A (*) 


Let us assume that 


P 0) = Pnl 0) = b kPk,\ {X) . 


Then, by Theorem 5, we get 


p w (a:) 


0 (^ 1 ^ w ) 


^n\ / (1 + At) * — 1 
vfc/ \ t 


(1 + At)* - 1 


(1 + At)* - 1 


Pn-k, A- 


Therefore, by (2.32) and (2.33), we obtain the following theorem. 
Theorem 5. For r £ N and n > 0, we have 


Pn?\ ( * ) = ^ Pn-£\Pk,\ (x) . 

h—r \ ' 


Let p (a;) G P n with p (a;) = £fc=o (*)• B y ( 2 -!8), we get 


(l + At^-lV 


p(z))=E 6 * 


W / / (1 + AY) ^ 1 


t k til {x) 


= Y. b i r)nSi ’ k = fc!6 fc r) - 
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Thus, by (2.34), we get 


(2.35) 


(r) _ 1 / ( (1 + Ai)* — 1 


b y ’ - — 
k - k\ 


p{x)) . 


Theorem 6. For p{x) £ P n , we have 

n 

p(x) = J2 b k } ^ki ( a ’) > 

where 


k — o 


(r) _ I / ( (1 + A k 
t 


b v 1 - — 
k ~ k\ 


i / ( (i + xty -i 

k\ \ t 


P(x) 

/ 

\ 

p (fe) (x) 


where p ^ (x) = p{x). 
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Regularization Smoothing Approximation of Fuzzy Parametric 
Variational Inequality Constrained Stochastic Optimization 

Heng-you Lan 

Department of Mathematics, Sichuan University of Science & Engineering, 

Zigong, Sichuan 643000, PR China 
E-mail: hengyoulan@163.com 

Abstract. This work is motivated by the fact that very little is known about the 
fuzzy parametric variational inequalities constrained stochastic optimization prob- 
lems in finite dimension real numeral spaces, which are studied more difficult be- 
cause of the existence of random variable and fuzzified version. Based on the notion 
of quasi-Monte Carlo estimate and method of centres with entropic regularization, 
we develop a class of new regularization smoothing approximation approaches to 
discretize the stochastic optimization problem with continuous random variable, 
and construct a centre iterative algorithm for approximating the optimal solution- 
s of the stochastic optimization problems. Further, we give some comprehensive 
convergence theorems of optimal solutions for the resulting optimization problem. 

Finally, a numerical illustration is analyzed. 

Key Words and Phrases. Regularization smoothing approximation, fuzzy para- 
metric variational inequality, Stochastic optimization problem, centre iterative al- 
gorithm with quasi-Monte Carlo estimate, comprehensive convergence. 

AMS Subject Classification. 49J40, 65K05, 90C30, 90C33 

1 Introduction 


As all we know, mathematical program with equilibrium constraints is a constrained optimization 
problem in which the essential constraints are defined by a parametric variational inequality. This 
class of problems can be regarded as a generalization of a bilevel programming problem and it 
therefore plays an important role in many fields such as transportation, communication networks, 
structural mechanics, economic equilibrium, multilevel game, and mathematical programming itself. 
See, for example, [1-7] and the reference therein. Moreover, in order to describe the uncertainties, 
Monica [5] considered the Bochner integrability setting, a measure space of indices and use random 
fuzzy mappings, and presented random fixed point theorems with random fuzzy mappings, extensions 
of the ones with random data. 

In this paper, we study approximation of optimal solutions for the following fuzzy parametric 
variational inequality constrained stochastic optimization problem in n-dimension real numeral set 
R": 

min E u [f(x,y(u)),w)\ 
x,y{-) 

s.t. x G U C R n , n i) 

y(w) £ C{x,uj) 

{F{x,y{w),<jj),z(w) — y{to)) ^ 0, for all z(u) £ C(x,w) and a.e. u £ fl, 

where E u denotes the mathematical expectation with respect to the random variable to £ fl on 
probability space (fl, A, T), f : R” +m x II — > R and F : R n+m x Ul — > R m are two nonlinear random 
functions, C : R" x Ul — > 2 R is a multi-valued random function, (F(x, y{oj), u), z(u>) — y(u>)) ^ 0 are 
fuzzy inequalities (also called fuzzy stochastic variational inequality problems, in short, VI^), “ ^ ” 
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denotes the fuzzified version of “>” with the linguistic interpretation “approximately greater than 
or equal to”, and “a.e.” is the abbreviation for almost everywhere”. 

Remark 1.1. Problem (1.1) is brand new in the literature including and can be thought as 
a generalized version of some problems, includes a number of stochastic mathematical program 
with equilibrium constraints (SMPEC), mathematical programs with fuzzy equilibrium constraints 
(MPFEC) mathematical program with equilibrium constraints (MPEC) and mathematical program 
with complementarity constraints (MPCC) have been studied by many authors as special cases. See, 
for example, [1-4, 6, 8-14] and the references therein, and the following examples. 

Example 1.1 If fi is a singleton, then problem (1.1) reduces to the following MPFEC: 

min g(x,u) 

s.t. x £ U, (1.2) 

u solves VI (G(x, •), D(x)), 

where g : R” +m — » M and G : ]R” +m ^— > R m is a continuously differentiable function, D : R" — > 2 R ™ is 
a set valued function, and u solves VI{G{ x, •), D(x)) if and only if u £ D(x) and (G(x, u),z — u) ^ 0 
for all z £ D(x). Problem (1.2) was introduced and studied by Hu and Liu [12] and Lan et al. 
[13]. Moreover, Hu and Liu [12] pointed out “although a powerful theory has been developed for 
variational inequalities, the parameterized setting in MPEC makes these problems very difficult to 
solve, and due to the vagueness involved in real world problems, the MPEC problem in a fuzzy 
environment becomes an important problem both in theory and in practice”, and “problem (1.2) 
is a constrained optimization problem whose constraints include some fuzzy parametric variational 
inequalities. 

In 2013, inspired by the works of Hu and Liu [12] and other researchers, Lan et al. [13] constructed 
an iterative algorithm for finding a solution of a class of mathematical program problems with fuzzy 
parametric variational inequality constraints by using a new smoothing approach based on a version 
of the method of centres with entropic regularization techniques. In fact, the tolerance approach and 
entropic regularization technique have been successfully proposed in solving various problems, which 
are important numerical methods for solving fuzzy variational inequalities in a fuzzy environment 
and nonlinear semi-infinite programming problems. See, for example, [3, 8, 14-21] and the references 
therein. 

Example 1.2. Since a solution satisfying a fuzzy inequality system to a membership degree 
close to 1 is a near optimal solution to the corresponding regular inequality problem [22], if y(ui) = v 
for all u) £ H and the degree for the fuzzy inequalities in (1.1) is close to 1, then problem (1.1) is 
equivalent to the following SMPEC: 

min E u [f(x,v,u)] 

s.t. x £ U, lo £ fl (1.3) 

v solves VI(F(x,-,oj),C(x,oj)), 

where VI(F( x, C(x,u>)) denotes the variational inequality problem defined by the pair (F(x, ■, 

uj),C(x,uj)) for all x £ 1” and w £ H. In 2003, Lin et al. [9] considered problem (1.3) and showed 
that SMPEC can be thought as a generalization of MPEC, and proposed a smoothing implicit 
programming method to establish a comprehensive convergence theory for the lower-level wait- 
and-see model. Further, there are many stochastic formulations of MPEC proposed in the recent 
discussions. For related works, we refer readers to [1, 3, 6, 8, 10, 11]. However, there has been very 
little study on applications of these theories and approaches to (1.1). 

Over years of development, optimization approaches have become one of the most promising 
techniques for engineering applications and an MPEC is a hard problem because its constraints 
fail to satisfy a standard constraint qualification at any feasible point [23]. However, since the 
existence of the random variable u> and the fuzzified version “ ^ ” mean that (1.1) involves multiple 
complementarity- type constraints, it is more difficult to solve problem (1.1) than to solve an ordinary 
MPCC, MPEC, MPFEC or SMPEC generally. Therefore, our focus in this paper is to develop a 
class of new regularization smoothing approximation approaches to define some parameters of the 
objective function fuzzy yielded by fuzzy constraints, and consider the approximation-solvability for 
an equivalent stochastic parametric optimization problem of problem (1.1). 
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Motivated and inspired by the above works, we shall give some preliminaries needed throughout 
the whole paper in Section 2. Specially, by using the notion of tolerance approach and the fuzzy set 
theory, we show that the fuzzy parametric variational inequality constrained stochastic optimization 
problem (1.1) and a fuzzy complementarity constrained optimization problem can be converted to a 
regular nonlinear parametric optimization problem. In Sections 3, we will construct a centre iterative 
algorithm and develop a class of new regularization smoothing approximation approach for solving 
the stochastic fuzzy optimization based on quasi-Monte Carlo estimate, and establish comprehensive 
convergence theorems of the solution. We also report some numerical simulation analysis results in 
Section 4. 


2 Preliminaries 


Throughout in this paper, we assumption that (fi, A, T) is a complete cr-fmite measure space and 
the probability measure T of our considered space T) is non-atomic. Let H(R m ) be the class 

of Borel cr-fields in R' m and P(U ) denote the power set of a vector space U . 

Definition 2.1. (i) A function y : fl — > R m is said to be measurable, if for any B £ H(R m ), 
{w £ fl : y(u) £ B} £ A). 

(ii) The multi-valued function T : fl — > P{U) is called said to be measurable, if for any B £ B(U), 
T _1 (B) = {to £fl : 'F(w) n B ^ 0} G A. 

(iii) A multi-valued random function $ : R" x fl — > 2 R is said to be measurable, if for any 
x £ R", $(x, •) is measurable. 

(iv) F : R" +m x ft — > R m is called a random and continuously differentiable function, when 
F(x,z,oj) = £(w) is measurable for any x £ R” and 2 £ R m , and F(-,-,uj ) is continuously differen- 
tiable for all oj £ fi. 

Definition 2.2. Let C,C* : R" x Q — > 2 R be two multi-valued random function. Then 

(i) C(x,lo) is said to be convex cone, if C(x, •) is convex cone for every x £ R n , that is, 

a u(') + P w {') £ C( x > •) f° r any positive scalars a, /? and all measurable function ?/(•), w(-) £ C(x,-); 

(ii) C*(x,co) is called polar (dual) cone of C(x,ui) C R m for x £ R" and w £ Cl, if C*(x,-) is 
polar (dual) cone for every x £ R", i.e. 

(£, v{-)) >0 £ R m and for each measurable function zz(-) £ C{x, •). 

In other words, the polar (dual) cone C*(x,u>) can be expressed as follows: 

C*(x,u) = {£ £ R m || (£, > 0 Vi/(w) £ C(x,u>)} . 

Definition 2.3. Let a > 0 and <; > 0 be constants, a function M : R ra —> R m is said to be 
Holder continuous on K C R m with order a and Holder constant c if 

|| M(u) — M(v ) || < c||w — T’|| <7 , Vu,n £ K. 


holds for all u and v in K. 

Remark 2.1. If a = 1, then the definition of Holder continuity reduces to definition of Lipschitz 
continuity. We note that for two different positive numbers er and cr / , Holder continuous functions 
with order a and those with order a' constitute different subclasses. For example, the function 
M(u) := ylNI for all u £ K C R m is Holder continuous with order cr = f, but not Lipschitz 
continuous. 

In the sequel, we give some preparations needed later to approximating the optimal solutions 
of problem (1.1). First, we propose discretization of the stochastic objective function in (1.1) with 
continuous random variable. 
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Lemma 2.1. Let £ : Cl — i ► [0, +oo) be the continuous probability density function of oj . Then 
the objective function in (1.1) can be represented as 

^(/(^l/(w),w) = (2.1) 

uj£Q,l 

where 1 II '■= {wi, u> 2 , • • • , wi} is a uniformly distributed sample set from Cl. 

Proof. Let Cl be a sample space, which is usually denoted using set notation, and the possible 
outcomes are listed as elements in the set. If Cl is unbounded, under some mild conditions, we can 
approximate the problem by a sequence of programs with bounded sampling spaces (see [11]) for 
more details. In the sequel, let Cl be a bounded rectangle. In particular, without loss of generality, 
we assume that Cl = [0, 1] K . Let ^ [0, +oo) be the continuous probability density function of 

to. Then the objective function in (1.1) can be represented as 

Eu,(f{x,y(u),u) = / f(x,y(u),uj)({uj)du). 

Jn 

Based on quasi-Monte Carlo method in [24], now we estimate numerical integration to the ob- 
jective function in problem (1.1). Roughly speaking, given a function 4> : Cl — > R, the quasi- 
Monte Carlo estimate for E u [4>(u})] is obtained by taking a uniformly distributed sample set CIl := 
(wi, u> 2 , ■ • ■ ,wl} from Cl and letting ^[^(w)] ~ < /'( w )- This implies that (2.1) holds. □ 

Next, we consider the random membership functions of each fuzzy stochastic inequality and 
stochastic fuzzy objective yielded by the fuzzy constraints in (1.1). 

Let the membership function for each fuzzy stochastic inequality (F(x, y(cu),uj), z — y(oj)) ^ 0 as 
follows: for all x £ R” and any 2 £ C(x,oj), 

( 1, if(F(x,y(w),u),z-y(u))> 0, 

2 /M,w) = < ix z ((F(x,y(w),w),z-y{uj))), i{{F(x,y(w),w),z -y(w)) £ [~t z ,0), (2.2) 

[ 0, if{F(x,y(w),u),z-y(w)) < -t z , 

specify the degree to which the regular inequality {F(x, y(ui),ui), z—y(u>)) > 0 is satisfied, where Cl z is 
a fuzzy set actually determined by the fuzzy stochastic inequality in xCl,t z > 0 is the tolerance 

level which can be tolerated by decision makers in the accomplishment of the fuzzy stochastic 
inequality {F{x,y{w),w),z — y{w))^Q. We usually assume that y z ((F(x, y(u), oj), z — y{uj))) £ [0,1] 
and it is continuous and strictly increasing over [— t z ,0). Fig. 1 shows different shapes of such 
membership ft 
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Similarly, the random membership function of the objective, ^§ 0 {x, y(ui),ui), is defined as follows: 

( 1, if E u [f(x,y(w),u})\ < /, 

Ms 0 (z,?/M,w) = i no (E u [f(x,y(u),w)]), if E u [f(x,y(u}),u))\ £ [/,/), (2.3) 

[ 0, if E u [f(x,y(u)),w)\> f, 

where / and / are two parameters defined as follows: 

/ = min E u [f(x,y(uj),uj)] 

s.t. x £ U, oo £ Cl, (2.4) 

(F(x, y{uj), J),z- y(w )) >0, \/z £ C( x, u) 

and 

/ = min E u [f(x,y(w),u})\ 

s.t. x £ U, lo £ Cl, (2.5) 

(F(x, y(u>),u>), z — y(ui)) > -t z , \/z £ C(x, w). 

By [22, 25], one can know that studying such a problem (1.1) is related to finding “almost 
optimal” solutions for a general convex minimization problem (see also [13, 14, 17]). Thus, we 
extend the idea and have the following result. 

Lemma 2.2. Let C{x,u>) be a convex cone for all x £ R" and ui £ Cl. Then the problem VI u , 
i.e., finding y(ui) £ C(x,ui) such that 

{F(x,y(u),u),z(u)-y(uj)}^0, Vz(u) £ C(x,u), (2.6) 

is equivalent to the fuzzy complementarity problem of finding y(ui) £ R m such that 

y(u) £ C(x,w), {F(x,y(w),u}),y{u}))z 0, F(x,y(u}),u})tC*(x,w), (2.7) 

where denotes the fuzzified version of “=” with the linguistic interpretation “approximately 
equal to”, denotes the fuzzified version of with the linguistic interpretation “approximately 
in” and C*(x, w) is a polar (dual) cone of C(x,co) C R m for all i£l" and to £ Cl. 

Proof. We start by showing that problem (2.7)c problem (2.6). For any x £ R™ and ui £ Cl, 
suppose that y*(w) is a solution of problem (2.7), then we have 

(F(x,y*(u),u),y*(u))Z0 (2.8) 

and 

(F{x,y*(u),w), u(w))^0, Vi >(w) £ C(x,w). (2.9) 

Combining (2.8) and (2.9), we have (F(x,y*(u>),u>),v(u>) — y*(co))^0 for all v(u) £ C(x,u). Thus, 
y*(co) is also a solution of problem (2.6) for all u> € Cl. 

Now we show that problem (2.6) C problem (2.7). Let y*{ui) be the solution of problem (2.6) 
with the membership degree a £ [0, 1] for every oj £ Cl. According to the tolerance approach [15, 21], 
by (2.2), we have 

{F(x,y*(u}),u}),v(w)-y*(u}))>n^(a)>-t z , Vv(u) £ C{x, w), (2.10) 

where for all v(u>) £ C( x, u>) and any uj £ Cl, /rT 1 is the inverse functions of (x, •, u>) and t z > 0 is 
the tolerance level which a decision maker can tolerate in the accomplishment of the fuzzy inequality 
{F{x,y(w),uf),v{w) — y(ix)) ^ 0. Suppose that for t z > 0 and t z < 0, either 

(F(x,y*{u),u),y*{w)) > t z or (F(x,y*(w),u}),y*{u})) <t z 

is true. For any xet" and each u £ Cl, since C(x, w) is a convex cone, we have {F(x, y* (u) , u) , y*{co)) > 
t z > 0 when v{ui) = \y*(u) with A > 1, and (F (x , y* (u>) , u>) , y* (u>)} < t z , when v(uj) = 0. If 
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(F(x,y*(uj),uj),y*(uj)) > t z for t z > 0 , This leads to a contradiction. If (F (x , y* ( oj) , cu) , y* (cu)) < t z 
for t z < 0, then t z <t z . There lies a contradiction. Therefore, 

t z < { F(x,y*(u),u),y*(uj )) < t z , 

for t z > 0 and t z < 0, that is, (F (x , y* ( lo) , uj) , y* ( oj)) Z 0- Furthermore, from (2.10), we have for any 
v(lo) £ C(x,tx), 


{F(x,y*(u),u),v{w)) > { F(x,y*(u),u),y*(u )) - t z > t z - t z . 

This implies that (F(x,y*(uj),uj),v(uj))^z0 for all u(w) £ C(x,oj). Hence, we have F{x, y*(uj), uj) £ 
C*(x,u). Therefore, y*(oj) for any w £ H is also a solution of problem (2.7). This completes the 
proof. □ 

Based on Lemma 2.2 and the work of [21], we have the following results. 

Lemma 2.3. Let C{x , w) is a convex cone with polar (dual) cone C* (x, u) for all ( [x , w) £ K" x 
and a be a new variable. Then the stochastic optimization problem (1.1) can eventually be expressed 
as the following regular semi- infinite optimization problem with finitely many variables x,y(oj),ix> 
and a: 

max a 

s.t. /j,§ o (x,y(u)),u)>a, 

Mq 2 (z,2/(w),w) > a, (2.11) 

(x,y(u)),u) £ S, 

0 < a < 1, 

where S = {(x, y(uj),uj) £ R" +m x fl| x £ U, w £ fi, F(x,y(cj),Lo) £ C*(x, w)}, and the random 
membership functions [ig o and are the same as in (2.3) and (2.2), respectively. 

Proof. It follows from Lemma 2.1 that, in order to find a solution to the stochastic optimization 
problem (1.1) with C\x,u>) being a convex cone for ( x,u> ) £ K" x H, we should consider the following 
stochastic fuzzy complementarity constrained optimization problem: 

min E u [f{x,y{u),u)\ 

S.t. X £ U, u £ H, y(u) £ C(x,u>), , , 

{F(x,y(u)),u),y(u))Z 0, 

F{x,y{u}),ix)tC*(x,uj). 


Since a global minimum is often required for practical problems, by the work of [21] and the descrip- 
tion of the fuzzy stochastic inequalities (2.6), and a solution of problem (2.12) can be taken as the 
solution with the highest membership in the fuzzy decision set and eventually obtained by solving 
the following regular nonlinear parametric optimization problem: 

max minj/zj (x,y(u),uj), (x,y(u),uj)} , 

(x,y(uj),w)£S 

which implies that the result holds for the new variable a. □ 

Remark 2.2. Moreover, if the membership functions y,g o and in Lemma 2.3 are invertible, 
then from (2.11), we get 

max a 

s.t. (x,y(u),u) 0 > fi§*(a), 

(x,y(uj),uj) c * > y^(a), (2-13) 

(x,y(u),u) £ S, 

0 < a < 1, 

where (x,y(ui),ui ) o and {x,y(u>),u>)c* can be followed by (2.3) and (2.2), respectively. 
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3 Regularization smoothing approximation algorithms 


In this section, based on the “method of centres” with entropic regularization, we develop a class 
of new smoothing approach and construct a centre iterative algorithm for solving the stochastic 
fuzzy optimization (1.1), and give the solution theorems. 

In the sequel, we first give the following assumption (He) for convenience: Define 

C(x,co) := (u(w) £ R m | D(x)v(lj) > 0, D(x) = [d;( x)] is an l x nn , . 

matrix, di(x) is theith row of D{x), Vi = 1,2,--- , Z}. ' ' ' 

STEP I. The random membership function of the fuzzy stochastic inequalities in (1.1) can be 
specified under condition (He). 

From (3.1), it is easy to see that the multi-valued operator C(x,u>) is a convex cone for any 
(x,oj) £ R” x Cl, and can be shown that F(x,y(oj),u) £ C*(x,u>) if and only if there exists a 
nonnegative random vector r(u) = (ri(w), 7*2(0;), • • • ,ri(oj)) T £ R l such that 

F(x,y(u>),u>) = r 1 (u)d{{ x) + r 2 (w)d^(a;) H h ri(ui)df (x) = D T {x)r{u), (3.2) 

that is, for every i = 1, 2, • • • ,1, d' i (x)F(x, y(w), w) > 0, where d'^x) is normal to di{x) (see [17, 26]). 

It follows that the fuzzy stochastic optimization problem (2.12) can be rewritten as the following 
generalized stochastic optimization problem with fuzzy stochastic inequality constraints: 

min E u [f(x,y(w),w)\ 
s.t. x £ U, 00 £ fl, 

di(x)y(w) > 0, i = 1, 2, - - • ,1, , . 

(F(x,y(u),u),y(u))^ 0, 

(-F(x,y(u),uj),y(uj))^0, 
d'i(x)F(x,y(u),u)^ 0, * = 1,2,--- ,1, 


and each fuzzy stochastic inequality in (3.3) can be represented by a fuzzy set Sj (i.e. , represent 
of Q z in (2.11) or (2.13)) with corresponding random membership function :,y(ui),ui) for j = 
1, 2, • • • , l + 2. To specify the membership functions y,§. , j = 1, 2, • • • ,1 + 2, similar treatment to 
(2.2), we define the membership functions as follows: 


/bs 2 (ab2/M,w) = 


1, 

di{{F{x,y{u),u),y(u))), 

0 , 

1 , 

7*2 ((-F(x,y(u),uj),y(uj))) 

0 , 

1 , 

Mi+2 (d'iF(x,y(uj),u>)), 

0 , 


ti(F(x,y(u),u),y(uj)) > 0, 
if {F{x,y(cj),u),y(u)) £ [— *i, 0), 
if {F{x,y(u),u;),y(uj)) < -t lt 

tf{-F(x,y(w),u),y(u)) > 0, 
if (-F(x,y(u),u),y(u)) £ [— 0), 
if (-F(x,y(u),u),y(u)) < -t 2 , 
if diF{x,y(<jj),u]) > 0, 
ifd'iF(x,y(w),uj) £ [-t i+2 ,0), 
i{d' t F(x,y(uj),uj) < -t i+2 , 


(3.4) 


where ij + 2 > 0 for i = 1, 2, • • ■ , l, is the tolerance level which one decision maker can tolerate in the 
accomplishment of the fuzzy stochastic inequalities in (3.3). 

STEP II. Discrete approximation of problem (1.1) with condition (He) need to be given. 

By Lemma 2.1 and STEP I, we have the following problem as an appropriate discrete approxi- 
mation of problem (3.3): 

min l f(x,y(u)),u])((cj) 
s.t. x £ U C R", u! £ Vl L , 

di{x)y(u) > 0,i = i, 2, - - - ,1, (3.5) 

(F(x,y(u),u),y(u))^0, 

{-F{x,y(u),uj),y(uj)}^ 0, 
d' l (x)F(x,y(u),uj)^0, * = 1,2,--- , l . 
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We note that the sample set Ql is chosen to be asymptotically dense in fi. Especially, it follows 
from (2.4), (2.5) and (3.5) that the appropriate discrete approximation of two parameter / and / 
can be shown as follows, respectively: 

/ = min \ £ f(x,y(oj),oj) CM 

L 

s.t. x e u c R n , oj £ n L , 

di(x)y{<jj) > 0, i = 1,2, ••• , 1 , (3.6) 

{F(x,y(u),u),y(w)) > 0, 

{-F(x,y(w),w),y(w)) > 0, 
d'i(x)F(x, y(oj),oj) > 0 , i = 1 , 2 , ••• ,1 

and 

/ = min l X f(x,y(u),u)C{u) 

S.t. X £ U C K", OJ £ 

di(x)y(u) > 0 , i = 1 , 2 , - - • , 1 , ( 3 . 7 ) 

(F(x,y(u),u)),y(u)) > -t lt 
{~F{x,y(oj),oj),y(oj)) > -t 2 , 
d' i {x)F{x,y{oj),oj) > -t i+ 2 , » = 1,2,--* ,Z. 

STEP III. A new centre iterative method for solving problem (3.8) should be adopt. 

It follows from (2.13), (2.3) and (3.4)-(3.7) that an optimal solution of the stochastic optimization 
problem (1.1) can be obtained by approximating for the following stochastic parametric optimization 
problem: 

max a 

s.t. a )-i X) f(x,y(u),u)t(u)>0, 

0 n L 

^( a ) - {F(x,y{u),u),y(u)) > 0, 

< ^(a) + (F(x,y(u}),u),y(u})) >0, (3.8) 

-/^(a) +d , j _ 2 F(x,y(uj),uj) >0, j = 3, 4, •••,/ + 2, 

di(x)y(u>) > 0 , i = 1,2, ••• , 1 , 

0 < a < 1 , x € U, oj G Ql. 

It is interested in developing an efficient algorithm to solve (3.8) based on a framework of centre 
iterations. This iterative approach can be traced back to Huard’s work [28]. The basic concepts are 
easy to understand and very adaptive to new developments. To describe the approach, we denote 
the feasible domain of (3.8) by a set V and define some terminologies. A general assumption for 
this approach is that V is bounded and convex, and the interior of V is nonempty. 

Definition 3.1 For any given point {x,y{oj),oj,a) in the convex domain V, we define the “dis- 
tance C of (x,y(oj),oj,a) to the boundary of V” by a continuous function 

£((x,y(v),uj,a),V) = min {a, 1 - a, n^(a) - - V f(x,y(oj),oj)({oj), 

i=l ,2, • ,1 l *0 L Z ' 

J=3,4, • ■ ■ ,1+2 

V§l( a ) - {F{x,y{uj),oj),y(oj)),y-^(a) + {F(x,y{o;),oj),y{oj)), 
-lx^ 1 (a) + d' j „ 2 F(x,y(oj),oj), d,(ai)y(w)|. 

Definition 3.2 Let a distance function £((x,y(oj),oj,a),V) be defined on a convex domain V. 
Then a point (x,y(ui),oj,a) £ V is called the “centre of V" , if it maximizes the distance function 
£{(x,y(oj),u,a),V), i.e., 

(x,y(oj),uj,a) : £((x,y(oj),oj,a),V) = max {£({x, y{oj), oj, a), P)| (x, y{oj),oj,a) £ V} . 

Thus, a new centre iterative method for problem (3.8) could be described as follows. 
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Algorithm 3.1. Step 1. Taking a point (x k , y k (w) , u , a k ) in V, then we consider the distance 
C in convex domain W k = V IT {(x,y(u>),u>,a)\a > a k }. 

Step 2. Solving the maximal problem max{£((x, y(u>), u>, a), W k )\ (x, y{ui), to, a) € W k } and 
denoting the new iterative point (x k+1 , y k+1 (ix) , ix , a k+1 ) as a centre of W k , then we have 

(*' k+ \y k+1 {x),x,a k+1 ) : 

C((x k+ 1 ,y k+ 1 (x),x,a k+ 1 ),W k ) = max{C((x,y(x),x,a), W k )\ (x,y(x),x,a) € W k }, 

where 

C{{x,y{x),x,oi),W k ) = . = min ; |a - a k , a, 1 - a, ~ ^ ^ f(x,y(x),x)C(x), 

3=3,4, '-. ,1+2 ugfij, 

/*§*(«) - ( F(x,y(u),x),y(x )}, P^(a) + {F(x,y{x),x),y(x)), 
-Vgji®) + dj- 2 F(x,y(u)),u)), di(x)y(u;) J 

is the distance function defined on the convex domain W k . 

Step 3. Start working again with (x fc+1 , y k+1 (x), x, a k+1 ) instead of (x k , y k (x) , x , a k ) and go to 
Step 1. 

It follows from the properties introduced in [28, Lemma 2.2] and Algorithm 3.1 that the major 
computational work lies in the determination of the centres required, i.e. , at the fcth iteration, the 
following “min-max problem” should be solved: 

— min £((x,y(x),x,a),W k ) = min max i=i 2 ... i < a k — a, — a, a — 1, 

x,y(u),u,a x,y(u>),u,a 3=3,4,- ■ , 1+2 L 

Z E f{x,y(x),x) ((w)-/i^(a), 

wen L 0 

{F(x,y(x),x),y(x)) - n^(a), ( 3 - 9 ) 

-{F{x,y(w),w),y(w)) - /^(a), 

-d' J _ 2 F(x,y(x),x) + y^(a), -d,(x)?/(w)}. 

STEP IV A class of new regularization smoothing approximation algorithms is developed under 
condition (He). 

Since the maximal membership function (see [12]) in the “min-max” problem (3.9) is non- 
differentiability, it is easy to see that one major difficulty encountered is to develop a class of 
new smoothing approximation methods, which are based on the notion of newly proposed “entropic 
regularization procedure” (see [18]). 

Algorithm 3.2. 

Step 1. Set k = 0, give the initial iterate (x°, y°(x),x, a 0 ) which is an interior point of V defined 
by (3.8), a sufficiently small constant e > 0, and an upper bound Q which is the maximum number 
of unconstrained minimizations to be performed. 

Step 2. Starting from (x k ,y k (x),x,a k ), apply a standard quasi-Newton fine search of MAT- 
LAB software to solve the unconstrained smooth convex program (3.6), (3.7) and the following 
unconstrained smooth convex program: 


— min 

x,y(uj), u,<y. 

= I In 

7 


£7 i{x,y(u),u,a),W k ) 


| exp[y(a fe — a)] + exp[q(— a)] + exp[q(a — 1)] 

+ exp[q(r E f{x,y{x),x ) CM - /^(a))] 
uen L 0 

+ exp[ 7 ((F(x, y(x),x), y{x)) - /^(a))] 

+ exp[q {-(F(x,y(x),x),y(x)) - /^(a))] 
;+2 

+ E exp[ 7 (-d'_ 2 F(a;,|/(w),w)+^ 1 (a))] 

3 = 3 3 

l 3 


E exp[7(-di(x 


(3.10) 
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with a sufficiently large 7 . Denote its solution by (x k+1 , y k+1 (to ) , u > , a k+1 ) in the light of Algorithm 
3.1. 

Step 3. If k > 1 and || (x k+1 , y k+1 (lu) , ui , a k+1 ) — (x k , y k ( lu) , lu , a k ) H 2 < e, then the computation 
terminates with (x k+1 , y k+1 (w) , u > , a k+1 ) as the solution. If k > Q, then the computation terminates 
with a failure. 

Step 4. k <— k + 1 and go to Step 2. 

From Algorithm 3.2, it follows that min a , i j / ( u) ) a)>Q C 1 {{x, y(oj), ui, a), Wk ) provides a centre of Wk, 
as 7 — > 00 . By using a moderately large 7 , we can obtain an accurate approximation. Also because of 
the special “log-exponential” form of £ 7 ((x, y(u>),u>, a), Wk), we can avoid most overflow problems in 
computation. Moreover, since problem (3.10) is an unconstrained, smooth, and convex optimization 
program, the commonly used solution methods, such as the quasi-Newton line search of MATLAB 
software, can be readily applied. 

Remark 3.1. We note that Algorithm 3.1 appears in Step 2 of Algorithm 3.2. It is the fuzzy 
constraints in (1.1) that yields a fuzzy objective. Hence, a class of new and interesting regularization 
smoothing approximation approaches must be chosen to define two parameters in (3.6) and (3.7), and 
to employ for solving problem (3.10) which is equivalent to the stochastic parametric optimization 
problem (3.8). 

STEP V Comprehensive convergence theorems based on Algorithm 3.2 should be proved. 

In the sequel, we first give the following lemmas and results. 

Lemma 3.1. Let the function ip : — »• R. be continuous. Then we have 

r lim y V = / ip(w)((u)duj. 

L ->°° L AT? -/n 


Proof. Taking N = L, I s = H, J = f II, Xi = w,; (z = 1, 2, - - • ) and / = ip(, then from the results 
(2.2) and (2.3) given in Chapter 2 of [24, pp. 13-14], the result holds. This completes the proof. □ 
Remark 3.2. By Lemma 3.1, we know immediately that 

lim j E /(A, 2 /M,w)CM = [ f(x,y(u),w)C(u)dw (3.11) 


and particularly, 



C( oj)duj = 1. 


(3.12) 


Lemma 3.2. If ip(x) is continuous, strictly increasing and linear over a convex set U in R", 
then its inverse ip- 1 is linear. 

Theorem 3.1. Suppose that condition (Her) holds, the set U C 1" is nonempty and bounded, 
F : R" +m x!!-> R m is continuously differentiable, and / : ]R n+m x H — ► R is Holder continuous in 
(x,y(-)) on U x R m with order a > 0 and Holder constant <;(u>) > 0 for all weUi satisfying 


/ c(w)dC( w ) < + 00 - 

Jn 

Then 

(i) problem (3.6) has at least one optimal solution when L is large enough; 

(ii) (x*,y*(-)) is an optimal solution of problem (2.4) when x* is an accumulation point of the 
sequence {x L } and y*(-) is defined by 

y*{oS):= max {— F(x*, 0, w), — d' i (x*)F(x*, 0, w), 0}, tv € Q. (3.13) 

i— 1 , 2 , — ,1 

Proof, (i) Let Fl be the feasible region of problem (3.6). It is not difficult to see that Fl is a 
nonempty and closed set and the objective function of problem (3.6) is bounded below on F] J . Thus, 
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there exists a sequence {(x k , y k (oo)) ue n L } C Fl such that 


1 


k^L /(^i/ fe M,w) CM 


cjG Q l 


inf, 7 


(*,»(«), U,) w6 o L L 


(3.14) 


It follows from the boundedness of U and the Holder continuity of / that the sequence {x k } and the 
function / are bounded. 

On the other hand, noting that (x k , y k {oo)) uie Q L £ f l for every k, we have 


0 < y k (co) J- - ^2 F (x k ,y k {u),u) C(w) > 0, 


(3.15) 


U)€l£Il 


where the symbol _L means the two vectors are perpendicular to each other. Assume that the 
sequence {y fc (w)} we n L is unbounded. Taking a subsequence if necessary, let 


,lim H/MH = +oo, lim V ^ = y{ui), ||y(u;)|| = 1. 
ttn r tta, II 2/ Mil 


(3.16) 


Then, for all to € CIl, dividing (3.15) by ||2/ fe (w)|| and letting k — > +oo, we have for any x £ U, 

0 < y(w) i 7 F i x ,y{u),u ) CM > 0. 

This contradicts (3.16) by the continuous differentiability of F, and so {y k (uo)} is bounded for each 
wtSli with (( co ) > 0. For any to £ CIl with £(w) = 0, we redefine y k {oo) by 

y k (u) := max {— F(x k , 0, co), — d' i (x k )F(x k , 0, co), 0}. 

«= 1 , 2 , — ,1 


Hence, the sequence {{x k , y k (co)) lAje o, L } is bounded and (3.14) remains valid. Therefore, the closeness 
of Fl implies that any accumulation point of {(x k , 2/ fc (w)) we o t } must be an optimal solution of 
problem (3.6). 

(ii) By the assumptions, the sequence {x L } contains a subsequence converging to x*. Without 
loss of generality, we suppose lim^oo x L = x*. 

Firstly, we prove that (x*,y*(-)) is feasible to problem (3.6). To this end, we define 

y L (co) := max ^ {— F(x l , 0, co), — d' i (x L )F(x L , 0, co), 0} , co € Cl. (3.17) 

It is obvious that (x*,y L ( co)) ue a L is feasible to problem (3.6) for every L. Since F (x * , y* (co ) , co) > 0 
by the deKnition (3.13), it is sufficient to show that 

(y*(co)) T F(x*,y*(co), co) = 0, well. (3.18) 


Let wLhbe fixed. Since the sample set CIl is chosen to be asymptotically dense in Cl, there exists 
a sequence {col} of samples such that Col G CIl for each L and limL_ ) . 00 Col = Co. Thus, we obtain 

(' y L (Co L )) T F(x L ,y L (Co L ),Co L ) =0, L = 1, 2, - - • . 

Letting L — > +oo and taking the continuity of the functions F(x,y(-), •) on the compact set Cl into 
account, we have 

(■ y*(u)) T F(x*,y*(Co),Co ) = 0. 

By the arbitrariness of Co £ Cl, now we know that (3.18) immediately holds. This completes the 
proof of the feasibility of (x*,y*(-)) in (3.6). 
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Next, let (x,y(-)) be an arbitrary feasible solution of (3.6). It follows from the results of (i) and 
obvious that (. x , y(ui), t o) ue o. L is feasible to problem (3.6) for any L. Moreover, from the Hocontinuity 
of /, we have 

\ Y [f(x L ,y L (u),u)~ f(x L ,y L (u),u)] CM 
= [f(x L ,y L (u),u)~ f(x L ,y L (u),u)\ CM 

< ^ XI [II^H _ y L MIKM] • CM -> o as k-> oo, w.p.i. 
which along with Lemma 3.1 yields 

lim j V f(x k ,y k (w),u) = lim j V f (x* , y* (w) , w) = E u [f (x* , y* (u) , w)] w.p.i, 

L— >• oo L z ' L— >• oo iv z ' 

which indicates that (x*,y*(-)) is an optimal solution of problem (1.1) with probability one and 
the feasibility of (x L , y L (uj), oj) ue n L in (3.6) that (x L , y L (co), w) aje n L is also an optimal solution of 
problem (3.6). Thus, since / is Holder continuous in (x ,y(-)) on U x R m , we obtain 

\ [f(x*>y*(u),u)~ f(x,y(ui),u) CM 

< \ Y [/(«*,y*H,w) - f{x L ,y L {u),u)\ CM 

< ^ Y |/(M^*MM-/(Ay L MM|CM 

< jr Y CM ‘ [11^ _ + II^M - 2/* Mil] <M)- (3- 19 ) 

It follows from (3.12) that the sequence { -^ n L CM} is bounded. This yields 

lim j Y l/MMMM - f(x L ,y L (u),u) CM = 0. (3.20) 

L— >• oo jL z ' I 
oj€:Q, l 

Thus, by letting L — > +oo in (3.19) and taking (3.11) and (3.20) into account, we have 


/ /M,y*MMCM dw < / /MyMMCMM 

Jn Jn 

which implies that x* together with y*(-) constitutes an optimal solution of problem (3.6). This 
completes the proof. □ 

Similarly, by Lemma 3.1, (3.11), (3.12) and proof of Theorem 3.1, we have the following result. 
Theorem 3.2. Assume that condition (He) holds, and /, F and U are the same as in Theorem 
3.1. Then 

(i) problem (3.7) has at least one optimal solution when L is large enough; 

(ii) (x*,y*(-)) is an optimal solution of problem (2.5) when x* is an accumulation point of the 
sequence {x L } and y*(-) is defined by 

y*(u):= max {— t\ - F(x*, 0, w), — f 2 + F(x*, 0, w), — t i+ 2 — d' i (x*)F(x*, 0, w), 0}, well. 

i= 1 , 2 , — ,1 


Now, consider the case that the membership function of each fuzzy stochastic inequality and 
the objective function E u [f{x,y(u>),u>)\ in (3.3) is continuous, strictly increasing, and linear over the 
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corresponding tolerance interval. A commonly used example in fuzzy set theory is that ip{ x ) = 1 —bx^ 
with b > 0 and /3 > 1. In this case, from the theory of convex analysis [27], Lemma 3.2, and Theorems 
3.1 and 3.2, we have the following simple result. 

Theorem 3.3. Suppose that condition (He) holds. If F : R n+m x — > R m is monotone in the 
second variable, and /Jq (x ,y(u>),ui) is continuous, strictly increasing and linear for all z G C(x,u) 
and any (x, y{w) , w) € R" +m x Q, then we can find an optimal solution (x* , y* (•)) of the stochastic op- 
timization problem (1.1) by solving the following stochastic parametric optimization problem: (3.8), 
which can be readily approximated by the iterative sequence {(x k+1 ,y k+1 (cj),u},a k+1 )} generated 
by Algorithm 3.2. 


4 Simulation analysis 


In this section, we shall give an example to illustrate the validity of our approaches. 

Taking n = 2, to = 3, l = 2, U = [1, 14] x [1, 14], d\(x) = (—1, —1, 3), d 2 {x) = (— n2, 1, — 1), 


( -2xi + 2/i - 3y 2 + w 
xi + x 2 + 3 7 /i - 2/3 - 2ui 
— 2x’2 +J/2+ 22/3 — U! 


C(x,tu) 


|t/(w) = (271, J/2, 2 / 3 )^ G R 3 


di(x) 

d 2 {x) 


2/M > 0 


and Letting d[(x) = (0,3,1) and d' 2 {x) = (1,2,0) in (3.3), and CM) =Pe(£= 1,2, ••• ,L) in (3.5), 
then we have 

<p(x,y(w),(jj) := E u [(x i - 27i) 2 + x 2 y 2 + 2w] = 2 i[M - 2/i) 2 + x 2 y 2 + 2 u>e\pe, 
fi(x,y(u),u) = {F(x,y(u>),u>),y(u)) = -2xij/i + Xij/ 2 + 2:22/2 - 2x 2 //3 + 2/i 

+W7/1 - 2uy 2 + 2y| - wy 3 , 

f 2 (x, y(u)),u>) = (-F(x,y(u),u),y(w)) = 2x x y x - Xiy 2 - x 2 y 2 + 2x 2 //3 - 2/i 

-ujyi + 2uy 2 - 2y\ + 0x2/3, 

/ 3 (x,7/(w),w) = d' 1 (x)F(x,y(u),uj) = 3xi + x 2 + 9t/i + 2/2 - 2/3 - M 
/ 4 (x, 2 /(w),w) = d' 2 (x)F(x,y(w),uj) = 2x 2 + 7j/i - 3 t/ 2 - 2t/ 3 - 3w. 


Thus, problem (3.5) is equivalent to the following generalized fuzzy stochastic inequality constrained 
optimization program: 


min ip{x,y{ijj),io) 

s.t. 1 < Xi, x 2 < 14, 2/1, 2/2, 2/3 > 0, 

-2/1 - 2/2 + 2/3 > 0, —22/1 + 2/2 - 2/3 > 0, 

A(x, y(u>),u>) ^ 0, l = 1,2, 3, 4, 


with the membership function /ig (x,y(ui),ui) (r = 1,2, 3, 4), being specified as t± = 9,t 2 = 2, i 3 = 

6, i 4 = 10, 



f 

if 

fi(x) > 0, 

Ms, Ms/MM = < 

1 9 ’ 

if 

AM 2/MM g [-9,0), 


0, 

if 

7 T 

jy 

jy 

A 

50 



if 

AM 2/MM > 0, 

ds 2 (x,y(u),u) = < 

1 f 2 (X &{<*)),(*)) 

1 2 ’ 

if 

AM 2/MM G [-2,0), 


0, 

if 

AM < -2, 


C 

if 

AM 2/MM > 0, 

/r s - 3 (x,2/(w),w) = < 

1 f3(x,y(uj),uj) 

1 6 ’ 

if 

AM 2/MM G [-6,0), 

0, 

if 

AM 2/MM < -6, 



if 

AM > 0, 


1 10 ’ 

if 

/ 4 (x, y(ui),ui) G [-10,0), 


l 0, 

if 

/ 4 (x) < -10, 
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and 

! 1, if ip(x,y{u),w) < /, 

f-<p(x,y(u),u ,) , if ^(a; )2 /(w),w) S [/,/), 

0 , if (ip(x,y(u),u) > f, 

where 

/ = min tp(x,y(uj),u) 

s.t. 1 < 27, x 2 < 14, 2/i, ?/2, 2/3 > 0, 

-2/i - 2/2 + 3^/3 > 0, -2?/i + 2/2 - 2/3 > 0, 

Mx,y(u),u) > 0, t=l, 2, 3, 4, 

and 

/ = min ip(x,y(ix),uj) 

s.t. 1 <Xi,x 2 <14, 2/i: 2/2, 2/3 > 0, , 

-2/i - 2/2 + 32/3 > 0, -2//i + 2/2 - 2/3 > 0, 

/i(a:,2/(w),w) > -9, f 2 (x,y(uj),uj) > -2, 
h{x,y(u),u) > -6, U(x,y(u>),u>) > -10. 


(4.2) 


(4.3) 


By Bellman and Zadeli’s method of fuzzy decision making [15] and Algorithm 3.2, now we know 
that the conditions of Theorem 3.3 hold, and so an optimal solution of the problem (4.1) can 
be obtained by solving the following unconstrained and smooth nonlinear parametric optimization 
problem: 


7 In { exp[y(a fc - a)] + exp[y(-a)] + exp[7(a - 1)] 

+ exp[7(<p(a:,2/(w),w) - (/- a(f - /)))] 

+ exp[7(/i(a:,2/(a;),w) - 9(1 - a))] 

+ exp[7(/ 2 (a;,2/(a;),w) - 2(1 - a))] 

+ exp[7(— f 3 (x, y{u),u) + 6(1 - a))] (4.4) 

+ exp[7(-/ 4 (a;,2/(w),w) + 10(1 - a))] 

+ exp [7(2/1 + 2/2 - 32/ 3 )] + exp[7(22/i - 2/2 + 2/3)] 

+ exp[7(l - xi)] + exp [7(1 - x 2 )] + exp[7(xi - 14)] 

+ exp[7(x 2 - 14)] + exp[7(— 2/1)] + exp[7(-y 2 )] + exp[7(-2/ 3 )]| 

with 7 being sufficiently large, where the optimal values of f and / are obtained by computing (4.2) 
and (4.3), respectively. 

Choosing x° = (4.0000, 2.0000), y°{u) = (1.0547, 1.0564, 0.1574) and a 0 = 0.2 and setting L = 3 
with the probability p\ = 0.1590, p 2 = 0.6821, p 3 = 0.1589, and e = 10~ 5 , Q = 10 6 and fixed 7 = 12, 
then for each iteration of Algorithm 3.2, we first generate the random variable u> by using normrnd 
function (that is, normal distribution function) of MATLAB 7.0 software. Secondly, we solve from 
problems (4.2) and (4.3) to problem (4.4) in turn by the commonly used quasi-Newton line search 
of MATLAB software 7.0. 

Here, the first layer iteration searching optimization is to solve problems (4.2) and (4.3), respec- 
tively. And the second optimizing process is to find the optimal solution of problem (4.1) via solving 
the unconstrained and smooth nonlinear parametric optimization problem (4.4). We only present 
four optimal solution (x*,y*(-)) with respect to the random variable u> and the corresponding mem- 
bership degree a* for whole stochastic optimization problem, which is listed in Table 1. Further, 
Table 2 show that each iteration calculation results including iterative solutions with the random 
variable oj = 0.128808 for the second optimizing process to this problem. The results for every step 
in Table 2 (i.e. , A; = 0,1,2,--- , 11) come from the first layer iteration process, which are too much 
and so they are omitted. 
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Table 1: The optimal solution with the random variable and membership degree 


k (x*, y*( u), w) a* 

1 (0.984674, 1.158197, 0.036645, 0.228989, 0.128690, 0.128808) 0.954363 

2 (0.987781, 1.219403, 0.024577, 0.187961, 0.097964, 0.345629) 0.949652 

3 (0.984337, 1.156955, 0.036586, 0.232004, 0.127346, 0.191080) 0.953185 

4 (0.988056, 1.226168, 0.023580, 0.184104, 0.095786, 0.353731) 0.949391 


Table 2: Data for Computational results with the random variable ui = 0.128808 


k (. x k , y k ) 

0 (4.0000, 2.0000, 1.0547, 1.0564, 0.1574) 

1 (0.989779,1.252773,0.027679,0.173089,0.106607) 

2 (0.985831,1.166544,0.034618,0.217474,0.125437) 

3 (0.984928,1.159731,0.036190,0.226463,0.128032) 

4 (0.984726,1.158504,0.036552,0.228473,0.128555) 

5 (0.984687,1.158268,0.036623,0.228867,0.128658) 

6 (0.984677,1.158241,0.036639,0.228955,0.128681) 

7 (0.984676,1.158237,0.036638,0.228959,0.128678) 

8 (0.984676,1.158233,0.036638,0.228962,0.128678) 

9 (0.984674,1.158198,0.036645,0.228989,0.128690) 

10 (0.984674,1.158197,0.036645,0.228989,0.128690) 

11 (0.984674, 1.158197, 0.036645, 0.228989, 0.128690) 


~oF Iterations No. 


0.2 

46 

0.871896 

16 

0.924577 

13 

0.945141 

15 

0.951749 

14 

0.953643 

9 

0.954166 

4 

0.954309 

3 

0.954348 

5 

0.954359 

1 

0.954362 

0.954363 

1 


5 Concluding remarks 

In this paper, by developing a class of new regularization smoothing approximation approaches, 
we investigated approximation solvability of the following fuzzy parametric variational inequality 
constrained stochastic optimization problems in n-dimension real numeral set R": 

min E u [f{x,y{w),ui)\ 
x,y{-) 

s.t. x £ J7, (5-1) 

y(u) e C(x,w), 

{F(x, y{u), w), z{u) - y(w)) ^ 0, Vz(w) £ C(x, w), 

which has been very little studied by right of the known theories and approaches in the literature. 
It is because the existence of the random variable and the fuzzified version mean that (5.1) involves 
multiple complementarity-type constraints, and solving problem (5.1) is more difficult than solving 
an ordinary mathematical program with (fuzzy) equilibrium constraints or stochastic mathematical 
program with equilibrium constraints. 

Based on the notion of tolerance approach with entropic regularization and fuzzy set theory, 
we first showed that solving the stochastic optimization problem with fuzzy parametric variational 
inequality constraints is equivalent to solving a fuzzy complementarity constrained stochastic opti- 
mization problem, which can be converted to a regular nonlinear parametric optimization problem 
with continuous random variables. Then, we constructed a centre iterative algorithm and developed 
a class of new regularization smoothing approximation approaches for solving a problem with contin- 
uous random variables based on quasi-Monte Carlo estimate and entropic regularization technique, 
and discussed a comprehensive convergence theory for approximating the resulting optimization 
problem. Finally, numerical example was provided to illustrate our main results applying quasi- 
Newton line search of MATLAB software. 

We remark that in the paper, based on the concept that fuzzy constraints should yield a fuzzy 
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objective, we must choose a class of new regularization smoothing approximation approaches to 
define the objective function value of two optimization problems as the parameters in an equivalent 
stochastic parametric optimization problem. Hence, the problem presented in this paper is brand 
new and the method is also new and interesting. 

Whether the corresponding results of Theorem 3.3 hold when the objective function is a fuzzy 
stochastic function, the constraints are fuzzy implicit variational inequalities (such as in [14, 17]) or 
elliptic inequalities subject to physical phenomenon, and the numerical testing is some large-scale 
applications, which are still open questions to be solved in further research. 
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Abstract. In this paper, based on the work by Moudafi and inspired by Takahashi and Xu, we try 
to investigate the split common fixed point problems for the class of demicontractive mappings in 
the setting of two Banach spaces, and obtain the strong and weak convergence theorems. The results 
presented in the paper improve and extend some recent well-known corresponding results. 

Keywords: split common fixed point problem; demicontractive mapping; Demiclosed principle, 
weak and strong convergence theorems. 
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1 Introduction and Preliminaries 

The split common fixed point problem was introduced by Moudafi [1] in 2010. Moudafi 
proposed an iteration scheme and obtained a weak convergence theorem of the split 
common fixed point problem for demicontractive mappings in the setting of two 
Hilbert spaces. Since then, many authors investigated the split common fixed point 
problems of other nonlinear mappings in the setting of two Hilbert spaces (see [2-7]). 
At the beginning of 2015, Takahashi [8] first attempted to introduce and consider the 
split feasibility problem and split common null point problem in the setting of one 
Hilbert space and one Banach space. By using hybrid methods and Halperns type 
methods under suitable conditions, some strong and weak convergence theorems for 
such problems are obtained. The results presented in [8] seem to be the first outside 
Hilbert spaces. This naturally brings us to solve the split common fixed point problem 
for demicontractive mappings in the setting of two Banach space. 

Let E i and E 2 be two real Banach spaces, and A : E\ — > Ei be a bounded 
linear operator such that A / 0. The split common fixed point problem (SCFP) for 
nonlinear mappings S and T is to find a point x £ E , such tlist 

x e F(S) and Ax € F(T), (1.1) 

0 Corresponding author: Jong Kyu Kim(jongkyuk@kyungnam.ac.kr) 
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where £(S) and F(T) denote the sets of fixed points of S and T, respectively. We 
use T to denote the set of solutions of SCFP for mappings S and T, that is, 

T = {xeF(S)\ Ax £ F(T)}. 

In this paper, we use the following algorithm to approximate a split common fixed 
point of demicontractive mappings in the setting of two Banach spaces. 

Algorithm: Let E\ and £2 be two real Banach spaces, A : E\ — ► £2 be a bounded 
linear operator, A* be the adjoint operator of A and Jj be the normalized duality 
mapping from £, to 2 Ei , i = 1,2. Now, we define the iterative scheme {*„}: 

Let x\ £ £1 be arbitrary, for all n > 1, set 


<n = X n +7 J x 1 A*J 2 (T - I)Ax n , 

(1.2) 

x n+1 = (1 - a n )y n + a n S(y n ), 

(1.3) 


where S : £1 — > E\ and T : £2 -A £2 are two demicontractive mappings. 

Under some suitable conditions, the iterative scheme {x n } is shown to converge 
weakly and strongly to a split common fixed point of demicontractive mappings T 
and S. Our result extends the split common fixed point problem from Hilbert spaces 
to Banach spaces. 

In order to solve this problem mentioned above, we recall the following concepts 
and results. 

Let £ be a real Banach space with norm || • || and let £* be the dual space of £, 
We denote the value of y* G £ at x € £ by (x, y*). When {*„} is a sequence in £, we 
denote the strong convergence of {*„} to x £ £ by x n — > x and the weak convergence 
by x n — - x. 

We recall that T : £ — > £ is demicontractive (see for example [9]) if there exists 
a constant r\ £ [0, 1) such that 

l|T*- 9 || 2 < \\x-q\\ 2 + q\\x -Tx\\ 2 , V(x,q) £ E x F(T). (1.4) 

An operator satisfying (1.4) will be referred to as a jydemicontractive mapping. 

It is worth noting that the class of demicontractive maps contains important op- 
erators such as the quasi-nonexpansive maps and the strictly pseudocontractive maps 
with fixed points. 

A mapping £:£—>£ is called quasi-nonexpansive, if 

\\Tx~q\\ < ||x — <jj| 

for all (x,q) £ E x F(T). A mapping T :£—>•£ is strictly pseudocontractive, if 

II Tx - Tyf < ||* - y|| 2 + 0\\x -y-(Tx- Ty)f 

for all (x, y) £ £ x £ and for some /3 £ [0, 1). 

A mapping £:£—>•£ is called clemiclosed at zero, if for any sequence {*„} C £ 
and x £ E, we have 

x n x, (I - T ) (*„)->• 0 => x £ F(T). 

A mapping S' :£—>■£ is said to be semi-compact, if for any sequence {*„} in £ 
such that ||* n — S*„|| — > 0, (n — > 00 ), there exists subsequence { x nj } of {*„} such 
that {x Hj } converges strongly to x* £ E. 
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The normalized duality mapping J from E to 2 E is defined by 
Jx = {x* £ E* : (x,x*) = ||a:|| 2 = ||x*|| 2 }, \/x £ E. 


Let U = {x £ E : ||x|| = 1}. The norm of E is said to be Gateaux differentiable if 
for each x, y G U, the limit 


r ll# + ty\\ - 11*11 

iim 

t — >o t 


exists. 


In the case, E is called smooth. E is smooth if and only if J is single-valued. We 
denote the single-valued normalized duality mapping by J . 


The modulus of convexity of E is defined by 

S E (e) = inf jl - . || x || < 1, ||y|| < 1, \\x - y\\ > e j, 

for every e with 0 < e < 2. A Banach space E is said to be uniformly convex if 
5(e) > 0 for every e > 0. E is said to be p-uniformly convex, if there exists a constant 
a > 0 such that 5 E (e) > ae p for all 0 < e < 2. 

Let p E : [0, oo) —> [0, oo) be the modulus of smoothness of E defined by 

p E (t) = sup{i(||a; + y|| + ||x-i/||) - 1 : x G U, ||y|| < t}. 

A Banach space E is said to be uniformly smooth if PE — > 0 as t — > 0. Let q be 
a fixed real number with q > 1. Then a Banach space E is said to be (/-uniformly 
smooth if there exists a constant b > 0 such that p E (t) < bt q for all t > 0. It is well 
known that every (/-uniformly smooth Banach space is uniformly smooth. 

A Banach space E is said to satisfy the Opial’s condition [10] if for any sequence 
{x n } C E, x n — *■ x implies 


lim sup \\x n - x\\ < limsup \\x n - y||, 

n—¥ oo n—¥ oo 

for all y G E with y ^ x. 


Lemma 1.1. [11] Let E be a 2-uniformly convex Banach space. Then the following 
inequality holds: 

||Ax + (1 - A)y|| 2 < AII^H 2 + (1 - A)||y|| 2 - A(1 - A)c||x - y\\ 2 , Vx, y G E, (1.5) 

where 0 < A < 1, c = p(l) > 0, 

M(f) . = , nf f A||x|| 2 + (l-A)||//|[ 2 -HAx + (l-A)/ / || 2 ; 
l ^(1 — A) 

0<A<1 ,x,y £ E and ||ar — y\\ = 

> 0 . 


Lemma 1.2. [11] Let E be a 2-uniformly smooth Banach space with the best smooth- 
ness constants n > 0. Then the following inequality holds: 

\\x + y\\ 2 < \\x\\ 2 + 2(y,Jy) + 2\\Ky\\ 2 , 

for all x,y £ E. 
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2 Main Results 

Lemma 2.1. Let Ei be a real 2-uniformly convex and 2-uniformly smooth Banach 
spaces with the best smoothness constant k satisfying 0 < k < ^ , E 2 be a real 
Banach space, and A : E\ — > E 2 be a bounded linear operator. Let S : Ei — > E\ be (3- 
demicontractive and T : E 2 — > £2 be rj-demicontractive with F(S) ^ 0 and F(T) ^ 0. 
Then the sequence {x„} generated by algorithm (1.2)-(1.3) is Fejer-monotone with 
respect to T = {a; € F(S)\Ax G F(T)}, that is, for every z £V, 

ll^n+i - z\\ < \\x n - z\\, Vn G N, 

where 0 < 7 < min-fp^, jpp} and a n G (0,1 - §], (3 < c = p(l). 

Proof. Let zGf Then 2 G F{S) and Az G F(T). It follows from Lemma 1.1 and 
(1.3) that 

\\x n+1 -z\\ 2 = ||(1 - a n )y n + a n S(y n ) - 2|| 2 

= \\(t-a n )(y n z) + a n {S(y n ) - z)\\ 2 

< (1 - a n )\\y n - z\\ 2 + a n \\ S(y n ) - z\\ 2 

-a„(l - a n )c\\S(i) n ) - y n \\ 2 (2.1) 

< (1 - atn)\\Vn - -II 2 + a n \\y n - z || 2 + a n (3\\ S(y n ) - y n \\ 2 

Q^n( 1 YTtt, ) C j j S(^y n ^j yn\\ 

— || Vn 2 1| o n (c /I COCn) || S(y n ) y n || , 

where c = /i(l). 

On the other hand, It follows from (1.2) and Lemma 1.2 that 

\\y n -z\\ 2 = \\x n + 'yJf 1 A* J 2 (T - I)Ax n - z\\ 2 

= \\x n -z + 1 Jf 1 A*J 2 {T-I)Ax n \\ 2 

< ||7 Jf l A*J 2 (T - I)Ax n \\ 2 + 2j(x n - z, A* J 2 {T - I)Ax n ) 
+2n 2 \\x n - z\\ 2 

< 7 2 ||^l| 2 ||(r - I)Ax n f + 27 (Ax n - Az, J 2 (T - I)Ax n ) 

+2n 2 \\x n - 2 r || 2 

= 7 2 |H| 2 ||(T -/)^ n || 2 + 2 K 2 K -,|| 2 

2'y(Ax n — TAx n + TAx n — Az, J 2 (T — I)Ax n ) 

< 'y 2 \\A\\ 2 \\(T-I)Ax n \\ 2 + 2K 2 \\x n -z\\ 2 

— 2 7 || (T - I)Ax n || 2 + 2 1 {TAx n - Az, J 2 {T - I)Ax n ) 

< ( 7 2 ||^|| 2 - 2 7 )|| (T - I)Ax n \\ 2 + 2k 2 ||x„ - 2 || 2 
+ 1 (\\TAx n -Az\\ 2 + \\(T-I)Ax n \\ 2 ) 

< 7(7 2 P|| 2 - 2 7 )||(T - J)Ar„|| 2 + 2 k 2 ||*„ - 2 || 2 

+ 7 (\\Ax n - Az\\ 2 + rj\(Ax n - TAx n \\ 2 + ||(T - I)Ax n \\ 2 ) 

< (2k 2 + 7 P|| 2 )K - 2 || 2 - 7(1 - V - 7 ||A|| 2 )||(T - I)Ax n \\ 2 , 

where A* is the adjoint operator of A and Ji is the normalized duality mapping from 
Ei to 2 E *,i = 1 , 2 . 

In addition, since 0 < k < and 0 < 7 < , 0 < 7 ||t 1|| 2 + 2k 2 < 1, so we 

have 

hn z || 2 < ||*„ - *|| 2 - 7(1 - V ~ T\\A\\ 2 )\\(T - I)Ax n \\ 2 . (2.2) 
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It follows from (2.1) and (2.2) that 

K+i-zf < \\x n -zf-'y(l-r}-'y\\Af)\\(T-I)Ax n \\ 2 (2.3) 

CTn (c ft ccx n ) || *S(y n ) y n || ' . 

Finally, by the assumptions on 7 and a n , we obtain the desired result. 

Theorem 2.2. Let be a real 2-uniformly convex and 2-uniformly smooth Banach 
space satisfying Opial’s condition with the best smoothness constant k satisfying 0 < 
k < ^, and E 2 be a real Banach space. Let A : E\ — > E 2 be a bounded linear 
operator, S : E\ — > E\ and T : E 2 — > E 2 be two demicontractive mappings with 
constants ft and 77 with F(S) 7 ^ 0 and F(T) 7 ^ 0, respectively. Assume that I — S 
and I — T are demiclosed at zero. If V 7 ^ 0, then the sequence {x n } generated by 
algorithm (1.2)-(1.3) converges weakly to a split common fixed point 1 £ f, for 0 < 
7 < min { pqp) jj^p } . oi n € (6, 1 — ^ — 6), ft < c = n(l), and for small enough 6 > 0 . 

Proof. From (2.3) and the fact that 0 < 7 < min { jfdp} an< ^ e (<5, 1 — § —6), 
we obtain that the sequence {||ai n — z||} is monotonically decreasing and thus converges 
to some positive real limit l(z). From (2.3), we have 

7(1 - V - l\\A\\ 2 mi - T)Ax n \\ 2 < \\x n - *|| 2 - \\x n+1 - *|| 2 . 

Therefore, 

lim \\(I-T)Ax n \\ =0. (2.4) 

n —¥ 00 

From the Fejer-monotonicity of {x n }, it follows that the sequence is bounded. Denot- 
ing by a; a weak-cluster point of {x n }. Let k = 0,1, 2, ... be the sequence of indices, 
such that x nk d, as fc -> 00 . Then from (2.4) and demiclosedness of I — T at zero, 
we obtain T(Ax) = Ax, that is, Ax € F(T). 

Now, by setting y n = x n + A* J 2 (I — T)Ax n , it follows that y nk —>■ x. Again 

from (2.3), we obtain 

a n (c- ft - ca n )\\y n - S(y n )\\ 2 < ||a: n - 2|| 2 - ||x „ +1 - 2 || 2 . 

Using the convergence of the sequence {||a: n — 2 ||}, we get 

lim ||y„ - S(y n )\\ = 0, (2.5) 

n —> 00 

which combined with the demiclosedness of I — S at zero and the weak convergence 
of {y nk } to y yields S’ (a;) = x. Hence, x € F(S ) and therefore xeT. Since Ei satises 
Opial’s condition, we know that {x n } converges weakly to x € F. 

Theorem 2.3. Let E\ be a real 2-uniformly convex and 2-uniformly smooth Banach 
space satisfying Opial’s condition with the best smoothness constant k satisfying 0 < 
k < , and E 2 be a real Banach space. Let A : E\ — > E 2 be a bounded linear 

operator, S : E\ —> E\ and T : E 2 — > E 2 be two demicontractive mappings with 
constants ft and rj with F(S) 7 ^ 0 and F(T) 7 ^ 0, respectively. Assume that I — S 
and I — T are demiclosed at zero. IfT 7 ^ 0 and S is semi-compact, then the sequence 
{x n } generated by algorithm (1.2)- (1.3) converges strongly to a split common fixed 
point x e T, for 0 < 7 < mm{p^, p|#}, a n € (6,1 - & - 6), ft < c = p(l), and 
for a small enough 6 > 0. 

Proof. It follows from (1.2) that 

\\x n - y„|| = ||Ji(a;„ - y„)|| = \\^A* J 2 (I - T)Ax„\\, 
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and so, from (2.4) we have 

lim \\x n - y n || = 0. (2.6) 

n—t oo 

Since S is semi-compact, from (2.5), there exist subsequence {y n A of {y n } such that 
{y n } converges strongly to x* G E 1 . Using (2.6), we know that converges 

strongly to x*. By Theorem 2.2, we know that {£„} converges weakly to x, so we 
have x* = x. Since lim ||x ra — :r|| exists and lim \\x ni — x|| = 0, we know that {£„} 

n— >• oo j—t oo j 

converges strongly to x € T. 
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Abstract 

In this study, we apply ”r” times the binomial transform to fc-Lucas 
sequence. Also, the Binet formula, summation, generating function of 
this transform are found using recurrence relation. Finally, we give the 
properties of iterated binomial transform with classical Lucas sequence. 
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1 Introduction and Preliminaries 

There are so many studies in the literature that concern about the special 
number sequences such as Fibonacci, Lucas and generalized Fibonacci anad 
Lucas numbers (see, for example [l]-[3], and the references cited therein). In 
Fibonacci and Lucas numbers, there clearly exists the term Golden ratio which 
is defined as the ratio of two consecutive of these numbers that converges to 
a = 1+ r/T It is also clear that the ratio has so many applications in, specially, 
Physics, Engineering, Architecture, etc. [4], Also, many generalizations of the 
Fibonacci sequence have been introduced and studied matrix applications of 
this sequence in [13]- [16]. 

For n > 1, fc-Lucas sequence is defined by the recursive equation: 

Tfc,n + 1 kLj^ n + Lk,n—h t . i-\) 2 and \ t . ( L I ) 

In addition, some matrix-based transforms can be introduced for a given 
sequence. Binomial transform is one of these transforms and there are also 
other ones such as rising and falling binomial transforms(see [5]- [12]). Given 


1 
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an integer sequence X = {xo,xi,X 2 , ■ ■ ■}, the binomial transform B of the 
sequence X , B (X) = {b n } , is given by 



In [10], authors gave the application of the several class of transforms to 
the fc-Lucas sequence. For example, for n > 1, authors obtained recurrence 
relation of the binomial transform for /c-Lucas sequence 


bk,n+i — (2 fc) bk jn kbfc n— i) ^fc,o — 2 and bk t i — k + 2. 


Falcon [11] studied the iterated application of some Binomial transforms to 
the L-Fibonacci sequence. For example, author obtained recurrence relation 
of the iterated binomial transform for /c-Fibonacci sequence 


c kl + 1 = ( 2r + k ) c kl ~ ( r2 + kr-l) c^_ 1 




(r) 


c kfi = 0 and = L 


Motivated by [11, 12], the goal of this paper is to apply iteratively the bino- 
mial transform to the /c-Lucas sequence. Also, the properties of this transform 
are found by recurrence relation. Finally, the relation of between the trans- 
form and the iterated binomial transform of /c-Fibonacci sequence by deriving 
new formulas are illustrated. 


2 Iterated Binomial Transform of k - Lucas Sequences 

In this section, we will mainly focus on iterated binomial transforms of k - 
Lucas sequences to get some important results. In fact, we will also present 
the recurrence relation, Binet formula, summation, generating function of the 
transform and relationships betweeen of the transform and iterated binomial 
transform of ^-Fibonacci sequence. 

The iterated binomial transform of the fc-Lucas sequences is demonstrated 
(V) f (f)l (r) 

by B k = < b kn > , where b kn is obtained by applying ”r” times the binomial 

(r) (r) 

transform to fc-Lucas sequence. It is obvious that b k (J = 2 and bj, [ = 2r + k. 
The following lemma will be the key proof of the next theorems. 


Lemma 2.1 For n > 0 and r > 1, the following equality hold: 


b 


(r) 

k,n -\- 1 




(r— 1) 

k,j+ 1' 
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Proof. By using 
equality 


definition of binomial transform and the well known binomial 


n + 1 
i 



+ 



we obtain 


b 


0 ) 

k,n -\- 1 



(r— 1) 

k,j 



+ b 


O-i) 

fc ,0 


b 


0 ) 



+ b 


0-i) 
k, 0 





which is desired result. ■ 

In [10], the authors obtained the following equality for binomial transform 
of /c-Lucas sequences. However, in here, we obtain the equality in terms of iter- 
ated binomial transform of the fc-Lucas sequences as a consequence of Lemma 
2.1. To do that we take r = 1 in Lemma 2.1: 


b k,n + 1 



Lk,j+i- 


Theorem 2.1 For n > 0 and r > 1, the recurrence relation 



b kl+! = ( 2r + k ) h Vn - ( ? ’ 2 + kr - !) C*-1> 


r0) 


0 ) 


(r) 

with initial conditions b y k 0 = 2 


and b k \ =2r + k. 


of sequence 


( 2 . 1 ) 


3 
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Proof. The proof will be done by induction steps on r and n. 

First of all, for r = 1, from the equality 2.2 in [10], it is true bk, n + 1 = 

(2 T fc ) b kn kb k n _ 1 . 

Let us consider definition of iterated binomial transform, then we have 
ftjjT g = k 2 + 2 rk + 2 r 2 + 2. 

The initial conditions are 

= 2 an d = 2r + k. 

Hence, for n = 1, the Eq. (2.1) is true, that is &jjT , \ = (2 r + k ) b%\ — (r 2 + kr — l) 6 ^Tq. 

Actually, by assuming the Eq. (2.1) holds for all (r — l,n) and (r,n — 1), 
that is, 

b k,n+i = ( 2r - 2 + k) b ( k ~ 1] - ((r - l) 2 + A: (r - 1) - l) b£~% 

and 

= ( 2r + k ) h Kn - 1 - ( ? ’ 2 + kr - 1) b^ n _ 2 . 

Now, by taking into account Lemma 2.1, we obtain 



By reconsidering our assumption, we write 


b 


(r) 

k,n -\- 1 



2 + k)b 


(r— 1) 

fcl 


(r 2 - 2r + fcr - fc) b kj }\^j 


+ b 


(r-l) 

fc ,0 


+ 6 


(r-l) 

fc, 1 



n 


2r + kr — fc) 

i=i 



+ 6 


(r-l) 

fc ,0 


+ 6 


(r-l) 

fc,l 


(2r + k - 1) ^ f 1} - (r 2 - 2r + kr - k) ^ ^ 

i=o KJ/ l=i w 

- (2r + k - 1) 1} 

(2r + fc - 1) - (r 2 - 2r + kr - fc) ^ Q b^j}\ + (2 - 2 r - fc) 6^“ 1} + 6^ 1} . 
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Then we have 


b k,n+ 1 - (2r + k - 1) = - (r 2 - 2r + kr - k ) ^ J + 4 - 2r - k. 

( 2 . 2 ) 


By taking n — >■ n — 1, it is 


= (2r + /c - 1) - (r 2 - 2r + kr - k ) ^ ( n ^ b { ^\ + 4 

3=1 V J J 

n 

= (2r + k — 1) b ( ^' > n _ 1 — (r 2 — 2r + kr — fc) ^ 


7=1 


n — 1 

j-1 


— 2r — k 


b k,j-l +4-2 r - fc 


= (2r + fc - 1) &££_! - (r 2 - 2r + kr - k) ^ 


7=1 


+ (r 2 — 2r + fcr — k) ^ ^ j-i +4 — 2 r — k 

7=i ~ ' 


(,+) 


7 = 1 


k,n = (2r + /c - 1) &£_! - (r 2 - 2r + kr - fc) J] ( ™ ) C’-i 


n— 1 


+ (r 2 — 2r + kr — A;) ^ 


7=0 


n 


+ 4 - 2r - k 


- (2r + k - lK ^- ( r>-lr + k r- k) ^y^ 


+ (r 2 — 2r + kr — fc) b^ n _ 1 + 4 — 2r — k 


(r> + *r- 1 )‘i- I -(r>- 2r + *r-t)Ey^i + 4- a r-*. 


Hence, we have 

L+) _ rf+2 , _ 1 \ u(r) _ 


b k,n - ( r2 + kr-l) 6^_! = - (r 2 - 2r + fcr - A:) J + 4 - 2r - k. 

If last expression put in place in the equation (2.2), then we get 
b kl + 1 = (2r + fc - 1) b[! l + &££ - (r 2 + fcr - l) 

= (2 r + fc) + fcr - 1) C-i 
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which completed the proof of this theorem. ■ 

The characteristic equation of sequence in (2.1) is 

A 2 — (2 r + k) A + r 2 + kr — 1 = 0. Let Ai and A 2 be the roots of this equation. 
Then, Binet’s formulas of sequence can be expressed as 



( k + \fk 2 + 4 

l 2 



Vk 2 + 4 
~2 



(2.3) 


In here, we obtain the equalities given in [10] in terms of iterated binomial 
transform of the fc-Lucas sequences as a consequence of Theorem 2.1. To do 
that we take r = 1 in Theorem 2.1 and the Eq. (2.3): 


^fc,n+l (2 f fc) /c&fc n _i, 


and 


bk,n — 


k + 2 + Vk 2 + 4 


+ 


k + 2 — \/FT4 


Now, we give the sum of iterated binomial transform for /c-Lucas sequences. 
Theorem 2.2 Sum of sequence j b^ n j is 


n— 1 
i=0 


(r) 


(r 2 + kr - 1) - 2r + 2 


(r) 


r 2 + kr — k — 2r 


Proof. By considering Eq. (2.3), we have 


X! h kl ~ 22 ( A i + A s) • 


i = 0 


i=0 


Then we obtain 


71—1 


EC’ 


i=0 


(r) _ ( A?~l 

Ai — 1 


+ 


Ag-1 

A 2 — 1 


Afterward, by taking into account equations A 1 .A 2 = r 2 + fcr — 1 and A 1 + A 2 = 
k + 2r, we conclude 

t(r) _ ( r2 + kr - !) h k!n- 1 - - A: - 2r + 2 

/ . b k,i ~ 


i = 0 


r 2 + kr — k — 2r 
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Note that, if we take r = 1 in Theorem 2.2, we obtain the summation of 
binomial transform for fc-Lucas sequence: 

n— 1 

^ — ^fc,n kbk y n— \ ~\~ A: 

i=0 


Theorem 2.3 

{-A'fcjji} Is 


The generating function of the iterated binomial transform for 


oo 



i = 0 


2 — (2r + k) x 

1 — (2?’ + k) x + (r 2 + kr — 1) x 2 


( \ 

Proof. Assume that b(k,x,r ) = b'^ i x i i s the generating function of the 

i = 0 ’ 

iterated binomial transform for {Lk : n}- From Theorem 2.1, we obtain 

OO 

b(k,x,r) = b$ + &£}x + J2 {i 2r + k) &£]_i - (r 2 + kr - i) &jg_ 2 ) z* 

i=2 

oo 

= &£o + &£!* “ ( 2r + 6 £o* + (2r + fc) x ^ &j$ x* 

2=0 

OO 

— (r 2 + kr — l) x 2 ^ 6< r >s* 

i = o 

= + ( ft M “ ( 2r + b kfl) x + ( 2r + xb r ) 

— (r 2 + kr — l) x 2 6 (fc, x, r) . 


Now rearrangement of the equation implies that 

b kfi + ( b M “ ( 2r + k ) b kfi) x 
^ 1 — (2 r + A) x + (r 2 + kr — 1) x 2 ’ 


which equals to the ^ hjHx* in theorem. Hence, the result. ■ 
i=o ’ 

In here, we obtain the generating function given in [10] in terms of iterated 
binomial transform of the fc-Lucas sequences as a consequence of Theorem 2.3. 
To do that we take r = 1 in Theorem 2.3: 


OO 

y: bk,ix i 

i = 0 


2-(2 + k)x 
1 — (2 + k)x + kx 2 ' 
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In the following theorem, we present the relationship between the iterated 
binomial transform of fc-Lucas sequence and iterated binomial transform of 
/c-Fibonacci sequence. 

Theorem 2.4 For n > 0, the relationship of between the transforms {44} 
and {41} is illustrated by following way: 

44 = 44+i - 4 2 + kr - 1 44-i ’ ( 2 - 4 ) 

(V) M 

where b k J is the iterated binomial transform of k-Lucas sequence and c k ’ is 

the iterated binomial transform of k-Fibonacci sequence. 


Proof. By using the Eq.(2.4), let be 



= Xc 


(r) 

fc,n+l 


+ Yc 


(r) 

k,n—l' 


If we take n = 1 and 2, we have the system 


b ^ — Xc^ + Yc ^ 

u k,i ~ - AC k,-2 ^ 1 C k, 0’ 

b ^ — Xc^ + Yc [r) 

u k,2 — ^ c k,3 ^ 1 c k, 1- 


By considering definition of the iterated binomial transforms for fc-Lucas, k- 
Fibonacci sequence and Cramer rule for the system, we obtain 


( 2 r + k = (2 r + k) X, 

\ k 2 + 2 rk + 2r 2 + 2 = (3r 2 + 3 rk + k 2 + l) X + Y 

and 

X = 1 and Y = — (?’ 2 + kr — l) 

which is completed the proof of this theorem. ■ 

Note that, if we take r = 1 in Theorem 2.4, we obtain the relationship 
of between the binomial transform for A;-Lucas sequence and the binomial 
transform for fc-Fibonacci sequence: 


bk,n — Cfc,n+1 kCk n —\. 

Corollary 2.1 We should note that choosing k = 1 in the all results of section 
2, it is actually obtained some properties of the iterated binomial transform for 
classical Lucas sequence such that the recurrence relation, Binet formula, sum- 
mation, generating function and relationship of between binomial transforms 
for Fibonacci and Lucas sequences. 
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Corollary 2.2 We should note that choosing k = 2 in the all results of section 
2, it is actually obtained some properties of the iterated binomial transform for 
classical Pell-Lucas sequence such that the recurrence relation, Binet formula, 
summation, generating function and relationship of between binomial trans- 
forms for Pell and Pell-Lucas sequences. 

Conclusion 2.1 In this paper, we define the iterated binomial transform for 
k-Lucas sequence and present some properties of this transform. By the results 
in Sections 2 of this paper, we have a great opportunity to compare and obtain 
some new properties over this transform. This is the main aim of this paper. 
Thus, we extend some recent result in the literature. 

In the future studies on the iterated binomial transform for number se- 
quences, we expect that the following topics will bring a new insight. 

(1) It would be interesting to study the iterated binomial transform for Fi- 

bonacci and Lucas matrix sequences, 

(2) Also, it would be interesting to study the iterated binomial transform for 

Pell and Pell-Lucas matrix sequences. 
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Abstract 

In this paper, we introduce the Nielsen fixed point theory in digital images. We also deal with some 
important properties of the Nielsen number and calculate the Nielsen number of some digital images. We get 
some new results using digital covering maps and Nielsen number. 

Keywords: Fixed point, Nielsen number, digital homotopy. 
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1 Introduction 

Digital topology is often used in computer graphics, pattern recognition and image processing. This topic has been studied 
by important researchers such as Rosenfeld, Kong, Kopperman, Boxer, Karaca, Han, etc. Their goal is to determine not 
only similarities but also differences between digital images and topology. 

Fixed point theory with applications is an important area in topology. This theory continues to develop with new 
computations and come out of new invariants. Nielsen fixed point theorem is a notable theorem in this theory because it 
gives a way to count fixed points. One of the main goals in digital topology is to classify digital images. For this reason, 
we use the Nielsen number which is a powerful invariant for digital images. 

In 1920s, Jakop Nielsen introduced the Nielsen theory and the Nielsen number. He focused on both the existence 
problem of fixed points and the problem of determining the minimal number of fixed points in the homotopy classes. He 
did this by introducing the Nielsen number of a self map. This number is a homotopy invariant lower bound for the number 
of fixed points of the map. In this area, there are significant works 

Boxer |6] introduces the digital covering space and showed that the existence of digital universal covering spaces. Boxer 
and Karaca [7] classify digital covering spaces using the conjugacy class corresponding to a digital covering space. Boxer 
and Karaca [8] study digital versions of some properties of covering spaces from algebraic topology. Karaca and Ege 1201 
get some results related to the simplicial homology groups of 2D digital images. Ege and Karaca m give characteristic 
properties of the simplicial homology groups. 

This paper is organized as follows. The second section provides the general notions of digital images, digital homotopy, 
digital covering spaces and digital homology groups. In Section 3 we present the Nielsen fixed point theorem for digital 
images, give some examples and properties. In Section 4 we discuss about the relation between Nielsen theory and digital 
universal covering space. We finally make some conclusions about this topic. 


2 Preliminaries 

A digital image consists of a pair ( X , k), where Z is the set of integers, A' C Z n for some positive integer n, and k indicates 
an adjacency relation for the members of X. 

Definition 2.1. [3]. For a positive integer l with 1 < l < n and two distinct points p = (pi,p 2 , ■ ■ ■ ,Pn), q = {qi, ? 2 , ■ • • , q n ) € 
Z n , p and q are Ci- adjacent , if 

(1) there are at most l indices i such that \pi — g,| = 1, and 

(2) for all other indices j such that | pj — qj\ ^ 1, pj = qj. 
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The notation a represents the number of points q £ Z’ 1 that are adjacent to a given point p £ Z n . Thus, in Z, 
we have ci = 2-adjacency; in Z 2 , we have ci = 4-adjacency and ci = 8-adjacency; in Z 3 , we have ci = 6-adjacency, 
C2 = 18-adjacency, and C3 = 26-adjacency [S], A k- neighbor of p £ Z n pQ is a point of Z" that is K-adjacent to p. 

A digital interval [2] is defined by [a,i)]z = {»eZ|a< 2<6} where a,b £ Z and a < b. A digital image A C Z" is 
K-connected EH if and only if for every pair of different points x, y £ X, there is a set {*0, xi , . . . , x r } of points of a digital 
image X such that x = Xo , y = x r and Xi and Xi + 1 are K-neighbors where i = 0, 1, . . . , r — 1. 

Definition 2.2. [3]. Let X C Z n ° and Y C Z ni be digital images with /co-adjacency and /ti-adjacency, respectively. A 
function / : X — > Y is said to be (ko, Ki)- continuous if for every Ko-connected subset U of X, f(U) is a Ki-connected 
subset of Y. We say that such a function is digitally continuous. 

Proposition 2.3. Jffi. Let X C Z n ° and Y C Z” 1 be digital images with K^-adjacency and Ki-adjacency, respectively. The 
function f : X — } Y is (/to, Ki)- continuous if and only if for every Ko-adjacent points {*0,^1} of X, either f(x 0) = f(x 1) 
or f(x 0) and f(x 1) are Ki-adjacent in Y . 

In a digital image A', if there is a (2, /c)-continuous function / : [0, m]z —¥ X such that /( 0) = x and /(m) = y, then 
there exists a digital K-path from x to y. If /( 0) = /(m), then we say that / is digital K-loop and the point /( 0) is the 
base point of the loop /. When a digital loop / is a constant function, it is said to be a trivial loop. 

Definition 2.4. Let (A', /to) C Z™° and (Y, / ti) C Z ni be digital images. A function f : A — / Y is called a (ko,ki)- 
isomorphism [2] if / is (/to, /t 1 )-continuous and bijective and / _1 : Y — > X is (/tj, /to)-continuous. 

Definition 2.5. j3j. Let (A, /to) C Z’ 10 and (Y, / ti) C Z" 1 be digital images. We say that two (/to, /ti)-continuous functions 
/, <7 : A — / Y are digitally (/to, /ti)-liomotopic in Y if there is a positive integer m and a function H : X x [0, m]z — > Y such 
that 

• for all x £ X, H(x,0) = f(x) and H(x,m) = g(x)-, 

• for all x £ X, the induced function H x : [0, m]z — > Y defined by 

H x {t ) = H(x,t) for all t £ [0, m]z, 


is (2, /ti)-continuous; and 

• for all t £ [0, m]z, the induced function Ht : X — » Y defined by 

H t (x) = H(x,t) for all x £ A', 


is (/to, /ti)-continuous. 

The function H is called a digital (/to, /ti)-homotopy between / and g. If these functions are digitally (/to, /ti)-homotopic, 
it is denoted / — ( KQ K1 ) g. The digital (/to, /ti)-homotopy relation 0] is equivalence among digitally continuous functions 
/ : (A', /to) — z (Y,ni). 


If / : [0, mi]z — ¥ X and g : [0,m2]z — > X are digital /t-paths with /(mi) = <?(0), then define the product (/*<?) : 
[0, mi + m2]z — > X |3] by 




/(f), f£[0,mi] z 

g(t — mi), f £ [mi,mi+m 2 ]z. 


Let / and / be /t-loops in a digital image (A, *o)- We say / is a trivial extension of / 0 if there are sets of /t-paths 
{/1, . . . , f r } and {Fi , . . . , F p } in A such that: 

(1) r < p, 

(2) f = fl * ■ ■ ■ * fr> 

(3) f'= Fi * ... * F p , 

(4) There are indices 1 < i\ < *2 < . . . < i r < p such that = fj , 1 < j < r and i ^ {ii, . . . ,i r } implies Fi is a trivial 
loop. 

If /, g : [0,m]z — > X are /t-paths such that /( 0) = <7(6) and f(m) = g{m), then a homotopy 


H: [0,m]zx [0, M]z — t A 


between / and g such that for all t £ [0, M]z, 77(0, t) = /( 0) and 77(m,t) = /(m), holds the endpoints fixed. 

Two loops /, fo with the same base point xq £ X belong to the same loop class [f]x if they have trivial extensions that 
can be joined by a homotopy that holds the endpoints fixed (see |4|). 

Let ( E , k) be a digital image and let e be a positive integer. The K-neighborhood of eo £ E with radius e is the set 


N K (e 0 , e) = {e £ E \ l K (e 0 , e) < s} U {e 0 }, 
where l K (e o,e) is the length of a shortest /c-path from eo to e in E (see I14| b 
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Definition 2.6. |B]. Let (E,ko) and ( B,ki ) be digital images. A map p : E — ¥ B is called a («o, discovering map if the 
followings are true: 

1. p is a (k o, Ki)-continuous surjection. 

2. for each b £ B, there exists an indexing set M such that p~ 1 (b) can be indexed as p _ 1 ( 6 ) = (ei|i £ A/} and the following 
conditions hold: 

• P~ 1 (N K1 {b, 1)) = UigM N ko (e», 1), 

• if i,j £ M, j, then 7V K0 (e; , 1) Cl A r « 0 (ej, 1) = 0, 

• the restriction map p\n k (e ir l) : A K 0 (ei, 1) — / N K1 (b, 1) is a (/to, /ti)-isomorphism for all i £ M. 

Let (E,ko), (B,ki) and (A, K 2 ) be digital images, let p : E — ¥ B be a (/to, /ti)-covering map, and f : X —¥ B be 
(« 2 , Ki)-continnous. A lifting of / with respect to p is a (ft 2 , /to)-continuous function / : X —¥ E such that po f = f (see 

mi)- 

Definition 2.7. | 6 ]. Let (Eo,po, B) be a (/to, /ts)-covering. Suppose C is a set of (ke, /ts)-coverings of B such that for 
every ( E,p,B ) £ C, there is a (/to, /tsj-covering (Eo,Pe, E). Then the pair (Eo,po) is a universal covering space of B for 
the set C. 

Definition 2.8. m- Let S be a set of nonempty subset of a digital image (X,k). Then the members of S are called 
simplexes of (X,k), if the followings hold: 

• If p and q are distinct points of s £ S', then p and q are /t-adjacent, 

• If s £ S and 0 ^ t C s, then t £ S. 

An m-simplex is a simplex S such that |S| = m + 1. For a digital m-simplex P, if P is a nonempty proper subset of 
P, then P is called a face of P. 

Definition 2.9. |T|. Let (A, /c) be a finite collection of digital m-simplices, 0 < m < d for some non-negative integer d. If 
the followings hold, then (A', /t) is called a finite digital simplicial complex : 

• If P belongs to X, then every face of P also belongs to X. 

• If P, Q £ A', then P (~| Q is either empty or a common face of P and Q. 

Definition 2 . 10 . [T|. Let (X,k) C Z" be a digital oriented simplicial complex with ?n-dimension. Cq{ X) is a free abelian 
group with basis all digital (k, q)-simplices in X. A homomorphism d q : C q ( X) — > C q _ i(A) called the boundary operator. 
If a = [no, • • . , v q ] is an oriented simplex with 0 < q < m, d q is defined by 

a 

d q a = d q [v 0 , ■ ■ - , v q ] = ^(— 1 )> 0 , ■ ■ ■ ,Vi , . . . , v q ] 

i = 0 

where v z means the vertex Vi is to be deleted from the array. 

We remark that for q < 0,m < q, since C q ( X) is the trivial group, the operator d q is the trivial homomorphism for 
q < 0, m < q. We notice that d q -\ o d q = 0 [T] for q > 0. 

Definition 2 . 11 . [T] . Let (A, k) C Z" be a digital oriented simplicial complex with m-dimension. 

• Zq( X) = Ker d q is called the group of digital simplicial g-cycles. 

• B q ( X) = Im d q + 1 is called the group of digital simplicial q-boundaries. 

• Hq ( A) = Z q (X)/Bq (A) is called the qth digital simplicial homology group. 

3 Nielsen Theory for Digital Images 

Let (A', k) be a digital image and let / : A — > X be a digital map. The fixed point set of / is Fix(f) = {x £ A : f(x) = x}. 
The main object of study in topological fixed point theory is the minimum number of fixed points which is denoted by 
M[f] among all digital maps (k, /c)-homotopic to /. For example, M[f] = 0 means that there is a digital map g which is 
(k, /v)-homotopic to / such that g(x) 7 ^ x for all x £ A. 

To calculate M[f] we have to examine the fixed point sets of every map homotopic to /. In the fixed point theory, it is 
made use of a homotopy invariant, called the Nielsen number of /. Its computation requires only a knowledge of the map 
/ itself. 

Definition 3.1. Let / : (X,m) — ¥ (Y, k 2 ) be a (/ci, /t 2 )-continuous map where (A, «i) and (y, K 2 ) are digital images. 
Then / induces homomorphisms /* : iT * 1 ( A) — > Hf 2 (Y) and /* can be thought of as a homomorphisms of the integers. 
The integer deg(f) to which the number 1 gets sent is called the degree of the map /. 

Definition 3.2. Let (A, k) be a digital image, A C X and / : A — ¥ X a digital map. We define the fixed point index of / 
as ind(f) = deg(F) where F(x) = x — f(x) and x £ A. 
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Some properties of fixed point index can be given as follows. We don’t prove these because they are proved similarly in 
Algebraic Topology. 

1. (Homotopy invariance) Let A C X x [0, m]z be digital image with K-adjacency and F : A — > X be a digital map such 
that 

Fix(F) = {(*, t) €E A : F(x, t) = x}. 

Then ind(fo) = ind(f m ), where ft = F(—,t) for 0 <t <m and a positive integer m. 

2. (Commutativity) Let (A', ki) and (Y, k 2 ) be digital images and let / : A — > Y and g : B — >■ X be digital (ki,K 2 )~ 
continuous maps, respectively, where A C X, B C Y. Then Fix(gf) = Fix(fg) and ind(fg) = ind(gf). 

Now we define Nielsen number for digital images. 

Definition 3.3. Let (X,k) be a digital image and / : (X,k) — > (X ,k) a self-nrap. Two fixed points x, y £ Fix(f) are 

Nielsen related if and only if there is a K-patli c : [0, m\ z — > X satisfying c(0) = x, c(m) = y and the K-paths c, Joe are 

fixed end point homotopic, i.e. there is a digital map H : [0, n]z x [0, m ] z — > X satisfying 

H(t,0) = c(t), H(t,m) = f o c(t), H(0,s) = x, H(n,s) = y. 

This is an equivalence relation, hence Fix(f) splits into disjoint Nielsen classes. A fixed point class F is essential if its 
index is nonzero. The number of essential fixed point classes is called the Nielsen number of /, denoted N(f). 

We give some characteristic examples about the Nielsen number. 

Example 3.4. Let (X , k) be a digital image. If / : X — > X is a constant digital map, then N(f) = 1. 

Since the boundary Bd(I n+1 ) of an (n+l)-cube I n+1 is homeomorphic to n-sphere S n , we can represent a digital sphere 
by using the boundary of a digital cube. Boxer [5] defines sphere-like digital image as S n = [—1, l]z +1 \ {On + 1 } C Z n+1 , 
where 0 n denotes the origin of Z". 

Example 3.5. Si = {c 0 = (1,0), ci = (1,1), c 2 = (0,1), c 3 = (-1,1), c 4 = (-1,0), c 5 = (-1,-1), c 6 = (0,-1), c 7 = 
(1,-1)} is digital 1-sphere with 4-adjacency in Z 2 . Let / : (Si, 4) — > (Si, 4) be a digital map of degree 1. Then / can be 
considered as identity map and is (4, 4)-homotopic to a fixed point free map. Thus we have N(f) = 0. 

Let’s give some important properties of Nielsen number for digital images. 

Theorem 3.6. Let (A', k) be any digital image. If f — ( K , K ) g '■ X — > X , then N(f) = N(g). 

Proof. We must show that there is a bijection between sets of essential classes of / and g. Let H(t,s) be a digital 
liomotopy from / and g. For every Nielsen class A C Fix(f), there is one A C Fix(H) containing A. Let 

B = {x E X | (x,m) £ A }. 


So B is a Nielsen class of g or is empty. From homotopy invariance index property, we have ind(f,A) = ind(g,B). If A is 
essential, then B is essential. As a result, we find a map from the set of essential classes of / to the set of essential classes 
of g. 

On the other hand, H(x,m — t) gives the inverse map. Consequently, we get N(f) = N(g). □ 


Theorem 3.7. Let (A', k) be a digital image and f : X — > X be a digital map. Any digital map g digital (k, K)-homotopic 
to f has at least N(f) fixed points. 


Proof. Using Theorem 3.6 we have N(f) = N(g). Since each essential Nielsen class of g is nonempty, we get M[g] > N(g) 
where 

M\g\ = min{#Fixg \ g ~(„, k) f : X X}. 

□ 


Theorem 3.8. Let (X,k) and (Y, K ) be any digital images, f : X — > Y and g : Y — > X be digital maps. Then N(go /) = 

N(f°g). 


Proof. For digital maps / and g, if we use commutativity property of fixed point index, i.e. Fix(f o g) = Fix(g o f) and 
ind(f o g) = ind(g o /), we have a bijection which preserves index between the sets of essential Nielsen classes. As a result, 
we have N(g ° f) = N(f o g). Q 

Lemma 3.9. Let A C X be digital image with K-adjacency and f : X —¥ X be digital map such that /(A) C A, where X 
is any digital image with K-adjacency. If f a ■ A — » A is the restriction of f , then N(fA) = X(f). 
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Proof. Let i : A — > A be inclusion map. Assume that g : X — > A is given by g(x) = f{x). Using Theorem 3.8 we conclude 

N(f) = N(iog) = N(goi) = N(f A ) 


□ 

be any two digital images. Suppose that h . X Y is a digital (k, k )-homotopy 

X — X 

h h 

y v 

Y — — l»Y 

3 

be digital (ft, ft )-homotopy commutative, i.e. ho f g o h. Then N(f ) = N(g). 

Proof. Assume that the digital (ft , ft)-liomotopy inverse of h is m : Y — ¥ X. Then mo h —(«,*) lx and h o m —( K > ,«') h '' 
By Theorem |3.6| and Theorem |3.8| we have 

N(f) = N{f(mh)) = N((fm)h ) = N(h(fm)) 

= N((hf)m ) 

= N{(gh)m) 

= N(g(hm)) 

= N(g). 

□ 


because i o g = f and g o i = /_ 4 . 

Theorem 3.10. Let (X, ft) and (Y, ft ) 
equivalence and let the diagram 


Theorem 3.11. Let (A, ft) be a digital image and f : (A', ft) — > (A', ft) be a digital map. N{f) is a lower bound for the 
number of fixed points in the homotopy class of f , i.e. 

0 < N(f) < M[f] := min {#Fixg \ g ~ (k , k) f : X —>■ A}. 


Proof. By the definition of Nielsen number, we have N(f) > 0. On the other hand, since we know that each Nielsen class 
contains at least one fixed point of /, we conclude that 0 < N(f) < M[f]. □ 


4 Nielsen Theory and Digital Universal Covering Spaces 

Since there is a connection between the digital fundamental group and the digital universal covering of a space, same results 
can be also obtained by the lifts of the considered maps to the digital universal coverings. Let (A', k ) be a digital image and 
p : X — > X be the digital universal covering of X, with group 7 r of covering transformations. Let f : X —¥ X be a lifting of 
/, i.e., have a commutative diagram 


p p 

Y Y 

X — — >- Y 

/ 

If / is another lifting of /, then / = a o f for some a G it. The set of all liftings of / is {a o f | a € 7r}. 

For any a £ n, f o a is a lifting of / and so we have a o f = f o a for some a £ tv. This defines a homomorphism 
ip : 7r — f 7r given by p>{a) = a . Define the Reidemeister action of 7r on 7r as follows: 

TV X 7T — > 7T 

(7, a) ' l avp( / y)~ 1 , 

where 7, a G tv. This defines an equivalence relation. We say that the Reidemeister classes of its equivalence classes. The 
set of the Reidemeister classes determined by tp is denoted by TZ[ip] = {[a] a £ 7r}. 

Theorem 4.1. Let (A, K.) be a digital image, f : X -A- A be a digital map and f : X — » A' be a lifting of f . Then [a] = [a ] 
if and only if p(Fix(a o /)) = p(Fix(a o /)), where p : X X is a digital covering map of f and a, a £ tv. 
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Proof. For necessary condition, since the fixed point sets of any two digital liomotopic maps are same, we conclude that 

[a] = [a ] => a ~(s,s) a 

=> a o f a o f 

=> Fix(a o /) = Fix(a o f) 

=$■ p(Fix(a o /)) = p(Fix(a of)). 


For sufficient condition, let a £ p(Fix(a o /)) = p(Fix(a o /)). Then we have p(a) = a and p[a' ) = a. Moreover, we get 

a o f(a) = a = 1^ (a) and a o f(a) = a = 1 x( a ) 

Finally, we can say 

«(/(«)) = « (/(«)) =>■ a = a =>■ a ~(*, s) a , 

where a is any point of A'. As a result, we have [a] = [a ]. □ 

Corollary 4.2. If p(Fix(af)) is any fixed point class, then 

Fix(f) = p(Fix(af)), 

[a]eTZ[ip] 

where [a] is a Reidemeister class. 

Lemma 4.3. Let (X,k),(X,k) be digital images, f : X — t X be a digital map and f : X — » X be any lifting of f . Then 
any two points in p(Fix(f)) C Fix(f) are Nielsen related. We have also 

Fix(f) = (J p{Fix{f')) 

S' 

where f is a lifting of f . 

Proof. Let a and b be any two points in p(Fix(f)). We say that 

p{a) = a, p(b) = b, f(a) = a, f(b) = b, 

for some a, b £ Fix(f). We denote a ft-path from a to b in X by 6. There is a digital homotopy H such that 

H : Ax [0, m\ z — t X 
H(x,0)=9 and H(x,m) = fo6 

because X is it-connected digital image. Then we have p o H = H : X x [0, m']z — > X is a digital homotopy between two 
K-paths 

9 — p o 9 and fod=po(fo9) 

which join two points a,b £ Fix(f). As a result, a and b are Nielsen related points. 

Now we prove the latter statement. Let u £ Fix(f) and u £ p~ 1 (u). Then f{u) = u and p -1 («) = u. Moreover, 
/' (u) = u because /' is a lifting of /. We can sav the following result. 

f'(u)=u => p o /' (fi) = p(u) = u =4- u £ p(Fix(f')). 

Consequently, we have Fix(f) = \^Jp(Fix(f')). □ 

S' 

Let p : A' — > X be a digital universal covering map. Let 

Ox = {a £ X — > X : p o a = p} 

denote the group of deck transformations of this digital covering map. 

Lemma 4.4. Let C be the set of liftings of f and f, f' £ C. If p(Fix(f)) = p(Fix(f')) ^ 0, then there is an a £ Ox such 
that a o f = f' o q. 
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Proof. If p(Fix(f)) = p(Fix(f')) ^ 0, then there are two points x, x such that p(x) = p(x') where 

x € Fix(f) =>■ f(x) = x and x € Fix(f') => f'(x’) = x . 

Since a € Ox, i.e. po a = p, we have a{x) = x . We conclude that 

/' o a(x) = f'{x) = x = a(x) = a(f{x)) =ao f(x). 

As a result, we have af = f' a. □ 

Lemma 4.5. Let /' = afa for an a £ Ox- Then p(Fix(f)) = p{Fix{f')). 

Proof. By assumption, we have p(a(x)) = p(x). If u £ p(Fix(f)), then p(x) = u and f(x) = x. Since 

pof{x) = u =$■ p o aT 1 o /' o a(x) = p o f'(x') = u, 

we have u £ p(Fix(f')). As a result, p(Fix(f)) = p(Fix(f')). □ 

5 Conclusion 

The essential aim of this paper is to determine fixed point properties for a digital image. This work can play an important 

role in digital images because Nielsen theory gives an information about the number of fixed points of a map. Since the 

Nielsen number is a powerful invariant in digital images, we think that this work will be useful for fixed point theory, 

especially Nielsen theory. 
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A FIXED POINT THEOREM AND STABILITY OF 
ADDITIVE-CUBIC FUNCTIONAL EQUATIONS IN MODULAR 

SPACES 

CHANG IL KIM, GILJUN HAN*, AND SEONG-A SHIM 


Abstract. In this paper, we investigate a fixed point theorem for a mapping 
without the condition of bounded orbit in a modular space, whose induced 
modular is lower semi-continunous. Using this fixed point theorem, we prove 
the generalized Hyers-Ulam stability for an additive-cubic functional equation 
in modular spaces without A 2 -conditions and the convexity. 


1. Introduction and preliminaries 

The question of stability for a generic functional equation was originated in 1940 
by Ulam [14]. Concerning a group homomorphism, Ulam posted the question ask- 
ing how likely to an automorphism a function should behave in order to guarantee 
the existence of an automorphism near such functions. Hyers [3] gave the first affir- 
mative partial answer to the question of Ulam for Banach spaces. Hyers’ theorem 
was generalized by Aoki [1] for additive mappings and by Rassias [12] for linear 
mappings by considering an unbounded Cauchy difference, the latter of which has 
influenced many developments in the stability theory. This area is then referred to 
as the generalized Hyers-Ulam stability. In 1994, P. Gavruta [2] generalized these 
theorems for approximate additive mappings controlled by the unbounded Cauchy 
difference with regular conditions. 

A problem that mathematicians has dealt with is ”lrow to generalize the classical 
function space L p ” . A first attempt was made by Birnhaum and Orlicz in 1931. This 
generalization found many applications in differential and intergral equations with 
kernls of nonpower types. The more abstract generalization was given by Nakano 
[10] in 1950 based on replacing the particular integral form of the functional by 
an abstract one that satisfies some good properties. This functional was called 
modular. This idea was refined, generalized by Musielak and Orlicz [8] in 1959 and 
studied by many authors ([4], [7], [11], [19]). 

Recently, Sadeghi [13] presented a fixed point method to prove the general- 
ized Hyers-Ulam stability of functional equations in modular spaces with the A 2 - 
condition and Wongkum, Chaipunya, and Kumam [15] proved the fixed point theo- 
rem and the generalized Hyers-Ulam stability for quadratic mappings in a modular 
space whose modular is convex, lower semi-continuous but do not satisfy the A 2 - 
condition. 
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2 CHANG IL KIM, GILJUN HAN, AND SEONG-A SHIM 

In this paper, we investigate a fixed point theorem in modular spaces, whose 
induced modular is lower semi-continuous, for a mapping with some conditions 
in place of the condition of bounded orbit and using this fixed point theorem, 
we will prove the generalized Hyers-Ulam stability for the following additive-cubic 
functional equation 

( 1 . 1 ) f(2x + y) + f(2x -y)- 2 f(x + y)~ 2 f(x - y) - 2f(2x) + 4 f(x) = 0 

in modular spaces without A 2 -conditions and the convexity. 

In fact, the equation (1.1) has been studied in various spaces. For example, in 
quasi-Banach spaces ([9]), in F-spaces ([16]), in non- Archimedean fuzzy normed 
spaces ([17]), and in intuitionistic fuzzy normed spaces ([18]), etc. Unlike Banach 
spaces and F-spaces, due to the absence of the triangle inequality in modular spaces, 
we need subtle caculations in the proofs of Lemma 1.4 and Theorem 2.2. 

Definition 1.1. Let X be a vector space over a field K(R or C). 

(1) A generalized functional p : X — ► [0, oo] is called a modular if 
(Ml) p(x) = 0 if and only if x = 0, 

(M2) p{ax) = p(x) for every scalar a with |a| = 1, and 

(M3) p(ax + /3 y) < p{x) + p{y) for all x, y € X and for all nonnegative real 
numbers a, /3 with a + /? = 1. 

(2) If (M3) is replaced by 

(M4) p(ax + (3y) < ap(x) + /3p(y) 

for all x, y £ X and for all nonnegative real numbers a, /3 with a + f3 = 1, then we 
say that p is a convex modular. 

Remark 1.2. Let p be a modular on a vector space X. Then by (Ml) and (M3), 
we can easily show that for any positive real number 5 with 5 < 1, 

p(Sx) < p(x) 

for all x € X. 

For any modular p on X, the modular space X p is defined by 
X p := {x £ X | p(Xx) — > 0 as A — * 0}. 

Let X p be a modular space and let {x n } be a sequence in X p . Then (i) {x n } 
is called p-convergent to a point x £ X p if p{x n — x) — > 0 as n — > oo, (ii) {a;„} is 
called p- Cauchy if for any e > 0, there is a fc £ N such that p(x n — x m ) < e for 
all m,n € N with n,m > k, and (iii) a subset I\ of X p is called p-complete if each 
p-Cauchy sequence is p-convergent to an element of I\. 

Another unnatural behavior one usually encounter is that the convergence of a 
sequence {x n } to x does not imply that {cx n } converges to cx for some c £ K. 
Thus, many mathematicians imposed some additional conditions for a modular to 
meet in order to make the multiples of {x n } converge naturally. Such preferences 
are referred to mostly under the term related to the A 2 -conditions. 

A modular space X p is said to satisfy the A 2 - condition if there exists k > 2 such 
that p( 2x) < kp(x) for all x £ X p . Some authors varied the notion so that only 
k > 0 is required and called it the A 2 ~type condition. In fact, one may see that 
these two notions coincide. There are still a number of equivalent notions related 
to the A 2 -conditions. 
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In [5] , Kliamsi proved a series of fixed point theorems in modular spaces where the 
modulars do not satisfy A 2 -conditions. His results exploit one unifying hypothesis 
in which the boundedness of an orbit is assumed. 

Lemma 1.3. (see [5],) Let X p be a modular space whose induced modular is lower 
semi- continuous and let C C X p be a p-complete subset. If T : C — > C is a 
p-contraction, that is, there is a constant L G [0, 1) such that 

p{Tx - Ty) < Lp(x -y), Vx,y€C 

and T has a bounded orbit at a point xq G C , that is, 

sup{p(T™xo — T m x o) | n, m £ N U {0}} < oo 

then the sequence {T n xq) is p-convergent to a point w £ C. 

Now, we will prove a fixed point theorem in modular spaces where the map T 
do not assume to be the boundedness of an orbit. Our results exploit one unifying 
hypothesis in which some conditions are assumed. 

Lemma 1.4. Let X p be a modular space whose induced modular is lower semi- 
continuous and let C C X p be a p-complete subset. Let T : C — > C be a mapping 
such that 

(1.2) 2Tx = T2x, Vx G C. 

Suppose that there is a constant L G [0, 1) with 

(1.3) p(2Tx - 2Ty) < Lp(x - y), \/x,y G C 

and p{Tx 0 — x 0 ) < oo at x 0 G C . Then the sequence {T" 2 ^} is p-convergent to 
some point w G C and 

(1.4) p(^ ~w) < j^rp(Tx 0 -x 0 ). 

Proof. By (Ml) and (M3), we have p(Tx — Ty) < p(2Tx — 2 Ty) and so, by (1.3), 
T is a p-contration. Hence we have 

p (\ t2x 0 - b x °) - p( t2x ° ~ Tx ° ) + P( Tx o ^ a^o) 

< (L + 1 )p{Tx 0 - x 0 ). 

Let Gx = 2 Tx for all x G C. By (1.3), we have 

p{\T n x 0 - ^ x 0 ) < p(T n x 0 - Tx 0 ) + p(Tx 0 - x 0 ) 

= p^-GlT^x 0 ) - X -Gx 0 ) + p(Tx o - x 0 ) 

< L p(\ Tn l X o - ^ XqS ) + p ( Tx 0 - xo) 

for all n G N with n > 2 and by induction, we have 

p(Vx 0 - ]^x 0 ) < Ylfz lL k p(Tx 0 - x 0 ) < y~XJ j P^ T x ° ~ x °) 
for all n G N. For any non-negative integers m, n with m > n, 
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p{\T n x o - \t™x 0 ) < p^-T^x o - i* 0 ) + /^T"*z 0 - i* 0 ) 

(1.5) 2 

< 1 _ l p(Tx 0 - x 0 ). 

By (1.2), T has a bounded orbit at a point j £ C and thus by Lemma 1.3, 
is p-convergent to a point u> £ C. Since p is lower semi-continuous, by taking n = 0 
and m — » oo in (1.5), we have (1.4). □ 

If p is convex, then Lemma 1.4 can be replaced by the following lemma. 

Lemma 1.5. All conditions in Lemma 1-4 are assumed. Suppose that p is convex 
and 0 < L < 2. Then the sequence {T n ^} is p-convergent to some point w £ C 
and 

( 1 . 6 ) p(^ ~w) < yzj-p(Tx 0 -x 0 ). 

Proof. By (Ml) and (M4), we have p{Tx — Ty) < \p(2Tx — 2Ty) and since 0 < 
L < 2, by (1.3), T is a p-contration. Hence by (M4), we have 

p{\t 2 x o - \ x o) < \p{T 2 x 0 - Tx 0 ) + \p(Tx 0 - x 0 ) 

< (\ L + ^)p{Tx o-x 0 ). 

Let Gx = 2Tx for all x £ C. By (1.3), we have 

p(^T n x , o - \ x o ) < \p{T n ‘ x o ~ Tx o ) + \p{Tx o - x 0 ) 

= p{^G(T n ~ 1 x 0 ) - ^Gx 0 ) + \p(Tx g - xo) 

< Ilp(\t^x 0 - + * p{Tx 0 - x 0 ) 

for all n£N with n > 2 and by induction, we have 

p{\ TUx o ~ ^o) < 2FfTP( Ta: o _ *«) ^ ~ Xo ) 

for all n £ N. For any non-negative integers m, n with m > n, 

p{\t u x 0 - \r m x 0 ) < \p(\T n x 0 - \x Q ) + \p(\T m x 0 - \x 0 ) 

< Y^L P<yTX 0 _ x ^' 

The rest of the proof is similar to Lemma 1.4. □ 

Let p be a modular on X, V a linear space. Define a set M by 
M := {g : V — )> X p \ g( 0) = 0} 
and a generalized function p on M by 

p(g) ■= inf{c > 0 | p(g{x)) < cip(x,x), \/x £ V}, 

for each jgM, where ^ : V 2 — > [0, 00 ) a mapping. Then M is a linear space, p is 
a modular on M. Furthermore, if p is convex, then p is also convex([15]). 


884 


CHANG IL KIM et al 881-893 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


A FIXED POINT THEOREM AND STABILITY OF ADDITIVE-CUBIC... 5 

Lemma 1.6. Let V be a linear space, X p a p-complete modular space, where p is 
lower semi-continuous and f : V — > X p a mapping with /( 0) = 0. Let xf : V 2 — ► 
[0, oo ) be a mapping. Then we have the following : 

(1) Mp = M and Mp is p-complete. 

(2) p is lower semi-continuous. 

Proof. (1) By the definition of Mp, Mp = M. Let e > 0 be given. Take any p- 
Cauchy sequence {g n } in Mp. Then there is an l G N such that for n, m G N with 
n, to > l, 

(1.7) p(g n {x) - g m (x)) < eip(x,x) 

for all x G V. Hence {g n (x)j is a p-Cauchy sequence in X p for all x € X. Since X p 
is p-complete, there is a mapping g : V — > X p such that p(g n ( x) — g(x)) — > 0 as 
n — > oo for all x G X. Then there is an to. G N such that 

p{g m { 0) - g{ 0)) = p(g( 0)) < e 

and hence g G Mp. Since p is a lower semi-continuous, by (1.7), we have 
p{g n (x) - g(x)) < lirninf p(g n (x) - g m (x)) < eif(x,x) 

m — >-oo 

for all x G X. Hence Mp is p-complete. 

(2) Suppose that {g n } is a sequence in Mp which is p-convergent to g G Mp. Let 
e > 0. Then for any n G N, there is a positive real number c n such that 

p(g n ) <c n < p(g n ) + e 

and so 

p(g(x)) < lim inf p{g n {x)) < liminf c n tp(x,x) < ( liminf p(g n {x)) + e)ip(x,x) 
for all x G X. Hence p is lower semi-continuous. □ 

2. The generalized Hyers-Ulam stability for (1.1) in modular spaces 

Throughout this section, we assume that every modular is lower semi-continuous. 
In this section, we will prove the generalized Hyers-Ulam stability for (1.1) by using 
our fixed point theorem. We can easily show the following lemma. 

Lemma 2.1. Let X and Y be vector spaces. Let f : X — ► Y satisfies (1.1) and 
/( 0) = 0. Then we have : 

(1) / is additive if and only if f(2x) = 2 f(x) for all x G X. 

(2) / is cubic if and only if /( 2x) = 8 f(x) for all x G X. 

For any mapping g : X — > Y, let 

9a{x) = |(p( 2x) - 8p(a:)), g c (x) = g(2x) - 2 g(x) 

and 

Dg(x, y) = g{ 2x + y)+ g(2x - y) - 2 g(x + y)~ 2g(x - y) - 2g(2x) + 4 g(x). 
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Theorem 2.2. Let V be a linear space, X p a p-complete modular space. Suppose 
that f : V — » X p satisfies /( 0) =0 and 

(2-1) p{Df(x,y)) < 4>{x,y) 

for all x, y G V, where 0 : V 2 — > [0, oo) is a mapping such that 

(2.2) 4>(2x,2y) < L(f(x,y) 

for some L with 0 < L < 1 and for all x,y € V. Then there exists a unique 
additive- cubic mapping F : V — > X p such that 

(2-3) p(F{x) - ^/(x)) < -^-j-ip(x,x) 

for all x € V, where 0(x, y) = 0(x , 2 y) + 0(x , y) + 0(0, y). 

Proof. Let 0(x, y) = 0(x, 2 y) + </>(x, y) + 0(0, y). Then by Lemma 1.6, Mp = M is 
p-complete and p is lower senri-continuous. 

Define T a : Mp — » Mp by T a g(x) = \g(2x) for all g G Mp and all x € V. Let 
g, h G Mp. Suppose that p(g — h) < c for some positive real number c. Then by 

(2.3) and Remark 1.2, we have 

p(T a g(x) - T a h(x )) < p{g{2x) - h(2x)) < Lcif(x,x) 

for all x G V and so p{T a g — T a h) < Lp(g — h). Hence T a is a p-contraction. By 

(2.1) , we get 

(2.4) p{f{x) + f{~x)) < 0(0, x), 

(2.5) p(/( 3x) - 4/(2x) + 5 f{x)) < 0(x, x), 
and 

(2-6) p(/( 4x) - 2/(3x) - 2f(2x) - 2 f{-x) + 4 f(x)) < <j>(x, 2x), 

for all x G V. By (2.4), (2.5), and (2.6), we obtain 

P{T a fa(x) - fa(x)) = p{\fa{ 2x) - f a {x)) < <j){x, 2x) + 0(x, x) + 0(0, x) = 0(x, x) 
for all x G V and hence we have 

(2.7) p(T a f a - f a ) < 1. 

Let Gg = 2 T a g for all g G Mp. Then 

Gg(x) = g(2x) 

for all g G Mp and for all x G V. Suppose that p(g — h) < c for some positive real 
number c, where g,h G Mp. Then p{g(x) — h(x)) < ci/j(x,x) for all x G V and by 

(2.2) , we have 

p(Gg(x) — Gh(x)) = p(g( 2x) — h(2x)) < c0(2x, 2x) < cLij){x,x) 
for all x G V. Hence p{Gg — Gh) < cL and so 

p{Gg — Gh) < Lp(g-h). 

Since T a is linear, by Lemma 1.4, there is an A G Mp such that {Tffif} is p- 
convergent to A. In fact, we get 
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(2.8) lim p(-^f a (2 n x) - A{ x)) = 0 

n—¥ oo Z' L ' z 

for all x € V. Since p is lower semi-continuous, we get 

p{T a A — A) < lim inf p(T a A - T a " +1 ^) < lim inf Lp{A -T^) = 0 

n—> oo 4 n—¥ oo 4 

and hence A is a fixed point of T a in Mp. Replacing x and y by 2 n x and 2 n y in 
(2.1), respectively, by (2.2), we have 

p(^Df a (2 n x,2 n y)) 

< P(^Df( 2 n+1 x, 2 n+1 y)) + p(^Df(2 n x, 2 n y)) 

< L n+1 (j)(x, y) + L n <j>(x, y) 

for all x, y £ V and for all ?jeN. Hence we get 

(2.9) J(im p(-^/«(2 n *,2"i,)) =0 
for all x, y € V. Note that 

p{^Df a (2 n x,2 n y)-^DA(x,y)) 

< p(^yj^/a(2”(2a; + y)) - ^ A(2x + y)) + p(— Ts /<*( : 2 n (2x - y)) - ^A( 2x - y)J 
+ p(^f 2 /a(2 n (x + y ) ) - ^2 A(x + y)) + p(^^2f a (2 n (x - y)) - ^2A(x - y )) 

+ p(^2/ a (2”2x) - ^2A(2x)J + p(^2f a (2 n (x - y)) - ^4A(x - y)) 
for all x, y £ V and for all ?ieN. Hence we have 

(2 - 10) KtTT5 I,/ “ (2 ” I ' 2 ” ! ' ) - b DAix ' y] ) = 0 

for all x, y € V . Since 

p(^ DA (x,y)) < p^^^Df a (2 n x,2 n y)-^DA{x,y))+p^^^Df a (2 n x,2 n y)j 
for all x,y G V and for all n € N, by (2.9) and (2.10), we get 

(2.11) DA(x,y)=0 

for all x,y € V. By (1.4) in Lemma 1.4, we get 

(2-12) KA-\f a )< — 

Define T c : Mp — » Mp by T c g(x) = |y( 2x) for all g € Mp and all x € V. By 
(2.4), (2.5), and (2.6), we obtain 

p(^fc( 2x) - f c (x)) < ip{x,x) 
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for all x G V and hence 

(2.13) p(TJ c - f c ) < 1. 

Let Hg = 2 T c g for all g G Mp. Then 

Hg(x) = |5( 2x). 

for all g G Mp and for all x G V. Let g, h G Mp. Suppose that p(g — h) < c for 
some positive real number c. Then p(g{x) — h(x)) < cip(x,x) for all x G V and by 
(2.3), we get 

p(Hg{x) — Hh{x)) = p(-g(2x) — —h( 2x)) < cip( 2x,2x) < cLip(x,x) 
for all iGb Hence p(Hg — Hh) < cL and so 

p(Hg - Hh) < Lp(g - h). 

Since T c is linear, by Lemma 1.4, there is a C G Mp such that {T"l/ C } is p- 
convergent to C. Since p is lower semi-continuous, we get 

p(T c C -C)< liminf p{T c C - T^ +l -J c ) < liminf Lp{C - T^\f c ) = 0 

n—¥ oo 4 n—>o o 4 

and hence C is a fixed point of T c in Mp. Replacing x and y by 2 n x and 2 n y in 
(2.1), respectively, by (2.2), we have 

P^Df^xXv)) 

< M2SrnD/(2"+'x,2"+ 1 ! ,)) +p(i- D/( 2»x,2" !/ )) 

< L n+ l (j)(x, y ) + L n <j>(x, y ) 
for all x, y G V. Hence we get 

?(^ D U 2n *- 2n t») =» 

for all x, y G V . Similar to A, we have 

(2.14) DC{x,y) = 0 
for all x,y G V and by (1.4) in Lemma 1.4, we get 

p(C(x) - | fc(x )) < 
for all x G X. Hence we have 

(2-15) p{C-\f c )< 

Let F = g(7 — \A. Since A is a fixed point of T a , A(2x) = 2A{x) for all x G 
and similarly, C( 2x) = 8 C(x) for all x G X. By Lemma 2.1, A is additive and 
is cubic. Hence F is an additive-cubic mapping. Since f(x) = | f c (x ) — | f a {x), we 
have 

p(F - ^/) < p(A - \fa) + ~p{\c - Y & fc) < p{A - \f a ) + p(C - \f c ), 
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and hence by (2.12) and (2.15), we have (2.3). 

To prove the uniquness of F, let K : V — > X p be another additive-cubic map- 
ping with (2.3). By (2.3), we get 

p(\ k (x) - ^ F(x )) < p(K(x) - ^f( x )) + p{F{x) - ^/(®))) 


< 


1 -L 


ip(x,x) 


for all x £ V and so 

- jF.W) < M^K( 2x) - ±F( 2x)) + p(\k(x) - jF(x») 

< ^±^V(x,x) 

for all x £ V. Since F„ and K a are fixed points of T a , we have 

P ^ 16 Ka ( : 

8(1 + L) 


p(^K a (x) - ^F a (x)) = p(±12K a (x) - ^T?F a (x)) 


< 


1 - L 


-L n ip(x, x) 


for all x £ V and for all n £ N. Letting n — > oo in the last inequality, we have 
F a = K a and similarly, we have F c = K c . Thus F = K. □ 

Comparing the results in a modular and a convex modular, we may see that the 
coefficient in the case of convex modular is smaller. 


Theorem 2.3. Suppose that every assumption of Theorem 2.2 holds, p is convex 
and 0 < L < 2. Then there exists a unique additive- cubic mapping F : V — > X p 
such that 

(2-16) p{F{x) - < 32 ( 2 5 _ 

for all x £ V, where 0(®, y) = 0(®, 2 y) + 0(a :, y) + 0(0, y). 

Proof. Define T a : Mp — » Mp by T a g(x) = \g{ 2x) for all g £ Mp and all x £ V. 
Let g,h £ Mp. Suppose that p(g — h) < c for some positive real number c. Then 
by (2.3) and (M4), we have 

p(T a g(x) — T a h(x)) < ^p(g(2x) - h(2x)) < * Lcip(x,x ) 

for all x £ V and so p(T a g — T a h) < \Lp{g — h). Hence T a is a p-contraction. By 
(2.1), we get 

(2.17) p(f(x) + f{-x)) < 0(0, x), 

(2.18) p(/( 3x) - 4/(2®) + 5 f(x)) < 0(®, x), 
and 

(2.19) p(/( Ax) - 2/(3®) - 2/(2®) - 2 /(-®) + 4 f(x)) < <j>(x, 2x), 
for all x £ V. By (2.17), (2.18), and (2.19), we obtain 


p(^/e»(2a;) - f a (x)) < l<f>(x,2x) + *0(®,®) + *0(0,®) < *0(®,®) 
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for all x £ V and hence 

P(T a fa(x ) - fa{x)) < 

for all g £ Mp and all x £ V. Hence we have 

(2-20) p{T a fa-fa)<\. 

Let Gg = 2 T a g for all g £ Mp. Then 

Gg(x) = g(2x) 

for all x £ V . Suppose that p(g — h) < c for some positive real number c. Then 
p{g(x) — h(x)) < ci / j ( x , x ) for all x G V and by (2.2), we have 

p(Gg(x) — Gh{ x)) = p(g(2x) — h(2x)) < eif){2x 1 2x) < cLij}{x,x) 
for all x £V. Hence p{Gg — Gh) < cL and so 


p(Gg-Gh) < Lp(g — h ). 

Since T a is linear, by Lemma 1.5, there is an A £ Mp such that {T"^} is p- 
convergent to A. In fact, we get 


lim P(^+ l/a(2 n a:) - Mx)) = 0 

n—to o Z ri ' z 

for all x £ V. Since p is lower semi-continuous, we get 

p(T a A — A) < lim inf p{T a A - T a " +1 ^) < lim inf Lp(A - T a "^) = 0 


n—too 

and hence A is a fixed point of T a in . 


4 n— >■ oo 4 

Similar to Theorem 2.2, we have 


(2.21) DA(x,y)= 0 

for all x,y £ V and by (1.6) in Lemma 1.5 and (2.20), we get 

( 2 -22) p( A ~ 4 ^ ) < 4 ( 2 - L)' 

Define T c : Mp — Mp by T c g(x) = |g( 2x) for all g £ Mp and all x £ V. By 
(2.17), (2.18), and (2.19), we obtain 

P(^fc( 2a;) - f c {x)) < ^ip{x,x) 

for all x £ V and hence 

(2-23) P{TJ C ~ f c )<\. 

Let Hg = 2 T c g for all g £ Mp. Then 

Hg{x) = | 5 ( 2x). 

for all g £ Mp and for all x £ V . Let g, h £ Mp. Suppose that p(g — h) < c for 
some positive real number c. Then p(g{x) — h(x)) < ci/j(x,x) for all x £ V and by 
(2.3), we get 
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p(Hg(x ) — Hh{x)) = p(-g(2x) — -h(2x)) < cip(2x,2x) < cLxp(x,x) 
for all x € V. Hence p{Gg — Gh) < cL and so 

p(Hg - Hh) < Lp(g - h). 

Since T c is linear, by Lemma 1.5, there is a C G such that {T"4/ c } is p- 
convergent to C . Since p is lower semi-continuous, we get 

p(T c C -C)< liminf p(T c C - T^ +l -J c ) < liminf Lp{C - T^\f c ) = 0 

n— >• oo 4 n—¥ oo 4 

and hence C is a fixed point of T c in Mj. Similar to Theorem 2.2, we get 
(2.24) DC{x,y) = 0 

for all x,y £ V and by (1.6) in Lemma 1.5, we get 

p(C(x) - ^ f c (x )) < 4 if)(x,x) 

for all x € X. Hence we have 


(2.25) 


p(C 


1 

4 


fc)< 


1 

4(2 -LY 


Let F = |(7 — \A. Since A is a fixed point of T a , A(2x) = 2 A{x) for all x € X 
and similarly, C( 2x) = 8 C(x) for all x £ X. By Lemma 2.1, A is additive and G 
is cubic. Hence F is an additive-cubic mapping. Since f(x) = l f .f c (x) — | f a (x), by 
(2.22) and (2.25), we have 


P(F ^/) < \p(A \f a ) + \p{\c ^/c) < \~P{A - \f a ) + \p{C \f c ). 


and hence we have (2.16). The rest of the proof is similar to Theorem 2.2. □ 


Remark 2.4. Sadeghi [13] proved the generalized Hyers-Ulam stability of func- 
tional equations in modular spaces with the A 2 -condition and in [15], authors 
proved the stability of mappings / : V — > X p and (j) : V 2 — > [0, oo) satisfying 

m = o, 

d)(2 n x 2 n v) 

(2.26) lim -2 = 0, 4>{2x,2x) < 4 L(j>(x,x), \/x,y £ V, 

n—> oo 4 n 

and 

p(4f(x + y) + 4 f(x -y)~ 8 f(x) - 8 f(y)) < (j>(x, y), Vx, y £ V 
for some real number L with 0 < L < | whose codomain is equipped with a convex 
and lower semi-continuous modular without A 2 -conditions. Our results guarantee 
the stability of an additive-cubic mapping, whose induced modular is lower semi- 
continuous without the convexity and A 2 -conditions if 0 < L < j. Further, in [15], 
authors left whether the multiple of 4 on the left side of the inequality (6) can be 
dropped as a problem. We can solve the problem by using Lemma 1.4 and its proof 
is similar to the proof in Theorem 2.2. 

In fact, suppose that cj> : V 2 — > [0, oo) is a mapping with (2.26) and that 
0 < L < j. Let / : V — > X p be a mapping such that /( 0) = 0 and 


(2.27) p(f(x + y) + f(x -y)- 2 f(x) - 2 f(y)) < <j>(x, y) 
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for all x,y £ X. Let ip( x ,y) = (j>(x,y) for all x, y € V, fo(x) = 4 f(x), and 
Tg{x) = \g{ 2x). Then by (2.27), we have 

p(Tfo(x) - f 0 (x)) = p(^f 0 (2x) - f 0 (x)) < <f>(x, x) 
for all x £ V and so 

(2.28) p(Tf 0 - f 0 ) < 1. 

Moreover, by (2.26), we have 

(2.29) p(2Tg-2Th)<ALp(g~h). 

Since 0 < L < by Lemma 1.4, there is a fixed point Q € Mp such that {T n ^} = 
{T n f } converges to Q in X p and 


(2.30) p(Q(x) - /( x)) < 1 _^ 4L </>(x,x) 

for all x £ V. We can show that Q is a quadratic mapping ([15]). 

Further, suppose that p is convex and 0 < L < 1. Then (2.28) and (2.29) can be 
replaced by 


p(Tfo - /o) < 


1 


and 

p(2Tg — 2Th ) < 2 Lp(g — h), 
respectively. By Lemma 1.5 and (1.6), 

1 1 


p{Q(x) - f{x)) < 


4(2 - 2 L) 


<P(x,x) = 


8(1 - L) 


<t>{x , x) 


for all x £ V. 
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Abstract 

In this paper, we consider the uniqueness problem of admissible functions and 
non-admissible functions sharing some values in the unit disc. We obtain: If /i is 
admissible and /2 is inadmissible satisfying lim T(r, / 2 ) = oo, dj(j = 1,2 

r — >1 — 

be q distinct complex numbers. Then 

(i) fi(z), / 2 O) can share at most three values < 11 , 02,03 IM\ 

(ii) f 2 (z) can share at most five values a,j(j = 1,2,...; 5) with reduced 
weight 1. Our results of this paper are improvement of the uniqueness theorems 
of meromorphic functions sharing some values on the whole complex plane which 
given by Yi and Cao. 

Key words: uniqueness; meromorphic function; admissible; non-admissible. 

Mathematical Subject Classification (2010): 30D 35. 


1 Introduction and Main Results 

In what follows, we shall assume that reader is familiar with the fundamental results and 
the standard notations of the Nevanlinna value distribution theory of meromorphic func- 
tions such as the proximity function m(r, /), counting function N(r,f ), characteristic 
function T(r, /), the first and second main theorems, lemma on the logarithmic deriva- 
tives etc. of Nevalinna theory, (see Hayrnan [7] , Yang [16] and Yi and Yang [19]). For a 
meromorphic function /, S(r,f) denotes any quantity satisfying S(r,f) = o(T(r,f)) for 
all r outside a possible exceptional set of finite logarithmic measure. 

We use C to denote the open complex plane, C := C[J{°o} to denote the extended 
complex plane, and D = {z : \z\ < 1} to denote the unit disc. 

Let f,g be two non-constant meromorphic functions in D and a £ C. If E(a,TD> 1 f) = 
E(a,D,g ), we say / and g share a CM(counting multiplicities) in D. If E(a, D, /) = 

*This work was supported by NSFC(11561033, 11301233, 61202313), the Natural Science Foun- dation 
of Jiangxi Province in China 20132BAB211001, 20151BAB201008), and the Foundation of Education 
Department of Jiangxi (GJJ14644) of China. 
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E(a,H>,g), we say / and g share a /M (ignoring multiplicities) in D. If D is replaced by 
C, we give the simple notation as before, E(a, f),E(a, f) and so on(see [16]). 
R.Nevanlinna [12] proved the following well-known theorems. 

Theorem 1.1 (see [12]) If f and g are two non-constant meromorphic functions that 
share five distinct values a\, a 2 , 03 , « 4, 05 IM in C, then f(z) = g(z). 

Theorem 1.2 (see [12]) If f and g are two distinct non-constant meromorphic functions 
that share four distinct values a\, < 22 , < 23 , 04 CM in C, then f is a Mobius transformation 
of g , two of the shared values, say ai and 02 are Picard values, and the cross ratio 
(ai,a 2 ,a 3 ,a 4 ) = -1. 


After their very work, the uniqueness of meromorphic functions with shared values 
in the whole complex plane attracted many investigations (see [16]). In 1987 and 1988, 
Yi [17, 18] dealt with the problems of multiple values and uniquness of meromorphic 
functions sharing some values in the whole complex plane by adopting L. Yang’s method 
and obtained some results which improved the concerning theorems due to Gopalakrislma 
and Bhoosnurmath’s [ 6 ], Ueda [14]. To state the theorems, we will explain some notations 
as follows. 

Let f(z) be a non-constant meromorphic function, an arbitrary complex number 
a € C, and k be a positive integer. We use E k )(a , /) to denote the set of zeros of / — a, 
with multiplicities no greater than k, in which each zero counted only once. We say that 
f(z) and g(z) share the value a with reduced weight k, if E k )(a,f) = E k ^(a,g). 

In 1987, Yi [17] obtained the uniqueness theorems concerning multiple values of mero- 
morphic functions as follows. 

Theorem 1.3 (see [17, 19, Theorem 3.15]). Let f(z) and g(z) be two non-constant 
meromorphic functions, aj(j = 1,2, ... ,q) be q distinct complex numbers, and let kj(j = 
1,2, ... ,q) be positive integers or 00 satisfying 

(1) k 1 >k 2 >--->k q > 1. 


If 


and 


( 2 ) 


E k j ){a,j,f) = E kj) ( aj ,g) ( j = l,2,...,q) 


E 


. 7—3 


k i 

kj + 1 


> 2 , 


then f{z) = g(z). 

In recent, it is an interesting topic to investigate the uniqueness with shared values 
in the subregion of the complex plane such as the unit disc, an angular domain, see 
[1, 2, 9, 10, 11, 15, 20, 21, 22]. In 1999, Fang [5] studied the uniqueness problem of 
admissible meromorphic functions in the unit disc D sharing two sets and three sets. 
Later, there were some results of uniqueness of meromorphic function in the unit disc 
concerning admissible functions. To state some uniqueness theorems of meromorphic 
functions in the unit disc D, we need the following basic notations and definitions of 
meromorphic functions in B(see [3], [4], [ 8 ]). 
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Definition 1.1 Let f be a meromorphic function in D and lim,,^- T(r, /) = oo. Then 

v T(r,f) 

a{f) := limsup — — ^ 

mi- -log(l-r) 

is called the index of inadmissibility of f. If a(f) = oo, f is called admissible. 
Definition 1.2 Let f be a meromorphic function in D and lim,,^- T(r , /) = oo. Then 

log +T(r,f) 


p(f) ■= limsup 


l- ~ l°g(l — i") 


is called the order (of growth) of f. 

For admissible functions, the following theorem plays a very important role in studies 
the uniqueness problems of meromorphic functions in the unit disc. 

Theorem 1.4 (see [13, Theorem 3]). Let f be an admissible meromorphic function in 
O, q be a positive integer and aq, aq , ,a q be pairwise distinct complex numbers. Then, 
for r — > 1~ , r fL E , 


(q - 2 )T(r, f) <J2 N + S(r, /), 

where E C (0, 1) is a possibly occurring exceptional set with f E < 00 . If the order of 
f is finite, the remainder S(r, f) is a O ^log without any exceptional set- 

in 2005, Titzhoff [13] investigated the uniqueness of two admissible functions in the 
unit disc D by using the Second Main Theorem for admissible functions (Theorem 1.4) 
and obtained the five values theorem in the unit disc D as follows. 


Theorem 1.5 (see [13]). If two admissible function f,g share five distinct values, then 
f = 9- 

In 2009, Mao and Liu [11] gave a different method to investigate the uniqueness 
problem of meromorphic functions in unit disc and obtained the following results. 

Theorem 1.6 (see [11]). Let f,g be two meromorphic functions in D, aj £ C (j = 
1,2,..., 5) be five distinct values, and A($o,<5)(0 < 6 < tt) be an angular domain such 
that for some a £ C, 


( 3 ) 


lim m p log n ( r,A ( a 0 ,3/2),/(z) 

Ml- log 


a) 


= T > 1. 


If f and g share aj(j = 1,2, ... ,5) IM in A(9 q,S), then f(z ) = g(z). 

Remark 1.1 In fact, the condition (3) implies that f is admissible in the unit disc. 
Therefore, Theorem 1.6 is one result of uniqueness of admissible functions in the unit 
disc. 


3 


896 


Hong-Yan Xu 894-906 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


For admissible functions in the unit disc D, from Theorem 1.4, using the same argu- 
ment as in the proofs of Theorem 1.3, we can easily get the following results. 

Theorem 1.7 Let fi(z) and f 2 (z) be two admissible meromorphic functions inH, a j(j = 

1.2 .. .. ,q) be q distinct complex numbers, and let kj(j = 1 , 2 , . . . , q) be positive integers 
or oo satisfying (1). If f±(z) and f 2 (z) satisfy 

(4) £fc,)(ai,B,/i) = E k . ) (a j ,n,f 2 ) {j = 1, 2 , . . . , q) 

and (2), then fi(z) = f 2 (z), where .E fc )(a,0,/) to denote the set of zeros of f — a in D, 
with multiplicities no greater than k, in which each zero counted only once. 

Remark 1.2 For a £ C and a positive integer k, we can say that fi(z), f 2 (z) share the 
value a in D with reduced weight k, if E k j(a,V>, /i) = E k j(a, D, / 2 ). 

Similar to the corollary of Theorem 1.3 (see [19, Corollary, pp. 181.]), we can get the 
following corollary. 

Corollary 1.1 Let fi(z) and f 2 (z) be two admissible meromorphic functions inD , aj{j = 

1 . 2 .. .., g) be q distinct complex numbers, and let kj(j = 1 , 2 ,q) be positive integers 
or oo satisfying (1) and (4). 

(i) if 5 = 7, then fi(z) = f 2 (z); 

( ii ) if q = 6 and k 3 > 2, then fi(z) = f 2 {z); 

(Hi) if q = 5, &3 > 3 and k$ > 2, then fi(z) = f 2 (z); 

( iv ) if q = 5 and k 4 > 4, then fi(z) = f 2 (z); 

( v ) if q = 5, k% > 5 and k± > 3, then fi(z) = f 2 (z); 

( vi ) if q = 5, &3 > 6 and k 4 > 2, then fi(z) = f 2 (z). 

Remark 1.3 In Theorem 1.5, the conclusion f(z) = g(z ) holds when q = 5 and kj = 
00 ( j = 1, 2, . . . , 5). From Corollary 1.1, we can get that fi(z) = f 2 (z) when q = 5 and 
kj (j = 1,2, ... , 5) satisfy any of the four conditions (i)-(iv). Hence, Corollary 1.1 is an 
improvement of Theorem 1.5. 


For non-admissible functions, the following theorem also plays a very important role 
in studies theirs uniqueness problems. 

Theorem 1.8 (see [13, Theorem 2]). Let f be a meromorphic function in D and lim,,^- 
T(r, f) = oo, q be a positive integer and a\, a 2 , ■ ■ ■ , a q be pairwise distinct complex num- 
bers. Then, for r — > 1~, r ^ E, 

(q - 2 )T(r, f) <^N fr, — - — \ + log — + S(r, /). 

,-_i \ J a j / i r 


Remark 1.4 (i) In contrast to admissible functions, the term log j-zy in Theorem 1.8 
does not necessarily enter the remainder S(r,f) because the non-admissible function f 
may have T(r, /) = O (log ^ j . 

(ii) If 0 < a(f) < 00 , we can see that S(r,f) = o (log holds in Theorem 1.8 
without a possible exception set. 
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From Theorem 1.8 and Remark 1.4, we can see that the uniqueness of non-admissible 
functions is more intricate than the case of admissible functions. 

In this paper, we will deal with the uniqueness problem of non-admissible functions 
in D. We use T a to denote the class of non-admissible functions satisfying the condition: 
a(f ) = a(0 < a < oo) for / G T a . For the class Y a , we get the following results 

Theorem 1.9 Let f(z) G Y a , aj(j = 1,2 ,...,q) are q distinct complex numbers. If 
q = 5 + [| + yrjy], then there does not exist g(z) f(z)) G T a satisfying 

(5) E k) (a j ,B,f)=E k) (a j ,B,g), (j = 1, 2, . . s ,q), 

where [x] denotes the largest integer less than or equal to x. 

Corollary 1.2 Let f(z) G T a . Then f(z) is uniquely determined in T a by one of the 
following cases: 

(i) if f have seven point-sets E 1 - ) (aj,H > , f)(j = 1, 2, . . . , 7) and a > 1; 

(ii) if f have six point-sets E 2 ^(aj,I$, f)(j = 1 , 2 , . . . , 6 ) and a > |; 

(Hi) if f have five point-sets E 3 ) (aj, D, f)(j = 1,2, ... ,5) and a > 4. 

Remark 1.5 For Corollary 1.1, we can see that the conclusion (Hi) in Corollary 1.1 is an 
improvement of Theorem 1.6. In fact, the conclusion of Theorem 1.6 is that non- constant 
meromorphic function f is uniquely determined in D by five point-sets E^^aj, D, f)(j = 

1. 2. . . . , 5) and a(f) = oo. 

Theorem 1.10 Let a > 12 and f(z) G T a , aj(j = 1,2,..., 5) be five distinct complex 
numbers. Then f(z) is uniquely determined in T by three point-sets E^ (aj, D, f)(j = 
1,2,3) and two point-sets E 2 ) (aj, D, f)(j = 4,5). 

Furthermore, for the uniqueness of regular inadmissibility functions we obtain the 
following theorems 

Theorem 1.11 Let aj(j = 1,2 ,...,q) be q distinct complex numbers, and let kj(j = 

1.2.. . .,q) be positive integers or oo satisfying (1). If fi(z), f- 2 (z) be non- constant regular 
inadmissibility functions satisfying 0 < a(/i),a(/ 2 ) < oo, (4) and 

V kj 2 2 

~' 3 k i + 1 > «(/i) +a(/2)’ 


then /i {z) = f 2 {z). 

From Theorem 1.11, similar to Corollary 1.1, we can get the following results easily. 

Corollary 1.3 Let aj(j = 1,2 ,...,q) be q distinct complex numbers, and let kj(j = 

1,2,..., g) be positive integers or oo satisfying (1), a := min{a(/i), a(f 2 )}. And let 
fi{z),f 2 (z) be non- constant regular inadmissibility functions satisfying 0 < a(/i),a(/ 2 ) < 
oo and (4), 

(i) if a > 1, q = 7 and k 7 > 2, then fi{z) = f 2 (z); 

(ii) if a > 1, q = 6 and ke > 4, then fi(z) = f 2 (z); 
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(in) if a > 2 and q = 7, then fi(z) = / 2 (,z); 

( iv ) if a > 3, q = 6 and k 3 > 2, then fi(z) = f 2 (z); 

( v ) if a > 6, q = 5, k 3 > 3 and k 3 > 2, then fi(z) = f 2 (z); 

( vi ) if a > 10, q = 5 and fc 4 > 4, f/ien fi(z) = / 2 (,z); 

(vii) if a >12, q = 5, fc 3 > 5 and k 4 > 3, t/ien fi(z) = / 2 (,z); 

(viii) if a > 42, q = 5, k 3 > 6 and £4 > 2, f/ien /i( 2 ) = / 2 (;z). 

Remark 1.6 /n Corollary 1.1, fi(z), f 2 (z) are all admissible functions, that is, a(f 1 ) = 
00 and a(/ 2 ) = 00 . From the conclusions of Corollary 1.3, we see that fi(z) = f 2 (z) holds 
when fi(z), f 2 (z) are non-constant regular inadmissibility functions with min{a(/i), a(/ 2 )} 
> C and ( a positive constant. Hence, Corollary 1.3 is an improvement of Corollary 1.1. 

The following theorem will show that an admissible function can share sufficiently 
many values concerning multiple values with another inadmissible function. 

Theorem 1.12 If fi is admissible and / 2 is inadmissible satisfying lim,,^- T(r,f 2 ) = 
00 , aj(j = 1 , 2 , . . . , q) be q distinct complex numbers, and let kj(j = 1,2 ,q) be positive 
integers or 00 satisfying (1). Then 

< 7) iwf t- 2>o 

J=2 J 


and (4) do not hold at same time. 

Corollary 1.4 If fi is admissible and f 2 is inadmissible satisfying lim,.^- T(r,f 2 ) = 
00 , aj(j = 1, 2, . . . ,q) be q distinct complex numbers. Then 

(i) fi(z), f 2 (z) can share at most three values 01 , 02,03 IM; 

(ii) .fi(z), / 2 (,z) can share at most five values a j(j = 1, 2, . . . , 5) with reduced weight 

i; 

And any one of the following cases can not hold 

(in) <7 = 4 and E kl) (ai, D, fi) = F fcl )(oi, D, / 2 ) (ki > 6 ), F 6 )(a 2 ,B, / 1 ) = F 6 ) (o 2 ,D, 
f 2 ), F 2 ) (o 3 ,D,/ 1 ) = F 2 ) (o 3 ,D, / 2 ) and F 1 ) (o 4 ,D, / 1 ) = F 1 ) (o 4 ,D, / 2 ); 

(iv) q = 4 and E kl) (a 1; D, fi) = E kl) (a 1: D, / 2 ) (k 3 > 3), F 3 ) (a 2 ,D,/i) = F 3 ) (a 2 ,D, 
fz), F 2 ) (a 3 ,D, / 1 ) = E 2 )(a 3l D,/ 2 ) and F 2 ) (a 4 ,B, / 1 ) = E 2 ) (a 4 , D, f 2 ); 

(v) q = 5 and F fe) (oi,D,/i) = F fe) (aD,/ 2 ) ( k > 2,i = 1,2), E x) (aj, D, / 1 ) = 
Fd(o„D,/ 2 ) (j = 3,4,5). 

2 Some Lemmas 

To prove our results, we will require the following lemmas. 

Lemma 2.1 (see [13, Lemma 1]). Let f(z),g(z) satisfy lim r _ > 1 -T(r, /) = 00 and 
linx,,.^!- T(r,g) = 00 . If there is a K £ (0,oo) with 

T(r,f) < KT(r, g) + S(r, f) + S(r, g), 

then each S(r,f) is also an S(r,g). 
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Lemma 2.2 (see [19, Lemma 3.4]). Let f(z) be a non-constant meromorphic function, 
a be an arbitrary complex number, and k be a positive integer. Then 


N 



< 





+ 


-N 



and 


N 



< 


k + l Nk) 



+ ^- 1 T (r,f) + °(l), 


where N k ^ yr, jzr^J are denoted by the zeros of f — a in \z\ < r, whose multiplicities are 
not greater than k and are counted only once. 


From Lemma 2.2 and Theorems 1.4 and 1.8, we can get the following Lemma 

Lemma 2.3 Let f(z) be a meromorphic function in D and linv^i- T(r, f) = oo, aj(j = 
1 , 2 ,..., g) be q distinct complex numbers, and kj(j = 1 , 2, . . . , q) be positive integers or 
oo. If f is an admissible function, then 



2-E 


. kj + 1 

J= i j 


T(r,f)<J2 

3 = 1 


k 3 

kj + 1 


N 


kj) 



+ S(r, /); 


If f is a non-admissible function, then 



1 


kj + 1 





+ log t~ b S(r, /), 

1 — r 


where 5(r, /) is stated as in Theorem 1.4 . 


3 Proofs of Theorems 1.9 and 1.10 

3.1 The Proof of Theorem 1.9 

Suppose that there exists g(z) € T a satisfying (5) and f(z) ^ g(z). Without loss of 
generality, we can assume that aj(j = 1,2, ... ,q) are all finite numbers, otherwise, a 
suitable linear transformation will be done. Since f(z),g(z) € T a , from Lemma 2.3, we 
have 


(8) (“- 2 -kh) T(r ' f) - tTT £ Nt> ( r ' jh;) + log rz + S{r • f) ■ 

If follows form (5) that 

(9) E N W ( r ’ f -a- ) ~ N J^-g) - T<yT ' ^ + T ( r, 9 + 
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From ( 8 ) and (9), we have 

qk 3k + 2 


_ k + 1 k + 1 

Similarly, we have 

qk 3k + 2 


k + 1 k + 1 
Combining the above two inequalities, we get 
qk 4 k + 2 


T{r,f) < —^—T(r,g) + log — + S(r,f). 
k + 1 1 — r 


T(r,g ) < v^rTfr, /) + log — +S{r,g). 
k + 1 1 — r 


( 10 ) 


A; + 1 k + 1 


{T(r, /) + T(r, S )} < 2 log — + 5(r, /) + S(r, fl ). 


Since f(z), g{z) € T a and 0 < a < oo, from the definition of index and q = 5 + [| + ^± 1 ], 
we have for 0 < £ < a — ql +l _ 2 , there exists a sequence {?’ m } -A 1 “ such that 


( 11 ) 


T(r m ,f) > (a- s) log 


1 -r„ 


T( T m 7 g)> (a- e) log 


1 - r.„ 


for all to — > oo. From f(z),g(z) € Y a and the assumptions of Theorem 1.9, we can see 
that S(r,f ) = o ^log and S(r,g) = o^logyd^. From this fact and (10)-(11), we 
have 


(12) 



4fc + 2\ 
k + 1 J 


(a 




< o 



From (12) and 2 — Xfr) ( a ~ £ ) ~ 2 > 0, we can get a contradiction. Hence, we 

have f(z ) = g(z). 

Thus, this completes the proof of Theorem 1.9. 


3.2 The Proof of Theorem 1.10 

Suppose that there exists g(z) € T a satisfying f(z) ^ g(z) and 
(13) E 3) (a j ,'B,f)=E 3) (a j ,'B,g), (j = 1,2,3) 

E 2 = E 2 )(aj,B,g), ( j = 4,5). 

Without loss of generality, we can assume that a, (j = 1, 2, . . . , 5) are all finite num- 
bers, otherwise, a suitable linear transformation will be done. Since f(z),g(z) € Y a , 
from Lemma 2.3, we have 


(14) 



( r '7^-) +log Tb +s(r - /) 
( r '/w)) +los r^ + S( ’'- /) - 
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From (13), we have 

(’■■7^-) <r(r,/)+T(r, 9 ) + 0(l). 

From this inequality and (14), we have 

(15) lT(r, /) < *T(r, g ) + log + S(r, /). 

6 4 1 — r 

Similarly, we have 

(16) j! T{r,g ) < ^T(r, /)+ log —*— + 5(r, 5). 

6 4 1 — r 

Since f(z),g(z ) €E T a and a > 12, from the definition of index, we have for any e(0 < 
e < a — 12), there exists a sequence {r m } — > 1“ satisfying (11) for all m — » 00. From 
this fact and (15)-(16), we have 

<17) (l(a - £) - 2) l° g < 0 (>»S 717-) ■ 

Since a > 12 and 0 < e < a — 12, we have \{a — e) — 2|(a — e) — 2 > 0, a contradiction. 
Hence, we have f(z) = g(z). 

Thus, this completes the proof of Theorem 1.10. 


4 Proof of Theorem 1.11 


Without loss of generality, we may assume that all a.j (j = 1, 2, . . . , q) are finite, otherwise, 
a suitable Mobius transformation will be done. From Lemma 2.3, we have 


<18) I 2 - t ^ S t »*,) (-•. J^ a , 


1 = 1 


1=1 


log 


1 — r 


^(ii/i)- 


From (1), we have 


(19) 


1 k a ko hi 

- < q — < ••• < — < < 1 

2 + 1 


k'2 1 fci + 1 


9 
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From (18) and (19), we have 

(20) 

\ 

k 


E 

u =i 


<- 


k 3 + 1 




k 3 1 


kj 

3 2 
kj + 1 

j T(r,/i) 


-E^)( 

3 = 1 

V 1 ^ 

2 

3 = 1 



rji) 


J = 1 

V 1 1 

2 

i+£( 

I=i 

v ’ h - a j) 

x _ r + 5 ( r >/i)- 



fcj k 3 \ — f 1 

kj + 1 k 3 + 1 ) ki) \ r ’fi- dj 


kj _ k 3 
kj - 1-1 ^3 + 1 




If fi(z) ^ / 2 (,j), from the assumptions of Theorem 1.11, we have 
(21) < N (r, -p- — y-') < T(r, /r) + T(r, / 2 ) + 0(1). 


j=i 


fi - a 3 


h-h 


From this inequality, we have 


(22) I £ 


^=3 


* j + i ' fc, + 1 ~ 2 1 T[r ' h) £ STTT r(r ' /2) + log rb + s(r ' /l) 


+ 


Similarly, we have 


(23) I £ 


+ T^h - 2 ) T ^ h) ^ rTT r(r ’ *) + 10 § r~ + s /a) 

— kj + 1 fc 3 + 1 / fc 3 + 1 1 - r 

J=3 J 


Since 0 < a(/i), a{f 2 ) < oo, we have 5(r, /i) = o (log yby) , <?(r, / 2 ) = o (log jby ) . 
from the definition of index, for any e satisfying 


0 < 2e < min <( a(/i), a(/ 2 ), a(/i) + a(/ 2 ) - " k . 

3 kj + l 

there exists a sequence {r m } — > 1~ such that 

(24) T{r m ,fi) > (a(/i) - e) log — ^ — , T(r TO , / 2 ) > (a(/ 2 ) - e) log 

-L I'm. 17 


for all m — > oo. From (22)-(24), we have 


(25) ^(«(A) + «(/,) ‘»S rb“ < 0 ( log |T»w) 


10 


And 
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Since 0 < 2e < a(/i) + a(/ 2 ) — ; 


we have (a{fi) + a(f 2 )-2e)J2 9 i= 


j — 3 


— 2 > 0 , 


a contradiction. Hence, we have fi(z) = f 2 (z). 

Thus, this completes the proof of Theorem 1.11. 


5 Proofs of Theorem 1.12 and Corollary 1.4 


5.1 The Proof of Theorem 1.12 


We will employ the proof by contradiction, that is, suppose that (4) and (7) hold at the 
same time. Since fi{z) is admissible, from Lemma 2.3, and by using the same argument 
as in Theorem 1.11, we can easily get 


£ k ’ 


k j + 1 ^2 H - 1 

Vl— 3 J 


Ok 

+ 7—^-2 I T{r,h)<-^-{T{r,h) + T{rJ 2 )) + S{r,h), 


that is, 
(26) 


E 

o'= 2 


kn 


kj + 1 


k2 1 


- 2 j T(r, A) < f 2 ) + S(r, A)- 


Set K = F+I — 2. If K > 0, from (26), we have 


(27) T[r, A) < K'T(r, f 2 ) + S(r, fi), 

where K' = ^ k k ^ . Since kj > 0 (j = 1,2, ... ,q), we have K' > 0 as K > 0. From this 
and Lemma 2.1, we can get that each S(r, A) is also an S(r, f 2 ). Since f\{z) is admissible 
and f- 2 (z) is non-admissible, we can get T(r, f 2 ) = S(r,fi). Thus, we have 


(28) T(r, f 2 ) = S( ri A) = S(r, f 2 ) = o(T(r, f 2 )). 

Since lim,,^!- T(r, f 2 ) = oo and (28), we can get a contradiction. 
Hence, we prove that (4) and (7) do not hold at the same time. 


6 The Proof of Corollary 1.4 

(i) Suppose that fi(z),f 2 (z) share four values dj{j = 1, 2, 3, 4) IM, that is, kj = oo {j = 
1,2, 3, 4). Since fi(z) is admissible, from Theorem 1.4, we have 

(29) 2T(r,A)<E Ar ( r ,^3 a 7) + 5 ( r -A)- 

Since fi{z),f 2 (z) share four values a,j{j = 1,2, 3, 4) IM , we have 

(so) N ( r > A^~) - N ( r ’ j~r 2 ) - T(r ’ /i} + T(r ’ h) + ° (1) - 

ii 
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From (29) and (30), we have 

(31) T(r,/i)<T(r,/ 2 ) + 5(r,/ 1 ). 

By Lemma 2.1, similar to the proof of Theorem 1.12, we have 

T(r, h) = S(r , h) = S{r, f 2 ) = o(T(r, / 2 )). 

From this and lim,.^!- T(r, / 2 ) = oo, we can get a contradiction. 

Thus, this completes (i) of Corollary 1.4. 

Similar to the proof of Corollary 1.4 (i), we can prove (iii),(iv) and (v) of Corollary 
1.4 easily. Here we omit the detail. 

(ii) Suppose that /i, / 2 share six values aj (j = 1, 2, . . . , 6) with reduced weight 1, that 


(32) E 1 ) (a j ,n,f 1 ) = E 1 ) (a j ,B,f 2 ), (j = 1 , 2 ,..., 6), 

and fci = fc 2 = • • • = &6 = 1. Then, we can deduce that 


y- k j 

2 -^ Jk- 4- 


3 = 2 


I- 2 = 5X 2- 2= 2 >0 - 


From this and the conclusion of Theorem 1.12, we get a contradiction. 
Thus, this completes the proof of Corollary 1.4. 
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COMPOSITIONS INVOLVING SCHUR HARMONICALLY 
CONVEX FUNCTIONS 

HUAN-NAN SHI AND JING ZHANGt 

Abstract. The decision theorem of the Schur harmonic convexity for the 
compositions involving Schur harmonically convex functions is established and 
used to determine the Schur harmonic convexity of some symmetric functions. 
2010 Mathematics Subject Classification: Primary 26D15; 05E05; 26B25 
Keywords: Schur harmonically convex function; harmonically convex func- 
tion; composite function; symmetric function 


1. Introduction 

Throughout the article, M denotes the set of real numbers, x = (xi, X 2 , . . . , x n ) 
denotes n-tuple (n-dimensional real vectors), the set of vectors can be written as 

R" = {x = {xi,x 2 , . . . ,x n ) : Xi, e R,i = 1,2, . . . ,nj , 

R++ = {x = (xi,x 2 , ■ ■ ■ ,x n ) : Xi > 0,i = 1, 2, . . . ,n}, 

K" = {x = (xi, x 2 , ■ ■ ■ , x n ) : Xi > 0, i = 1, 2, . . . , n}. 

In particular, the notations R, R++ and R+ denote R 1 , R^+ and ®+j respec- 
tively. 

The following conclusion is proved in reference EQ p. 91], H p. 64-65], 

Theorem A. Let the interval [a, b] C R, ip : R™ — > R, / : [a, b] — > R and 
tp(xi,x 2 , ...,x n ) = <p(f{xi),f(x 2 ), . . . , f{x n )) : [a, b] n — t R. 

f J. Zhang: Correspondence author. 
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2 H.-N. SHI AND J. ZHANG 

(*) If p is increasing and Schur-convex and f is convex, then ip is Schur-convex. 

(ii) If p is increasing and Schur-concave and f is concave, then ip is Schur- 
concave. 

(in) If p is decreasing and Schur-convex and f is concave, then ip is Schur- 
convex. 

(iv) If p is increasing and Schur-convex and f is increasing and convex, then ip 
is increasing and Schur-convex. 

( v ) If p is decreasing and Schur-convex and f is decreasing and concave, then 
ip is increasing and Schur-convex. 

(vi) If p is increasing and Schur-convex and f is decreasing and convex, then 
ip is decreasing and Schur-convex. 

(vii) If p is decreasing and Schur-convex and f is increasing and concave, then 
ip is decreasing and Schur-convex. 

(viii) If p is decreasing and Schur-concave and f is decreasing and convex, then 
ip is increasing and Schur-concave. 

Theorem A is very effective for determine of the Schur-convexity of the composite 
functions. 

The Schur harmonically convex functions were proposed by Chu et al. mmm 
in 2009. The theory of majorization was enriched and expanded by using this 
concepts. Regarding the Schur harmonically convex functions, the aim of this 
paper is to establish the following theorem which is similar to Theorem A. 

Theorem 1. Let the interval [a,b\ C R ++ , p : M” + — > K++, / : [a, b] -A R++ and 
ip(x 1 ,x 2 ,...,x n ) = p(f(x 1 ),f(x 2 ),...,f(x n )) : [a, b) n -S>M ++ . 
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COMPOSITIONS INVOLVING SCHUR HARMONICALLY CONVEX FUNCTIONS 3 

(z) If p is increasing and Schur harmonically convex and f is harmonically 
convex, then if is Schur harmonically convex. 

(ii) If p is increasing and Schur harmonically concave and f is harmonically 
concave, then if is Schur harmonically concave. 

(Hi) If p is decreasing and Schur harmonically convex and f is harmonically 
concave, then if) is Schur harmonically convex. 

(iv) If p is increasing and Schur harmonically convex and f is increasing and 
harmonically convex, then if is increasing and Schur harmonically convex. 

( v ) If p is decreasing and Schur harmonically convex and f is decreasing and 
harmonically concave, then if is increasing and Schur harmonically convex, 

(vi) If p is increasing and Schur harmonically convex and f is decreasing and 
harmonically convex, then if is decreasing and Schur harmonically convex. 

( vii ) If p is decreasing and Schur harmonically convex and f is increasing and 
harmonically concave, then if is decreasing and Schur harmonically convex, 
(viii) If p is decreasing and Schur harmonically concave and f is decreasing and 
harmonically convex, then if is increasing and Schur harmonically concave. 

2. Definitions and lemmas 

In order to prove our results, in this section we will recall useful definitions and 
lemmas. 

Definition 1. (TJ [2] Let x = (x\,X 2 , ■ ■ ■ , x n ) and y = (yi,y 2 , ■ ■ ■ , Vn ) £ R n - 
(i) x > y means x,, > y.-, for all i = 1,2, ... , n. 

(ii) Let f2 C M", p: fl — > R is said to be increasing if x > y implies p(x) > 
p(y). p is said to be decreasing if and only if — p is increasing. 
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4 H.-N. SHI AND J. ZHANG 

Definition 2. [2 j2j Let x = (xi,x 2 , ■ ■ ■ , x n ) and y = (yi, y 2 , ■ ■ ■ , y n ) G R n . 

We say y majorizes x ( x is said to be majorized by y), denoted by x -< y, 
if < Ei=i2/[»] for k = 1,2, 1 and XT=i where 

ai[i] > xp] > • • • > and 2/[i] > y[ 2 ] > • • • > y [ n ] are rearrangements of x and y 
in a descending order. 

Definition 3. [L;2| Let x = (xi,x 2 , ■ ■ ■ , x n ) and y = (yi, y 2 , ■ • ■ , y n ) € R n - 
(*) A set f 1 c K ra is said to be a convex set if 

ax + (1 - a)y = (ax i + (1 - a)yi,ax 2 + (1 - a)y 2 , • . . ,ax„ + (1 - a)y„) G 

for all x, y £ fl, and a € [0, 1]. 

(ii) Let C K™ be convex set. A function p: — > R. is said to be a convex 

function on fl if 

p {ax + (1 — a)y) < ap{x) + (1 — a)p{y) 

holds for all x, y € fl, and a £ [0, 1]. p is said to be a concave function on 
f 1 if and only if — p is convex function on 0. 

(■ Hi ) Let Q C K n . A function p: fl — > K is said to be a Schur-convex function 
on fl if x -< y on implies p (x) < p (y) . A function p is said to be a 
Schur-concave function on fi if and only if — p is Schur-convex function on 

n. 

Lemma 1. {Schur-convex function decision theorem) [TJ [2j ; Let f 1 C K" be sym- 
metric and have a nonempty interior convex set. fl° is the interior of Q. p : 
— ► R is continuous on ft and differentiable in f2°. Then p is the Schur — 
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convex ( or Schur — concave, respectively ) function if and only if tp is symmetric 
on £7 and 


(aii 




> 0 (or < 0, respectively ) 


( 1 ) 


holds for any x G £2° . 


Definition 4. [6] Let £7 C 


++• 


(i) A set £1 is said to be a harmonically convex set if 


xy 


Xx + (1 — A )y 


G £1 


for every x,y G fl and A G [0,1], where xy = Xu=i an d — = 
Xi x 2 xj 

( ii ) Let £1 C R” + be a harmonically convex set. A function tp : £7 — ► R ++ be 
a continuous function, then tp is called a harmonically convex (or concave, 
respectively) function, if 


1 


^ l a , 1 — ce 

\ x V . 


< (or >, respectively) — 

tp(x) ip(y) 


holds for any x, y G £1, and a G [0, 1]. 

(Hi) A function tp : £1 -A M ++ is said to be a Schur harmonically convex (or 

concave, respectively) function on £7 if — -< — implies tp( x) < (or >, 

x y 

respectively) <p(y). 


By Definition [4] it is not difficult to prove the following propositions. 

Proposition 1. Let £7 C be a set, and let — = {( — , — , . . — ) : 

il x i x 2 x n 

(x±, x 2 , . . . , x n ) G £7}. Then tp : £7 — > K++ is a Schur harmonically convex (or 
concave, respectively) function on £7 if and only if tp(-) is a Schur-convex (or 
concave, respectively) function on — . 
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6 H.-N. SHI AND J. ZHANG 

In fact, for any u,v £ — . there exist x,y £ Q such that u = —,v = —. 

{ l x y 

Let u -< v, that is — -< — , if os : O — x R++ is a Schur harmonically convex 
x y 

(or concave, respectively) function on fl, then <p(x) < (or >, respectively)^?/), 

namely, p(-) < (or >, respectively)^ — ), this means that <p( — ) is a Schur-convex 
U V x 

(or concave, respectively) function on — . The necessity is proved. The sufficiency 


can be similar to proof. 


Proposition 2. / : [a, &](c R++) — > R++ is harmonically convex (or concave, 


respectively) if and only if g(x) = 1 is concave (or convex, respectively) on 

J ' X / 

1 1 

b 1 a 


1 1 

b ’ a 


1 1 


In fact, for any x, y £ 
harmonically convex (or concave, respectively), then 
1 


, then — , - £ [a, 6]. If / : [a, 61(c R++) — t R++ is 
x y 


f 


ax + (1 — a)y 


< (or >, respectively) 


a. I 1 — OL ’ 

HI) + 7(1) 


this is 


1 


. a 1 — a 

> (or <, respectively) . + 


f( I \ 

J \ acx-\-(l— a)y ' 

l 

m 

necessity is proved. The sufficiency can be similar to proof. 


/(T) f( l y) ’ 


this means that g(x ) = 1 is concave (or convex, respectively) on 


1 1 

b ' a 


. The 


Lemma 2. (Schur harmonically convex function decision theorem)\ 5] Let fl C R" + 
be a symmetric and harmonically convex set with inner points, and let ip : fi — ► R++ 
be a continuously symmetric function which is differentiable on interior . Then 
ip is Schur harmonically convex (or Schur harmonically concave, respectively) on f l 
if and only if 

(xi — xf) (xf __ ®t( x ) \ ^ g ^ or ^ g^ reS p ec ti ve ly) ^ x £ fl°. (2) 

\ ox 1 OX 2 J 
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3. Proof of main results 

Proof of Theorem 1. We only give the proof of Theorem 1 (vi) in detail. 
Similar argument leads to the proof of the rest part. 

If ip is increasing and Schur harmonically convex and / is decreasing and harmon- 
ically convex, then by Proposition 1, it follows that p( — , — , . . . , — ) is decreasing 

Xi x 2 x n 

and Schur convex, and by Proposition 2, it follows that g{x) = ± is decreasing 

J \ X J 

. And then from Theorem A (in), it follows that 


and concave on 

( 1 


b' 


1 


=V {/(—)./(—) /(— ) 

\g(x i) g(x 2 ) g(x n ) J \ xi x 2 x n 


is increasing and Schur-convex. Again by Proposition 1, it follows that 


4’( Xi,x 2 , ...,x n ) = (p(f(x 1 ),f(x 2 ), ■ ■■, f(x n )) 


is decreasing and Schur harmonically convex. 


4. Applications 

Let x = (x\, x 2 , ... ,x n ) & M™. Its elementary symmetric functions are 

r 

E r (x'} — E r (x i, X2-, • • • 5 ^ ^ 1 Xij ? T — 1? 2, . . . , 77-, 

and defined Eo(x) = 1, and E r (x ) = 0 for r < 0 or r > n. The dual forms of the 
elementary symmetric functions are 

r 

E*(x) = E*(x 1 ,x 2 ,...,x n ) = y^Xj., r = 1,2, . . . ,n, 

■ <i r <n j = 1 

and defined Eq(x) = 1, and E* (x) = 0 for r < 0 or r > n. 

It is well-known that E r (x) is a increasing and Schur-concave function on M" ]Ti|. 
In [ZlEj, Shi proved that E* (x) is a increasing and Schur-concave function on 
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Theorem 2. For r = 1, 2, . . . , n, n > 2, E r (x) and E* ( x ) are Schur harmonically 
convex function on R™ + . 

Proof. Noting that 

E r (x) = XiX 2 E r _ 2 (x 3 ,X 4 , ■ ■ ■ ,x n ) + (x\ + X 2 )E r _ 1 (x 3 ,X 4 , . . . ,x n ) 

+ E r ( x 3 ,X 4 ,...,x n ), r = 1, 2, . . . , n, 


then 


{xi - x 2 ) 


f 2 dE r (x) 2 1 dE r (x)^ 

{ Xl ^dxT ~ X2 —dx2~ J 


=(xi - x 2 )[x\{x 2 E r _ 2 {x 3 ,x 4 , ...,x n ) + E r _ 1 (x 3 ,x 4 , . . .,x n ))- 
X 2 (x\E r _ 2 (x 3 , X4, ...,x n ) + E r - i(x 3 ,x 4 , ■ ■ -,x n ))} 

={xi - x 2 ) 2 [x 1 x 2 E r _ 2 {x 3 ,x A , ...,x n ) + (x 1 + x 2 )E r _ 1 (x 3 ,x 4 , . . .,x n )] > 0, 


by Lemma 2, it follows that E r (x) is Schur harmonically convex on IR.T + . 

By a direct, though tedious, calculation, and according to Lemma 2, E* (x). 
E^{x) is Schur harmonically convex on R™ + . When r > 2, it is easy to see that 

1 1 

E*{x) = E*(xi,x 2 , . . . ,x n ) = E*(x 2 ,x 3 , . . . ,x n ) x (xi + y^Xjj), 

then 

r — 1 

\ogE*(x) = \ogEf(x 2 ,x 3 ,...,x n )+ ^2 log(zi +'^2 x i j ). 

2<i\<i2<‘“<i r -i<n j = 1 

Now, it leads to 


1 dE*(x) 
E*(x) dx\ 


E 

2<i\<i2<-"<i r -i<n 


i 

Xl + Ej = i ’ 
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and then 


dE*{x) 

dx\ 


E*(x)x 


E 


Xi 


Z^j=l 


£ ir 


X 2 


y r ~ 2 x- 

Ed i=l •I' i. 


By the same arguments, 


d£?(a;) 

dx 2 


E* r (x)x 


E 






E 


3<il<i2<-"<'ir’-2<^' 


*1 + x 2 + El=l x i. 


Thus, 


. 2 dE*(x) 2 dE*(x ) 

(a?i -x 2 )[x{ / - a;. 


9a; i 

=(xi - x 2 )E*{x) x 


2 9a; 2 


E 

3<ii<i2<’”<i r -i<w 






ah + ELi x ij x 2 + EL 


i=i •"** . 


(*1 - *i) • E — — , v r-2 

3<ii<i 2 <---<u-2<n Xl + X2 + Ej=l x %j 


={xi - x 2 ) 2 E*(x) x 


v X\X 2 + (xi + # 2 ) ^ y j — 1 

L 3 <u< 2 2 <--<V-i<n (*1 + Ej=i x ij)i x ^ + ELi x O 


{x 1 +x 2 )- 

3<ii<i2<-‘<ir-2<n 


1 


X\+ X 2 + Ej = l Xi i 


> 0 , 


by Lemma 2, it follows that E*{x) is Schur harmonically convex on K^. + . □ 


For x = (xi, x 2 , . . . , x n ) £ K ra , the complete symmetric functions c n (x,r) are 


defined as 

n 

Cn{x,r)= ^2 n x j,r = l,2,...,n, 

*1+12-1 H»=r j=l 

where Cq(x, r) = 1, r £ {1, 2, . . . , n}, i\,i 2 , . . . ,i n are non- negative integers. 
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The dual forms of the complete symmetric functions c*(®,r) are 

n 

c*n(x,r)= II r = l,2,...,n, 

ii + h-\ H»=r j=l 

where ij(j = 1,2,..., n) are non- negative integers. 

Guan [8] discussed the Schur-convexity of c n (x,r) and proved that c n (x,r) is 
increasing and Schur-convex on R™ + . Subsequently, Chu et al. [5] proved that 
Cn(x,r) is Schur harmonically convex on R" + . 

Zhang and Shi |U] proved that c*(ai,r) is increasing, Schur-concave and Schur 
harmonically convex on R" + . 

In the following, we prove that the Schur harmonic convexity of the composite 
functions involving the above symmetric functions and their dual form by using 
Theorem 1. 


Theorem 3. The following symmetric functions are increasing and Schur harmon- 
ically convex on (0, l) n , r = 1, 2, . . . , n, 


and 


E r 


1 + x 
1 — x 


e n 


l<2l <22<‘"<V5i: n j = 1 


1 + x ij 

1 - xu ’ 


e: 


1 + X 

1 — X 


1 + Xu 


/ ^ I — ■ 

l<zi<Z2<*”<i r <n j=l 


n e 


1 + X 
1 — X 


,r = 


e n 

u+12-l H»=r J=1 


l + x j 

1 — Xj 


1 + X 

1-x’' 


n 


*1+121 h in=r j — 1 




1 + Xj 


(3) 

(4) 

(5) 

( 6 ) 


Proof. Let f(x) = y~’ x e (°> !)• Then f( x ) > °> f'( x ) = ^ ^ x y > so / is 
increasing on (0, 1). 
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\ x — 1 // 4 

And let q(x) = , , N Then q (x) = — ^ < 0, this means that 

/(-) x + 1 y W (x + 1) 3 

Y is concave on (1, oo), by Proposition 2, it follows that / is harmonically convex 

J ' X / 

on (0,1). Since E r ( x), E*(x), c n (x,r) and c*(a;,r) are all increasing and Schur 
harmonically convex function on R" + ) by Theorem 1 (iv), it follows that Theorem 
3 holds. □ 


Remark 1. By Lemma 2, Xia and Chu m proved that E r 


1 + x 
1 — x 


is Schur har- 


monically convex on (0, 1)". By the properties of Schur harmonically convex func- 

’ 1 + x s 


tion, Shi and Zhang m proved that E* 


1 — x 


is Schur harmonically convex on 


(0, l) ra . By Theorem 1, we give a new proof. 


Theorem 4. The following symmetric functions are increasing and Schur harmon- 
ically convex on R™ + , r = 1,2 ,n, 


and 


E 7 


K>= x n4 

l<2l J = 1 


E:.(xr)= n $>•:, 


(xr,rj 


(x',r) 


E U4 

il+i 2 -\ Mn=r j=l 


n e* 

ii-Ha-l |-*»=r j = 1 


jXj . 


( 7 ) 

(8) 
( 9 ) 

(10) 


Proof. For r > 1, let p(x) = x^,x £ R ++ . Then p (x) = > 0, so p is 

increasing on R++. 

And let q{x) = = = aX = p(x). Then q (x) = -(- — l)x^~ 2 < 0, this means 

pU 

that — j— is concave on R++, by Proposition 2, it follows that p is harmonically 

pU 

convex on R ++ . Since E r (x), E*(x), c n (x,r) and c*(ai,r) are all increasing and 
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Schur harmonically convex function on R+ + , by Theorem 1 (iv), it follows that 
Theorem 4 holds. □ 


Remark 2. By Lemma 2, Chu and Lv [3] proved that the Hamy’s symmetric function 
E r (x ' j is Schur harmonically convex on R” + . Later, K. Z. Guan and R. K. Guan 
|12l further studied the harmonic convexity of the generalized Hamy symmetric 
function. 

By Lemma 2, Meng et al. m proved that the dual form of the Hamy’s symmetric 
function E* (^x £ ^ is Schur harmonically convex on R++- 

By Lemma 2, Chu and Sun J] proved that c n is Schur harmonically 

convex on R” , . 

By Theorem 1, we give a new proof. 


1 X 

Since f(x) = is increasing and harmonically convex on (0, 1), from Theo- 

1 — x 

rem 1 (iv) and Theorem 4, it follows 


Theorem 5. The following symmetric functions are increasing and Schur harmon- 
ically convex on (0, l) n , r = 1, 2, . . . , n, 


E r 


1 + x 
1 — x 


e n 

1<%1 j= 1 



( 11 ) 


E* 


and 


1 + x 
1 — x 

1 + x 
1 — x 


1 + x 
1 — x 


n e 


1 + x ij 
1 - X t . 


E U ll+Xj 


i l+*2l Kn=r J = 1 


n. emi 


1 — Xi 


1+X. 


ii+*2l Hn=r j=l 


( 12 ) 

(13) 

(14) 
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Remark 3. By Lemma 2, Long and Chu [TJ proved that E* J ) is Schur 

harmonically convex on (0, l) n . By Theorem 1, we give a new proof. 


Theorem 6. The following symmetric functions are increasing and Schur harmon- 
ically convex on (0, l) n , r = 1, 2, . . . , n, 


E r 


El 


1 — x 


1 — x 


e n T 


l<2l <22 <•••<*7’^^ j = 1 


- Xi 


n E r 


l<2l<22<-"<2r<™ j = 1 


1 — X 


> r = 


e n 

H+ 12 -I H»=r j=l 


1 — Xj 


and 


1 — x 


n e 

* 1 +*H M»=r j — 1 


1 — Xi 


(15) 

(16) 

(17) 

(18) 


X /I 

Proof. Let h(x) = ,x £ (0, 1). Then h (x) = - -r > 0, so h is increasing 

1 — x (1 — x)- 

on (0, 1). 


1 


1 


And let k{x) = , = x — 1. Then k (x) = 0, this means that . is concave 

h U h U 

on (l,oo), by Proposition 2, it follows that h is harmonically convex on (0,1). 
Since E r ( x), Ef(x), c n {x,r) and c*(a;, r) are all increasing and Schur harmonically 
convex function on R" + , by Theorem 1 (iv), it follows that Theorem 5 holds. □ 


Remark 4. By the judgement theorem of Schur harmonic convexity for a class of 

x 


symmetric functions, Shi and Zhang [15] proved that E r 


1 — x 


is Schur harmon- 


ically convex on (0, 1)". Here by Theorem 1, we give a new proof. 

By the properties of Schur harmonically convex function, Shi and Zhang m 


proved that Ef 


1 — x 


is Schur harmonically convex on 


b 1 


By Theorem 


1, this conclusion is extended to the collection (0, l) n . 
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By Lemma 2, Sun et al. [TB] proved that c n is Schur harmonically 

convex on [0, 1)", here by Theorem 1, we give a new proof. 


Since f(x) = is increasing and harmonically convex on (0, 1), from Theo- 

1 — x 

rem 1 (iv) and Theorem 4, it follows 


Theorem 7. The following symmetric functions are increasing and Schur harmon- 
ically convex on (0, l) n , r = 1, 2, . . . , n, 


E r 


e: 


X 


and 


1 — x 


1 — x 


1 — x 


x 


z n 

l<2l J = 1 

r 

n £ 

• • <i r <n j = 1 
n 

£ n 


1 - Xi 


1 — Xi 


. 1 — Xn 
*1+^2H \-t n —rj — l x J 


1 — X 


n. £mt 


ii+i 2 -\ \-i n =r j—1 


— Xj 


(19) 

(20) 
(21) 

(22) 


Remark 5. By Lemma 2, Sun m proved that E r J J Schur harmon- 

ically convex on [0, l) n . Here by Theorem 1, we give a new proof. 
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A NOTE ON DEGENERATE GENERALIZED q-GENOCCHI 

POLYNOMIALS 

JONGKYUM KWON 1 , JIN-WOO PARK 2 , AND SANG JO YUN 3 '* 


Abstract. In this paper, we consider degenerate generalized q-Genocchi poly- 
nomials arising from p-adic fermionic ^-integral on Z p . We found some inter- 
esting identities of these polynomials. 


1. Introduction 


Let p be a fixed odd prime number. Throughout this paper, Z p , Q p and C p will 
denote the ring of p-adic rational integers, the field of p-adic rational numbers and 
the completion of the algebraic closure of Q p , respectively. Let v p be the normalized 
exponential valuation of C p with \p\ p = p~ v ptp) = I Let q k e an indeterminate in 

C p such that \q — l| p < p~ W 1 . 

Let f{x) be a continuous function on Z p . Then the p-adic fermionic q-integral 
on Zp is defined by Kim to be 


p"- 1 


p y 

/ f(x)dn- q {x)= lim ^ f(x)p- q (x+p N Z p ) 

/ 'w N—>oo — 

J x=0 


= E /(*)(-!) V, (see [9]). 

x—0 

Thus, by (1.1), we get 

q [ f( X + l)dp-q(x) + [ f(x)dp- q (x) = [2]q/(0), 


p 1 - 1 


( 1 . 1 ) 


(1.2) 


and 


P P n— 1 

q n f(x+n)dp-q(x) + (- l) n_1 / f(x)d(i,- q (x) = [2] q ^/(0^(-1)" _1 "a (1-3) 

J Zp J Zp i_ o 


where neN (see [5-10, 12]). 

It is known that the q-Euler polynomials are given by the generating function as 
follows: 


[ e^dp.qiy) 
Jz v 


[2] 9 c xt 

qe f + 1 


^ J-TL 

E E mq( x )~ 7- 

n—0 


(1.4) 


When x = 0, E n , q = E n q (0) are called q-Euler numbers (see [5, 9, 12]). 


1991 Mathematics Subject Classification. 05A10, 05A19. 
* corresponding author. 
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Recently, degenerate g-Euler polynomials are introduced by he generating func- 
tion as follows: 

roi 00 t n 

n % , (1 + A0 f = (see [9]). (1.5) 

g(l + At) * + 1 n\ 

It is known that the q-Genocchi polynomials are given by the generating function 
as follows: 

[ te^ t dp- q (y)=^^e* t = f2G n , q (x) t ^. ( 1 . 6 ) 

7/ qe t + 1 ' n! 

J H n = o 

When x = 0, G n , g = E n ^ q ( 0) are called q-Genocchi numbers (see [1, 2, 4, 6-8]). 

Now, the degenerate g-Genocchi polynomials are introduced by the generating 
function as follows: 


m q 

q( 1 + A t) A + 1 


^ f-n 

(l + At)A = x ( x ) 

' n\ 

n— 0 


(1.7) 


Note that lim A ->o <?n, g ,A(z) = G„ jg (x), (n > 0), (see [3]). 
For rfsN with d = (mod 2) and (d,p) = 1, we set 


X = limZ/ dp N Z, X* = |^J (a + dpZ p ) , 

0<a<dp , afp 


and 

a + dp N Z p = {xGX\x = a{ mod dp^)} , 
where a £ Z with 0 < a < dp N — 1. 

For d £ N with d = 1 (mod 2), let us assume that X is a Dirichlet character with 
conductor d. Now, we consider the generalized g-Genocchi polynomials attached to 
X which are given by the generating function to be 


(rVl-CRMe") e“< 

°°^ -j-71 

= ^2G n ^ x {x) — , (see [4-6, 8]). 

71=0 


(1.8) 


When x = 0, G n , 3iX = G n ^ tX ( 0) are called generalized q-Genocchi numbers attached 

to x- 

One of the most recent papers on the theory of Genocchi polynomials and num- 
bers is the paper T. Kim(see [6-8]), which deals mainly with the theory of Genocchi 
polynomials and numbers. Facts on Bernoulli polynomials and Euler polynomials, 
to which Genocchi polynomials may be related, has been derived in Volkenborn 
integral (see [3]). While a lot of the properties of Genocchi polynomials bear a 
striking resemblance to the properties of Beroulli and Euler polynomials, some 
properties are rather different. Note that Genocchi polynomials occur naturally in 
the areas of elementary number theory, complex analytic number theory, homo- 
topy theory, differential topology, theory of modular forms, p-adic analytic number 
theory, quantum physics (see [1-13]). 

In the viewpoint of (1.8), we consider degenerate generalized g-Genocchi poly- 
nomials which are derived from the fermionic g-integral on Z p . The purpose of 
this paper is to investigate some properties and identities of degenerate generalized 
g-Genocchi polynomials. 
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2. Degenerate generalized g-GENOccm polynomials 

In this section, we assume that A ,t £ C p with |At| p < For d £ N with 

d = 1 (mod 2) , let \ be a Dirichlet’s character with conductor d. 

In the viewpoint of (1.8), we consider degenerate generalized g-Genocchi poly- 
nomials which are given by the generating function to be 

/ x(y)i(i + ty^dn-qiy) 

J x 

- + Ai)S ) (' + 0 . 1 ) 

°°^ £71 

= ^ Gn,x,q, x( x )~li 


where d £ N with d = 1 (mod 2). 
From (1.5) and (2.1), we have 


yi Gn, X ,q,\( x ) , ~ 


V<7 rf (l + At)x+1^ 

• V a = 0 
n = 0 \ ^ a— 0 


E«°(- 1 )°x(«)( 1 +^) £ 


g d (l + At) * + 1 


(l + At)W (2.2) 


a + x\ d n t n+l 


V d 


Thus, by (2.2), we get 


,X,qA x ) = nrf [2] IZ g0 (~ 1 )°X( a ) g n-l,g' l ,i - °)‘ ( 2 ‘ 3 ) 


Therefore, by (2.3), we obtain the following theorem. 

Theorem 2.1. For rfsN with d = 1 (mod 2), n > 0, we have 

Gn, X ,qA X ) = / + 

JX 


n \Aq m- 

■ [2],- 


d— 1 ✓ 

<r- 1 ^xW(-irw,J ! 


(x|A)„ =x(x — A) • • • (a: — A(n — 1)) 


For n > 0, we observe that 
(a; + y | A) n =A n 


= A" £ &(«,*) 


= ^5 1 (n,Z)A"-'(a ; + y) ( . 
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By (2.4), we get 

f x{y)t{x + y\^) n dn- q {y) = 'jr -Si(n, i)x n ~ l f x(y)t( x + y) l dn~ q (y) 

W X I n W X 

n ( 2 - 5 ) 

= Y,Si(n,l)X n ~ l G^ x (x), (n > 0), 

1=0 

where Si(n, l) is the Stirling number of the first kind. Therefore, by (2.5), we obtain 
the following theorem. 

Theorem 2.2. For n > 0, we have 

n 

Gn, x , g ,x(x) =^S 1 (n, l )X n - l G l>q>x (x). 

1=0 

By replacing t by y(e At — 1) in (2.1), we get 

r i °° 1/1 \ m 

/ x(y)v(e At - 1 )e (x+y)t dn- q (y) = ^ Qm, x ,gA x )- T ( y( eA * ~ 0 ) 

Jx A m=o m! / 

OO OO x ^ 

= ^ 0m,x,9,A(a:)A _m ^ S 2 (n,m) / —t n (2.6) 

m—0 n—m 

° o / n \ n 

= E E A"- m 5 2 (n,m)a m;Xi9 , A ( ; r) 


n— 0 \m— 0 


where S 2 (n,m) is the Stirling number of the second kind. 

From (1.8), we note that 

f x EV(-l)“x(a)e<->* 

°° -i-n 

= ^2 G n, q ,x( x )—y 

n—0 

By multiplying t on the both side (2.6), we get 

[ x(y)te {x+v)t dy- q {y) =jr ( J2 XxTZ A ra - m+1 5 2 (n,m)g m , x , g ,A(3:) J 

d x n = 0 \m=0 6 / 

Therefore, by (2.6), (2.7) and (2.8), we obtain the following theorem. 
Theorem 2.3. For n > 0, we have 

n— 1 

G„, g , x (x) = ^ 1 A n ~ m g 2 (n- l,m)£/ m , Xi9i .\(a;). 

m—0 

Let d € N with d = 1 (mod 2). From (1.3), we have 

q d (x + d\X) n xi x )dfi- q (x) + / (x|A)„x(x)rf/x_ g (a;) 

J x Jx 

d - 1 

= [2]« E/ x( a )9 9 (— 1 ) a ( a |A)n ) (n > 0). 
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Therefore, by Theorem 2.1 and (2.8), we obtain the following theorem. 

Theorem 2.4. For deN with d = 1 ( mod 2), n > 0, we have 

d - 1 

q d Gn,x,q,\( d ) + Gn,x, q ,x = t[ 2 ] q ^ x(a)q q (~l) a (a\\) n , 

a— 0 

where Gn,x,q, A = G n ,x,q, a(0) are called degenerate generalized q-Genocchi numbers 
attached to %. 

Now, we observe that 

d + Ao* 


n— 0 


<7 d (l + At) a +1 
- I 2^ ^n.X,g,A m j I I 

\m— 0 


a=o 


( 2 . 10 ) 


oo / n 


n— 0 \m— 0 


“XIX f m j^m,X,9,A(a;|A)n-m • 


Thus, by comparing the coefficients on the both sides, we obtain the following 
theorem. 


Theorem 2.5. For n > 0, 


have 


Gn,x>q> a(*t) — ^ ( f j Gm t x,qX^\ A)n— m* 

m=0 A m / 


Now, we observe that 

(-1)% _(-l) 

, ™,x,g,A 


71! JX 


X 


=X 

=A”E 


x(a:)t(a;|A) n d/x_ g (a;) 

X{x)td/j,- q (x) 


1=0 


“X +«-l 


n — 1\ (— 1) ; 


/ - 1 / A l l\ 


X{x)t(x\ - A )id^- q {x) 


i. x 


1=0 


=E(r 1 1 )A”-‘(-i)‘7^.„- 


/- 1 


r 


(=i 


77 \n-lf i \lGl,x,q,~* 


=x(;: 1 )^(-i) 


l! 


Therefore, by (2.11), we obtain the following theorem. 
Theorem 2.6. For n > 0, we have 

(-l)" r 

n \ yn ’X’iF ~ 

i=i 

Note that 


77 \n-lt i\l Gl,x,q,-\ 

l-l) x ( ’ l\ ' 


lhn Gn,x, q ,\( x ) = G n,q,x(x), (n > 0). 


( 2 . 11 ) 
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Abstract. The notions of cubic soft o-subalgebras and (closed) cubic soft ideals in BC K / BC I-algebra,s are intro- 
duced, and related properties are investigated. Relations between cubic soft subalgebras, cubic soft o-subalgebras 
and (closed) cubic soft ideals are discussed. Conditions for a cubic soft subalgebras to be a (closed) cubic soft 
ideals are provided. Characterizations of cubic soft ideals are considered. R-union and R-intersection of cubic soft 
ideals are discussed. 


1. Introduction 

To solve complicated problems in economics, engineering, and environment, we can’t success- 
fully use classical methods because of various uncertainties typical for those problems. Uncer- 
tainties can’t be handled using traditional mathematical tools but may be dealt with using a wide 
range of existing theories such as probability theory, theory of (intuitionistic) fuzzy sets, theory 
of vague sets, theory of interval mathematics, and theory of rough sets. However, all of these 
theories have their own difficulties which are pointed out in [8]. Maji et al. [5] and Molodtsov [8] 
suggested that one reason for these difficulties may be due to the inadequacy of the parametriza- 
tion tool of the theory. To overcome these difficulties, Molodtsov [8] introduced the concept of 
soft set as a new mathematical tool for dealing with uncertainties that is free from the difficulties 
that have troubled the usual theoretical approaches. Molodtsov pointed out several directions 
for the applications of soft sets. At present, works on the soft set theory are progressing rapidly. 
Maji et al. [5] described the application of soft set theory to a decision making problem. Maji 
et al. [6] also studied several operations on the theory of soft sets. Jun et al. [2, 4] applied the 
notion of soft sets to BCK/ BCI - algebras and d-algebras. 
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Combining cubic sets and soft sets, Muhiuddin and Al-roqi [10] introduced the notions of 
(internal, external) cubic soft sets, P-cubic (resp. R-cubic) soft subsets, R-union (resp. R- 
intersection, P-union, P-intersection) of cubic soft sets, and the complement of a cubic soft 
set. They investigated several related properties, and applied the notion of cubic soft sets to 
BCK/BCI- algebras. In [9], Muhiuddin et al. considered several basic operations of cubic soft 
sets, namely, “AND” operation and ”OR” operation based on the P-order and the R-order. 
They provided an example to illustrate that the R-union of two internal cubic soft sets might 
not be internal. They also discussed conditions for the R-union of two internal cubic soft sets 
to be an internal cubic soft set, and investigated several properties of cubic soft subalgebras in 
B C K/BCI- algebras based on a parameter. 

In this paper, we introduce the notions of cubic soft o-subalgebras and (closed) cubic soft ideals 
in BCK/BCI- algebras, and investigate related properties. We consider relations between cubic 
soft subalgebras, cubic soft o-subalgebras and (closed) cubic soft ideals, and provide conditions 
for a cubic soft subalgebras to be a (closed) cubic soft ideals. We discuss characterizations of 
cubic soft ideals. We show that the R-intersection of cubic soft ideals is a cubic soft ideal. We 
also show that if parameter sets are mutually disjoint then the R-union of cubic soft ideals is a 
cubic soft ideal. We provide an example to show that the R-union of cubic soft ideals is not a 
cubic soft ideal when parameter sets are not disjoint. 

2. Preliminaries 

An algebra (A"; *, 0) of type (2, 0) is called a BC I -algebra if it satisfies the following axioms: 

(I) (Vx, y, z G X ) (((x * y) * (x * z)) * (z * y) = 0), 

(II) (Vx, y G X) ((x * (x*y))*y = 0), 

(III) (Vx G A) (x * x — 0), 

(IV) (Vx, y G X) (x * y = 0,y * x = 0 =>- x — y). 

If a RCT-algebra X satisfies the following identity: 

(V) (Vx G X) (0*x = 0), 

then X is called a BCK -algebra. Any BCK/BCI- algebra X satisfies the following conditions: 
(al) (Vx G X) (x * 0 = x), 

(a2) (Vx, y, z G X) (x * y — 0 =>■ (x * z) * (y * z) = 0, (z * y) * (z * x) = 0), 

(a3) (Vx, y, z G X) ((x *y) * z = (x * z) * y), 

(a4) (Vx, y, z G A") (((x * z) * (y * z)) * (x * y) = 0). 

We can define a partial ordering < by x < y if and only if x * y — 0. A RCA'-algebra. X is said 
to be with condition ( S ) if, for all x,y G A", the set {z G X \ z * x < y} has a greatest element, 
written x o y. A BCI- algebra X is said to be p-semisimple if its RCA' -part is equal to {0}. In a 
p-semisimple BCI- algebra, the following conditions are valid: 

(a5) (Vx, y G A") (0 * (x * y) — y * x). 

(a6) (Vx, y G X) (x * (x * y) — y). 
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A nonempty subset S' of a BCK/BCI - algebra X is called a subalgebra of X if x * y E S for 
all x, y E S. A subset / of a BCK/BCI - algebra X is called an ideal of A" if it satisfies, for all 
x, y E A, the following conditions: 

(bl) 0 el, 

(b2) x *y E I, y E I => x El. 

An ideal / of a ACAalgebra A is said to be closed if 0 * x E I for all x E I. We refer the reader 
to the books [1, 7] for further information regarding BCK/BCI- algebras. 

By an interval number we mean a closed subinterval a = [a ~ , a + ] of /, where 0 < a~ < a + < 1. 
Denote by [/] the set of all interval numbers. Let us define what is known as refined minimum 
and refined maximun (briefly, rrnin and rmax) of two elements in [/]. We also define the symbols 
“t”, “A”, “=” in case of two elements in [I], Consider two interval numbers di : = [a7> a ^] and 
a 2 : = [a 2 ,a 2 ] • Then 

rmin {ai, a 2 } = [min {a^, a ^ } , min ja^, af }] , 
rmax {ai, a 2 } = [max {a^, a 7 } , max ja+, a f }] , 
di y a 2 if and only if a 7 > a f and a/ > af, 

and similarly we may have d\ F a 2 and d\ = a 2 . To say d\ >- a 2 (resp. d\ -< a 2 ) we mean d\ F «2 
and d] 7 ^ a 2 (resp. di r< a 2 and di 7 ^ d 2 ). 

Let A" be a nonempty set. A function A : X — > [/] is called an interval-valued fuzzy set 
(briefly, an IVF set ) in A". Let [I] x stand for the set of all IVF sets in A. For every A E [I] x and 
x G A, A(x) = [A~(x), A + (x)\ is called the degree of membership of an element x to A, where 
A~ : A —> I and A + : X — > I are fuzzy sets in A which are called a lower fuzzy set and an upper 
fuzzy set in A, respectively. For simplicity, we denote A = [A~ , A + }. 

Molodtsov [ 8 ] defined the soft set in the following way: Let U be an initial universe set and E 
be a set of parameters. Let V{U) denotes the power set of U and A C E. 

Definition 2.1 ([ 8 ]). A pair (A, A) is called a soft set over U, where A is a mapping given by 

F:A -> V(U). 

In other words, a soft set over U is a parameterized family of subsets of the universe U. For 
e E A, A(e) may be considered as the set of ^-approximate elements of the soft set (A, A). Clearly, 
a soft set is not a set. For illustration, Molodtsov considered several examples in [ 8 ]. 

Definition 2.2 ([3]). Let U be a universe. By a cubic set in U we mean a structure 

sA = {(x, A(x), \(x)) | x E U} 

in which A is an IVF set in U and A is a fuzzy set in U. 

In what follows, a cubic set sA = {(x, pa(x), Xa(x)) \ x E U} is simply denoted by sA = 
(pA, Aa), and denote by C u the collection of all cubic sets in U. 
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Definition 2.3 ([10]). Let U be an initial universe set and let E be a set of parameters. A cubic 
soft set over U is defined to be a pair (J^ - , A) where & is a mapping from A to C u and A C E. 
Note that the pair (J^ - , A) can be represented as the following set: 

(J^A) := {^(e) | e E A} where &(e) = (/Z^( e) , A^ (e) ). 


3. Cubic soft ideals 


In what follows, let U be an initial universe set which is a BCK/BCI- algebra unless otherwise 
specified. 

Definition 3.1 ([10]). A cubic soft set (J^",A) over U is said to be a cubic soft BCK/BCI- 
algebra over U based on a parameter e (briefly, e-cubic soft subalgebra over U) if there exists a 
parameter e G A such that 

As*(e)(z *y)h rrnin {jS^ (e) (a;), jS^ (e) (j/)} (3.1) 

A^( e) (x *y) < max{A^( e )(x), A (3.2) 

for all x, y G U. If (J£",A) is an e-cubic soft subalgebra over U for all e G A, we say that (J^ - , A) 
is a cubic soft subalgebra over U. 

Definition 3.2. Let U be a BCK-&\gebr& with the condition (S). Given a parameter e G A, a 
cubic soft set (J^", A) over U is said to be a cubic soft o-subalgebra over U based on e (briefly, 
e-cubic soft o-subalgebra over U) if it satisfies the following conditions: 

/L?( e )(z °y) h rmin{/2jr (e) (x ) , (y)j (3.3) 

Ajt( £ )(z o y) < max{A^( E) (a:), A^ (e) (y)} (3.4) 

for all x,y G U. If (J^ - , A) is an e-cubic soft o-subalgebra over U for all e G A, we say that (J^ - , A) 
is a cubic soft o-subalgebra over U. 

Definition 3.3. Given a parameter e G A, a cubic soft set (J^ - , A) over U is said to be a cubic soft 

ideal over U based on e (briefly, e-cubic soft ideal over U) if it satisfies the following conditions: 


ho?(e)(0) A h «#"(£) (*^) j ^^'(e)(0) A A^-( e ) (x) , 

(3.5) 

h Timn{pp( e )(x*y),ji&( e )(y)} 

(3.6) 

Aj?( £ )(t) < max{Aj- (£ )(i * y), A^ (e) (y)} 

(3.7) 


for all x, y G U. If (J£",A) is an e-cubic soft ideal over U for all e G A, we say that (J£",A) is a 
cubic soft ideal over U. 


Example 3.4. Let (Y, *, 0) be a BCI- algebra and consider the adjoint 5C/-algebra (Z, — , 0) of 
the additive group (Z, +,0) of integers. Then the direct product U := Y x Z of Y and Z is a 
.BCT-algebra (see [1]). For any e G A, let (J^ - , A) be a soft set over U defined by 

/ a = [a",a+](^ [0,0]) if x G Y x N 0 , 

^» (I) = 1 [0,0] otherwise, 
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. , . _ \ S if X G Y X N 0 , 

X ^)K x ) - | t otherwise> 

where N is the set of natural numbers, No = N U {0} and s, t 6 [0, 1] with s < t. Then (J^ - , A) is 
an E-cubic soft ideal over U. 


Example 3.5. Let U = {0, a, b, c} be a L?C/-algebra with the following Cayley table 1: 

Table 1 . Cayley table of the operation * 


* 

0 

a 

b 

c 

0 

0 

0 

0 

c 

a 

a 

0 

0 

c 

b 

b 

b 

0 

c 

c 

c 

c 

c 

0 

Let (J^", A) be 

a cubic soft set over 

U, where A = {£!,£ 2 ,£ 3 }, with the tabular representation 

in Table 2. 






Table 2. Tabular representation of the cubic soft set (^,A) 



£i 

£ 2 


£3 

0 

([0.5, 0.8], 0.6) 

([0.8, 1.0], 0.1) 


([0.4, 0.6], 0.7) 

a 

([0.8, 0.9], 0.7) 

([0.3, 0.7], 0.8) 


([0.1, 0.2], 0.7) 

b 

([0.1, 0.7], 0.5) 

([0.3, 0.7], 0.8) 


([0.1, 0.7], 0.3) 

c 

([0.2, 0.6], 0.9) 

([0.3, 0.7], 0.8) 


([0.3, 0.6], 0.2) 


Then (JF, A) is not an Ei-cubic soft ideal over U since 

P>*(e i)(0) = [0.5, 0.8] ^ [0.8, 0.9] = 

We know that (J?,A) is an £ 2 -cubic soft ideal over U. (J?,A) is not an e 3 -cubic soft ideal over 
U since 

pjr( £3 )(a) = [0.1, 0.2] ^ [0.3, 0.6] = rmin{/2jr (£3 ) (a * c), A^ (e3 )(c)}. 

Proposition 3.6. If (JP, A) is an e-cubic soft ideal over U , then 


(Wx,y eU)(x <y => y^( £ ){y) A n^ix), \&( e )(y) > A^ (e) (x)) . 


Proof. Let x, y G U be such that x < y. Then x * y — 0, and so 

P>*{e)(x) h rmin{/Zjr (£) (x * y),fi^ e )(y)} 

= rmin{/7^ (£) (0),/T^( £ )(t/)} = jip( e )(y) 

and 

Ajp(e)(x) < max{A^ (£ )(.x- * y), Aj r (e) (j/)} 

= max{ A j?( £ ) (0) , Ajt( £ ) (y) } = A^ (e) (j/). 


This completes the proof. 


□ 
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Proposition 3.7. Let (^,A) be an e-cubic soft ideal over U for a parameter e G A. If the 
inequality x * y < z holds in U , then 

h nnin{/i jr (e) (y ) , p,&( s) (z ) } 
and \&( e )(x) < max{ Ajr (e) (y ) , A^- (e) (s) } . 

Proof. Assume that x * y < z for all x , y,z e U. Then 

*y) h l-niin {/Z^ (e) ((x * y) * z), jxj^ e) (z)} 

= rmin{/ 2 ^( £ )( 0 ),/Z^( e) ( 2 )} = fl&( £ ){z) 

and 

Ajr( £ )0r *y)< max{A^ (£) ((x *y)*z), \^ {e) {z)} 

= max{A^ (e) (0), X&^z)} = A j?( £ )(z), 
which implies from ( 3 . 6 ) and ( 3 . 7 ) that 

P>P{e)(x) h rmin {p^ e )(x *y),p^ e )(y)} 
h rmin {p>*( e )(y),Ji*( e )(z)} 

and 

A^( e )(x) < max{ A^-( e) (x * y), A ^ (e) (y)} 

< max{A^( 6 )(j/),A^( 6) («)}. 

This completes the proof. 

Theorem 3.8. In a BCK-algebra U with the condition (S), every e-cubic soft ideal (^,A) over 
U is an e-cubic soft o-subalgebra over U for all e G A. 

Proof. Let e G A. Since U has the condition (S), we have {x o y) * x < y for all x, y £ U. Hence 
( 3 . 6 ), ( 3 . 7 ) and Proposition 3.6 imply that 

P3?(s)(x °y) h rmin {fx^ {e) ((x o y) * x), fij? {e) (x)} h rmin {p,^ e) (x), fl^ e )(y)} 

and 

Ajr (e )(a; o y) < max{A^( £ )((x o y)*x), A^( e) (a;)} < max{A^( e )(x), A j?( £ )(y)} 
for all x,y £ U. Therefore (J^ - , A) is an e-cnbic soft o-subalgebra over U for all e e A. □ 

Theorem 3.9. In a BCK-algebra U, if (J?,A) is an e-cubic soft ideal over U, then it is an 
e-cubic soft subalgebra over U for all e £ A. 

Proof. Let (J^ - , A) be an e-cubic soft ideal over U where eel For any x,y £ U, we have 

A*(e)(z *y)h rmin {jS^ (e) ((a; * y) * x), p^ e) (x)} 

= rmin {//^ (e) ( 0), p^ {e) (x)} 

and \j?( £ )(x * y) < max{A^ (£) ((x * y) * x), A^ (e) (a;)} = max{A^ (£) (0), \& {e) (x)} = \j?( £ )(x). 
Therefore (<#", A ) is an e-cubic soft subalgebra over U. □ 


( 3 . 8 ) 

( 3 . 9 ) 
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Theorem 3.9 is not true in a BCI- algebra. In fact, the £-cubic soft ideal (^,A) in Example 
3.4 is not an E-cubic soft subalgebra over U since 

A*(e) ((o, 0) * (0, 1)) = ftj?( £ )(0, -1) = [0, 0] ^ a = [ a ~ , a + ) 

= rrnin {jS^ (e) ( 0, 0), jS^ (e) (0, 1)} 

and/or 

A^ (e) ((0,0) * (0,1)) = A^ (e) (0,-1) =t<£s = max{A^ (e) (0,0), A^ (e) (0, 1)} . 

Definition 3.10. Let U be a L?C/-algebra and e 6 1. An E-cubic soft ideal (^,A) over U is 
said to be closed if /fjr( £ )(0 * x) P p^( £ ){x) and Ajt( £ )(0 * x) < A jf( £ )(x) for all x e U. 

Example 3.11. The E 2 -cubic soft ideal (JP,A) in Example 3.5 is closed. 


Theorem 3.12. In a BCI -algebra, every closed cubic soft ideal is a cubic soft subalgebra. 

Proof. Let (^,A) be a closed cubic soft ideal over U. Then /fjr( £ )(0*x) P p^P)( x ) and Aj?( e )(0* 
x) < \&(z)(x) for all x e U. It follows from (a3), (3.6) and (3.7) that 

A*(e)(z *y)h rmin{/i^ (e) ((x * y) * x), p,^ {s) (x)} 

= rmin{/2^ (e) (0 * y),p^ e )(x)} 
h rmin {p^ e )(y),p^( e) (x)} 

and 

Ajt( £ ) (x *y)h rmin{A^ (£) ((x *y)*x), X^^(x)} 

= max{Ajr (e) (0 * y), A^ (e) (a:)} 

< max{A^ (£) (t/), A^ (e) (x)} 

for all x,y &U. Therefore (^,A) is a cubic soft ideal over U. □ 

We provide a condition for a cubic soft subalgebra over U to be a (closed) cubic soft ideal over 
U. 


Theorem 3.13. In a p -semisimple BCI -algebra U, every cubic soft subalgebra over U is a closed 
cubic soft ideal over U . 


Proof. Let (J^ - , A) be a cubic soft subalgebra over a p-semisimple BCI- algebra U and let £ e A 
be a parameter. For every x G U, we have 


AAJT( £ )(0) = pjr(e){x * x)y rmin{/ijr( £ ) (x) , jUj?(e) (x) } = /J.jr( £ )(x), 
Ajt (£ )( 0) = Ajr (e) (a; * x) < max{A^ (£) (x), A^ (e) (x)} = A^ (e) (x). 


Using (3.1), (3.2) and (3.10), we get 

P&{e) (0 * x) P rmin{/Z^- (e ) (0) , /I jr (e ) (x) } = pj?( £ )(x), 
A^ (£) (0 * x) < max{A^ (£ )(0), \^ {e) (x)} = \j?( £ )(x). 
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For any x,y G U, we have 

ft = ft&(e)(y* (y*z))t rmin {ft&( e )(y),ft&( e )(y*x)} 

= rmin {ftj?( £ )(y), ft &{ e ){ 0 * (x * y))} 
h rmin {ftp^x * y), ft 

and 

\&( £ ){x) = \&(e){y *{y* x)) < max{Ajr (e) (y), X & {e) (y * x)} 

= max{A p(e){y), A^( e )(0 * (x * y))} 

< max{Ajr (e) (x * y), \# {e) (y)} 

by using (a6), (3.1), (3.2), (a5) and (3.11). Therefore (^,A) is a closed cubic soft ideal over 
U. □ 

Corollary 3.14. If a BCI-algebra U satisfies any one of the following conditions: 

• U = {0 * x \ x E U}, 

• every element of U is minimal, 

• (Vx, y G U) (x * (0 * y) = y * (0 * x)), 

• (Vx e [/) (0 * x = 0 =>- x = 0), 

• (Vx, y EU) ((x * y) * z = x * (y * z)) , 

• (Vx, y G U) (x * y — y * x), 

• (Vx G U) (0 * x = x), 

• (Vx, y,z & U) ((x * y) * (x * z) = z * y), 

then every cubic soft subalgebra over U is a closed cubic soft ideal over U. 

Theorem 3.15. For a cubic soft set (JF,A) over a BCK-algebra U with condition (S) and a 
parameter e 6 A, the following are equivalent. 

(i) (<#”, A) is an e-cubic soft ideal over U. 

(ii) For every x,y,z G U, if x < yoz, then ftj?( £ )(x) h rmin{/Z^ (e) (y), ft^ e) (z)} and A^ (e) (x) < 
max{A^ (e) (r/), A^ (e) (z)}. 

Proof. Assume that (J^ - , A) is an e-cubic soft ideal over U and x < y o z for all x,i/,z£ U . Then 

ft*{e)(x) h rmin{/2^ (e )(x * (y o z)),p,^(y o z)} 

= rmin{/2^ (e) (0), ft&( £ )(y ° z)} 

= ft#(e)(y°z) 
h rmin {ftp( e ) (y ) , ft&( £ ) (-) } 

and 

X&{ e )(x) < max{Ajr (e) (x * (y o z)), A ^ e) (y o z)} 

= max{A^( £) (0), A ^ e) (y oz)} 

= X*(e)(y°z) 

< max{A^ (e) (r/), X^^(z)}. 
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Conversely suppose that (ii) is valid. Since 0 < x o x for all x £ U, it follows from (ii) that 

A^(e)(0) h rmin{/x^r (£ ) (x) , (x) } = A*-( e) (x) 

and 

A^ (e )(0) < max{ Ajt (£ ) (x) , A^- (e) (x) } = Ajr (e) (x) 
for all x E U. Since x < (x * y) o y for all x,y 6 [/, we have 

A^( e )(x) b rmin{jS^ (e) (a;*j/),j[i^ (e) (j/)} 

and 

A^( £ )(x) < max{A^ (£ )(j * t/), A^ (e) (t/)} 

for all x,y &U. Therefore (J^ - , A) is an e-cubic soft ideal over U. □ 

Theorem 3.16. Given a parameter £ E A, a cubic soft set (J^ - , A) over U is an e-cubic soft ideal 
over U if and only if the nonempty sets 

/h?( e )[ 5 i><y := {x E U | p.^e){x) h PiA]} 

and 

A? (e) W :={xeU | Ajr (£ )(x) < t} 
are ideals of U for all [<5i, <5 2 ] E [/] and t E [0, 1]. 

Proof. Assume that a cubic soft set (J^ - , A) over U is an e-cubic soft ideal over U. Suppose that 
n%)[^^]G\^ {e) {t) 7 ^ 0 for all [<Si,< 5 2 ] e [/] and t G [0, 1]. Obviously, 0 G p, J (e) [<5i , 5 2 \ 0 A J (e) (t) . 
Let x and y be elements of U such that x*y G [<5i , <5 2 ] and y G /f J( e ) [Ai, <5 2 ] • Then fl jr( e ) (x*y) P 
[<5i,< 5 2 ] and /Z^-( £ )(t/) >t [<5i,< 5 2 ], It follows from (3.6) that 

A*(e)(aO h rmin{/f^ (£) (a;*t/),/ij ?(£) (t/)} h rminj^!, <J 2 ], [<5 i,<5 2 ]} = [5i,5 2 ]- 

Hence x G ft J (e) [<A, 5 2 ]. Now if x * y, y G A£ (e) (t), then Ajr (£) (x * y) < t and A^( e) (y) < t. 
Using (3.7), we have Aj?( £ )(x) < max{Ajs-( e )(x * y), \&( £ )(y)} < t, and so x G AJ^(f). Therefore 
Uly £ )[^i, ^ 2 ] an d A^( £ )(t) are ideals of U. 

Conversely, suppose that /fj( £ )[<5i, A 2 ] and AJ.^f) are ideals of U for all [Ai,A 2 ] G [/] and 
t G [0,1]. Assume that there exists a G U such that /fjr( £ )(0) ^ /t^( £ )(a) or Ajt( £ )( 0) > Ajr( e )(a). 
Let /ijr( £ )(0) = [0 _ ,0 + ] and ft,^( £ )( a ) — [a~,a + ]. Then 0“ < a~ and 0 + < a + which imply that 
0" < Ai < a~ and 0 + < <5 2 < a + , that is, 

0) = [0”,0 + ] < [5i,5 2 ] < [a~,a + ] 

by taking [Ai , A 2 ] := [|(0~ + a - ), I(0 + + a + )] . Hence 0 ^ [A 1 , S 2 ]- Also 0 ^ AJ^(a t ) where 

a t = A j?( £ )(a). This is a contradiction, and so (3.5) is valid. Assume that there exist a, b E U 
such that 


ACrielb) 7 rmin {Mj'(s)(“ * b. /‘.fmOT} 


( 3 . 12 ) 
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or 

Ajr( £ )(a) > max{Ajs- (e )(a * b ), A ^ (e) (6)}. ( 3 . 13 ) 

For the case ( 3 . 12 ), let p,&( £ ){a) = [< 5 i,< 5 2 ], P>&( £ ){a * b) = [71,72] and / 2 jr( e )( 6 ) = [73,74]- Then 
[< 5 i,< 5 2 ] -C rmin{[7i,7 2 ], [73,74]} = [min{7 1 , 73}, min{7 2 , 74}]. 

Hence 8 \ < 111111(7!, 73} and 5 2 < m hi{7 2 ,74}. Taking 

[n, t 2 ] = \ (fi^( e )(a) + rmin{/2jr (e) (a * 6), jS^ (e) (6)» 

implies that 

[n,r 2 ] = \ ([^1,^2] + [min{ 7 i, 7 3 },mm{ 72 , 7 4 }]) 

= [| ( 5 1 + min(7i, 73}) , \(S 2 + min{7 2 , 74})] . 

It follows that 

min{ 7 i, 73} > n = § (61 + min{7i, 73}) > < 5 i, 

min{7 2 ,7 4 } > r 2 = \{ 8 2 + 111111(72,74}) > £2, 

and so that 

[min(7 1 ,7 3 },min(7 2 ,7 4 }] >- [ti,t 2 ] >- [cfi,< 5 2 ] = jS^( e) (a). 

Therefore a ^ /bj( £ )[ r i, t 2 ]. On the other hand, we know that 

= [71,72] h [min(7i,7 3 },min(7 2 ,74}] y [n,T 2 ], 

= [73,74] h [min{ 7 1 , 7 3 },min( 72 , 74 }] >- [ti,t 2 ], 
which imply that a * 6 , b E R%t E )\ T ii t 2 ]. This is a contradiction, and so 

A^(e)(aO b rmin(/l^- (e) (x * y), 

for all x,y E U. Now, ( 3 . 13 ) implies that there exists to E ( 0 , 1 ) such that 

Ajr( e )(a) > t 0 > max{Ajr( £ )(a * 6), A.^( £) (fe)}. 

Hence a * b, b E Aijb ^(fo) but a ^ A^^(t 0 ). This is a contradiction, and therefore 

A^( e )(x) < max(A^ (e) (i * j/), A^ (e) (y)} 

for all x,y E U. Consequently, (^,A) is an £-cubic soft ideal over U. □ 

Definition 3.17 ([ 10 ]). The R-union of cubic soft sets (^,A) and (@,B) over U is a cubic soft 
set (J 4 ?, C ) where C = A U B and 

( &{e) if e E A \ B, 

Jf(e) = l <&{e) if seB\A, 

\ J?(e)U R &(e) if e E An B 
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for all e E C. This is denoted by = (J?,A) HU# (jH,B). Also the R-intersection of cubic 

soft sets (J^", A) and (fS , B ) over U is a cubic soft set (M 1 , C) where C = A U B and 

( &{e) if e E A \ B, 

J^{e) = < &(e) if e e B \ A, 

[ &{e) Hr &(e) if £ E An B 

for all £ E C. This is denoted by (Ai? , C ) = (<#", A) fn)^ (f£ , B ). 

Theorem 3.18. If (IP, A) and (&,B) are cubic soft ideals overU, then so is the R-intersection 
(Rtf’, C) = (&, A) (&, B) of (&, A) and (&, B) . 

Proof. Straightforward. □ 

Theorem 3.19. Let (JP,A) and (ftf,B) be cubic soft ideals over U. If A and B are disjoint, 
then the R-union of (IP, A) and (ftf,B) is a cubic soft ideal over U. 

Proof. By means of Definition 3.17, we can write (IP , A) W/j (Sf , B ) = (Rtf’, C ), where C = A U B 
and for all £ E C, 

( P(e) if £ E A\B, 

Jt?(£) = l <S(e) if £EB\A, 

\ IP(E)U R ftf(E) if e E A fl B 

Since A fl B = 0, either £ E A \ B or £ E B \ A for all £ E C. If £ E A \ B, then = P(e) 

is a cubic soft ideal over U. If £ E B \ A, then Jtf’(e) = (e) is a cubic soft ideal over U. Hence 

(Rtf’, C ) = (P , A) HU/j (fS , B ) is a cubic soft ideal over U. □ 

The following example shows that Theorem 3.19 is not valid if A and B are not disjoint. 

Example 3.20. Let U = {0, a, b, c} be a HCJ-algebra with the Cayley table in Table 3. 


Table 3. Cayley table of the operation * 


* 

0 

a 

b 

c 

0 

0 

a 

b 

c 

a 

a 

0 

c 

b 

b 

b 

c 

0 

a 

c 

c 

b 

a 

0 


Consider sets of parameters A := {£ 1 , 62 , 63 } and B := {£ 3 ,£ 4 }. Then A and B are not disjoint. 
Let (IP , A) and [fS , B) be cubic soft sets over U with the tabular representations in Table 4 and 
Table 5, respectively. 

Then (P , A) and (fS , B ) are cubic soft ideals over U, and the R-union (Rtf’, C ) = (P, A) B ) 

of (P , A) and (fS , B ) is represented by Table 6. 

Note that 

p^( £ 3 )(c) = [0.4, 0.7] ^ [0.6, 0.8] = rnimj/ijr^c* a), fl^ {£ 3 ) (a)} 
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TABLE 4. Tabular representation of the cubic soft set (^,A) 



Sl 


£2 

£3 

0 

([0.6, 0.8], 0.3) 


([0.5, 0.9], 0.4) 

([0.7, 0.9], 0.3) 

a 

([0.3, 0.7], 0.5) 


([0.2, 0.5], 0.7) 

([0.6, 0.8], 0.8) 

b 

([0.3, 0.7], 0.5) 


([0.3, 0.6], 0.7) 

([0.4, 0.7], 0.8) 

c 

([0.3, 0.7], 0.5) 


([0.2, 0.5], 0.6) 

([0.4, 0.7], 0.5) 

Table 5. Tabular representation of the cubic soft set (5f,R) 



£3 


£4 

0 


([0.7, 1.0], 0.2) 


([0.4, 0.8], 0.1) 

a 


([0.3, 0.7], 0.7) 


([0.2, 0.6], 0.3) 

b 


([0.6, 0.8], 0.4) 


([0.2, 0.6], 0.6) 

c 


([0.3, 0.7], 0.7) 


([0.4, 0.8], 0.6) 

Table 6. Tabular representation of the cubic soft set 


Si 

£2 

£3 

£4 

0 

([0.6, 0.8], 0.3) 

([0.5, 0.9], 0.4) 

([0.7, 1.0], 0.2) 

([0.4, 0.8], 0.1) 

a 

([0.3, 0.7], 0.5) 

([0.2, 0.5], 0.7) 

([0.6, 0.8], 0.7) 

([0.2, 0.6], 0.3) 

b 

([0.3, 0.7], 0.5) 

([0.3, 0.6], 0.7) 

([0.6, 0.8], 0.4) 

([0.2, 0.6], 0.6) 

c 

([0.3, 0.7], 0.5) 

([0.2, 0.5], 0.6) 

([0.4, 0.7], 0.5) 

([0.4, 0.8], 0.6) 

ant 

i/or A jr(e 3 )(a) = 0.7 ^ 0.5 = 

max{A jr(e 3 )(a * 

b), ^jr(£ 3 ){b)}. Hence the R-i 

rnion (Jt?, C ) = 


(JP, A) lUI/j (£f, B ) of (J^", A) and (£f, B) is not a cubic soft ideal over U. 
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Abstract 

We prove Hyers-Ulam stability of the first order delayed homogeneous matrix differ- 
ence equation Xi +p = A (i)xj for all integers i. 

1 Introduction 

Throughout this paper, we denote by C, N, No, and Z the set of all complex numbers, of all 
positive integers, of all nonnegative integers, and the set of all integers, respectively. Given a 
fixed positive integer n, let (C n , || • || n ) be a complex norrned space, each of whose elements is 
a column vector, and let C nxn be a vector space consisting of all (n x n) complex matrices. 
We choose a norm || • j| nX n ° n C nxn which is compatible with || • || n , i.e., both norms obey 

||-YB|| n xn ^ || A ||jixn || B || nxn and ||Aai|| n U || A||nxn||"T||n (IT) 

for all A,Be C nxn and x G C n 

A matrix difference equation is a difference equation with matrix coefficients in which the 
value of vector at one point depends on the values of preceding points. 

In this paper, we prove Hyers-Ulam stability of the first order delayed homogeneous matrix 
difference equation 

T'j+p — A(i)xj (1-2) 

for all integers i G Z, where each transition matrix A(i) is nonsingular and p is a fixed integer 
larger than 1. More precisely, we prove that if a vector sequence {yijigz °f C n satisfies the 
inequality 

hi+p A(i)y.j|| n < £ 

for all i £ Z, then there exists a solution to the delayed matrix difference equation 

(1.2) such that the bound for \\y % — Xi\\ n depends on e and the transition matrices A(i) only. 
We refer the reader to [1, 2, 3, 4, 6] for the exact definition of Hyers-Ulam stability. 

°Key words and phrases: difference equation; matrix difference equation; delayed matrix difference equa- 
tion; Hyers-Ulam stability; approximation. 

°2010 Mathematics Subject Classification: Primary 39A45, 39B82; Secondary 39A06, 39B42. 
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2 Preliminaries 


Throughout this paper, the transition matrix A (i) of C nxn is defined by 


/ an(i) 

012(7) • 

• • ain(i) \ 

«21 (i) 

022(7) • 

& 2 n(i) 

\ a n l (i) 

Q"n 2 (i ) 

■ ■ a rm (i) J 


for any integer i. We moreover assume that every A(i) is nonsingular. We will use the 
following abbreviation. 


( j - 1 


:= < 


A (i) = A (j - 1)A (j - 2) • • • A (k) (for j > k ), 

(for j = k), 


i=k 

l Inxn 


( 2 . 1 ) 


where we set <f>(j, k) := (<h(/c, j)) 1 = A(j) 1 A(j + 1) 1 • • • A(k — 1) 1 for j < k and I nxn 
denotes the (n x n) identity matrix. Sometimes, we use <1 ?(j) and <h _1 (fc, j) instead of <h(j, 0) 
and (<h(A:,j)) \ respectively. 

In the following lemma, we introduce some properties of <f(j,k) without proof. 


Lemma 2.1 Assume that n is a fixed positive integer. If the transition matrix A (i) ofC nxn 
is nonsingular for any integer i, then it holds that 

(i) $(j + 1, k) = A(j)<h(j, k); 

(ii) ^-\j, k + 1) = A(ft)3> _1 (j, k); 

(in) A (k — k) = $ _1 (j, k — 1) 

for all integers j and k. 

3 Hyers-Ulam stability of Xi +P = A (i)xi 

We now prove our main theorem concerning Hyers-Ulam stability of the delayed homoge- 
neous matrix difference equation (1.2). Obviously, our theorem is a generalization and an 
improvement of [5, Theorem 2.1]. 


Theorem 3.1 Assume that n > 0 and p > 1 are fixed integers and e is a nonnegative real 
number. For all integers i, assume that A (i) is a nonsingular ( n x n) complex-valued matrix 
for which there exists a constant K > 0 such that 


OO 


E 


tl A " + kp) 


\k = 0 


< K 


(3.1) 
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for all integers i. If a sequence of C n satisfies the inequality 

\\yi+p ~ -A-(*)yi|| n — e (3-2) 

for all integers i, then there exists a unique solution {Tj} ig x to the first order delayed homo- 

geneous matrix difference equation (1.2) such that 

\\fi-yi\\ n < ICe (3.3) 

for each integer i . 


Proof. In view of (3.2), there exists a sequence {si}ie z of C n such that 

Ui+p ~ A(*)$ = £i (3.4) 


for all integers i and 


SUp £j <£. 
i€Z U 


First, we use the induction on m to prove 


( 771—1 


m — 1 / m— 1 


Vi+mp = ( n A(* + kp) | Vi + e n A(* + kp) J £ i+jp 
V fc=0 / j=0 \k=j+ 1 


(3.5) 


(3.6) 


for all i € Z and m G No. Obviously, the equality (3.6) is true for m G {0, 1}. Assume that 
the equality (3.6) is true for some positive integer m. It then follows from (3.4) and (3.6) 
that 


Ui+(m+i)p — A (i + mp)yi +mp + £i+ mp 

/ m \ m—1 / m 

= n + m )& + s n A(i + kp) I £i-\-jp + 


\k = 0 


3=0 \fc=j+l 


m m 


]^[ A(i + kp) ) y t + ^ I A(i + kp) J £ i+jp , 

\k = 0 ) j = 0 \k=j + 1 


which follows from (3.6) by replacing m with m + 1. 
If we set 


-l 


ffim) : = n A(* + kp) y i+ (m+ i)p 


\k = 0 


for all i G Z and m G No, then it follows from (3.6) that 


m / 3 


Tfim) = yt + ^2 ( II A (i + kp) J £ i+jp . 

j = 0 \k=0 J 


(3.7) 
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Let m and n be nonnegative integers with n > m. Then, by (3.7), we have 
Ti(ri) - Ti(m) = ^2 IIA(* + M ?i+jp 

j=rn + 1 \k = 0 / 

for any fixed integer i. In view of (3.5) and (3.1), we further get 

, -l 


fi(n)-fi(m) || = 


n 3 


yi ( n + k p) ) 

j=m+l \k = 0 / 


n 

S E 

j=m + 1 


S E 

j=m + 1 
n 

^ E 

j=m + 1 


3 


-1 


ri A " + /cp) 

fc=0 J 

A (z + fcp)'] 


k=0 
/ 3 


IK*+jpIL 


-i 


IlA(i + kp) 


k = 0 / 

— 7 0, as m —7 oo, 

for every i € Z. Hence, {Tj(r77)} me N 0 is a Cauchy sequence for each fixed i € Z, and we can 
define 


Ti := lim T;(m) 


(3.8) 


for each i € Z. 

By (3.4), (3.7), and (3.8), we obtain 


oo/j 


-l 


Ti+p A(i)T) — 2/i+p T e n A(* + (k + l)p) 

7= o Vfc=0 / 


e *+0'+i)p 


oo/3 


-1 


A (*)$ - ( II A ( ?: + kp ') ) 

7=0 Vfe=i / 

x -1 


oo / J+1 

y*+p + e n*( i + kp) 


e *+(i+l)p 

x -1 


7=0 \fe=i / 

oo/j 

MW* - yi n a ( ?; + kp ) ) &i+jp 


7=o \fc=i 
oo/j 


-1 


y?'+p T ^ ' ( 1 1 A(* + kp) | &i+jp 
7=1 \fe=i / 


00/3 


-1 


A (*)$ - XI ( II A ^‘ + kpk > ) ^ i+ 3P 

7=0 Vfe=i / 


= 0 
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5 


for all i € Z. Moreover, it follows from (3.5), (3.1), (3.7), and (3.8) that 

x -i 


Ti Vi — 


00/7 


n a (* + m ?i+jp 

j = 0 \k = 0 / 


oo 

i=0 

OO 

sE 

7=0 

< Ke 


7 


-1 


ri A " + kp ) £ i+jp 

k = 0 / 

A (z + A;p) > | 


\k = 0 


IK*+jpIL 


for all i € Z. 

Finally, we prove the uniqueness of the sequence {T*}^- Assume that {Ui}i & z is another 
solution to the difference equation (1.2). By applying the induction on m, we prove that 

Ui = ( JJ A(i + kp)\ Ui_ f ( m +i) p (3.9) 

\fc=o J 

for any m € No- Obviously, (3.9) is true for m = 0. Assume now that (3.9) is true for some 
integer m > 0. It then follows from (1.2) and (3.9) that 

Ui f 1 1 A(i + fcp)^ ^j+(m+l)p 


\k = 0 
/m+1 


-1 


j [ A(i + kp) A (i + (m + l)p)[7, 


i+(m+l)p 


Vfc=0 

/m+1 


-1 


n + m ^ 




,k = 0 


which can be obtained from (3.9) by replacing m with m + 1. Thus, by (3.1), (3.3), and (3.9), 
we have 

’ m \ — 1 

A (i + kp) J (Tj + ( m+ i) p ^j+(m+i)p) 




Vfc=0 


< 


-1 


\k = 0 


+ 


A (i + fcp) 
o / 

m ^ 

ri A ( i + kp) 


nxn 
-1 


Vfc=0 


| -^i+(m+l)p 2/i+(m+l)p|| n 

||z/i+(m+l)p — ^i+(m+l)p|| f 


nxn 

H 


ri A ( i + kp) 


< 2 Ke 

■ ll \ 

\k=0 

-+ 0, as m -+ oo, 

for all ieZ, which implies the uniqueness of {Tj}j e z- 


□ 
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6 Hyers-Ulam stability of matrix difference equation 

4 Examples 

At a glance, the condition (3.1) would seem too strong so that we could seldom find practical 
examples. But we get rid of such a misunderstanding through introducing a few examples 
for the sequence {A (i)}i£z of transition matrices which satisfy the condition (3.1). 


Example 4.1 Let us set n = 1 and p = 3. If A(i) = 2 3 is a (1 x 1) matrix for every integer 
i, then we have 


OO 


E 


]^[ A(i + 3k) 

k=0 


-1 


OO 


E 


(2^ 



3 + 1 


y ^ 2 -3 f ?+1 ) 

j = o 


1 

r 


i.e., the condition (3.1) is satisfied with K = ^ . 

Assume that a sequence of complex numbers satisfies the inequality 


Vi + 3 - 2 3 2/J < e 


for all integers i, where e is an arbitrarily given nonnegative real number. Then, according 
to Theorem 3.1, there exists a unique sequence {xiji^z of complex numbers such that 

x i+3 = 2 3 Xi (4.1) 


and 


I Xi - yi\ < —£ 

for all integers i. 

Indeed, the delayed difference equation (4.1) is strongly related to the nonlinear difference 
equation 


x i+ 1 = 2 i+1 


22i+l 

Xi 


Example 4.2 


We consider the 

( 



\ 


difference equation with two variables given as 

— 2 2i+1 \ 

(* 2 + 2 i + 2)(i 2 + l) Vi - (if + 2 i + 2)2* +1 
2^+2 2^+1 
i 2 + 2i + 2 “ {i 2 + 2i + 2){i 2 + l) Ui ) 


for all integers i, where {ui}i & z and {vi}i e z are sequences of complex numbers. By a straight- 
forward calculation, we show that 


{ U i+ 2 

V v i + 2 


4(i 2 + 1) „ \ 

i 2 + 41 + 5 

4(z 2 + 1) 

\ i 2 + 4i + 5 / 


Ui 


Vi 
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7 


for all integers i. We now define the (2 x 2) matrix A (i) by 


A (t) := 


( 4 (i 2 + 1) 
i 2 + 4 i + 5 


V 


0 


o N 

4 (i 2 + 1) 
i 2 + 4i + 5 / 


4(i 2 + 1) 

(i + 2) 2 + l 


•■2x2 


for every integer i, where 12x2 denotes the (2 x 2) identity matrix. Then we have 


n a(z + 2fc) 

k = 0 


-1 


(i + 2 j + 2) 2 + l 
(i 2 + 1)47 +1 


for all nonnegative integers j . Hence, we see that 


OO 


E 


j^[ A (i + 2k) 
,k = 0 


_y^ (j + 2j + 2) 2 + 1 
(i 2 + 1)47 +1 

< v- (|?.| + 2 j + 2) 2 + 1 

- (p + 1 ) 47+1 


< 



1 

47+1 


OO 


+E 


1 j + 1 

2 47 


OO 


+E 


g + i ) 2 

47 


1 »ii “91 

- 3 ^ 2 27 ^ 4 27 

7=0 7=0 

_ 35 
““ T’ 


i.e., i/ie condition (3.1) is satisfied with K = 

Let e is an arbitrarily given nonnegative real number. Assume that a sequence °f 

C 2 satisfies the inequality 


\\m+2 - A(i)^|| oo < e 

for all integers i. Then, due to Theorem 3.1 with n = 2, p = 2, and K = , there exists 

a unique solution {xiji € z to the delayed homogeneous matrix difference equation (1.2) such 
that 


_ n 35 

\Xi — Ui\\ < — £ 
I ‘ aL lloo — g 


for any integer i . 
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Abstract 

An (n + 3)-dimensional nonlinear mathematical model for the virus dynamics with humoral immunity 
and n-stages of infected cells is proposed and analyzed. Two threshold parameters, the basic reproduction 
number, Rq 1 and the humoral immunity number, R are derived. Utilizing Lyapunov functions and LaSalle’s 
invariance principle, the global asymptotic stability of all steady states of the model is obtained. An example 
is presented and some numerical simulations are conducted in order to illustrate the dynamical behavior. 

Keywords: Virus dynamics; global stability; humoral immunity; Lyapunov function. 


1 Introduction 

During the past decades many human viruses have been found such as HIV, HBV, HCV and HTLV-I. To un- 
derstand the virus dynamics, several mathematical models for virus dynamics have been proposed and analyzed 
(see e.g. [1]-[16]). One of the most important features of mathematical models is the global stability of steady 
states which gives us a detailed information and enhances our understanding about the virus dynamics. There- 
fore several researchers studied the global stability of virus dynamics models (see e.g. [5], [6], [7], [8], [9], [11], 
[12], [13], [14], [19], [20]). Some of these papers consider a single- infected stage for infected cells (see e.g. [5], 
[6], [7], [11], [12] and [14]). Other works consider double- infected stages for infected cells, the first stage is the 
latently infected cells which contain viruses but do not produce it and the second stage is the actively infected 
cells which produce new viruses (see e.g. [8] [9], [19] and [20]). As reported in [21], [22] and [23], due to ongoing 
viral replication in the virus dynamics process such as HIV, the time from the contact of viruses and uninfected 
target cells to the death of the cells modeled by dividing the process into n short stages y± — > yi — ► .... —> y n - 
Georgescu and Hsieh [20] have proposed a virus dynamics model with multi-staged infected cells. However, the 
model does not consider the immune response. 

It should be pointed out that the immune response plays an important role in controlling the disease 
progression. There are two main responses for immune system, Cytotoxic T Lymphocyte (CTL) immune 
response and humoral immune response. The function of the CTL cells is to kill the infected cells. The humoral 
immunity is based on the B cells which produce antibodies to attack the viruses [1]. It is mentioned in [24] 
that, in malaria, the antibodies are more effective than CTL cells [24]. Several works incorporate the humoral 
immune response into the virus dynamics models (see e.g. [25]-[31]). Elaiw and AlShamrani [29], [30] studied 
the global stability of virus dynamics models with double-infected stages for infected cells. 

The aim of this paper is to study a general virus dynamics model with multi-staged infected cells and 
humoral immunity. Our model is an improvement of the model presented in [20] by taking into account the 
humoral immune response, and by assuming a more general incidence rate which includes the form given in 
[20]. We use Lyapunov functions and LaSalle’s invariance principle to prove the global stability of all the steady 
states of the model. We show that there exist two bifurcation parameters, the basic reproduction number Rq 1 
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and the humoral immunity number Rf 1 . We establish a set of sufficient conditions which guarantee the global 
stability of all steady states of the model. 


2 The model 


In this section we propose the following model: 


x = A — dx — g(x, v), (1) 

Vi = g(x,v) - ai^i (yi), (2) 

yi = a,i-i<j>i-i(yi-i)-a,i<l>i(yi), i = 2,3,...,n, (3) 

v = a n <t> n (y n ) - pzv - uv, (4) 

z = rzv — bz. (5) 


All parameters and variables have the same identifications given in Section 1. The model is a generalization 
of several existing model by considering general functions for: (i) the incidence rate of infection g(x,v ); (ii) 
the production rates of infected cells g{x,v) and i = 2 , (iii) the removal rate of infected 

cells a,i<fii(yi), i = (iii) the production rate of viruses a n (f> n (y n ). Functions g and ( pi are continuously 

differentiable and satisfy the following conditions: 

Condition Cl. (i) g(x,v) > 0, g(0,v) = g(x,0) = 0 for all x,v > 0 and 
(h) > 0, > 0, ^°) > 0 for all x,v > 0. 

Condition C2. (i) g(x,v) < v d9< 'g v ’°' 1 for all x,v > 0 and 
'd g{x,o y 
dv 


(ii) ( — ) > 0 for all x, v > 0. 

Condition C3. (i) (f>i{yi) > 0 for all yt > 0, 4>i(0) = 0, * = 1,2, 

(ii) </>i(yi) > 0 for all y.j > 0, * = 1, 2, n, and 

(iii) there is ctj > 0, * = 1, ...,n such that <j>i(yi) > aiyi for all y,; > 0. 


3 Properties of solutions 

In this section, we study some properties of the solutions of the model such as the non-negativity and bound- 
edness. 

Proposition 1. Suppose that Conditions Cl and C3 are hold. Then there exist positive numbers Mj, 
j = 1, 2, ..., n + 2, such that the compact set 

0 = | (a;, yi, ...,y n ,v,z) G : 0 < x < M x ,0 < yt < M tl 0 < v < M n+ 1 , 0 < z < M n+2 , i = 1, ...,n| 

is positively invariant. 

Proof. Since 


a* |x=o — A > 0, 
yi \yi=o= g(x,v) > 0 
yi \y i= 0 = bi-l(f>i-l(yi-l) > 0 
V |„ = o= a n (p n {y n ) > 0 

z U=o= 0, 


for all x, v € [0, 00 ), 

for all yi-i € [0, 00 ), i = 2,3, 

for all y n G [0, 00 ), 


Then, the orthant is positively invariant for system (l)-(5). 

To show the boundedness of the solutions we let G\{t) = x(t) + yi(t), then 


G\ = A — dx — ai<f>i(yi) < A — dx — a\a\y\ < A — 8\ (x + yi) < A — <5iGi, 
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where <5i = min{<i, aiai}. It follows that, 

£)+^- 

Hence, 0 < G\{t) < Mi if Gi(0) < Mi for t > 0 where M\ = . The non-negativity of x and y\ implies that, 

0 < x(t), y\(t) < M\ if x(0) +yi (0) < M\. From Eq. (3) and Condition C3, we have 

y 2 = ai4>i(yi) - a 2 4> 2 {y 2 ) < oi^i (Mi) - a 2 a 2 y 2 . 

It follows that, 0 < y 2 (t) < M 2 if y 2 (0) < M 2 , where M 2 = ' 1< ^ — — . Similarly, we can showO < yAt) < Mi if 
yA 0) < Mi , where Mj = 1 ^ >l { — 3 ) Finally, we let G 2 (t) = v(t) + - z(t ), then 

aiOii 

G 2 = d n 0„(y„) -uv- —z 
r 

< a n <j> n (M n ) - S 2 (v + -z'j = a n (j> n (M n ) - S 2 G 2 , 

where S 2 = min{«, b}. It follows that, 0 < G 2 (t) < M n+1 if ^ 2 ( 0 ) < M n+1 , where M n+ i = dn^n(M n ) _ Since 

02 

v(t) and z(t) are non-negative, then 0 < v(t) < M n+ 1 and 0 < z(t) < M n+2 if n(0) + ^z( 0) < M n+1 , where 
M n+ 2 = £ M n+ i. Therefore, all the variables of the model are bounded and the region 0 is positively invariant 
with respect to model (l)-(5). □ 


4 The steady states and biological bifurcations 


In this section, we prove the existence of the steady states of system (l)-(5) and derive two bifurcation param- 
eters. 

Lemma 1. Assume that Conditions C1-C3 are satisfied, then there exist two bifurcation parameters Rjf > 
Rf 1 > 0 such that 

(i) if R.q 1 < 1, then the system has only one positive steady state Qo € 0. 

(ii) if R^ 1 < 1 < Rq 1 , then then the system has only two positive steady states Qo € 0 and Qi € 0, and 

O 

(iii) if Ri 1 > 1, then then the system has three positive steady states Qo € 0, Qi € 0 and Q 2 € 0. 

Proof. At any steady state E(x, yi , ..., y n , v, z), the following equations hold: 


V 

1 

a- 

« 

1 

to 

IT 

II 

0 

(6) 

g(x,v) - ai0i(j/i) = 0, 

(7) 

4>i-i{yi-i) - Uicj)i{yi) =0, i = 2, ..., n, 

(8) 

a n <t>n(yn ) - UV - pZV = 0, 

(9) 

(rv — b) z = 0. 

(10) 


Eq. (10) has two possibilities, z = 0 and v = -. When z = 0, then from Eqs. (6)-(9) we get 


A - dx = g(x, v) = [ =1 a,i<j>i(yi) = [ uv, i = l,...,n, 


( 11 ) 


0 = ! 


0=1 


The continuity and strictly increasing properties of 0, imply that 4> i 1 exists and it is also continuous and strictly 
increasing [32], Define f t (v) = 0T 1 ( ( J] 0^ ( J] 0;’ ^ , i = 1,2, ...,n, then /»( 0) = 0 and /*(«) > 0 for all 


0 =1 


0 =1 


v > 0. From Eq. (11), we get 


Vi = fi(v), x = x 0 - - I T1 =1 I uv, 

d 1 


(12) 
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and 


9 \ x °-^ (ns uv ’ v - ( nSr uv=o * 


(13) 


0 =1 




where xq = X/d. Condition Cl implies that Eq. (13) has two possible solutions v = 0 and If v = 0, then 

n + 2 

from Eq. (12), we get the disease-free steady state Qo = (xq, 0, 0, 0). Let us consider the case v ^ 0. Define 


'Ll (v) = g 


H(S 


a 7 - 

~Z~ I uv, v I — 

dj 


n 

V1=C 


^ I uv = 0. 


We have, UMO) = 0, and dMi)) = —A < 0. where v = - T1 — ) . Moreover 

“ \j=i aj I 


ik 


■aj \ dg(x o ,0) dg(x 0 , 0) 


u'=i 


dx 


+ 


dv 


n: 


From Condition Cl we have d9< 'g°'°^ = 0, then 


’Ll (o) =u n ^ 


— aj 
3 = 1 3 


1 

U 


n 


dj \ dg(x 0 , 0) 


■ a, 
u=i 3 


dv 


- 1 


Therefore, if L ( y 2 " ) > 1, then ^ (0) > 0 and there exists a v\ G (0,0) such that 'Li(ui) = 0. 


C =1 


Substituting v = V\ in Eq. (6) and letting 


T^a:) = A — dx — g(x, V\) = 0. 


According to Condition Cl, do is a strictly decreasing, ^(O) = A > 0 and v L 2 (a;o) = —g(x 0 ,Vi) < 0. Thus, 
there exists a unique x\ G (0, xo) such that v L 2 (xi) = 0. On the other hand, from Eq. (12) we have t/i,i = 
fi(v 1) > 0, i = 1 It follows that, a endemic steady state without humoral immune response Q 1 = 


(xi,yi,i,—,y n ,i,vi,0) exists when ± 


n - 

1 -L aj 
3 = 1 


dg(x o,0) 
dv 


> 1. Let us define the basic reproduction number as: 


< = ~ IP 

m 1 n 


dj \ dg{x 0 , 0) 


0 =1 


<9v 


The other possibility of Eq. (10) is v = v 2 = - . Let 


'L 3 (x) = A — dx — g(x , i> 2 ) = 0. 


Clearly, T3 is a strictly decreasing, ^(O) = A > 0 and v L 3 (xo) = —g{x 0W2) < 0. Thus, there exists a unique 
x 2 G (0,Xq) such that ^(a^) = 0. It follows that, 


y^ = ^\ mM^ 2) 


> 0. 


o =1 


■ dj 


di 


Further, z 2 = ~(R\ — 1), where 
V 


Ri 


M 


n 

u =1 


dj \ g(x 2,v 2 ) 


a-i 


V2 
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represents the humoral immunity number. It follows that, if Rf 1 > 1, then there exists a endemic steady state 
with humoral immune response Q 2 = (£2, 1/1,2, •••, y n ,2, v 2 , z 2 ). 

O 

Now we show that Qo,Qi € 0 and Q 2 € 0. Clearly, Q 0 £ 0. We have x\ £ (0,£o), then 

A A 

0<a;i< — < — = Mi. 
d 0 1 


From Eq. (11), we get 


a-iociyi i < ai0i (2/1,1) = A - dxi < A => 0 < 2/1,1 < < Mi. 

a\a\ 


Also, from Eq. (8), we have 


a 2 a 2 y 2tl < 02^2(2/2,1) = 01^1(2/1,1) < 01 0i (Mi) =t0< 2 / 2,1 < = M 2 . 


a 2 a 2 


Consequently, for * = 3, ..., n, we have 


0*0*2//, 1 < Oj0j(2/i,i) = o*_ i0*_i ( 2/i — 1,1) < Oi-i0»-i(M i _i) => 0 < 2/*,i < 10^ i( M » 1) _ 


CliOLi 


Eq. (9) implies that, 


- 1 / \ ; J, Of \ J n X , On0n(-M n ) a n (f> n {M n ) ^ 

'li'Ul — Ci n (p n \Un,l ) ^ ^nrn(-^n) ^ 0 <C <C ^ ~ — A/ n _|_i. 

U 0 2 

We have also zi = 0, then Qi £ 0. Similarly, one can show that 0 < a; 2 < Mi and 0 < 2/1,2 < M*, * = 1, ...,n. 
Now we show that if Rf 1 > 1, then 0 < v 2 < M n + 1 and 0 < z 2 < M n+2 . From Eq. (9) we have 

uv 2 + pv 2 z 2 = a„0 n (2/„, 2 )- 


Then 


uv 2 < a** 0r* (2/11,2) < a n <j> n (M n ) => 0 < v 2 < < M n+ i, 

u 

pv 2 z 2 < a n <j> n (y n 2 ) < a n <j> n (M n ) Q < z 2 < < M n+2 . 

pb 


Then, Q 2 £ 0. Clearly from Condition C2, we have 


r ? = - 1 TT- 

11 J- n 


g(x 2 ,v 2 ) 1 


< - — 


u l i,a,- 

U =1 




n 


9ff(ai2,0) 1 [ tt Oj \ ^(a:o,0) 


u \ a 
U =1 ' 


9w 


" u V/=i a? 


9u 


= . □ 


5 Global stability analysis 


In this section, we study the global stability of system (l)-(5) by constructing suitable Lyapunov functionals. 
The stability of the disease- free steady state Qo will be given in the following result. 

Theorem 1. Let Conditions C1-C3 hold true and R < 1, then Q 0 is globally asymptotically stable (GAS) 
in 0. 

Proof. Define 


Vq{x, 2/1, ...,y n ,v,z) =x-x 0 - 


lim 

v^o+ g(r),v) 



If ! < 14 > 

j — 1 J 


0 n+ 2 

where J([ J 2 - = 1. It is seen that, Vo(x, 2/1, y n , v,z) > 0 for all x, yi, ..., y n , v, z > 0, while Vo(a;o, 0, ..., 0, 0) = 0. 
3 = 1 3 

We calculate ^ along the solutions of model (l)-(5) as: 


dVo 

dt 



lim 

v->o+ g{x,v) J 


x + Y, 



Vi + 




(15) 
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We have 


Em ^r- \yi= g(x, v) - ai^i(yi) + Em 


i=i \j = i 


Ujo 

= 1 J 


*=2 \j = 1 


U/.7 

= 1 J 


= g(x,v)~ JJ?- a n <f> n (y n ). 


— a,- 
u=i 5 


Then 


dVfc 

dt 


= dxn 1 — lim 


= (fen 1 — 


pb 

r 


g{x o,v) 
t)-vo+ g{x,v) 

dg{x o,0) /dv 
dg(x, 0)/dv 


x 0 


1 I + g(x, v) lim 


g{x o,v) 


v->o+ g(x,v) 


n: 

U=1 


pb 


n: 

U =1 


+« n- 

Xo) 1 ±±n 


G =1 


1 

u 


TjOj | g(x,v) dg(x 0 , 0)/dv _ 
AAn, I v dg(x, 0)/dv 




n: 

w=i 


(16) 


From (i) of Condition C2, we have 

dVh ( dg{x 0l 0)/dv \ ( _ x_ 

dt ~ ( ° \ dg(x,0)/dv J \ x 0 

From (ii) of Condition Cl, we get 


ns I 


l - 


dg(x 0 ,0) /dv 


U'=! 


1 — < 0 , 
xo, 


U =1 


■ cL- 


(17) 


dg{ x,0)/dv 

where the equality occurs at x = Xq . Therefore, if R^ 1 < 1, then ^ < 0 for all x,v,z > 0. One can easily 
show that = 0 occurs at Qo ■ Using LaSalle’s invariance principle, we derive that Qo is GAS. □ 

To prove the global stability of the two steady states Q i and Q 2 , we need the following condition on the 
incidence rate function. 

Condition C4. 


1 - 


g{x,Vi)\ f g{x,v) v 


<0, x, v > 0, i = 1, 2 


g{ x,v) J \g(x,Vi) v it 

Lemma 2. Suppose that Conditions C1-C4 are satisfied and Rq T > 1. Then xi,x 2 ,vi,v 2 exist satisfying 

sgn(x 2 — X\) = sgn(vi — v 2 ) = sgn(Ri' r — 1 ). 

Proof. From Condition Cl, for xi,x 2 ,vi,v 2 > 0, we have 


(g{x 2 , v 2 ) - g(x i,v 2 ))(x 2 -x 1 )>0, (18) 

(g(x i,v 2 ) - g(x i, ui)) (v 2 - ui) > 0. (19) 

Using Condition C4 with i = 1, x = x\ and v = v 2 we get 

(g(xi,v 2 )v 1 - g{x 1 , Vi)v 2 ) (g(xi, v 2 ) - g(x i, tq)) < 0. (20) 

It follows from inequality (19) that 

(g(x i,v 2 )vi - g{x i,vi)v 2 )(vi - v 2 ) > 0. (21) 

First, we claim sgn(x 2 — X\) = sgn(v i — v 2 ). Suppose this is not true, i.e. , sgn{ x 2 — aq) = sgn(v 2 — zq). Using 
the conditions of the steady states Q\ and Q 2 we have 

(A - dx 2 ) - (A - dx i) = g(x 2 , v 2 ) - g(x i, zq) 

= (g(x 2 ,v 2 ) - g{x x,v 2 )) + (g(x lt v 2 ) - g(x i, wi))- 
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Therefore, from inequalities (18) and (19) we get: 


sgn {xi — X2) = sgn (X2 — x \) , 

which leads to a contradiction. Thus, sgn(x 2 — X\) = sgn{v 1 — V2) ■ Using the steady state conditions for Q\ 


we have - 


1 ( {\ sA 9(xi,vi) _ 

HAW 




1 ( TT“i 1 9{ x 2 ,v 2 ) 1 / rr o,j 1 3(a:i, m) 


U \ V2 u I Vj Oj / m 


1 / n - \ ri l 

U— — (3(2:2, V2) — g(xi,V2)) H (3(2:1,112)^1 - 3(2:1, ^1)^2) 

fJi a j J V v 2 V1V2 J 


Thus, from inequalities (18) and (21) we get sgn{R^ — 1) = sgn(v 1 — U2). □ 

Theorem 2. Assume that Conditions C1-C4 are satisfied. If Rf r < 1 < R(f , then Qi is GAS in 0. 
Proof. Define: 


Vi{x,y u ...,y n ,v,z) = x - X!~ / 

J X-\ 


3(3h, Hi) 

9(1 7, m) 


i—i \i=i 


c^+e yi-yi,i- 


0i(3i,i) 


IF tnH - 

•A. X n • \ 7?-. 


M , P TT a i 


v iJ r \jJi a J 


We note that, Vi is positive and reaches its global minimum at Q\. Calculating the time derivative of V\ along 
the trajectories of system (l)-(5), we obtain 


dV 1 _ / 3(2:1,111) 

dt V g(x, 111) 


(A -dx- g(x, 11)) + ^1 - ) (3(2:, n) - ai<Mj/i)) 


+ E (n|J ( x - ^|y) (5i-i*-i(w-i) - 

+ ( X “ V y ) (dn^niVn) ~ UV - pZV ) + ^ fill 1 ! (^ ~ M ' 


Then, 


Em ^ I (ai_i0»_i(yj_i) - ai<j>i(yi)) = a^{y{) - n ~ j Q j n4 > n{jjn) • 


*= 2 U=1 


= (1 - (A _ ta)+ { v) 9^A _ Myi Mx.v) 

dt V 3(2:, ui)/ 3(21,111) <Mj/i) 

1 a i \ V I TT a f I di-\4>i(yi \)(t>i-i(yi-i) 

+ «!«</!,!)-! Mk -T-, 


1=2 \i=i 


1=2 \j=l 


E'ns 1 ns 


^1 (?/n 


+ n; 


pb / T-rOj 
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Using the steady state conditions for Q 1 : 

A = dx i + g(x i,ui), 


g{x o,i<j>i{Vi, i) = uui, * = 


U'=! 


u =1 


We obtain 


dVi 

dt 


= 1 - 




(dxi — dx) + <7(2:1, iq) ( 1 — 


g{xi,vi) 
g(x,v i) 


g(xi,vi 


g{x,v) 
g(x,v i) 


g(xi,i;i) c + (n + l)g(xi,z>i) -g(xi,t;i)> 7 v 


, \ V < \ V^niVn) . 

~g{ X\,V\) g(xi,t>i)— — ; r +p 

Vi V(pn{y nt l) 


II — - 




(26) 


We can rewrite Eq. (26) as follows 


r, M 

IT"*' 111 - 


+ g(xi,i>i) 

n 

-£ 


g(a^i^i) 

gOv*h) 

(n + 2) - 


1 ) +g{xi,v i) 

Xi 


g(x,v) 


[g(x, l>i) vij 
g(xi,L>i) <l>i(yi,i)g(x,v) 


g(x,v i) 0i(yi)5(xi,ui) 
0*(j/i,i)^i-i(y»-i) Vi<j> n (y n ) 


4>i(yi)<f>i-l(yi-l,l) #n(2/n,l) 


n: 

u =1 


= dx\ 1 — 


g(a^i^i) 

g{x,vi) 


l - 


Xi 


+ g(xi,v 1 ) l - 


(V! - V 2 ) z 

g(x,v x )\ f g(x,v) V 


g(x,v) J \g(x,v i) vi 


+ g(xi,vi) 


/ . Q x g{xi,vi) ^i(yi,i)g(x,t;) s^<t>i{yi,i)<l>i-i(yi-i) 

( n + 3 ) - “TTTTTrT" - x .. ^ - 2^1 


g{x,v i) </>i(yi)g(xi,vi) 


',<t>i(yi)<l>i-i(yi-t,i 


Vl&niVn) Vg(x,Vi) 


v<t>n{y n , i ) Vig{x,v)\ 


p ip (ui-v2)^. 


■ o, 

U=1 3 


(27) 


From Conditions Cl and C4, we get that, the first and second terms of Eq. (27) are less than or equal to 

zero. Since the geometrical mean is less than or equal to the arithmetical mean, then (n + 3) < + 

p:(?n.1 )//(*,») , yx Oi(ViA)Oi- j(yj i) , vi<l> n (Vn) , vg(x,v i) T o j mn u„ t u„ t dM < i < 

+ i.i) + V0«(»«,i) + Lemma ^ implies that, it ti x < i, then m < tfe. 

It follows that, < 0 for all x,yi,v,z > 0, i = 1 , ...,n. The solutions of system (l)-(5) are limited to f2, 
the largest invariant subset of { (x, yi, .. .,y n , v, z) : ^x = 0}. We have ^x *= 0 at the singleton {Qi}. Thus, 
the global asymptotic stability of the endemic steady state without humoral immune response Q\ follows from 
LaSalle’s invariance principle. □ 

O 

Theorem 3. Let Conditions C1-C4 are satisfied and Rf r > 1, then Q 2 is GAS in 0. 

Proof. We construct a Lyapunov functional as follows: 


V 2 (x,y 1 ,...,y n ,v,z) = x - x 2 - ? + E ( Illy 


Vi 


Vi - Vi, 2 


i—i \i=i 


— i “j 


MVi, 2) 

i(??) 


dy 


Vi, 2 


v 2 


ip ^ n- W- • 

- 1 - - 1 - H . V 1 7o / 7* Ai -d : \ / 


u'=l 


2:2 


(28) 
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Note that V2 > 0 for all x, 51, ..., y n , v, z > 0 and V2(x2, 51,2, •••, y n ,2, n 2 , £2) = 0 . Function V2 satisfies: 
^ = (i - ( X ~ dx ~ 5(2, v)) + (1- v ^> ~ ai Myi)) 

+ g (n^) (* - fgj) <*->*-.<»->) - «*<*» 

+ ( I f 1 “ ~) ( d n<t>n(yn) - UV - pzv) + - ( JJ ^ ] (l - — ) ( TZV - bz) . 

\ . Cto / ' 'V ' I \ . CL q I ' Z ' 

\J=1 J / \j=i 

Using Eq. ( 24 ), we get 


dU 2 A 5(22, v 2 )\ ,, , x . , 

ir = ( 1 -T( 7 TTj ( dl) + s(1 '’ 


.g{x 2 ,v 2 ) Mvi ,2)5(2,11) 

-v)— ( r , , s, f- am (2/1,2) 

g(x,v 2 ) <Pi{yi) 

n ( 1—1 \ , t \ 1 / \ n ( i— 1 


i=2 y=i ■? 

II )• ill 


01 ( 51 , 2 ) 01— l(j/i— l) 


0i(2/i) 


X! ( II~ 


1=2 \./-l 


= 1 


^ ««- TT-ia-^^) 

i=i°V \ 7-'"2 




n 


a,- 


— WH2 
- a.j 
t,i=i J 


(29) 


n 


au 


pb I TT a . 




( 30 ) 


Using the steady state conditions for Q 2 : 


A = dx 2 +g{x 2 ,v 2 ), v 2 = 


g{x 2^2)= [JJ^ ai^yi^) = \Y\p- (uv 2 +pv 2 z 2 ) , i = 1, 


u=i 


u'=i 


we get 


dU 2 

dt 



g{X2,V2) \ 

g{ x,v 2 ) J 


{dx 2 — dx) + 5(2:2, v 2 ) 


g(x 2 , u 2 ) \ 

p(a;, w 2 ) / 


+ 5(2:2,112) 


5 (^,ii) 

g(x,v 2 ) 


- g(x 2,112) 


01(51,2)5(2,11) 
<Ai (51)5(3:2,112) 


n 

+ (n + 1 ) 5(2:2, u 2 ) - 5(*2, h 2 )E 

2=2 


01 ( 5 l ,2 ) 01 — 1 ( 5 l — 1 ) 

0i(5i)0i— 1 (5l — l,2) 


- 5 ( 2 : 2 , 112 ) 


U 

112 


5 ( 212 , 112 ) 


1>2 0 n( 5 n) 
H 0 n( 5 n, 2)’ 


( 31 ) 


We can rewrite Eq. ( 31 ) as follows: 




+ 5(212,112) 

11 2 0 n( 5 n) 
H 0 n( 5 n, 2) 


g( 2:2,112) 

5 ( 21 , 112 ) 
(n + 3 ) — 


1 - — 

2:2 

5 ( 212,1:2) 


5(21,112) 


115(21,112)' 

v 2 g(x,v)_ 


+ g(x 2,112) 


5(21,112) 0 / 5(2’, 11) 
5(2,11) y \ 5 (a:, u 2 ) 



01(51,2)5(2,11) _ 01(51,2)01-1(51-1) 

01(51)5(22,22) ^0i(5i)0i-i (51-1,2) 


( 32 ) 


We note from Conditions Cl and C 4 and the relationship between the arithmetical and geometrical means that, 
we obtain ^ < 0 for all x,yi, ...,y n ,v, z > 0 . The solutions of model (l)-( 5 ) are limited to A, the largest 
invariant subset of {(2;, yi, ..., y n , v, z) : ^ = 0 }. It is easy to see that = 0 occurs at Q2- The global 
asymptotic stability of Q2 follows from LaSalle’s invariance principle. □ 
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6 Example and numerical simulations 


In this section, we introduce an example and perform some numerical simulations to confirm our theoretical 
results. By using the Lyapunov direct method, we have established a set of conditions on the functions g(x,v) 
and (f>i{yi) and on the parameters Rq 1 and Rf 1 ensuring the global asymptotic stability of the steady states of 
model (l)-(5). We consider the following model with two stages (i.e. n = 2): 


x = A — dx — 


TTXV 


(1 + jx) (1 + Sv) ’ 


y i = 


TTXV 


(1 + 7 ix ) (1 + Sv) 

V2 = aryi - a 2 y 2 , 


aiyi, 


V = 5,22/2 — pzv — uv, 
z = rzv — bz, 


(33) 

(34) 

(35) 

(36) 

(37) 


where n G (0, oo) and 7 , S G [0, 00 ). In this example we have 

«»,) = !/„ »(*,») = (1 + 7 ^7l + J«) ; 

which guarantee that Condition C3 holds true. Now, we verify Conditions Cl, C2 and C4. Clearly, g(x,v) > 0, 
g( 0, v) = g(x, 0) = 0 for all x, v G (0, 00 ), and 

dg(x, v ) 7 tv dg(x, v ) 


dx (1 + 7 a ;) 2 (1 + Sv ) ' 


dv 


(1 + jx) (1 + Sv) 2 dv 


dg(x, 0) 7ra; 

1+70; 


Then, for all x, v G (0, 00 ), we have d9 ^ v ' > > 0, d9 ^ v ' > > 0 and r)g g^,’°^ > 0. Therefore Condition Cl is satisfied. 
We have also 


. . muv ttxv dg(x, 0) 

g{x,v) = — — < T = V- 


7TXV 


(1 + yx) (1 + Sv) 1+701 
dg(x, 0)V 7T 


dv ) (1 + 7 xy 


dv 

> 0 for all x > 0. 


It follows that, C2 is satisfied. Moreover, 


l _ g(x,Vi) \ f g(x,v) v 
g(x,v) J \g{x, Vi 


T 1 — , < 0 for all v, Vi G (0, 00 ), * = 1,2. 

) Vi J Vi (1 + Sv) (1 + Svi) 


Thus, C4 is satisfied and the global stability results demonstrated in Theorems 1-3 are guaranteed. The 
parameters Rff and R.f 1 are given by: 


M _ a l a 2Tt Xp nM _ a l a 2'X X2 /no\ 

0 CL1CL2U I + 7X0’ 1 aia 2 u (1 + 73:2) (1 + Sv 2 ) 

Now, we will perform some numerical simulations for the model (33)-(37). The values of some parameters of 
the example are listed in Table 1. The other parameters n, r and 7 will be varied. All computations are carried 
out by MATLAB. 

We are interested to study the following cases: 

Case (A): Effect of 7r and r on the stability of steady states: 

In this case, we have chosen three different initial conditions: 

IC(1): z(0) = 400, 7/i(0) = 2/2(0) = 1, v(0) = 0.2 and z(0) = 0.5, 

IC(2): x(0) = 600, 2/1 (0) = 2/2(0) = 2, u(0) = 0.5 and z(0) = 1, 

IC(3): x(0) = 800, 2/1 (0) = 5, 2/2(0) = 3, u(0) = 0.9 and z(0) = 1.5. 

The evolution of the dynamics of model (33)-(37) was observed over a time interval [0, 500]. We fix the value 
of 7 = 0.5 and change the values of parameters 7r and r to get three sets as follows: 
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Table 1: The values of the parameters of model (33)-(37). 


Parameter 

Value 

Parameter 

Value 

Parameter 

Value 

A 

10 

«i 

1 

V 

0.5 

d 

0.01 

a 2 

1.5 

r 

Varied 

P 

Varied 

ai 

0.5 

b 

0.3 

7 

Varied 

a 2 

1 


(5 

0.1 

u 

3 



Set (I): We choose, tt = 4 and r = 0.3. Using the values of the parameters given in Table 1, we compute 
Rq 4 = 0.89 < 1 and Rf 1 = 0.80 < 1, which means that the system has a disease-free steady state Qo and it 
is GAS based on Theorem 1. Evidently, Figures 1-5 show that, the states of the system eventually approach 
Qo = (1000,0,0,0,0) for the three initial conditions IC(1)-IC(3). This case corresponds to the healthy state 
where the viruses are cleared. 

Set (II): We take 7r = 5 and r = 0.3. With such choice we have, Rf 1 = 0.99 < 1 < Rff = 1.11. Consequently, 
Lemma 1 and Theorem 2 state that, Q i exists and it is GAS. Figures 1-5 show that the numerical simulations 
illustrate our theoretical results given in Theorem 2. We observe that, the trajectory of the system will converge 
to Q i = (140.43, 8.60, 2.87, 0.96, 0) for the three initial conditions IC(1)-IC(3). This case corresponds to a chronic 
infection but with inactive immune response. 

Set (III): We choose, n = 5 and r = 1. Then, we calculate Rff = 1.11 > 1 and Rf 1 = 1.08 > 1, this means 
that, the system has three steady states Qo, Qi and Q2. Thus, from Theorem 3, Q2 is GAS. From Figures 1-5, we 
observe a consistency between the numerical results and theoretical results of Theorem 3. We observe that, the 
trajectory of the system show oscillating behavior for a period before reaching Q 2 = (709.56, 2.90, 0.97, 0.3, 0.45), 
in the same time frame for the three initial conditions IC(1)-IC(3). 

Case (B): Effect of 7 on the stability of the steady states 

Let us consider 7 r and r be fixed. In this case, we take the values of 7r = 5 and r = 1, and consider different 
values of 7. Here we take the initial condition as given in 10(1), while the evolution of the dynamics of model 
(33)-(37) was observed over a time interval [0,600]. Table 2 contains the values of the bifurcation parameters 
Rq 4 and Rf 1 with different values of 7 of model (33)-(37). 

Table 2: The values of the threshold parameters Rq 1 and Rf r with different values of 7 of model (33)- (37) . 


Different values of 7 

jdM 

Rf 

The equilibria 

0.30 

1.85 

1.79 

Q 2 = (517.67, 4.82, 1.61, 0.3, 4.72) 

0.40 

1.39 

1.34 

Q 2 = (637.35, 3.63, 1.21, 0.3, 2.06) 

0.54 

1.03 

0.996 

Qi = (763.16,2.37,0.79,0.26,0) 

0.55 

1.01 

0.98 

Qi = (926.89,0.73,0.24,0.08,0) 

0.60 

0.92 

0.90 

Qo = (1000,0,0,0,0) 

0.70 

0.79 

0.77 

Qo = (1000,0,0,0,0) 


Table 2 and Figures 6-10 show that, when 7 is increased, the infection rate is decreased which leads to an 
increase in the concentration of the uninfected cells and a decrease on the concentrations of the (first/second) 
stage of infected cells, free viruses and B cells. 

Case (C): Effect of the multiple stages of infected cells on the dynamics of virus dynamics: 

To show the effect of multiple stages of infected cells on the dynamical behavior of the virus, we consider 
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the following model with single stage of infected cells and compare it with model (33)-(37): 

nxv 

x = A - dx - — — — , 

(1 + jx) (1 + 6v) 

nxv 

Vl = (1 + jx) (1 + 6v) ~ aiVl ’ 
v = diyi — pzv — uv , 
i = rzv — bz. 


(39) 

(40) 

(41) 

(42) 


Consequently, the bifurcation parameters for this system are given by: 

/-> single CLi 7 T Xq ^single CL\^ X2 /^q\ 

0 a\u I+ 7 X 0 ’ 1 a\u (1 + 7 x 2 ) (1 + Sv 2 ) 

Since a,: < a*, then from Eqs. (38) and (43) we have 

tdM «1«27T Xq CL\ 1 T Xq single 

An — “ < C “ — Jin , 

aia2 , ul + 7Xo a\u 1 + 7x0 

CL\CL 2 'R X2 ^ CL\ 7 \ T X2 single 

1 aia 2 u (1 + 72:2) (1 + < 5 t^ 2 ) aiu (1 + JX2) {1 + 6 v 2 ) 1 

Here we consider the following initial condition: x(0) = 400, j/i(0) = 0.5, y 2 { 0) = 1, v(0) = 0.2 and ;?(0) = 0.5. 
The evolution of the dynamics of models (33)-(37) and (39)-(42) was observed over a time interval [0,600]. Let 
us consider the values of parameters listed in Table f and choose the values 7 r = 3.5, r = 1.5 and 7 = 0.5. By 
calculating the bifurcation parameters for systems (33)-(37) and (39)-(42), we obtain 


rM = 0.78 < 1.16 = R s 0 ingle , = 0.76 < 1.14 = 


Therefore, with the same values of the parameters, the steady state Q 0 is stable for system (33)-(37) but unstable 
for system (39)-(42). The presence of multiple stages of infected cells reduces the infection progress. Figures 
11-14 show a comparison between the evolution of the uninfected cells, infected cells, free virus particles and B 
cells of the two systems (33)-(37) and (39)-(42). We observe that, the concentration of uninfected cells of the 
model with three stages of infected cells is larger than that of system with only one single stage of infected cells 
(see Figures 11), while the concentrations of first stage of infected cells, viruses and B cells with three stages 
are less than that of system with a single stage of infected cells (see Figures 12-14). From a biological point of 
view, the multiple stages of infected cells plays a similar role as antiviral treatment in eliminating the virus. We 
observe that, if the number of stages of infected cells is increased, then the viral replication is suppressed and 
the viruses can be cleared from the body. This give us some suggestions on new drugs to increase the number 
of stages of infected cells. 


7 Conclusion 

We have studied a general virus dynamics model with humoral immunity. We have assumed that the infected 
cells passes through n-stages to produce mature viruses. We have obtained two bifurcation parameters, the basic 
reproduction number and the humoral immunity number. We have established a set of sufficient conditions 
which guarantee the global stability of the model. The global asymptotic stability of the three steady states, Q 0 , 
Q 1 and Q 2 has been investigated by constructing Lyapunov functionals and using LaSalle’s invariance principle. 
To support our theoretical results, we have presented an example and conducted some numerical simulations. 
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Figure 1: The uninfected cells for model (33)-(37). 



Figure 2: The first stage infected cells for model (33)-(37). 



Time 

Figure 3: The second stage infected cells for model (33)-(37). 
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Time 


Figure 4: The free virus particles for model (33)-(37). 



Figure 5: The B cells for model (33)-(37). 



Figure 6: The uninfected target cells for model (33)-(37) under different values of 7. 
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Figure 7: The first stage infected cells for model (33)-(37) under different values of 7. 



Figure 8: The second stage infected cells for model (33)-(37) under different values of 7. 



Figure 9: The free virus particles for model (33)-(37) under different values of 7. 
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Figure 10: The B cells for model (33)-(37) under different values of 7. 



Figure 11: Comparison on the concentration of the uninfected cells for systems (33)-(37) and (39)-(42). 



Figure 12: Comparisons on the concentration of the first stage of infected cells for systems (33)-(37) and 
(39)-(42). 
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Figure 13: Comparisons on the concentration of the free virus particles for systems (33)-(37) and (39)-(42). 
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Figure 14: Comparisons on the concentration of the B cells for systems (33)-(37) and (39)-(42). 
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Abstract: This paper is concerned with the following rational recursive sequences 

yn-Jn-2 


A + By n 


-> y n + 1 = 


C + Dx. 


,n = 0, 1, ■ ■ • , 


where the parameters A, 5, C, D are positive constants. The initial condition x_ 3 , x 


■ 2 ’ 


X_ x ,X Q and y_ 3 , y_ 2 , >’ 0 are arbitrary nonnegative real numbers. We give sufficient 

conditions under which the equilibrium (0,0) of the system is globally asymptotically 
stable, which extends and includes corresponding results obtained in the cited references 
[12-17]. Moreover, the asymptotic behavior of others equilibrium points is also studied. 
Our approach to the problem is based on new variational iteration method for the more 
general nonlinear difference equations and inequality skills as well as the linearization 
techniques. 


Keywords: recursive sequences; equilibrium point; asymptotical stability; positive 
solutions. 


1. Introduction 

Nonlinear Difference equations have been studied because they model numerous real 
life problems in biology, ecology, physics, economics and so forth [1-5]. Today, with the 
dramatically development of computer-based computational techniques, difference 
equations are found to be much appropriate mathematical representations for computer 
simulation, experiment and computation, which play an important role in realistic 
applications [6]. Therefore, recently there has been an increasing interest in the study of 
qualitative analysis of rational difference equations. And the present cardinal problem of 
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asymptotic behavior of solutions for a rational difference equation has received extensive 
attention from researchers (see, e.g., [7-11] and the references therein). 

Elabbasy [12] obtained the form of the solutions of the following rational difference 
system 


X n + 1 = 


x n - 1 


±1 + *»-!?» 


y n+ i = - 


y„- 


+ 1+ y„-l X n 


(1.1) 


with nonzero real number initial conditions. 

In particular, Clark and Kulenovic [13, 14] discussed the global stability properties and 
asymptotic behavior of solutions for the recursive sequence 


y n+ 1 = ■ 


y n 


ii o, i, • • • , 


( 1 . 2 ) 


a + cy n b + dx n 

where a,b,c,d e (0,oo) and the initial conditions x 0 and y 0 are arbitrary nonnegative 
numbers. 

In 2012, Zhang et al. [15] investigated the stability character and asymptotic behavior 
of the solution for the system of difference equations 


B + y n _ 2 y n _ x y n 


y n+ 1 


y«-i 


A+X n-2 X n-l X n 


, n = 0,1,--, 


(1.3) 


where A, B e. (0, qo) , and the initial conditions x_ 3 , x 2 , x_ x , x 0 , y 3 , y 2 , y , , y 0 e (0, qo). 
Recently, the following nonlinear two-dimensional difference systems 

x n + 1 = (p( x n~ h > y n - h )> y n+ 1 = v(y „- S2 , x n - h )- ( 1 - 4 ) 

where 7, , y, , s 2 , t 2 are all positive integers, was studied by Liu et al. [16], in which they 

gave some sufficient conditions such that every positive solution of this equation 
converges to the unique equilibrium point. 

More recently, in [ 1 7] the authors studied analogous results for the system of 
difference equations 

x n + 1 = ax „ + b y n -i e ~ Xn » y n+ 1 = cy n + dx „- ^ yn . ( 1 - 5 ) 


where a,b,c,d are positive constants and the initial values v, , x 0 , y, , y 0 are positive 

numbers. For more related work, one can refer to [18-22] and references therein. 

Inspired by the above works, the essential problem we consider in this paper is the 
asymptotic behavior of the solution for the difference equation 


x„,. 


\ + By 


y n+ 1 = 


n — 3 


y n -iy n 

C + Dx 


n = 0, 1, 


(1.6) 


n — 3 


where the initial conditions v 3 , x_ 2 , v , , x 0 e (0, qo) , y_ 3 , y 2 , y , , y 0 e (0, qo) and A, B,C,D 
are positive constants. 

This paper proceeds as follows. In Section 2, we introduce some definitions and 
preliminary results. The main results and their proofs are given in Section 3. 


2. Preliminaries 
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Let/,/ be some intervals of real numbers and f:/ 4 x/ 4 — >/ , £:/ 4 x/ 4 — >/ be 

X ^ y ‘'XyX-'t-'Ayy 

continuously differentiable functions. Then for every initial conditions (x ( .,y ; )e/ c x/ v , 
(i = -3, -2, -1,0), the system of difference equations 


k+l = f{ X n^n-l^„-2^yn^n-^yn-2 0V 3 )> 

[y» + l = 


n = 0, 1, 2, 


( 2 . 1 ) 


has a unique solution {(x n ,y n )}“ = _ 3 - A point (x, y) e I x x I y is called an equilibrium point 
of (2.1) if x = f(x,x,x,x,y,y,y,y),y = g(x.x,x,x,y,y,y,y), i. e., (x n ,y n ) = (x, y) 
for all /r > 0 . 

Interval I x x / is called invariant for system (2.1) if, for all 77 > 0 , x n e I x , y n e / 
when the initial conditions x_ 3 , x 2 x , , x 0 e I x , y_ 3 , y 2 , y_ 3 , y 0 e / v . 

Definition 2.1 Assume that (x, y) is a fixed point of (2.1). Then 

( 7 ) (x, y ) is said to be stable relative to I x x / if for every s > 0 . there exits ci > 0 

such that for any initial conditions (x ; . y ( .) e I x x/. (7 =-3,-2, -1,0) , with 3 x ( - x| < 0' , 


ZLih - T| < ^ , implies |x„ -x| < s , |y„ - y | < e . 

( 77 ) (x, y) is called an attractor relative to / v x/ if for all (x i y j )el x xl 
(7 = -3, -2, -1, 0) , lim n ^x n = x , lim n ^y n = y . 

(iii) (x, y) is called asymptotically stable relative to / x x I if it is stable and an 
attractor. 

( 7 ‘v) Unstable if it is not stable. 

Theorem 2.1 Assume that X(n + 1) = F(X(n)) ,n = 0,1, ••• , is a system of difference 
equations and X is the equilibrium point of this system i.e., F(X ) = X . 

( 7 ) If all eigenvalues of the Jacobian matrix J F , evaluated at X lie inside the open 
unit disk |/t| < 1 , then X is locally asymptotically stable. 

( 77 ) If all eigenvalues of the Jacobian matrix J F , evaluated at X has modulus greater 
than one then X is unstable. 

Definition 2.2 Let p , q , s ,t be four nonnegative integers such that p + q = s + t = n . 


Splitting (x, y) = (Xj , x 2 , ■ • • , x„ 


yi,y 2 >— ,J„)mt°(x, y) = ([x] p ,[x],,[y],,[y],) , 


where [x] CT denotes a vector with a -components of x , we say that the function 
/(x 1 ,x 2 ,---,x n ,y 1 ,y 2 ,-",y n ) possesses a mixed monotone property in subsets I 2 " of 
r 2 „ jf /([.x] p ,[x] f/ ,[y] s ,[y] f ) is monotone nondecreasing in each component of 
[x] p ,[y] s and is monotone nonincreasing in each component of [x] ,[y], for 
(x, y)e/ 2 ". In particular, if q = t = 0, then it is said to be monotone nondecreasing 
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in/ 2 ". 

3. The Main Results 

In this section, we investigate the asymptotic behavior of the equilibrium points of the 
systems (1.6). It is easy to know that the systems (1.6) have four equilibrium points (0, 0) , 
(0, C) , (A, 0) , and ((A+BC ) / (l-BD), (C+AD ) / (1 - BD)) . 

Theorem 3.1 The equilibrium point (0, 0) of (1.6) is locally asymptotically stable. 

Proof. We can easily obtain that the linearized system of (1.6) about the equilibrium 
point (0, 0) is 

(Pn + X= D( Pn ( 3 - 1 ) 

where 

00000000 
1 0 0 0 0 0 0 0 

0 1 0 0 0 0 0 0 

0 0 1 0 0 0 0 0 

00000000 
0 0 0 0 1 0 0 0 

0 0 0 0 0 1 0 0 

0 0 0 0 0 0 1 0 




Thus, the characteristic equation of (3.2) is 

f(A) = A s =0. 

This shows that all the roots of characteristic equation lie inside unit disk. So the 
equilibrium (0, 0) is locally asymptotically stable. 

Theorem 3.2 Let 

( ■*> 1+1 — f( X n’ X n-V ' ' ■’ X n-k’ 3n ’ Li-1’ ' fn-A )’ n1 

n = 0,1, — , (3.3) 

y n+\ — 8 ( X n ’ X n - 1 ’ " ' ’ X n-k ’ fn ’ fn-1 ’ " ' ’ ? n-k )’ 

[ a,b ] be an interval of real numbers and assume that f :[a,b] k+1 x[c,d] k+1 ^[a,b] and 
g :[a,b] k+l x[c,d] k+i ->[c,d\ are two continuous functions satisfying the mixed monotone 
property. If there exit 

m 0 < min {x _ k , x _ k+l , • • • , x 0 } < max {x _ k , x _ k+1 , • • • , x 0 } < M 0 , 


such that 


«o ^ > y~ k+ 1 » • • • » Jo) ^ max iy -k ’ y~k+\ ’ ‘ ’ y 0 }^N 0 

m 0 < f([m 0 ] p , [M 0 ] ? , [n 0 ], , [iV 0 ], ) < / ([Af 0 ] p , [m 0 ], , [ JV 0 ] s , [n 0 ], ) < M 0 , (3.4) 


«o ^ #(K ] p , [M 0 ] 9 , K ] s , [ N 0 ] f ) < g([M 0 ] p , [m 0 \ , [N 0 l , [? 7 0 1)<N 0 , (3.5) 
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then there exit (m, M ) e [m 0 ,M 0 f and (n, N ) e [n 0 , N 0 f satisfying 


[ml , [N], , [n \ ), m = /([ml, [ M ] , [n\ , [N ], ) , 


(3.6) 


and 


N = g([M] p ,[m] q ,[N] s ,[n\ t ), n = g([m\ p ,[M\ q ,[n] s ,[N ] t ) . (3.7) 

Moreover, if m = M and n = N , then the system (3.3) has a unique equilibrium point 
(x, y) e [m 0 , M 0 ] x [n 0 , N 0 ] and every solution of (3.3) converges to (x, y) . 

Proof. Using m 0 ,M 0 and n 0 ,N 0 as two couples of initial iteration, we construct four 
sequences {m ; .}, \M ; [ , | n j } and {TV.} (i = 1, 2, • • •) from the following equations 

m , = f ] p ■> \^i-i ] ? , \ n i-i ] s , [^Vf-i \ ), M i = 

and 

n i = ^(K_J | „[M I ._i] 9 ,[/i I ._ 1 ] J ,[iV I ._i] f ), N, = g([M i _ l ] p ,[m i _ l ] q ,[N i _ l \ s ,[n i _ l \ r ) . 


It is obvious from the mixed monotone property of functions / and g that the 
sequences {m i } , {M j } , } and ] V} (i = 1, 2, • * ■) possess the following monotone property 


and 

m 0 < m ] < ■■■< m j < • • 

<M j <- 

•• < Mj 

(3.8) 

where f=0,l,2, — . 

n 0 < n, < • • • < n j < ■ 


■•<(Vj<)V 0 , 

(3.9) 


Moreover, one has 



m i <x l <M i for /> (k + l)i + 1, i = 0,1,2, •••. 

(3.10) 

and 





n i <y,< Nj for l>(k + V)i + 1, i = 0, 1, 2, • • • . 

(3.11) 

Set 

m = limm,, M = lim M ( , ; 

i— >oo i— >oo 

n = lim iij , V = lim Af , 

/— >co i — >co 

(3.12) 

then 

m < lim inf x ; . < lim sup x t < M , 

i— >00 /— >00 

n < lim inf y ; < lim sup y ( < V. 

i— >oo i — >oo 

(3.13) 

By the continuity of / and g , we have 




M = /([MJ^m^lW^M,), m 

= /(M p ,[M] ? ,[H,[iV],), 

(3.14) 

and 

= ,?([M] /; ,[m] 9 ,[A^] s ,[n] / ), n 

= ^(M / ,,[M] 9 ,[n] i ,[A^] r ). 

(3.15) 


Moreover, if m = M ,n = N , then m = M = limx ( = x, n = N = lim y t = y , and then the 

I — >00 I — >00 


proof is complete. 

Theorem 3.3 If A = C, B = D , the equilibrium point (0,0) of the systems (1.6) is a 
global attractor for any initial conditions 

(■ *- 3 , x_ 2 , x_i , x 0 , y_ 3 , y_ 2 , y.i , Jo ) G (0, A f • 
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Proof. Let (/,g) : (0,oo) 4 x(0,oo) 4 — > (0,oo)x (0,oo) be a function defined by 

f C^-3 ’ x _2 , x_f, x 0 , y_ 3 , y_ 2 , y_ v y 0 ) = , 

A + By n _ 3 

and 


8 ( x -3 ,X_ 2 ,X_ I ,X 0 , y _ 3 ,yyy)= . 

A + 5x„ 3 

We can easily see that the functions / and g possess a mixed monotone property in 
subsets (0, A) 8 of R s . 

Let 


M 0 =N 0 = max{.r_ 3 , x_ 2 , x_„ x 0 , y_ 3 , y_ 2 , y_ lt y 0 }, 


M 0 -A 

< n n = m n < 

B 


0 . 


We have 


satisfying 


In view of 
and 

thus, one has 


ml Ml 

m 0 < * — < < M 0 , 

A + BN 0 A + Bn 0 0 

(3.16) 

n < n ° < N ° <N n 

A + BM 0 A + Bm 0 

(3.17) 

and Theorem 3.2, there exit m,Me[m 0 ,M 0 \, 

n,N e[n 0 ,N 0 ] 

2 

m 

m = , 

A + BN 

M 2 

M = 

A + Bn 

(3.18) 

2 

n 

n = 

A + BM 

N 2 

N= . 

A + Bm 

(3.19) 

m < M < M 0 < A + Bn 0 < A + Bn < A + BN , 


n < N < N 0 < A + Bm 0 < A + Bm < A + BM , 


§; 

ii 

3 

li 

li 

3 

II 

O 

(3.20) 


It follows by Theorem 3.2 that the equilibrium point (0,0) of (1.6) is a global attractor. 
The proof is complete. 

Theorem 3.4 The equilibrium point (0, 0) of the system ( 1 .6) is global asymptotically 
stability for any initial conditions 

(x _ 3 , , *_! , x 0 , y_ 3 , y_ 2 , y_!, y 0 ) e (0, A) 8 . 

Proof. The result follows from Theorems 3.1 and 3.3. 

Theorem 3.5 The equilibrium point (0, C) , (A, 0) of the system ( 1 .6) is unstable. 
Proof. We can easily obtain that the linearized system of the system (1.6) about the 
equilibrium (0, C) is 
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% + , = D( Pn, 


(3.21) 


where 


<P 


X n 


“0 

0 

0 

0 

0 

0 

0 

0" 

X n~ 1 


1 

0 

0 

0 

0 

0 

0 

0 

-V 2 


0 

1 

0 

0 

0 

0 

0 

0 

x „_ 3 

, D* = 

0 

0 

1 

0 

0 

0 

0 

0 

y n 

0 

0 

0 

-D 

0 

1 

1 

0 

y n - 1 


0 

0 

0 

0 

1 

0 

0 

0 

y n-2 


0 

0 

0 

0 

0 

1 

0 

0 

Jn-2 J 


0 

0 

0 

0 

0 

0 

1 

0 


The characteristic equation of the systems (3.20) is 

P(A)=A S (A 3 -A-l). (3.22) 

It is obvious that P(1) = -1,P(2) = 160. It follows by the intermediate value theorem for 
continuous function that there exists A > 1 so that P(A) = 0 . Therefore, one of the roots 
of characteristic equation (3.22) lies outside unit disk. According to Theorem 2.1, the 
equilibrium (0, C) is unstable. 

Similarly, we can obtain that the unique equilibrium (A, 0) is unstable. 


A+BC C+AD 


) is locally 


Theorem 3.6 If BD < 1, the equilibrium point (x,y) = ( 

1 -BD 1 -BD 

asymptotically stable. If BD > 1 , the equilibrium point (x, y ) is unstable. 

Proof. We can easily obtain that the linearized system of (1.6) about the equilibrium 
(x,y) is 

(p n+l = D*cp n , 


(3.23) 


where 


<P 


X n 


"0 

0 

0 

0 

0 

0 

0 

-B 

X n- 1 


1 

0 

0 

0 

0 

0 

0 

0 

X n - 2 


0 

i 

0 

0 

0 

0 

0 

0 

X n- 3 

y n 

, D* = 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

-D 

0 

1 

1 

0 

y n ~i 


0 

0 

0 

0 

1 

0 

0 

0 

y n-2 


0 

0 

0 

0 

0 

1 

0 

0 

_y n-2 J 


0 

0 

0 

0 

0 

0 

1 

0 


The characteristic equation of (3.23) is 

P(A) = A s - BD = 0. (3.24) 

In view of BD < 1 , this shows that all the roots of characteristic equation lie inside unit 
disk, so the unique equilibrium ( x , y ) is locally asymptotically stable. If BD > 1 , one 
of the roots of characteristic equation he outside unit disk, so the unique equilibrium 
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(x,y) is unstable. 

4. Conclusions 

This paper presents the use of a variational iteration method for systems of nonlinear 
difference equations. This technique is a powerful tool for solving various difference 
equations and can also be applied to other nonlinear differential equations in 
mathematical physics. The variational iteration method provides an efficient method to 
handle the nonlinear structure. We have dealt with the problem of global asymptotic 
stability analysis for a class of nonlinear difference equations. The general sufficient 
conditions have been obtained to ensure the existence, uniqueness and global asymptotic 
stability of the equilibrium point (0, 0) for the nonlinear difference equation. These 
criteria generalize and improve some kn own results in [12-17]. Moreover, the asymptotic 
behavior of others equilibrium points is also studied. In addition, the sufficient conditions 
that we obtained are very simple, which provide flexibility for the application and 
analysis of nonlinear difference equation. 

Remark: Our model and results are different from the existence ones such as those of 
References [12-17]. In particular, the new variational iteration method can be applied to 
the models of References [12-17] and the more general nonlinear difference equations. In 
some sense, we enrich the theoretical results of the difference equations. 
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A new result on the almost increasing sequences 

H. S. OZARSLAN and A. KARAKA§ 
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E-maihseyhan@erciyes.edu.tr; ahmetkarakasl985@hotmail.com 


Abstract 

In this paper, we have generalized a known theorem on \N,p n \k summability factors of 
infinite series to the ip — \A, p n \k summability by using an almost increasing sequence. This 
new theorem also includes several new results. 

1. INTRODUCTION 

A positive sequence ( b n ) is said to be almost increasing if there exists a positive increasing 
sequence (c n ) and two positive constants A and B such that Ac n < b n < Bc n (see [1]). 
Let a n be a given infinite series with partial sums (s n ) and let A = ( a nv ) be a normal 
matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then A defines the 
sequence-to-sequence transformation, mapping the sequence s = (. s n ) to As = (A n (s)), 
where 

n 

^4n(^) = ^ ^ Q'nvSv’) Tl = 0, 1, ... (1) 

v=0 

The series Y^a n is said to be summable \A\ k , k > 1, if (see [13]) 

oo 

^2 n k ~ l |AA ra (s)| fc < oo, (2) 

n= 1 

2010 AMS Subject Classification: jOD15 , j0F05, jOG99. 

Key Words: Summability factors, absolute matrix summability, almost increasing se- 
quence, infinite series. 
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where 


A A n (s) = A n {s ) - Ai-i(s). 


(3) 


Let (p n ) be a sequence of positive numbers such that 

n 

P n = ^2 p v — > oo as n — >• oo, {P-i = P-i = 0, i > 1). (4) 

The sequence-to-sequence transformation 

1 n 

u n = -B-^PvSv ( 5 ) 

' n v=0 

defines the sequence ( u n ) of the (N,p n ) mean of the sequence (s n ), generated by the 
sequence of coefficients (p n ) (see [8]). The series a n is said to be summable | N,p n \ k , 
k > 1, if (see [2]) 

OO 

P n/Pn ) k _1 | A« n _i | fc < OO, (6) 

n= 1 

and it is said to be summable \A,p n \ k , k > 1, if (see [12]) 

00 / P \ k ~ 1 u 

( — ) |AA n (s)| < oo, (7) 

Pn) 


where 


A A n (s) = A n (s ) - ^n-i(s). 

Let {p n ) be any sequence of positive real numbers. The series Y, a n is summable p — 
\A,p n \ k , k > 1, if (see [11]) 

OO 

E^IA^WI^oo. (8) 

n= 1 

If we take p n = |^, then <p — \A,p n \ k summability reduces to \A,p n \ k summability (see 
[10]). Also, if we take p n = and a nv = then we get \N,p n \ k summability. If we 
take p n = n and a nv = jr-, then we get \R,p n \k summability (see [5]). Furthermore, if we 
take p n = n and a nv = jp and p n = 1 for all values of n, then p — \A,p n \k summability 
reduces to |(7, 1]^ summability (see [7]). 
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In [6], Bor has proved the following theorem for \N,p n \, summability factors of infinite 
series. 

Theorem 1.1. Let (X n ) be an almost increasing sequence and let there be sequences 
ifi n ) and (A n ) such that 


AA n |< p n 


(9) 


and 


j3 n — > 0 as n — > oo, 


E n | A p n | X n < 


OO, 


n= 1 


X n \X n = 0(1) 


— - — = 0(X n ) as n oo, 

V=1 ^ 


( 10 ) 

( 11 ) 

( 12 ) 


(13) 


where (t n ) is the n-th (C, 1) mean of the sequence (na n ). Suppose further, the sequence 
(p n ) is such that 


P n = 0{np n ), 


(14) 


PnA'Pn = 0{p n p n + 1 ), (15) 

then the series a n is summable | N,p n \ k , k > 1. 

Remark 1.2. It should be noted that, from the hypotheses of the Theorem 1.1, (A n ) is 
bounded and AA„ = 0(l/n) (see [3]). 

2. THE MAIN RESULT 

The aim of this paper is to generalize Theorem 1.1 for absolute matrix summability. 
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Before stating the main theorem we must first introduce some further notations. 
Given a normal matrix A = ( a nv ), we associate two lover semimatrices A = (a nv ) and 
A = (a nv ) as follows: 

n 

Q"nv = ^ ^ Q"ni) 7T-, V = 0, 1, ... (16) 

i=v 

and 

fi-00 = ^00 = ^00? Ojuv = Q>nv l,u? H = 1 , 2 ,... (17) 

It may be noted that A and A are the well-known matrices of series-to-sequence and 
series-to-series transformations, respectively. Then, we have 

n n 

-^n(^) = ^ ^ CLnvSv = ^ ^ Oj nv d v ( 18 ) 

t;=0 v=0 

and 

n 

^■A n (^s^) = ^ ^ d nv d v . ( 19 ) 

Now, we shall prove the following theorem. 

Theorem 2.1. Let A = (a nv ) be a positive normal matrix such that 

d no = 1 , n = 0, 1 , ..., (20) 


a n -i,v > a nv , for n>v+ 1, 

(21) 

— /O / P n \ 
fl nn — t/( p )> 
n 

(22) 

| Q"n,v-\- 1 | = 0(u | |) 

(23) 


Let (X n ) be an almost increasing sequence and ( ^p Pn ) be a non-increasing sequence. If 
conditions (9)- (15) of the Theorem 1.1 and 

m 

'^Z c Pn~ 1 (^H L ) k \ t n\ k = 0(X m ) as m^-oo (24) 

71=1 t n 
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are satisfied, then the series a n P ™p n is summable ip — \A,p n \k, k > 1. 

We need the following lemmas for the proof of our theorem. 

Lemma 2.2. ([9]) If ( X n ) an almost increasing sequence, then under the conditions 

(10)-(11) we have that 


nX n p n = 0(1), 


(25) 


E PnX n < 


OO. 


(26) 


n= 1 


Lemma 2.3. ([4]) If the conditions (14) and (15) are satisfied, then A (P n /p n n 2 ) = 

0(l/n 2 ). 

3. PROOF OF THEOREM 2.1 

Let ( T n ) denotes A-transform of the series EE” • Then we have by (18) and (19) 


n n P \ 

Xrp _ \ ' - 

LxJ-n — / v Q> nv~ 

v=l 


Vp v 


Applying Abel’s transformation to this sum, we get that 


A T n = E' 


VdvPvXv 


V=1 

n—l 


mv o 

V z p v 


/ d nv P u^v\ . d nn P nXn 

v 2 n ) E ra r + „ 2 „ E 

v=l V Pv r=l U Pn r= 1 


ra r 


n—l 


E a /h nt! P„A„, . n CL nn Pn\n , 

A„( ^ ){v + 1 )t v H 5 (n + 1 )t r 

v=i v z p v n z p n 


a„nPn\n (jj + ^ + g ^(^ ( " + 0 ^ t „ 

V=1 


n 2 p n 


v z Pv 


Q j n,v+ lPy 


AA vt 


(w + 1) 


n—l 


n—l 

+ E 

E pv ~ «=i 

T n , 1 + ^n,2 + ^n,3 + ^n,4) Say. 


R, 


V v V 9 

V Z 


T ^ t ,+iA„+iA( „ )t v (v -b 1) 

V z p v 


Since 


_L T 1 _L T 
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to complete the proof of Theorem 2.1, it is sufficient to show that 

m 

E I Tn - r I fc< 00 > f° r r = 2 ’ 3 ’ 4 - 

n= 1 

Firstly, by using Abel’s transformation, we have that 

m m p 1 , I k 

E , -k — 1 I rp \k /o/i \ \ ' ( rn \ k\ \ \k\*' n \ 

^ Pn I -^,1 I / v ^Pn ^nn( ) l^il fc 

n= 1 n = 1 U 

m 


(27) 


m 

n=l 

m 


n 
m 

= o(D^ v ,'r i (|?)‘iA„ii«„i' i 

n — 1 r n 

m 

:- 1 (^)‘n.l‘ + o(i)|A m i5: v *- 1 (^)*|( n 

^ n=l n 


71=1 

m— 1 n 

= 0 (l)^A|A„|^^->(^ 

n= 1 t;=1 1 

m— 1 

= 0(1) 53 |AA n |X n + 0(l)|A m |X m 

71=1 
m— 1 

= 0(1) E (3 n X n + 0(l)\\ m \X m 

71=1 

= 0 ( 1 ) as m — > 00 , 

by virtue of the hypotheses of Theorem 2.1 and Lemma 2.2. 

Now, using the fact that P v = 0(vp v ) by (14), we have that 

*" m + 1 /re— 1 \ ^ 

^- 1 |T„, 2 | fc = O+E ^ 1 E++WIIA+ + 

n=2 Vi)=l / 

and k ’, where k > 1 and ^ + -j^ = 1 , as 


m 


E^n 

71=1 


Now, applying Holder’s inequality with indices k 
in T n \ , we have that 


E + 

71=1 


771+1 / 71 — 1 

+ 1 i+ 2 | fc = o(i) e^t 1 ei^(+,)iia+h 

n =2 \t ;=1 

71—1 

x(E|A,(a n „)|) fc - 1 

71=1 

771+1 /n—1 

= o(D x E i A «(n. TO )i |A„i t |t 

71=2 \t;=1 

771+1 /n—1 

= 0(1) X (^)*-‘ 53 |A„(a„„)| |A„|* It 

n =2 \v=l 


k 1 , 1 k 
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m m+1 

= E l A «( £ 

v=l v 


n=v -\- 1 
m 


V =1 

m 


= 0(1) 2>J- 1 (f)‘|A„||t„|' 

v=l r v 

= 0(1) as m -+ oo, 

by virtue of the hypotheses of Theorem 2.1 and Lemma 2.2. 
Now, using Holder’s inequality we have that 


m+l 


m+1 


(n— 1 


£ I Tn )3 |* = 0(1) E^- 1 EKn+rllAA.HL; 


n = 2 


n=2 


\v=l 


m+1 /n—1 \ /n—1 \ 

= 0(1) E ¥>£ _1 E KwhIATiT X ( £ l+++ll + 

n=2 \v=l / \t?=l / 

m+1 n—1 

= 0(1) E Pn^OnnHE K,v+l\Pv\tv\ k ) 

n = 2 i;=l 

m+1 n—1 

= 0(1) X (^)‘-‘(X: \a n , v+1 \p v \K\“) 


k - 1 


P 

n = 2 


u= 1 


m+1 


= 0(i)E+M‘ E 


t?=l 


'Wi +- 1 

p 

1 71. 


Q"ri,v + 1 1 


= 0(1) E 


■PvPv sfe-1 


11=1 ^ 


n=t;+l 

m+1 

^ ^ | ^n, n+1 1 

n=H+l 


= 0(1) E^: 


t;=l 
m— 1 


k-l(Pv \k 
Pn 


V ftv b: 


0(1) E A(+„)^4,y i (£A)‘|t r |‘’ + 0(l)ro+.El’L 1 (|t)‘l‘. 

t;=l r=l v=l ^ 

m— 1 

0(1) E |A(v&)|X w + 0(l)rn/3 m X m 


11=1 
m— 1 


m— 1 


= o(i)E4VW*« + o(i)E fiv+lX-v-\-l + 0(l)m/3 m X n 


V =1 


V =1 


= 0(1) as m — > 00 , 


by virtue of the hypotheses of Theorem 2.1 and Lemma 2.2. 
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Finally, since A(+-) 


tti+1 

5>jr i ir n (4)i fc = 


71=2 


= 0(4*), as in T n ,i , we have that 

m+l /n—l i, | \ ' 

0 ( 1 ) E ^n 1 ( E lOn.w+lllAw+ll— ) 
n = 2 \t)=l ^ / 


m+l 


/n—l 


= 0(1) E^n' 1 


■V+l I 


\k\ L V\ 


71=2 


Vt;=1 


m.+l / n—l |, ifc 

o(i) EIM+1II++1I+ 

71=2 \77=1 


^71—1 

E l+ 

Vt;=1 

/ 71 — 1 

Ei A « 

Vt;=1 


v+1 1 


/c-1 


k - 1 


771+1 


1 „k — 1 


0(1) E Vn ~a' nn 


71=2 

771+1 


E l+++i||++i| fc 1 1 Ay+i | J — — ^ 


= oa) E( 


‘PnPn \k-l 


/'n—l 


^ ^ | &7L, 71+1 | | ^77+1 | 


|L) 


= o(i) e i++ii~ E 


N fc m+l 

(‘PnPn^k- 1|~ I 

E 1 p > l a fMi+ll 

U n =v+ 1 r n 

| , | k m+l 

0(i)E(^)‘- 1 IY + il ! = ! E \0 / n,v+l | 

-M) 


77=1 

771 


77=1 


71=77+1 


771 I , I A 

odiEf^E'iY+iiE 1 

Ml V 


77=1 


= o(i) e 4 -1 (^) fe i++iiii 


77=1 


P„ 


= 0(1) as m -+ oo. 


by virtue of hypotheses of Theorem 2.1 and Lemma 2.3 
Therefore we get 

771 

E vE 1 I T n,r \ k = 0(1) as m-> oo, /or r = l,2,3,4. 

71=1 

This completes the proof of Theorem 2.1 

Corollary 3.1. If we take (p n = then we get a theorem dealing with \A,p n \k summa- 
bility. 

Corollary 3.2. If we take tp n = jA and a nv = + , then we get Theorem 1.1. 

Corollary 3.3. If we take a nv = jr, then we have another a result dealing with 
ip — \N,p n \k summability. 
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Corollary 3.4. If we take a nv = and p n = 1 for all values of n, then we get a result 
dealing with ip — | C, 1 1 k summability. 

Corollary 3.5. If we take <p n = n, a nv = and p n = 1 for all values of n, then we get 
a result for \C. 1|*, summability. 

Corollary 3.6. If we take k = 1 and a nv = jr, then we get a result for |fV,p n | summa- 
bility and in this case the condition ” ^ ^ is a non- increasing sequence” is not needed. 
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Abstract: In this paper, we establish certain new Chebyshev type fractional integral inequalities involving the 
Gauss hypergeometric function. Several special cases as Chebyshev type fractional integral inequalities involving 
Saigo, Erdelyi-Kober, and Riemann-Liouville type fractional integral operators are presented. Furthermore, we 
also consider their relevance with other related known results. An example is also given to show the applications 
of obtained results. 

Keywords: Chebyshev type inequalities; fractional integral inequalities; hypergeometric fractional integrals; 
synchronous (asynchronous) functions 
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1 Introduction and preliminaries 

Due to the fact that the tools of fractional integral inequalities have many applications in establishing u- 
niqueness of solutions in fractional boundary value problems and in fractional partial differential equations, 
fractional integral inequalities involving the fractional operators (like Saigo, Erdelyi-Kober, Riemann-Liouville 
type fractional integral operators, etc.) has gained considerable attention, attracting the interest of sev- 
eral researchers. For some recent developments on fractional integral inequalities, we refer the reader to 
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] and the references cited therein. Belarbi and Dahmani [13] gave the 
following integral inequality, using the Riemann-Liouville fractional integrals: if f and g are two synchronous 
functions (see Definition 1.4) on C[0, oo), then 

J a (fg)(t) > (1.1) 

and 

piri) J/3(/ff)W + nfrry ja ^m > J a mj 0 g (t) + (1.2) 

for all t > 0, a > 0, and (3 > 0. Ogiinmez and Ozkan [14], Chinchane and Pachpatte [15] and Purolrit and 
Raina [16] obtained the Riemann-Liouville fractional g-integral inequalities, the Hadamard fractional integral 
inequalities and the Saigo fractional integral and g-integral inequalities similar to the inequalities (1.1) and 
(1.2), respectively. 

Dahmani in [17] established the following fractional integral inequalities which are generalizations of the 
inequalities (1.1) and (1.2), by using the Riemann-Liouville fractional integrals. Let / and g be two synchronous 
functions on [0, oo) and let u,v : [0, oo) — » [0, oo). Then 

J a u(t)J a (vfg)(t) + J a v(t)J a (uf g)(t) > J a (uf)(t)J a (vg)(t ) + J a (vf)(t)J a (ug)(t), (1.3) 

and 

J a u(t)J 0 (vfg)(t) + J l3 v(t)J a (ufg){t) > J a (uf)(t)J 0 {vg){t) + J 13 (v f)(t)J a {ug){t), (1.4) 

for all t > 0, a > 0 and (3 > 0. Yang [18], Brahirn and Taf [19] and Chinchane and Pachpatte [20] and Agarwal 
et al. [21] gave the fractional q- integral inequalities, the fractional integral inequalities with two parameters of 
deformation q\ and < 72 , the Hadamard fractional integral inequalities and generalized Erdelyi-Kober fractional 
g-integral inequalities similar to inequalities (1.3) and (1.4), respectively. 

‘Corresponding author. 
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Let us consider the celebrated Chebyshev functional (see [22]) 

T{f,g) = 7 - 1 — f f{x)g{x)dx- X— f f{x)dx-j^— [ g(x)dx 
o- a J a b- a J a b- a J a 

where / and g are two integrable functions on [a, b\. In [23], Griiss proved the well known inequality: 

\T(f,g)\<\{*-<l>)(*-il>), (1.5) 

where / and g are two integrable functions on [a, 6] satisfying the conditions 

</></( x) < 4>, ip<g{x)<'&, eR, x € [a, b]. (1.6) 

The inequality (1.5) is known as Griiss inequality. By using the Rienrann-Liouville fractional integral and q- 
integral operators, Dahmani et al. [26] and Zhu et al. [27] gave the fractional integral and g-integral inequality 
similar to inequality (1.5) satisfying the conditions (1.6), respectively. Wang et al. [29] and Baleanu [30] et al. 
obtained some g-integral inequality of Griiss type for the Saigo fractional g-integral operator, respectively. 

Throughout the present paper, we shall investigate a fractional integral over the space C\ introduced in [31] 
and defined as follows. 

Definition 1.1. For each real number A, let C\ define the space of all functions / : R + — > R. that can be 
represented in the form f(x) = x p fi(x) with p > A and /i £ C[0, oo), where C[0, oo) denotes the set of all 
continuous real functions defined in [0, oo). 

We give the generalized fractional integral operator associated with the Gauss lrypergeometric 

function as follows. 


Definition 1.2. [28] Consider A £ R and / £ C\. For a > max{0, — (g + g + 1)}, (3 < 1, g > —1 and 
/3 — 1 < g < 0, we define the fractional integral 




f(x) 


r(l — (3)T(a + g + ?y + 1) 
F(J? -P + l)T(g + 1) 


x^I^ { f(x)}, 


(1.7) 


where 


is the Gauss lrypergeometric fractional integral of order a and is defined in the following. 


Definition 1.3. Let a > 0, g > —1, f3, g £ R. Then the generalized fractional integral (j n terms of the 

Gauss hypergeometric function) of order a for real-valued continuous function f(t) is defined by [31] (see also 
[32]) 


1 t 


U(x)} 


x ~ a— ft— 2/i 

r(a) 





(^a + /3 + g, -g ; or; 1 



(1.8) 


where the function 2 -Fi (•) appearing as a kernel for the operator (1.7) is the Gaussian lrypergeometric function 
defined by 


2 F 1 (a,b;c-,t) = ^ 

n — 0 


( a)n(b)n t n 

(c)„ n! ’ 


and (a) n is the Pochhannner symbol defined by 


(a)o = 1; {a) n = a(a + 1) • • • (a + n — 1), for n £ N. 


Here N denotes the set of positive integers. 

The above integral (1.8) has the following commutative property(see also [32, 33]): 


to , 7-7AC," 

1 t 1 t 


f(x) 


1 t 1 t 


f{x)- 


Definition 1.4. Two functions / and g are said to be synchronous (asynchronous) functions on [0,oo) if 


v) = {f(u) - f(v))(g(u) - g(v)) > (<)0, u, v £ [0, 00 ). 
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In [31], Baleanu et al. obtained the following fractional integral inequalities involving the Gauss hypergeo- 
metric function: Let / and g be two synchronous functions on [0,oo). Then 


ra,/3,»),Ai 

1 t 


umt)} > 


T(1 - /3)T(1 + g + a + T})t^ 

m + ririi-p + r,) 






for all t > 0, where a, (3, 77 , g are real constants satisfying a > max{0, — /?, — g}, (3 < 1, g > — 1 and (3— 1 < g < 0, 
and also 


L (1 + /Qr(l - + 77) 

r(l - /3)F(1 + g + a + rfitP+v 


I^{f(t)g(t)} + 


r(i + i/)r(i-5 + o 


r a,/3,?7,/i 




T(1 - 5 )T (1 + 1/ + 7 + Qt s+V 


for all t > 0 , where a, (3 , 77 , g satisfies the above inequalities and the constants 7 , S, £, v satisfies 7 > max{ 0 , —6, — v}, 
S < 1 , v > - 1 , 8 - 1 < C < 0. 

In [28], Wang et al. gave the following integral inequalities by using the generalized fractional integral 
operator: Let / and g be two integrable functions with f,g £ C\ and satisfying the condition (1.6) on [0, 00 ). 
Thus we have 

I K^{fg){x) ~ \ - tf>), 

for all x £ [0, 00 ), where a, ( 3 , 77 , /1 are real constants with a > 0, g > —1, 77 < 0 and a + (3 + n > 0. And Let / 
and g be two synchronous functions on [0, 00 ). Then the following inequality holds: 


K' P '™Ug)(x) > K^f(x)K^g(x), 


for all x £ [0, 00 ), where a, (3, 77 , g are real constants such that a > 0, g > —1, 77 < 0 and a + (3 + g > 0. 

Motivated by the results mentioned above and using the generalized fractional integral operator, we establish 
certain new Chebysliev type fractional integral inequalities and some related inequalities. Furthermore, several 
special cases as Chebyshev type fractional integral inequalities involving Saigo, Erdelyi-Kober, and Riemann- 
Liouville type fractional integral operators are given. Then we present an example to show the applications of 
obtained results. At last, concluding remarks are also given. 


2 Generalized fractional integral inequalities 


In this section, we establish certain new Chebyshev type fractional integral inequalities and some related in- 
equalities involving the generalized fractional integral operator. 

For the sake of simplicity, we always assume that denotes A'“’ , 9 ’ I *’ Al Tt(:r) and all of the generalized 

fractional integral operator holds in this work. 

Lemma 2.1. Let f and g be two synchronous functions on [0, 00 ) and let u and v be two nonnegative functions 
on [0, 00 ). Then we have 


K?’ p ’™uK?’ p ™(vfg) + K?’ p '™vK?’ f> ’ ri ’' t (ufg) > 


vg), 

(2.1) 


for all x £ [0, 00 ), and real constants a, f 3 , 77 , g with a > 0, g > —1, 77 < 0 and a + (3 + g > 0. 

Proof. Since / and g are two synchronous functions on [0, 00 ), for all r > 0 and p > 0, then we have 


(f( T ) ^ f(p))(g( T ) - g{p)) > 0 . 


(2.2) 


Rewriting (2.2), we obtain 

f(T)g(r) + f{p)g{p) > f(r)g(p) + f{p)g{r). (2.3) 

Multiplying both side of (2.3) by v ( t )— 2 -Fi(a + g + (3, —77; a; 1 — j), where x > 0 and r £ (0, x), when 

we integrate the inequality with respect to r from 0 to x, we obtain by Definition 1.2 that 


k: 


at, (3, ri, fi 


( vfg)(x ) + f{p)g(p)K^’ r, ’ ,i v(x) > g(p)K^’ r, ^(vf){x) + f{p)K^ fi ' r) ' ,x {vg)(x). 


(2.4) 
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Again, by multiplying both side of (2.4) by u(p) p ^r(a) 2 -F\(a + p + /3, — 77 ; ce; 1 — £), where x > 0 and 

p £ (0, x), and integrating the resulting identity with respect to p from 0 to x, and then applying Definition 
1 . 2 , we conclude 

Kf'^u{x)K^^(vfg)(x) + Kf x ’^v(x)K^’ ri ^{ufg){x) 

> K?^(vf)(x)K?’^(ug)(x) + K^(uf)(x)K^(vg)(x), 

which implies ( 2 . 1 ). □ 

Theorem 2.2. Let f and g be two synchronous functions on [0, 00 ) and let p, q and r be three nonnegative 
functions on [0, 00 ). Then we have 

2if t aAw j ) ^“ A ’ , ’'‘^' fa# (r/ 5 ) + K?’P’™rK?’P’™{qfg)^ + 2 K^’^qKff’^rK^’^ipfg) 

> + K^(rf)K^(qg)^ + if t “^- , '-'‘ g ^^’'>'‘(p/)i^^-’'-'‘(r 5 ) 

for all x £ [0, 00 ), and real constants a, 0, 77 , p with a > 0 , p > — 1 , 77 < 0 and a + 0 + p > 0 . 

Proof. Putting u = q, v = r and using Lemma 2.1, we can write 

Multiplying both sides of (2.6) by Kf' f3,r, ’^p, we obtain 




p(K^qK^(rfg) + K^rK^{qfg)^ 

> Kff’^^’^p (rf)(x)Kt’P' r, ' tl (qg) + K^(qf)K^(rg)^ . (2.7) 

Putting u = p, v = r and using Lemma 2.1, we can state that 

(T -/ fl ) + (p /tf ) > ( r /) jK ^./*. , ».M (p 5 ) (p/)^-®^-'* (T-ff ) . ( 2 . 8 ) 

Multiplying both sides of (2.8) by Iff f’ v y(t), one verifies that 


> Kr’ p '^q(^' p '^(rf)K^'^(p^ + K^(pf)K^(rg) 

With the same arguments as before, we can get 

K? p ™r^'™pK?' p '™{qfg^ + K^’™q(x)K?'^(pfg) 

> Kf l ’ 0 ’ v ^r^K^’ ri ^(qf)Kf‘’ p ’' n ^(pg) + K^’™(pf)K^’™(qg) 
The required inequality (2.5) follows on adding the inequalities (2.7), (2.9) and (2.10). 


(2.9) 


( 2 . 10 ) 

□ 


Lemma 2.3. Let f and g be two synchronous functions on [0, 00 ) and let u and v be two nonnegative functions 
on [0,oo). Then we have 

K^’™u(x)K?’ s ^(vfg)(x) + K^ 

> K^(uf)(x)K^(vg)(x) + K^(vf)(x)K^(ug)(x), ( 2 . 11 ) 

for all x € [0, 00 ), and real constants a, 7 , 0, <5, 77 , <f, p, v satisfying 0,7 > 0, p, v > —1, 77 , f <0 and a + 0 + 

p, 7 + S + ( > 0 . 
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Proof. Multiplying both sides of (2.3) by v(p) p 2^1(7 + v + S, — 7; 1 — £), where x > 0 and p € (0, x), 

when we integrate the inequality with respect to p from 0 to x, we obtain by Definition 1.2 that 

/ ( T )q( t )K f' 5 ' < ’’ l 'v{x) + Kf' 5x ' v (vfg){x) > f(r)Kf' S ’ C ’ v (vg)(x) + g{r)K^ SX ’ , '(vf){ x). (2.12) 

Again, by multiplying both side of (2.12) by u(t) t 2-F1 (a + p + (3, — 1 )\ a; 1 — |), where x > 0 and 

r € (0,a;), and integrating the resulting identity with respect to r from 0 to x, and then applying Definition 
1.2, we obtain 

K^u(x)Kf’ s ’^(vfg)(x) + K^ 

> Kt’ P ’ r, ^(uf){x)Kf’ S ’ Cp (vg){x) + Kf' s ^{vf){x)K^ fi ^ v (ug){x), 

which implies (2.11). □ 

Theorem 2.4. Let f and g be two synchronous functions on [0, 00) and let p, q and r be three nonnegative 
functions on [0, 00). Then we have 

K^p(k^' ^rK^{qfg) + 2 K^qK^(rfg) + K^rK^(qfg)^ 

+ ( Kf’P'' 1 '* 1 ql^'t'^r + qKf : ’P’ r, ’ p 'r \ K’f’P’ 11 ’ 1 * (pf g) 


> K^p(K^(qf)K^ v (rg) + K^(rf)K^(qg)) + Kf^qi K^(pf)K^(rg) 


+ K^''{rf){t)K^{pg) ] +*?•«•*> f ) , (2.13) 


for all x £ [0, 00), and real constants a, 7, /?, <5, 77, f, p, v satisfying 0,7 > 0, p, v > — 1 , 77 , f < 0 and a + f3 + 
p, 7 + S + ( > 0. 

Proof. Putting u = q, v = r and using Lemma 2.3, we can write 

K^qK^(rfg) + Kf^rK^(qfg) > K^(qf)K^(rg) + K^{rf)K^{qg). (2.14) 
Multiplying both sides of (2.14) by Kf'^’^’^p, we obtain 

K^p^w,Vq K fMw {r f g) + K^rK^iqfg)^ 

> + Kf^(rf)K^(qg^ . (2.15) 

Putting u = p, v — r and using Lemma 2.3, we can state that 

K^pK^(rfg) + K^rK^{pfg) > K^(pf)K^{rg) + K^{rf)K^{pg). 
Multiplying both sides of (2.14) by one verifies that 

K^v.vqf K ^ pK ^ {r fg) + K^rK^{pfg)) 


> K^q K^(pf)K^(rg) + K^(rf)K^(pg)). (2.16) 


With the same arguments as before, we can get 

K ^vw r ( Kf’^qKf’^ipfg) + Kf^ v pK^ p {qfg) 


> K? p ™r K?^(qf)K^(pg) + K^(pf)K^(qg)). (2.17) 


The required inequality (2.13) follows on adding the inequalities (2.15), (2.16) and (2.17). 
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Remark 2.5. The inequalities (2.5) and (2.13) are reversed in the following cases: (a) The functions / and g 
are synchronous on [0, oo). ( b ) The functions p, q and r are negative on [0, oo). (c) Two of he functions p. q 
and r are positive and the third one is negative on [0, oo). 


Theorem 2.6. Let /, g and h be three synchronous functions on [0, oo) and let u be a nonnegative function on 
[0, oo). Then we have 

KT^uK^iufgh) + K^{uh)K]' s ^{ufg) + K^(ufg)Kf’ s ^ (uh) 

+ K^(ufgh)K^u > K^(uf)K^(ugh) + K^(ug)K^(ufh) 

+ K^(ugh)K^(uf) + K^(ufh)K^(ug), (2.18) 


for all x € [0, oo), and real constants a, 7, /3, 5, 77, p, v satisfying 0,7 > 0, p, v > —1, ipf <0 and a + /3 + 
/i, 7 + S + ( > 0. 

Proof. Let /, g and h be three synchronous functions on [0,oo), Then, for all r, p > 0, we have 

{fir) - f(p))(g(T) - g(p))(h{r) + h{p)) > 0, 


which implies that 


f(r)g{r)h(T) + f{p)g{p)h{p) + f(T)g(r)h{p ) + f{p)g{p)h{r) 

> f{r)g{p)h(r) + / (t )g{p)h{p) + f{p)g{T)h{r) + f{p)g{r)h{p). (2.19) 

Multiplying both side of (2.19) by u(t) t — 2^1(7 + v + S, 7; 1 — y), where x > 0 and r € (0, x), and 
integrating the resulting identity with respect to r from 0 to x, and then applying Definition 1.2, we obtain 


Kf AC,v {ufgh) + f{p)g{p)h{p)Kf M ' v u + h{p)Kf' 5 ^ v {ufg) + f{p)g{p)K] A<: ' v (uh) 

> g{p)K? AC, '(ufh) + g(p)h{p)Kf' s ’ < ’ ,u (uf) + f{p)Kf! M ' v {ugh) + f(p)h(p)K]' S ’ c ' v {ug). (2.20) 

Again, by multiplying both sides of (2.20) by u{p) p ^Ta) 2 -Pi (a + p + /?, — 17; a; 1 — y) where x > 0 and 

p € (0,:r), when we integrate the inequality with respect to p from 0 to x, we obtain by Definition 1.2 that 


K\ 




uKf’°^{ufgh) + K\ 


a ^(uh)Kf’ S ^(ufg) 


K^(ufg)Kf^{uh) 


K^{ufgh)K^u > K^(uf)Kf^(ugh) + K^(ug)Kf^(ufh) 

+ K?' p '™{ugh)Kl M ' v (uf) + K?’ p ™(ufh)K?' s ’ c ' v (ug), 


which implies (2.18). □ 

Theorem 2.7. Let f,g and h be three synchronous functions on [0, 00) and let u and v be two nonnegative 
functions on [0, 00). Then we have 


iC^uKf^ivfgh) 


K, 


a ^(uh)K^(vfg) 


K^(ufg)K^(vh) 


+ K^(ufgh)K^ v > K^(uf)K^( V gh) + K^{ug)K]^ (vfh) 

+ K^(ugh)Kf^(vf) + K^{ufh)K]^ v {vg), ( 2 . 21 ) 


for all x € [0, 00), and real constants a, 7, /?, 6 , 77, p, v satisfying a, 7 > 0, p, v > — 1, rj, £ <0 and a + /3 + 
p, 7 + S + C > 0. 

Proof. Multiplying both side of (2.19) by v(t) t — 2 -Pi (7 + ^ + 6 , —f; 7; 1 — y), where x > 0 and r € (0, x), 
and integrating the resulting identity with respect to r from 0 to x, and then applying Definition 1.2, we obtain 


Kl M ' v {vfgh) + f(p)g(p)h(p)Kl AC ” v v + h(p)K? M ’’' (vfg) + f{p)g{p)Kf' S ' Cv {vh) 

> g(p)K?’ S ’ l ”’'{vfh) + g(p)h(p)Kl' S ’ c ' v {vf) + f(p)K] AC ' v {vgh) + f{p)h{p)K] A< ' v {vg). (2.22) 
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Again, by multiplying both sides of (2.22) by u(p) p 2 -Fi(a + p + 0,—g;a;l — £) where x > 0 and 

p G (0,x), when we integrate the inequality with respect to p from 0 to x, we obtain by Definition 1.2 that 


K?’^uK?’ s ’^(vfgh) + I<^(ufgh)K^v + K^(uh)K^(vfg) 

+ K?’^(ufg)K^’ I '(vh) > Kf l ’^’ r,,IJ '(ug)Kif’ s ’^’ l '(vfh) + K^’^’ v ’ IJ '(ugh)K^’ s ’^’ , '(vf) 

+ K^(uf)K^(vgh) + K^{ufh)K]^ v {vg), 
which implies ( 2 . 21 ). □ 


Remark 2.8. It may be noted that the inequalities in (2.18) and (2.21) are reversed if functions /, <7 and h are 
asynchronous. It is also easily seen that the special case u = v of (2.21) in Theorem 2.7 reduces to Theorem 
2 . 6 . 

Lemma 2.9. Let f and u be two functions defined on [0, oo) satisfying the condition (1.6). Then we have 




a^uK^’^uf) - (K^’^iuf)^ = (qK^’^u - K^’^iuf)^ (V’^’^x/Xt) - f>K\ 

- K ^ uK ^ («(*)($ - /(*))(/(*) - </>)) , (2.23) 


for all x G [0, oo), and real constants a, 0, rj, p with a > 0, p > —1, 77 < 0 and a + 0 + p > 0. 

Proof. Let / be a function defined on [0, oo) satisfying the condition (1.6) on [0, oo). For any p,r G [0, oo), we 
have 


($ - f(p)){f(r) - 0) + ($ - /(r))(/(p) - 0) - ($ - /(t))(/(t) - 0) 

- (* - f(p))(f(p) - 0) = f(r) + f{p) - 2 /(p)/(r). (2.24) 

Multiplying both sides of (2.24) by u(p) p ^r^aj 2 ^ 1(01 + p + 0, — 77 ; a; 1 — £) where x > 0 and p G (0, x), when 

we integrate the inequality with respect to p from 0 to x, we obtain by Definition 1.2 that 


(/(r) - 0 ) + ($ - /(r)) (hT^(uf) - 

- ($ - /( r ))(/( T ) - <t>)Kt’ p,r,,,t u - AT t a,/W (w(z)($ - f(x)){f(x) - 0) 

= f 2 {r)K^ p u + - 2 f(T)K^^{uf). (2.25) 


Again, by multiplying both sides of (2.25) by u(p) p ‘ 2 -Fi(a + P + /0, — 77 ; cr; 1 — p ) where x > 0 and 

p G (0,:r), when we integrate the inequality with respect to p from 0 to x, we obtain by Definition 1.2 that 


^K^ p (uf) - 0 A'“’ / 3 ’ ? ^u) 


$ K «,P,V,H U _ K 


ot,/3,r),fL 


(uf) 




L t u 


^(uf)^K^(uf)-cpK? 

- K^' v ' p (u(a;)($ - f(x))(f(x) - 0)^ ^u(x)($ - f(x)){f(x) - 0) 

= K^’^uf^Kf’^u + K^’^uKf’^iuf 2 ) - 2K?’ f) ’™(uf)K?’ l3 ’ r ’’ lx (uf), 


which gives (2.23) and proves the lemma. 


□ 


Theorem 2.10. Let f and g be two functions defined satisfying the condition (1.6) on [0, 00 ) and let u be a 
nonnegative function on [0, 00 ). Then we have 

2 


K?’^uK?’^(ufg) ~ K?’^(uf)K?’^(ug) 
for all x G [0, 00 ), and real constants a, 0 , 77 , p with a > 0, p > — 1, 77 < 0 and a + 0 + p > 0. 


< i($-0)(^-0)(^ t “^7 


(2.26) 
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Proof. Let / and g be two functions satisfying the conditions of Theorem 2.10. Let H(r,p) be defined by 

H(r,p) = (/(r) - f(p))(g(r) - g(p)), r,pG( 0,x), x > 0. (2.27) 

Multiplying both sides of (2.27) by u(t)F(x, t)u(p)F(x, p), where 

r —a—(3—2 [i 


, x = r(l - P)T(a + /I + rj + 1 ) a+p : 

1 j T(ri- P + l)T(p + l) r(a) 


-r M ( x-t )“ 2 Fi(a + p + /?, -77; a; 1 ), (2.28) 


where x > 0 and r £ (0, a;), and integrating the resulting inequality obtained with respect to r and p from 0 to 
x, we have 


u(t)F(x,t)u(p)F(x, p)H(r, p)drdp = 2Kff'^’ ri ’ IJ 'uK < ff^’ r, ’ IJ, {ufg) — 2Kf l ’ l3 ’ ri ’^{uf)K^’ l3 ’ r, ’^(iig). (2.29) 


10 Jo 


Thanks to the weighted Cauchy- Schwartz integral inequality for double integrals, we can write that 

2 


( 'X pX 


' / H 

0 ^0 
px px 


i(t)F(x, r)u(p)F(x, p)H ( t , p)drdpj 

“17 J u ( T ) F ( x,T ) u ( p ) F ( x,p W( T )~ f( p ^ dTdp )[J i J u ( t ) F ( x ’ t ) u (p') F ( x ’ P)(ff( T ) — g(p))drdp 

= 4 [K^^uK^^iuf 2 ) - ) ^K^^uK^’^iug 2 ) - ( K ^’^(ug^j (2.30) 

Since (<f> — /(r))(/(r) — </>)> 0 and (T — <?(t))(c/(t) — ip) > 0, we have 

K^’P^^uK?’ 0 ’ 11 ^ (u(x)(<$> - f(x))(f(x) - > 0, 


and 


^ u (a;)(^ _ g(x))(g(x) - ip)J > 0. 


(2.31) 

(2.32) 


Thus, from (2.31), (2.32) and Lemma 2. 9, we get 

2 


k ; 


a^uK^^uf 2 ) - (K?'^{uf)^j < ($K?’ 0 ’™u - ^KT F ^(uf) - , 

(2.33) 


and 


K? 


:^^ u K?’P^(ug 2 ) - (k T^ iug)^ < - K^^(ug)^j (^K^^{ug) - . 

(2.34) 

Combining (2.29), (2.30), (2.33) and (2.34), we deduce that 


(KZ'^uK^’^iufg) - K?’ 0 ’™(uf)K?^(ug^J < (zK^’^u - K^’^uf) 

x ( K?’P’™(uf ) - cpK^^u^j - K^’^fug^j [k^^{u 9 ) - cfK^’^u^j . (2.35) 

Now using the elementary inequality 4 xy < (x + y) 2 , x, y £ R, we can state that 

4 - K?^(uf)^J (K^^{uf) - tKZ'^uj < (($ - <t>)K\ 


'<*,p,r),n 

l 4 a 


and 


From (2.35)-(2.37), we abtain (2.26). This complete the proof of Theorem 2.10. 


(2.36) 

(2.37) 

□ 
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Lemma 2.11. Let f and g be two functions defined on [0, oo) and let u and v be two nonnegative functions on 
[0, oo). Then we have 


K?’^uK?’ 5 ’^(vfg) + K^vK?^(ufg) - K^(uf)Kf^\vg) - K^(vf)K^{ug) j 
< + K]' s ' c ' v vK^^{uf) - 2 K^^(uf)Kf^ {vf)^j 

x ( K «^r l ,» uK i,s,C,-'( vg 2 ^ + Kf^uK^^fug 2 ) - 2 K^^{ug)Kf^' v {vg )\ , (2.38) 


for all x € [0, oo), and real constants a, 7, /?, 8, 77, 7 p, v satisfying a, 7 > 0, p, v > —1, 77, £ <0 and a + /3 + 
p, 7 + 6 + ( > 0. 

Proof. Multiplying (2.27) by u(T)F(t,r)v(p)G(t, p), where A(f,r) is defined by (2.28), and 

r „ , r(i-«)r( 7 + ^ + < + i) , +s i-t s - 2 - „ , , p, 

G(x ’ p) = r(c-J + i)r(x + i) x ThT p( pl 2 F I ( 1 + v + s-i;rA--), (2.39) 

where x > 0 and p £ (0,ai), and integrating the resulting inequality obtained with respect to r and p from 0 to 
x, we have 

[ [ u(t)F(x, r)v{p)G(t , p)H(r , p)drdp = {vfg) + Kf’ s ’ c ’ I 'vK^ ,3 ' v ’ fl (ufg) 

Jo Jo 

- K?’ f) ’™(uf)K?’ s ’ c ’ , '(vg) - K]^’ v {vf)K^^{ug). (2.40) 

Then, thanks to the weighted Cauchy-Schwartz integral inequality for double integrals, we can obtain (2.38). □ 

Lemma 2.12. Let f be a function defined on [0,oo) and let u and v be two nonnegative functions on [0,oo). 
Then we have 


K^’^uKf’ sx ’ u (vf 2 ) + Kf’ s ^vK^’ v ^(uf 2 )-2Kf’ 5X ’ u (vf)K^ ri ^(uf) = ( <S>K?' p '™u- K?’^{uf) 


x [Kf'^fuf) - (fKf^v'j + [Kf'^iuf) - <j,K? m u'j - Kf’ 0 ^ v (vf)j 

~ K^’^uRf’ 5 ^ ^(x)($ - f(x))(f(x) - ^u(a;)($ - f{x))(f(x) - , (2.41) 

for all x £ [0, 00 ), and real constants a, 7 , /?, <5, 77 , £, p, v satisfying a, 7 > 0, p, v > — 1, 77 , f < 0 and a + ft + 
p, 7 + 6 + ( > 0. 

Proof. Multiplying both sides of (2.25) by v(r)G{t,T) ( G(t,r ) defined by (2.39)), and integrating the resulting 
inequality obtained with respect to r from 0 to x, we have 


^ 7 , < 5 , 


Kt'°^ V {vf) - fiK]'°^ v v ) ( - K^^{uf) 


+ ( <!>K? M ’ V v - Kf M ’ u (vf) ) ( K^ m {uf) - 


^ot,f3,r],n 


- A7 a<> ^7')($ - f{x))(f{x) - <f>)j Kt'P’^u - Kl’^vK?’ 0 ’™ ^w(a;)($ - f(x))(f(x) - <j>)j 

= K?’ 5 ’ c ’ l/ {vf 2 )K?’ f) ’ v ’ lx u + !Q' s 't' v vKZ' p '™(uf 2 ) - 2K?’ s ’ c ’ , '(vf)K?’ f) ’ v ’»(uf), (2.42) 


which gives (2.41) and proves the lemma. 
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Theorem 2.13. Let f and g be two functions satisfying the condition (1.6) on [0, oo) and let u and v be two 
nonnegative functions on [0, oo). Then we have 




[K^uK^ivfg) + K^vK^{ufg) - K^(uf)K^(vg) ~ Kf’°^{vf)K t 

< - K^^iuf^j (lQ M ' v {vf) - + (K^'^iuf) - <t>K^^u 

x f - Kf M ’ v {vf)^j (vK^'^u - K^^iug^j (V t 7 ’ 5 ’ c ’>< 7 ) - 

+ ( K?' p '™{ug) - ifK?’P’™u) ( - K^ v {vg) 


, (2.43) 


for all x € [0, oo), and real constants a, 7 , [3, 8, 77 , g, v satisfying 0,7 > 0 , g,u > —1, igC, <0 and a + f3 + 
g, 7 + S + C > 0. 

Proof. Since (4> — /(r))(/(r) — </>)> 0 and (4/ — g(T)){g(r) — ip) > 0, we have 
_ K a,t3,r,^ uK ^S,t,v _ /( x ))(/( x ) - (j,)^ - ^ u (a:)($ - f(x))(f(x) - <f)j < 0, (2.44) 


and 


_ K f‘>P’'n,n uK i,sx _ g ( x ))(g(x) - ^ ^w(x)($ - g(x))(g(x) - <£)^ < 0, (2.45) 

Applying Lemma 2.12 to / and g, and using Lemma 2.11 and the formulas (2.44), (2.45), we obtain (2.43). □ 

Theorem 2.14. Let u be a nonnegative function on [0,oo) and let f,g and h be three functions defined on 
[ 0 , 00 ), satisfying the following condition 


4>^f(x)<^, if) < g(x) < 4/, to < h(x) < fi, x€[0, 00 ). 


(2.46) 


Then we have 


K^^{ufgh)Kf M ’ v u + K^^{uh)K^ v {ufg) + K^’^( U g)Kf M ’ v (ufh) 

+ K^(uf)K^(ugh) - K^(ugh)K^(uf) K^(ufh)Kf^(ug) 

- K?’ () ’ ri ’ li (ufg)K?’ s ’ c ’ I '(uh) - K^^uKf Ac ^(ufgh) < - cf)^ - - to), 


for all x € [ 0 , 00), and real constants a, 7, /?, 6, g, C, g, v satisfying 0,7 > 0 , g, v > —1, igC, <0 and a + fd + 
g, 7 + S + ( > 0. 

Proof. From the condition (2.46), we have 

I/(t) - f(p)\ < $ - (f, \g{r) - g(p)\ < V - ip, \h(r) — h(p)\ <Q — ui, r,pG[ 0 ,oo), 

which implies that 


\(f(x) ~ f(p))(g(r) - g(p)){h(T) - h{p))\ < (4> - <f>){ 4 1 - ip)(n - w). (2.47) 

Let us define a function 

A(r,p) = (/(r) - f(p)){g(T) - g{p)){h{r ) - h{p)) = /(r) 5 (r)/i(r) + f{p)g{p)h{r) + f(r)g(p)h{p) 

+ f(p)g(x)h(p) - f(r)g{p)h{r) - f(p)g(p)h(p) - f(r)g(r)h(p) - f{p)g{T)h{T). (2.48) 
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Multiplying (2.48) by u(r)F(t, r), where F(t,r) is defined by (2.28), and integrating the resulting inequality 
obtained with respect to r from 0 to x , we have 


[ u(t)F( x, t)A(t, p)dr = K^’^iufgh) + f(p)g(p)K“’ 0 ’ v ’ fl (uh) + f(p)h(p)K^ 0 ^(ug) 

Jo 

+ g(p)h(p)K^ 0 ’ v ^(uf) - h(p)Kf t ' 0 ’ r '^(ufg) - g{p)Kff’ 0 ' n ' ,J ‘{ufh) 

- f{p)Kt’ 0 ’ v ^(ugh) - f (p)g(p)h(p)Kf' 0 ,ri ’^u. (2.49) 


Again, by multiplying (2.49) by u(p)G(t,p), where G(t,r) is defined by (2.39), and integrating the resulting 
inequality obtained with respect to p from 0 to x, we have 


70 Jo 


u(T)F(x,T)u(p)G(t, p)A(r, p)drdp = Kf l ’ 0 ’ r '^(ufgh)K^ s ’ <: ’ , 'u + K?’ 0 ’™ (uh)K]' s ' c ’ v (uf g) 

+ K^(ug)K^(ufh) + K^(uf)K^(ugh) - K?’ 0 ’™(ugh)K?’ s ^(uf) 

- K°' p '^[ufh)lQ' sx ' v [ug) - K^^{ufg)K^ v {uh) - K?’ 0 ’™uK?’ s ’ c ’ 1 ' (ufgh). (2.50) 


Finally, by using (2.47) on to (2.50), we arrive at the desired result (??), involved in Theorem 2.14, after a little 
simplification. This concludes the proof. □ 

Theorem 2.15. Let u and v be two nonnegative functions on [0, oo) and let /, g and h be three functions defined 
on [0, oo), satisfying the condition (2.46). Then we have 


K?’ 0 ’™(ufgh)K?’ s ’^v + K^(uh)K^(vfg) + K^(ug)K^(vfh) 

+ K^(uf)K^(vgh) - K^(ugh)K^(vf) K^(ufh)K^(vg) 

- K?' 0 ' r, ' ,l {ufg)K'l' i ' c ’ v {vh) - K^'^^uKf^ivfgh) < - 0)(tf - - w), (2.51) 


for all x £ [0, oo), and real constants a,"/, f3,5,r],(, p,n satisfying a, 7 > 0, p, v > — 1, r], £ <0 and a + /3 + 
p, 7 + S + C > 0 . 

Proof. Multiplying (2.49) by v(p)G(t, p), where G(t,r) is defined by (2.39), and integrating the resulting in- 
equality obtained with respect to p from 0 to x, and then applying (2.47) on the resulting inequality, we get 
the desired result (2.51). This concludes the proof. □ 

Remark 2.16. It is not difficult to notice that the spacial case u = v of (2.51) in Theorem 2.15 reduces to 
Theorem 2.14. 

Theorem 2.17. Let f and g be two integrable functions satisfying the condition M -g-Lipschitzian on [0, 00 ), 
i.e. f \f(x) — f(y ) | < M\g(x) — g{y ) |, M >0, and let u and v be two nonnegative continuous functions 

on [0, 00 ). Then we have 


K^uK^(vfg) + Kl^vK^iufg) K^{uf)K^ v (yg) - K^ v {vf)K^{xg) 

< M^K^^uKf^ivg 2 ) + Kf’^vK^^fug 2 ) - 2K^ 0 ^{ug)Kf^ u {vg)^j , ( 2 . 52 ) 

for all x £ [ 0 , 00 ), and real constants a, 7 , /?, 6, 77, £, p, v satisfying a,j > 0 , p, v > — 1 , 77, ( <0 and a + (3 + 
p, 7 + S + ( > 0. 


Proof. Let us define the following relations 

I/O) - f(p ) | < M\g(r) - g(p)\ r,p£ [0,oo), 

which implies that 

\H(r,p)\ = I/O) - f(p) 1 00) -g(p)\ < M(g(r) - g{p)) 2 . 


(2.53) 

(2.54) 
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Multiplying (2.27) by u(r)F(t,T)u(p)G(t, p), where F(t,r) and G(t,p ) are defined by (2.28) and (2.39), respec- 
tively, and integrating the resulting inequality obtained with respect to r and p from 0 to x, then applying 
(2.40) and (2.54) on the resulting inequality, we get the desired result (2.52). This concludes the proof of the 
theorem. □ 

Theorem 2.18. Let u and v be two nonnegative functions on [0, oo) and let f and g be two Lipschitzian 
functions defined on [0, oo) with the constants L\ and L 2 , respectively. Then we have 


K^uK^ivfg) + Kf^vK^(ufg) - Kff^(uf)Kf’ S ^(yg) - (vf)K^(xg) 

< L X L 2 ( Kff^uKf' 5 ^{x 2 v(x)) + Kf AC ’ v vK?’ p '™{x 2 u{x)) - 2 K^'™{xu{x))Kf' 5X ' v {xv{x ))\ , (2.55) 


for all x £ [0, 00), and real constants a, 7, /?, <5, 77, £, p, v satisfying a, 7 > 0, p, v > — 1, rj, £ <0 and a + /3 + 
p, 7 + S + C > 0. 

Proof. From the conditions of Theorem 2.18, we have 

\f(r) ~ f(p)\ < L x \t - p\, \g(r) — g(p)\ < L 2 \t — p\, t, p £ [ 0,oo), 


which implies that 


\ H (r,p)\ = \f(r) - f(p)\\g{T) - g(p)\ < LiL 2 (t — p) 2 . 


(2.56) 


Multiplying (2.27) by u(r)F(t, r)v(p)G(t, p), where F(t,r) and G(t,p) are defined by (2.28) and (2.39), respec- 
tively, and integrating the resulting inequality obtained with respect to r and p from 0 to x, then applying 
(2.40) and (2.56), on the resulting inequality, we get the desired result (2.55). This completes the proof. □ 


Corollary 2.19. Let u and v be two nonnegative functions on [0, 00) and let f and g be two differentiable 
functions on [0, 00) with sup t>0 \f'(t)\, sup t>0 \g'(t)\ < 00. Then we have 


K^,wn u Kf^(vfg) + Kf’ S ’ C ’ l 'vK^’ v ^(ufg) - (uf)K?’ SX ’ u (yg) - Kf M ' v {vf)Kff 0 ^(xg) 


< ll/'lloollff'l 


K?'P’™uK?’ 5 ’ c ' v {x 2 v(x)) + Kf M ' v vK^^{x 2 u{x)) - 2 K^^{xu{x))K]^ v {xv{x)) 


for all x € [0, 00), and real constants a, 7, /?, 5, 77, £, p, v satisfying a, 7 > 0, p, v > — 1, gff <0 and a + f3 + 
p, 7 + S + ( > 0. 

Proof. We have /(r) - f(p) = f p f(t)dt and g(r) - g(p) = f p g'{t)dt. That is, |/(r) - f(p)\ < \\f\\oo\T - p\, 
| g( T ) — g{p) | < II^'HooIt — p |, t, p £ [0, 00), and the result follows from Theorem 2.18. This ends the proof. □ 


3 An example 

In this section we present a way for constructing the four bounding functions, and use them to give some 
estimates of Chebyshev type inequalities involving the generalized fractional integral operator of two unknown 
functions. 

For 0 = Xq < x\ < x 2 < ■ ■ ■ < x n < x n +\ = T, we define a notation of sub-integrals of generalized fractional 
integral as 


r — a— 2/i i-Xj + 1 / 

= ■ r(a) J x U i (T-t) a - 1 2 F 1 [a + /3 


+ P,-n;oi;l- -) f(t)dt, j = 0, l,...,n. (3.1) 
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Note that 


n T — a— 0— fH / f \ 

% f^UiT)} = E I^fAKT) } = r(a) J o t»(T - tr-\F x + /3 + n, -7?; a; 1 - - J /(i)dt 

x -a-P-2n rx 2 / + \ 

+ — J t^(T - t) a ~ 1 2 F 1 [a + (3 + p, -77; a; 1 - - J /(t)dt H 

+ ^ — J t»(T-t) a - 1 2 F 1 (a + 0+iJ,,-T);a;l- f(t)dt. (3.2) 


3-2m rT 


So, from (3.2), we can rewrite (1.7) as 

£"’ ftw /(T) = r(1 - ft) r ( a + M + ^ + 1 ) t/3+m 

°- T M ' r(r;-/3 + i)r(^ + i) °’ T XJK n 

_ r (l ~ £Qr( a + T + V + 1 ) v- Ta,P,Ti,ii r /•('7’U _ r (l ~ ff)r (<3 + 77 + 77 + 1 ) Q +/J 

r(; ? - P + l)r(At + 1) Xj , Xj+1 U\ r(r)~ P + l)T(n+l) 

X { — fE J 0 ~ t ^ a ~ 1 ‘ 2Fl ( 1 “ + P + V’ ~F' a ’ 1 “ y J ftf) dt 


r ~a—0—2fi rx 2 


'v- r x i ( t\ 

- J F(T - f)“ _1 2-Pi i a + f3 + n, -77; a; 1 - -J f(t)dt 
J ^(T -t) a ~ 1 2 F 1 (a + /3 + p,-rj;a;l- f(t)dt 

-a-0-2 /* rT / 7 \ 1 

+ r(a) J t*(T - t) 0 "^ (a + fi + F -V, a;i- yj f{t)dt \ . (3.3) 


Let 75 be a unit step function defined by 


¥>(z) = 


1 , x > 0 , 

0 , x < 0 , 


and let tp a (x ) the Heaviside unit step function defined by 

<Pa{x) = ip{x - a) = 


1 , x > a, 

0 , x < a. 


Let u be a piecewise continuous function on [0, T\ defined by 

u(x) = Ui(<p 0 (x) - <p Xl {x)) + U 2 (ip Xl (x) - ip x 2 (x)) + U 3 (ip X2 (x) - (p X3 (x)) H 1- U m+1 ip Xm (x) = Ui<p 0 (x) 

m 

+ (■ U 2 - Ui)ip Xl (x) + (U 3 - U 2 )ip X2 (x) -1 h (?7 m+ i - U m )(fi Xm (x ) = E(^+1 “ u i)Fxj{x), (3.4) 

7=0 

where {7o = 0 and 0 = x 3 < X\ < x 2 < ■ ■ ■ < x m < x m + 1 = T. Similarly, we have 

m 

v {x) = J2(Vj+i - Vj)ip x . (a:). (3.5) 

7=0 

where constants Uq = Vq = 0. 

Proposition 3.1. Let f and g be two synchronous functions on [0,T). Assume that let u and v defined by 
(3.4) and (3.5), respectively. Then for a > 0, p > —1 , 77 < 0 and a + fi + p > 0, the following inequality holds: 


E^+i E v i+i K z;%£(f9){T) + E y i+i E r /-: / 'E;: , ;(.^H7! 


> E U j+1 K^f i9 (T) E Vj+iKZfwjiT) + E ^+1 K&™g{T) E K ^fJ(T) . 
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Proof. By using the definition (3.1) and (3.3), we have 


K$™u(T) = J2 U j+1 = Y U j+1 , 


K$™v(T) = J2 V j+ iK2;?™(l){T) = Y V j+1 , 

3=0 j = o 

where iv“ ,/ ) c ’' ? | / ((l)(T) = 1. Similarly, we have 

m m 

K^(ufg)(T) = Y U j+1 K%f™(fg)(T), K^’™(vfg)(T) = Y V j+1 K2fjJ£{fg){T), 

3 = 0 j'=0 

m m 

K f™(uf)(T) = Y U J+ i K?f™J(T), K^’™(vf)(T) = Y V j+ i K%*™f(T), 

3=0 j = 0 

m m 

K f™(ug)(T) = Y U j+ iK2;?™ g {T), I<^(vg)(T) = Y V J+ i K^f l9 (T), 

3=0 3=0 

By applying Lemma 2.1, the desired inequality (3.6) is established. □ 

4 Concluding remarks 

In this section, we consider some consequences of the main results derived in the previous section. Following 
Curiel and Galue [33], the operator would reduce immediately to the extensively investigated Saigo, Erdelyi- 
Kober, and Riemann-Liouville type fractional integral operators, respectively, given by the following relation- 
ships (see also [32, 34]): 

T o ’x ,ri {f( x )} = I x’ P ’ r,fi {f{ x )} = ~Y(Y~ J 0 ( x_t ) a_1 2 F i (a + P,-rr,a;l- 0 f{r)dt, (a > O', f3,rj £ R), 


/“’’'{/(*)} = I^°{f(x)} = [ (x - (a > 0; T) £ R), (4.2) 

r(°0 Jo 

and 

J a {f(x)} = = -L [ X (x tr^mdt, (a > 0). (4.3) 

r(a) Jo 

By setting /z = 0, yx = /3 = 0, and /z = 0 and /3 = —a in (1.7), Definition 1.2 would immediately reduce to the 
Saigo, Erdelyi-Kober, and Riemann-Liouville type fractional integral operators, respectively, given as follows: 

K^f(x) = r(1 1 ) + 1 ( 4 . 4 ) 

= r( r(i +^ ) 1) /a,,? {^( a; )}’ ( 4 -5) 

and 

K2f{x) = T{ ^^J a {f(x)}, (4.6) 

where Iq’£ ,n {f(x)}, I a,v {f(x)} and J a {f{x)} are given by (4.1), (4.2), and (4.3), respectively. 

Similar to main results in the preceding section, by using the fractional integral operators (4.1)-(4.6), we 
obtain various fractional integral inequalities involving such relatively more familiar fractional integral operators 
(4.1)-(4.6). Therefore, we omit the further details. For example, by (4.1), Theorem 2.2 and 2.4 yield the known 
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results in [24, 25]. If we consider u = v = 1 and make use of fractional integral operator I£’P’ v ’ ,J '{f{x)}, Lennna 
2.1 and 2.3 provides respectively, the known fractional integral inequalities due to Baleanu et al. [31]. 

Let u = 1, Theorem 2.10 corresponds to the known results due to Wang et al. [28]. Taking u — 1, // = 0 
and /3 = —a in Theorem 2.10 yields the known result due to Dahmani et al. [26]. Make use of fractional 
integral operator (4.3), Lemma 2.1 and 2.3 provides respectively, the known fractional integral inequalities 
due to Dahmani [17]. At the end of this paper, generalized fractional integral inequalities obtained in the 
previous section are expected to find more applications, for example, applications for establishing the solutions 
in fractional differential equations and fractional integral equations boundary value problems. 

Authors’ contributions. ZL and WY equally participated in the design of the study and drafted the 
manuscript. PA gave an example to show the applications. All authors read and approved the final manuscript. 
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Estimates for the Green’s Function of 3D Elliptic 

Equations 

Jinghong LiiUand Yinsuo Jiat 


This article will first introduce the definition of the Green’s function of 3D 
elliptic equations, which plays important roles in local superconvergence esti- 
mates for the finite element approximation. Then, using the weighted-norm 
methods, we derive some estimates for the 3D Green’s function. 

1 Introduction 

It is well known that estimates for the Green’s function play very important roles 
in the study of the superconvergence (especially, pointwise superconvergence) 
of the finite element method (see [1-9]). For dimensions three and up, we have 
obtained the estimates for discrete Green’s functions and discrete derivative 
Green’s functions, which were used to the global superconvergence estimates 
of the finite element approximation. However, the fact is that the high gen- 
eralization conditions to the true solution is difficult to satisfy for the global 
superconvergence estimates. Thus the global superconvergence results is only 
theoretical. In order to study local superconvergence properties of the finite el- 
ement approximation, we need to introduce a Green’s function, which will play 
important roles in the study of local superconvergence properties. 

we shall use the symbol C to denote a generic constant, which is independent 
from the discretization parameter h and which may not be the same in each 
occurrence and also use the standard notations for the Sobolev spaces and their 
norms. 

In this article, we consider the following elliptic equation: 

3 

Cu = — dj(aijdi.u) + aou = f in fl, u = 0 on dSl, (1.1) 

i,j — 1 

where fl C 1Z 3 is a bounded polytopic domain. The weak formulation of (1.1) 
reads, 

J Find u € ifg(fi) satisfying 
I a(u , v) = (/ , v) for all v G Hq(Q), 

* School of Information Science and Engineering, Ningbo Institute of Technology, Zhejiang 
University, Ningbo 315100, China, email: jhliull29@sina.com 

t School of Mathematics and Computer Science, Shangrao Normal University, Shangrao 
334001, China, email: jiayinsuo2002@sohu.com 
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where 


a(u , v) 


I ( V'' dijdiudjV + aguv) dxdydz, (/ , v) = / fvdxdydz. 

J Q i j = \ J £1 


We assume that the given functions a t j G W /1, °°(fi), cnj = aji , ao G L°°( fl), 
and / G L 2 (Q). In addition, we write d\U = (9 2 w = and d^u = 

which are usual partial derivatives. Let {T h } be a regular family of partitions 
of fl. Denote by S h (fl) a continuous finite elements space of degree m(m > 1) 
regarding this kind of partitions and let Sg(fl) = S h (fl ) fl Hg(fi). Discretizing 
the above weak formulation using Sg(Q') as approximating space means, 

f Find Uh G Sq (fl) satisfying 
\ a(uh , v) = (/ , v) for all v G Sq(CI). 


For every Z G fl, we define the discrete <5 function S z G Sg(fl), the dis- 
crete derivative 6 function dzjS z G Sg(fl), the regularized Green’s function 
G* z G H 2 (fl) fl Hg (fl), the regularized derivative Green’s function dz,eG z G 
H 2 (fL) D Hg (fl), the discrete Green’s function G z G Sg(fl), the discrete deriva- 
tive Green’s function dz/G z G Sq (fl), and the L 2 -projection P^u G Sq (fl) such 


that (see [9]) 

(v,5 h z )=v(Z) VvGS*(fl), (1.2) 

(v, d z , e S h z ) = dtv(Z) VvGS£(fl), (1.3) 

a(G* z , v) = (5 h z , v) Vr G Hg(fl), (1.4) 

a(dzjG* z ,v) = (d z ,eS%,v) Vd G Hq(SI), (1.5) 

a(G h z , v)=v(Z) VuG S£(fl) , (1.6) 

a(d z , e G h z ,v) = d e v(Z) VrGSj(O), (1.7) 

(u — PhU, v) = 0 Vwg5q(0). (1.8) 


Here, for any direction £ G R 3 , \£\ = 1, dz,eS z , dz,eG Zl and d^v(Z) stand for 
the following onesided directional derivatives, respectively. 


d z (S z = lim 
’ z |az|— > o 


$Z+AZ $ Z 

|AZ| ’ 


dziG h z = 


lim 

| AZ|— >0 


r-ih 

^Z+AZ ^ Z 


|AZ| 


d t v(Z) 


lim 

| AZ|— >0 


v(Z + AZ) - v(Z) 

W\ 


, A Z = \AZ\e. 


As for G * z , dz,eG* z , G z , and dz,eG z , we have obtained some optimal estimates 
(see [4-6]), which will be used in next section. From (1.4)— (1.7) , we easily 
find G z and dz/G z are the finite element approximations to G* z and dz,(G* z , 
respectively. 

For the L 2 -projection operator Ph, we have (see [4]) 
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Lemma 1.1. For PhW the L 2 -projection of w £ L p (fl), we have the following 
stability estimate: 

H-PhHIo.p, n < C^Hwllo.p.n, (1.9) 


where t = 


1 - 


, and 1 < p < oo. 


Further, by Lemma 1.1, we easily obtain the following result: 


\\w - Phw\\o, p ,n < (l + C' t )inf t , 65 h n ||w-u|| 0 > p,n 

< C\\w - rho|| 0 ,p,n < Ch m+1 ||w|| m +i,p,n, 


( 1 . 10 ) 


where 1 < p < oo. 

In addition, we also assume the following a priori estimate holds. 

Lemma 1.2. For the true solution u of (1.1), there exists a qo(l < qo < oo) 
such that for every 1 < q < qo, 

IMkg.n < C(q)\\jCu\\ 0 , q ,n- (1-11) 


2 Definition of the 3D Green’s Function 

For Z £ il, we introduce the definition of the 3D Green’s function Gz as follows 

a(G z ,v) = v(z) vu g qj°(n). 

In the following, we will prove the existence and uniqueness of the Green’s 
function. 

Lemma 2.1. For G* z and G h z defined by (1-4) and (1.6), respectively, we have 

\\G*z-G%\\ lil <Ch\lnh\i. ( 2 . 1 ) 

This result can be seen in [4]. 

Theorem 2.1. There exists a unique Gz £ W ( J'’ 1 (f2) such that 

a{G z ,v) = v(Z) Vv £ W 0 1,oo (n). (2.2) 

Proof. We first prove the uniqueness of Gz- Suppose there exists another 
Green’s function FL Z £ Wq’^Q) satisfying (2.2). Set E z = Gz — H z , thus 

a{E z ,v) = 0 Vu G W 0 1,oo (D). (2.3) 

Let w G 1F 2,4 (D) n Wo’ 4 (D) and Cw = sgnEz\Ez\^ ■ We have 

1 1 E z 1 1 q 5 = ( E z , sgnE z \ E z \ * ) = a(E z ,w), (2.4) 

u ’ 4 

By the Sobolev Embedding Theorem [10], IT 2 ’ 4 (D) W 1,0 °. Thus w £ 

W’o’ 00 (D). From (2.3) and (2.4), Ez = 0, i.e. , Gz = Hz- The proof of the 
uniqueness is completed. 
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Next, we prove the existence of Gz ■ We give a series of finite element spaces 
Sq* (fi), i = 0, 1, 2, • • • satisfying Sg i (fl) C Sg 3 (f 1) when i < j, where ho = h and 
\hi - 1 < hi < \hi- 1 . Let G* z i be the regularized Green’s function for the finite 
element space Sg(Ct), and G h z the discrete Green’s function. Their definitions 
can be seen in Section 1. Obviously, we have 

a(G h z \v) = v(Z), a(G* ZM1 ,v) = v(Z), Vv £ 


Thus, 

a(G* Zti+1 -G h z \v)=0 VveSfr(Sl). 
Similar to the proof of Lemma 2.1, we have 


G * /^ihi 

Z,i + 1 — 


In addition, from (2.1), 


G * /''Y/li 

Z,i ~ ^z 


1,1 


< Chi | In i | 3 . 


< Chi | In hi | 3 . 


(2.5) 

( 2 . 6 ) 


(2.7) 


By (2.6), (2.7), and the triangular inequality, we immediately obtain 
||^, i+1 -G^|| 11 <C'/i i |ln/ li |i i 


Thus, 


Set 




2=0 


2=0 


m* 

2* 


< Ch\lnh\* . (2.8) 


Z = + / J \S jr ZA + 1 “ ^ Z,i) ’ 


2=0 


Thus we have Gz € Wq’ 1 ^). From (2.8), 


Thus, we have 


\\G z -G* z \\ hl <Ch\\nh\* . 

G Zi — > Gz inIF 1,1 (ri) when* -a- oo. 


Hence, for v £ VF 0 1 ’ oo (fl), we have 


a(Gz,v) = lim a(G* Zi ,v) = lim Ph i v{Z). 


(2.9) 


( 2 . 10 ) 


From (1.10), 


lim Pf H v(Z) = v(Z). 

i— >oo 


( 2 . 11 ) 


Combining (2.10) and (2.11) yields the result (2.2). 

Finally, we show Gz is independent of h. Suppose there exists a Green’s 
function Gz for the mesh-size h. In addition, \hi- ± < hi < |/u_i and ho = h. 
Thus, for every / £ we choose v £ IF 2,00 (fi) nlF 0 1 ’ oo (fl) such that Cv = 

f. Then we get (Gz,/) = a(G z ,v) =_v(Z) and (G z ,f) = a{G z ,v) = v(Z). 
Thus, (Gz,/) = (Gz,/), i.e., ( G z - G z ,f ) = 0. So we get G z = Gz- The 
proof of Theorem 2.1 is completed. 
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3 Estimates for the 3D Green’s Function 

Lemma 3.1. Suppose 1 < p < min{2, q 0 } and 1 + | = 1. For G* z , d z,eG* z , 
G z , and dz/G z defined by (1.4)-(1. 7), we have 


s~ih 

^Z~^Z 0,9 


+ h || dz,iG* z - dz,tG %\ L o < Ch 2 —r . 


0,9 


(3.1) 


Proof. Obviously, by the interpolation error estimate and the a priori estimate 
( 1 . 11 ), we have 

IlGz-^H, < Cinf^^HGI-ull^llGI-nGIII, 

< Ch 25 ~p ||Glj|| 2ij) < Ch 25 ~p H^zllop- (3 - 2) 

For <p £ L p (fl), we choose $ £ W 2 ,p (fl) fl Wg’ p (fl) such that £<f> = ip. Then we 
have 


\(G* z -G h z ,ip)\ = \a(G* z -G h z ,*)\ = \a(G* z -G h z ,$-Il*)\ 


< C||G|-G^|| 1 ||$-n$|| 1 . 


From (3.2), (3.3), and the interpolation error estimate, we get 
\{G* Z ~G h z ,p)\<Ch 5 -^ \\5 h z \\ Qp II^IIq, p . 


Thus 


\G*z-G h z \\ 0q <Ch 5 -p\\S h z \\ 0p . 


In addition, for 1 < p < oo, we easily prove 

Iloilo, + h \\dzA\\o, P - Gh 

From (3.5) and (3.6), 


(3-3) 

(3.4) 

(3.5) 

(3-6) 


Similarly, we have 


\G* z -G h z \\ 0q <Ch 2 -p 


d Ztt G* z -d z ^G h z \\ 0q <Ch}-l. 


The result (3.1) is proved. We now introduce a weight function defined by 

(, b = </>{X) = (|x - x | 2 + 0 2 ) _i vie Cl, 

where X £ fl is a fixed point, 6 = 7 h, and 7 £ [3, + 00 ) is a suitable real number. 
As for the function <f>, it is easy to prove the following properties hold. 


[ (f k {X)dX < C{k- l)- 1 ^- 3 ^- 1 ) Vfc > 1, 
J a 

[ <j> k (X)dX < , C , VO < k < 1, 

Jn 1 - k 


(3.7) 

(3.8) 
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/ <t>(X)dX<C(0)\]n0\, 6<P< 1. (3.9) 

Jn 

Similar to the arguments of Lemma 2.4 in [4], we can get the following Lemma 
3.2. 

Lemma 3.2. For S z and dz/S z , the discrete 5 function and the discrete deriva- 
tive 6 function defined by (1.2) and (1.3), respectively, we have the following 
weighted-norm, estimate: 

PzW^-o. + h || V<£|| 0 _„ + h \\d Z A\\^_ a < Ch^ Va > 0. (3.10) 

Lemma 3.3. For S z and G* z , the discrete 5 function and the regularized Green’s 
function defined by (1.2) and (1-4), respectively, we have the following weighted- 
norm estimate: 

IIVGIH^ <C'||,5||| 0 _ O _ | +C||G^_ a+| Vaei?. (3.11) 

Proof. First, we find 

II VGy (U < <G* Z , r a G* z ) + C IIG^H J_„ +8 . (3.12) 

Moreover, 

a{G* z , cf- a G* z ) = (5 h z , r a G* z ) 

< II^IL— |l|G*zll*-«. + I (3.13) 

< \ m \\* 2 + iigii|2 2 ). 

<p 3 (p 3 

Combining (3.12) and (3.13) immediately yields the result (3.11). 

Theorem 3.1. Suppose q 0 > §, § < p < min{2,(7o}> and ^ | = 1, then we 

have 

II Gz-G* z \\^ q <Ch 2 - 3 r =Ch 3 -^. (3.14) 

Remark 1. Similar to the arguments of (2.9) and with the result (3.1), we 
easily obtain the result (3.14). Obviously, we have max{2,<7Q} < q < 3 and 



Theorem 3.2. Suppose qo > |. ForGz, the Green’s function defined by (2.2), 
and the weight function r = \X — Z | -3 , we have 

\\Gz\\ 0 , q <C{q), 1<<?<3. (3.15) 

I|Gz|| 1iT -. < (7(e), | < e < oo. (3.16) 

\\G z \\ hq <C(q), l<q< |. (3.17) 

Proof. Obviously, from (3.14), Gz G L q (Cl) and 1 < q < 3. In addition, we have 
proved ||Glj|| 03 < C in [4] . Moreover, L 3 (fl) is a reflexive space. Thus, {G Zi } 
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is weakly convergent to Qz G L 3 (tt) C L q (Q), where max{2, g^,} < q < 3. From 
(3.14), 

G* Zi — » Gz inT 9 (fi) when* — » oo. 

Thus Gz = Qz G L 3 (G). So we have Gz G L q (G)( 1 < q < 3). 

When max{2, q' (j } < q < 3, we have § < p < min{2,g 0 }, where 1 + 1 = 1. 
For every ip G Gq°(12), we can hnd a function dp G Co°(ft) such that ddp = <p. 
Moreover, by the Sobolev Embedding Theorem [10] and the a priori estimate 
(1.11), we get 


(Gz, ¥>) = a(G z , <p) = dp(Z) < ||+|| 0oo < C(q) ||p|| 2)P < C(q) |M| 0iP ■ 

Thus, 

\\Gz\\ 0 , q < C(q). 

Since 1 1 1 1 0 3 — G, anc ^ {G*z,i} i s weakly convergent to Gz G T 3 (fi), thus, 
||Gz|lo3 < G. I n addition, when 1 < q < max{2, g^,}, we have ||Gz|| 0 < 

G(g) ||Gz|| 0 3 < G(g). Thus we have finished the proof of the result (3.15). 

Now we prove the result (3.16). We have obtained the result ||G1j||^i < 

C |ln/i| 5 in [4]. When 0 < r < |, we have by (3.8) and ||G^|| 0 3 < C, 

WGzWlr = jj r \G* Z \ 2 dX < Qf <fF dX^j 3 ||G£||* 3 < C(r ) ||G|||* 3 < G(r). 

Namely, HG^H^r < G(r) VO < r < Obviously, when s < t, we have </> s < 
Cq b l . Thus, HG^II^r < G(r) Vr < 0. So we have 


HGzlUr < G(r) Vr < 

From (3.10) and (3.11), 

IIVGJII,., < C||J‘|| < _._ i +C||GJ||^„ i 
< Ch'-^+C l|GJ||^, + i . 




Combining (3.18) and (3.19) yields 


IIGzIIm-. < C'(c) Ve> -. 

By the Holder inequality, we have for 1 < g < | 


2-g 


(3.18) 


(3.19) 


(3.20) 


l|VG|||^ = Jj^r V \VG* z \ q dX< i^Jj^dxj ||VG|||«_.. 

Choosing a suitable e such that < 1, we have by (3.8) and (3.20), 

||VG||| 0i9 < C(g). (3.21) 
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Obviously, 

\\Gz\\l,r- < \\G*z\\i,4- ^ C ( £ ) Ve > l- ( 3 - 22 ) 

Since G* z is bounded according to the weighted-norm || • || lT -e, thus, {G Zi } 

is weakly convergent to a function Fz with T _ e < oo. Further, we have 

||-^Z II l,l,r -e < 00 • From ( 2 - 9 ); 

II Gz ~ G* z \\i,i,t- < C{e) \\G Z ~ G* z \\i,i < C{e)h \lnh\~° , 

which shows {G* z i } is convergent to the function Gz with HGzl^ 1 T _ e < oo. 

Thus, Fz = Gz- Namely, 

\\G z \\^ T - e <C{e) V e > ^. 

Up to now, the result (3.16) is thoroughly proved. Similar to the arguments of 

(3.16), from (3.21), we can obtain the result (3.17). 
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1. Introduction 

Mathematicians have studied various kinds of the Euler, Bernoulli, Tangent, and 
Genocchi polynomials. Recently, many authors have studied the relations between these 
polynomials and Stirling numbers of the second kind(see [1-24]). Numerical experiments of 
Bernoulli, Euler, and Genocchi polynomials also have been made the subject of extensive 
research. 

The computing environment will be making more and more rapid advance and this 
environment has been increasing the interest in solving mathematical problems with the 
aid of computers. The zeros of Genocchi polynomials G n (x) is very interesting a realistic 
study by using computer(see [2,16-20,23]). 


The Genocchi numbers G n and Genocchi polynomials G n (x) are usually defined by 
the following generating functions. 

Definition 1.1. [5,14,17] Let n € Nq. Then we define 


v r *- = — 

^ n n\ e 4 + 1 ’ 

n— 0 


I t\ < 7 r, 


Eumh = 


n — 0 


2 1 

e 4 + 1 


1 
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where we use the notation by replacing G(x) n by G n (x) symbolically. Clearly, G n = G n ( 0). 
In general, it satisfies G 3 = G 5 = G7 = G 9 = • • • = 0, and even coefficients are given 
G n = 2nE2n-i = 2(1 — 2 2n )I?2ra, where E n are the Euler numbers and B n are the Bernoulli 
numbers(see [4-5, 6, 8, 12, 15]). 

These polynomials and numbers play important roles in many different areas of mathe- 
matics such as combinatorics, number theory, special function and analysis, and numerous 
interesting results for them have been explored. The following elementary properties of 
Genocchi polynomials G n ( x) are readily derived from the Definition 1.1. Therefore we 
choose to omit the details involved. More studies and results in this subject we may see 
references (see [5-6,14-20]). 

Throughout this paper, we always make use of the following notations: N = {1, 2, 3, • • • } 
denotes the set of natural numbers, No = {0, 1, 2, 3, • • • } denotes the set of nonnegative 
integers, Z denotes the set of integers, R. denotes the set of real numbers, and C denotes 
the set of complex numbers, and = C U {00}. 


n—k 


Theorem 1.2. [5, 6, 17, 19] For n £ No, we know 

G n 0) = ^2 

k = 0 ' ' 

Theorem 1.3. [5, 6, 15] Let x £ No- Then we have 

(G+ir+G„ = { l . 

From the Theorem 1.2 and Theorem 1.3, it is easy to deduce that G n {x) are polyno- 
mials of degree n. The Genocchi polynomials are as follows. 


GiOr) = 1, 

G 2 (x) = 2x — 1, 

G 3 (a;) = 3x 2 — 3x, 

Gi(x) = 4a: 3 — 6a; 2 + 1, 

Gs(a;) = 5a: 4 — 10a; 3 + 5a:, 

G 6 ( x) = 6x 5 — 15a; 4 + 15a: 2 — 3, 

G 7 ( x) = 7x 6 - 21a; 5 + 35x 3 - 21a;, 

G 8 ( x) = 8x 7 - 28x 6 + 70a; 4 - 84a; 2 + 17, 


Definition 1.4. Let f : D —> D be a complex function, with D a subset of C. We 
define the iterated maps of the complex function as the following: 


fn-z 0 ^ /(/H/ (io) • • • )) 

n — times 
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The iterates of / are the functions /, / ° /, / ° / ° /, •••, which are denoted f 1 ,/ 2 , / 3 , .... If 
z € C, then the orbit of z 0 under / is the sequence {zq, f(z 0 ), f(f(zo))r ‘ ‘ )• 

We consider the Newton’s dynamical system as the follows: 

{Coo : R{x) =x- } . 

R is called the Newton iteration function of S. It can be shown that the fixed points of 
R are zeros of S and all fixed points of R are attracting. R may also have one or more 
attracting cycles(see [2, 23-24]). 

This paper is organized as follows. In Section 2, we study some properties of zeros 
for Genocclii polynomials from Newtons’method. In section 3, we find some distributions 
and properties of fixed point for Genocchi polynomials by using iterating map. 

2. The observation for scattering of zeros of the Genocchi polynomials 

In this section, we can see the several conjecture from the Tables, we also find the 
approximate zeros of the Genocchi polynomials. Using the Mathematica software, we can 
see the structure of the zeros of the Genocchi polynomials in various viewpoints. 


From the Definition of Genocchi polynomials, we get 


n — 0 


—2t 


0 -t( l-x) _ 


2 t 


e _t + 1 e t — 1 

From the above equation, we find the following theorem. 
Theorem 2.1. [14, -15, 17, 19-20]. For n € No, we have 

G n (x) = (-l) n+1 G n (l-x). 


Gn(x ) 

n—0 


t n 

n! ' 


Conjecture 2.2. G n (x) = 0 has n distinct solutions. 

We find a counterexample of the conjecture 2.2. When n = 6, there exist five num- 
bers, Xi(i = 1,2, 3, 4, 5) such that Ge(xi) = 0. That is, we can find X\ = 2’ a ' 2 = 

\ (l - v^) , x 3 = ^ (l - VE) , x 4 = ^ (l + a/5) , x 5 = ^ (l + a/ 5) • Therefore, the conjec- 
ture 2.3 is not true for all n. Using computers, many more values of n have been checked. 
It still remains unknown if the conjecture fails or holds for any value n / 6. 


See Table 1 for tabulated values of RG n (x) an d C < G rl (a;)) where Rc n (x) denote the 
numbers of real zeros and CG n ( x ) denotes the numbers of complex zeros. Our numerical 
results, that is the numbers of real and complex zeros of G n (x) for 29 < n < 60 are 
displayed in the Table 1. 
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Table 1. Numbers of real and complex zeros of G n (x) 


degree n 

7?g„( x) 

Cg„(®) 

degree n 

-^G n (x) 

Gg„(x) 

29 

8 

20 

45 

12 

32 

30 

9 

20 

46 

13 

32 

31 

10 

20 

47 

14 

32 

32 

11 

20 

48 

15 

32 

33 

8 

24 

49 

12 

36 

34 

9 

24 

50 

13 

36 

35 

10 

24 

51 

14 

36 

36 

11 

24 

52 

15 

36 

37 

12 

24 

53 

16 

36 

38 

9 

28 

54 

13 

40 

39 

10 

28 

55 

14 

40 

40 

11 

28 

56 

15 

40 

41 

12 

28 

57 

16 

40 

42 

13 

28 

58 

17 

40 

43 

11 

32 

59 

14 

44 

44 

11 

32 

60 

15 

44 


If we consider G n (x ) for 2 < n < 100, we then find the Figure 1. The x-axis means the 
numbers of real zeros and the y - axis means the numbers of complex zeros in the Genocchi 
polynomials in Figure 1. From Table 1 and Figure 1, we can suggest a below conjecture. 


70; . . . . 

60 ; 

50 ; 

40 ; 

30 ; 

20 ; 

10 ; 

1 ' £ £ £_£ 1 I I I I I I I I I I I I I I I I I I I l_ 

5 10 15 20 25 


Figure 1: Numbers of real and complex zeros of G n (x) for 2 < n < 100 


Conjecture 2.3. When Im,(x) ^ 0, we find that 
(1) the numbers of Rg„(x) °f G n {x): 


Rg„(x) = n — 1 — Cc n {x)- 
(2) the numbers of Cgi x \ of G n (x): 


C. 


Gn(x) 


= 4 


n — 1 — a 


a = 


n + 19 
21 
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where [ x\ is the greatest integer not exceeding x. 

By using the Theorem 2.1, we also have the following theorem. 

Theorem 2.4. For n £ No, if n = 0 (mod 2), then G n = 0. 

By Theorem 2.4, we can know the center of the structure of zeros in Genocchi polynomials 
is |(see the Figure2). The forms of 3D structure which is stacks of zeros of G n (x) for 
2 < n < 60 are presented in the top-left of Figure 2. We can draw the top-right figure 
and bottom-left figure when we look at the top-left Figure 2 in the above position and left 
orthographic viewpoint, respectively. 



Figure 2: Stacks of zeros of G n (x ) for 2 < n < 60 


From Definition of Genocchi polynomials, we get 


^ 4-71 

( G n (x + 1) + G n (x)) — 

z J n\ 

71=0 


2t r t(x+ 1) , 2t r tx 
e t + 1 e 4 + 1 


2 te tx 


2 ^(n + l)x n 

71 = 0 


t n 

n\ 


t n 

By comparing the coefficients of — 

n! 

orem 2.5. 


on both sides of the above equation, we find the the- 


Theorem 2.5. For n £ No we find 

G n (x + 1) + G n (x) = 2nx n ~ 1 . 
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Substituting x = 0 in the Theorem 2.5, we find the following corollary 2.6. 

Corollary 2.6. For n £ N, one has 

G n = -G n ( 1). 

We consider the Newton’s dynamical system at numbers of roots in Gio(x). We can 
obtain roots in the Gio(x), that is, 

xi = —1.31362 - 0.876373*, 
x 3 = -1.21973, 
x 5 = 0.5, 
x 7 = 2.21973, 
x 9 = 2.31362 + 0.876373*. 

The orbit of x 9 from the Newton method appears by calculating until 30 iterations or 
the absolute difference value of the last two iterations is within 10” 6 . We hope to determine 
whether the orbit of xq under the action of Newton’s dynamical system converges to one 
of roots when it is given a point x 9 in the complex plane. 


x 2 = -1.31362 + 0.876373*, 
x 4 = -0.50008, 
x e = 1.50008, 
x 8 = 2.31362 - 0.876373*, 



Figure 3: General structure of orbits for { — 1.5 < x < 2.5}, { — 1.5 < y < 2.5} 


The output of Figure 3 is the orbit values by using the above method. We plot the blue, 
brown, yellow, skyblue, green, ocher, navy blue, red, or gray to x 9 in the Figure 3, when an 
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orbit of xq converge to -1.31362-0.876373*, -1.31362+0.876373*, -1.21973, -0.50008, 0.5, 
1.50008, 2.21973, 2.31362 — 0.876373*, 2.31362 + 0.876373*, respectively. From the top-left 
figure, we can observe general structure for { — 1.5 < x < 2.5}, {—1.5 < y < 2.5}. More- 
over, we can observe property of complex conjugate from the top-right figure and bottom- 
figures in the right part of general structure by narrowing range. The interesting result is 
the fact that each boundaries of range parts have every colors and self-similarity. 

3. The fixed points of Genocchi polynomials 

In this section, we present distributions of fixed points and period points from iterat- 
ing map. From definition and property of fixed point, we find it and construct structure of 
this points in the complex plane. By expanding method of previous section we can discuss 
the fixed points and period points of the Genocchi polynomials. 

Definition 3.1. The orbit of the point Zo £ C under the action of the function / 
is said to be bounded if there exists Mel such that \f n (zo)\ < M for all n € N. If the 
orbit is not bounded, it is said to be unbounded. 

Definition 3.2. Let / : D -+ D be a transformation on a metric space. A point 
zo € D such that f(zo) = Zq is called a fixed point of the transformation. 

Suppose that the complex function / is analytic in a region D of C, and / has a fixed 
point at Zq £ D. Then Zo is said to be: 
an attracting fixed point if |/'(zo)| < 1; 
a repelling fixed point if \ f'(zo)\ > 1; 
a neutral fixed point if \f(zo)\ = 1. 

For example, G 4 (x) — 1.01 — 0.1* have three points satisfying G 4 (x) — 1.01 — 0.1* = x. 
That is, x 0 = -0.174314+0.0695883*, 0.0220059-0.0779681*, 1.65231+0.00837978*. Since 

-^-G 4 (0. 0220059 - 0.0779681*) - 1.01 - 0.1* = 0.953792 < 1, 
dz 

we obtain the following theorem. 

Theorem 3.3. The Genocchi polynomials G 4 (x) — 1.01 — 0.1* has the only one 
attracting fixed point at 

a = 0.0220059 - 0.0779681*. 

We can separate the numerical results for fixed point of G n (x ) by using Mathematica 
software. In the Table 2, we can look for numbers of fixed points of G n {x ) for 3 < n < 10 
and find property of their points. 
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Table 2. 

Numbers of attracting, 

repelling, and neutral fixed points of G n (x) 


degree n 

attractor 

repellor 

neutral 

3 

0 

2 

0 

4 

0 

3 

0 

5 

0 

4 

0 

6 

0 

5 

0 

7 

0 

6 

0 

8 

0 

7 

0 

9 

0 

8 

0 

10 

0 

9 

0 


Conjecture 3.4. The Genocchi polynomials G n (x ) has no attracting and neutral 
fixed point except for infinity. 


In the Table 3, we consider G^(x) by using iterating map. We can know the numbers 
of real roots of G'^(x) using iterated function are less than 3 r . In addition, we observe the 
numbers of real roots will be 2 r+1 — 1 for r > 1 and find there is no the real number which 
is related to fixed point. 


Table 3. Numbers of roots and fixed points of G r 4 (x) for 1 < r < 9 


r 

numbers of real roots 

numbers of real numbers in fixed points 

Gi(x) 

3 

3 

G'i(x) 

7 

5 

~gWV 

15 

15 

~Gf^~ 

31 

51 


63 

0 

~gWV 

127 

0 

~gk^t 

255 

0 

~GfW~ 

511 

0 

~g^t 

1023 

0 





In the top- left Figure 4, we can see the forms of 3D structure which is related to stacks 
of fixed points of iterated G^(x) for 1 < r < 6. We can draw the top-right figure when we 
look at the top-left Figure 4 in the below position. The bottom-left of Figure 4 represent 
that image and n axes are exist but there is no real axis. The bottom-right of Figure 4 is 
the right orthographic viewpoint for the top-left figure, that is, there exist real and n axes 
but don’t exist image axis. 
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Figure 4: Stacks of fixed points of G\{x) for 1 < n < 6 


We consider G\(x) for x £ C. This polynomial has nine distinct complex numbers, 
a,i(i = 1,2, 3,4, 5,6, 7, 8,9) such that G|(a,;) = a t . We obtain a 1 = — 0.430403, a 2 = 
-0.244653,a 3 = -0.0322871-0.240632^, a 4 = -0.0322871+0.240632i, a 5 = 0.372949, a 6 = 
0.582294,a 7 = 1.36347 - 0.0405081*, a 8 = 1.36347 + 0.0405081*, a 9 = 1.55745. By combin- 
ing Newton’s method in the G^(x) : we have 

{coo : R(x) =x - (G 2 IJy } ■ 

The general expectation is a typical orbit {i?(x)} will converge to one of the fixed points 
of Gl(x) for Xq G C. If we choose xq close enough to Oj then it is readily proved that 

lim R(xq) = a,i, for i = 1, 2, 3, 4, 5, 6, 7, 8, 9. 

n— >-oo 

Given a point Xq in the complex plane, we want to find out if the orbit of Xq under the 
action of R(x) does or does not converge to one of the fixed points, and if so, which one. 
When R(x) is applied to xq, the orbit of Xq under the action of R(x ) is calculated until 
the absolute value of the last 2 iterations differs by an amount less than 1CT 6 , or until 30 
iteration have been carried out. 
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The Figure 5 is the last orbit value calculated. We construct a function which as- 
signs one of nine colors to each point in the plane, according to the outcome of R. 
We allocate the red, violet, yellow, skyblue, green, ocher, blue, navy blue, or gray to 
Xo if its orbit converges to —0.430403, —0.244653, —0.0322871 — 0.240632*, —0.0322871 + 
0.240632*, 0.372949, 0.582294, 1.36347 - 0.0405081*, 1.36347 + 0.040508H, 1.55745, respec- 
tively. We make the range which is {(x, y ) : —4 < x < 4, —4 < y < 4}. For example, the 
red region represents part of the attracting basin of c*i = —0.430403 



Figure 5: Orbit of Xq under the action of R for G\(x) 


The Figure 6 express the coloring of the next Figure 7. Points which escape after 1 to 
30 iterations are colored red to green. 



O 5 10 15 20 25 30 


Figure 6: Palette for escaping points 


In the Figure 7, the above-mentioned rapid change can be illustrated by applying the 
three-dimensional structure to the escape-time function. We consturct the range of left 
figure which is {(x,y) : —3 < x < 3,-3 < y < 3} and the range of right figure which is 
{( x,y ) : —4 < x < 4, —4 < y < 4}. From this figure, we can see the same color regions 
which are the orbit of point, z$, approached an one of fixed points at the equivalent iterated 
step. 
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Figure 7: Escape-time map of R(x) for G\{x ) 
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ADDITIVE p-FUNCTIONAL EQUATIONS 

CHOONKIL PARK AND SUN YOUNG JANG* 

Abstract. In this paper, we solve the additive p-functional equations 

f( x + y)~ f(x) - f(y) = p(%f - f( x )~ f(y)J > (O- 1 ) 

2/ - /W - /(y) = P ( f(x + y) ~ fix ) - f ( y )) , (0.2) 

where p is a fixed non- Archimedean number or a fixed real or complex number with 
P V 1- 

Using the direct method, we prove the Hyers-Ulam stability of the additive p- 
functional equations (0.1) and (0.2) in non-Archimedean Banach spaces and in Ba- 
nach spaces. 


1. Introduction and preliminaries 

A valuation is a function | • | from a field K into [0, oo) such that 0 is the unique 
element having the 0 valuation, |rs| = |r| • |s| and the triangle inequality holds, i.e., 

\r + s\ < |r| + |s|, Vr, s G K. 

A field K is called a valued field if K carries a valuation. The usual absolute values of 
M and C are examples of valuations. 

Let us consider a valuation which satisfies a stronger condition than the triangle 
inequality. If the triangle inequality is replaced by 

|r + s\ < max{|r|, |s|}, Vr, s G K, 

then the function | • | is called a non-Archimedean valuation , and the field is called 
a noil- Archimedean field. Clearly 1 1 1 = | — 1 1 = 1 and \n\ < 1 for all n G N. A trivial 
example of a non-Archimedean valuation is the function | • | taking everything except 
for 0 into 1 and |0| =0. 

Throughout this paper, we assume that the base field is a non-Archimedean field, 
hence call it simply a field. 

2010 Mathematics Subject Classification. Primary 46S10, 39B62, 39B52, 47S10, 12J25. 

Key words and phrases. Hyers-Ulam stability; additive /9-functional equation; non-Archimedean 
normed space; Banach space. 
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Definition 1.1. ([12]) Let X be a vector space over a field K with a non- Archimedean 
valuation | • |. A function || • || : A" — > [0, oo) is said to be a non- Archimedean norm 
if it satisfies the following conditions: 

(i) ||a;|| = 0 if and only if x = 0; 

(ii) ||ra;|| = |r|||a;|| (r G K, x G A"); 

(iii) the strong triangle inequality 

\\x + y\\ < max{||x||, \\y\\}, Vx,y G X 
holds. Then (A, || • ||) is called a non- Archimedean normed space. 


Definition 1.2. (i) Let {x n } be a sequence in a non-Archimedean normed space X. 
Then the sequence {x n } is called Cauchy if for a given £ > 0 there is a positive integer 
N such that 

|| J'n || — ^ 


for all n, m > N . 

(ii) Let {x n } be a sequence in a non-Archimedean normed space A". Then the 
sequence { x n } is called convergent if for a given £ > 0 there are a positive integer N 
and an x G A" such that 

||^n — LC || < £ 

for all n > N. Then we call x G X a limit of the sequence {x n }, and denote by 
lim n -Kx> x n = x. 

(iii) If every Cauchy sequence in A converges, then the non-Archimedean normed 
space X is called a non-Archimedean Banach space. 


The stability problem of functional equations originated from a question of Ulam 
[17] concerning the stability of group homomorphisms. 

The functional equation f(x + y) — f(x) + f(y) is called the Cauchy equation. In 
particular, every solution of the Cauchy equation is said to be an additive mapping. 
Hyers [11] gave a first affirmative partial answer to the question of Ulam for Banach 
spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by 
Rassias [15] for linear mappings by considering an unbounded Cauchy difference. A 
generalization of the Rassias theorem was obtained by Gavruta [8] by replacing the 
unbounded Cauchy difference by a general control function in the spirit of Rassias’ 
approach. The functional equation / (' r y' / j = \f(x) + \f(y) is called the Jensen 
equation. See [2, 3, 4, 5, 6, 7, 9, 10, 13, 14, 16, 18] for more information on functional 
equations. 

In Section 2, we solve the additive p- functional equation (0.1) in vector spaces and 
prove the Hyers-Ulam stability of the additive p-functional equation (0.1) in non- 
Archimedean Banach spaces. 
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In Section 3, we solve the additive p- functional equation (0.2) in vector spaces and 
prove the Hyers-Ulam stability of the additive p-functional equation (0.2) in non- 
Archimedean Banach spaces. 

In Section 4, we prove the Hyers-Ulam stability of the additive p-functional equation 
(0.1) in Banach spaces. 

In Section 5, we prove the Hyers-Ulam stability of the additive p-functional equation 
(0.2) in Banach spaces. 

2. Additive p-functional equation (0.1) in non- Archimedean Banach 

spaces 

Throughout Sections 2 and 3, assume that X is a non-Archimedean normed space 
and that Y is a non-Archimedean Banach space. Let |2| ^ 1 and let p be a fixed 
non-Archimedean number with p ^ 1. 

We solve the additive p-functional equation (0.1) in vector spaces. 

Lemma 2.1. Let X and Y be vector spaces. If a mapping f : X — > Y satisfies 

f(x + y)~ f(x) - f(y ) = p (V - f(x) - f(y)^j (2.1) 

for all x, y £ X , then f : X — > Y is additive. 

Proof. Assume that / : X — > Y satisfies (2.1). 

Letting x — y — 0 in (2.1), we get — /( 0) = 0. So /( 0) = 0. 

Letting y = x in (2.1), we get f(2x)—2f(x) = 0 and so /( 2x) = 2 f(x) for all x £ X. 

Thus 

/ (|) = i/M (2.2) 

for all x £ X . 

It follows from (2.1) and (2.2) that 

f{x + y) - f(x) - f(y) = p ( 2 / (^y^) - f(x) ~ /(?/)) 

= p(f(x + y) -f{x) -f(y)) 

and so 

f(x + y) = f(x) + f(y) 

for all x, y £ X. □ 

We prove the Hyers-Ulam stability of the additive p-functional equation (2.1) in 
non-Archimedean Banach spaces. 
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Theorem 2.2. Let <p : X' 2 — >■ [0, oo) be a function and let f : X — > Y be a mapping 
such that 


■= Y l 2 l V 


3 = 1 


if y 
2 j ’ 2d 


< oo, 


(2.3) 


f(x + y)~ f(x) - f(y) - p (V (^Y^j ~ f(x) - f(y) 


< <p{x,y) (2.4) 


for all 1 , 1/6 X. Then there exists a unique additive mapping A : X — > Y such that 


\\f(x) - A(x)\\ < j^i 4>(x, x) 

for all x £ X. 

Proof. Letting y — x in (2.4), we get 

II /( 2 a:) - 2 /(x)|| < tp{x,x) 

for all x £ X. So 

x\\\ . /x y 

, 2 ’ 2 


(2.5) 


( 2 , 6 ) 


/M — 2/ 


< ip 


for all x £ X. Hence 


2 7 (|) - 2 ”7 (: 


< max 

< max 1 1 2 


27(7 - 2 (+ 7 


a; 


x 


(2.7) 


2 ‘ 


Z+l . 


X 


/ ( ^7 ) - 2/ 


x 

2^+i 

a; 


2 i+i 


im-l 


im— 1 


/ f 

yom — i 

/ f 

■' 1 2 m— i 


a; 


2 m f — 

•’ v 2 m 

- 2/(71 


< E |2|V 

3=1 V 


/a: a; 

2 J + 1 ’ 2 - 1+ 1 


for all nonnegative integers m and / with m > l and all x £ X. It follows from (2.7) 
that the sequence {2 k f(ff)} is Cauchy for all x £ X. Since Y is a non- Archimedean 
Banach space, the sequence {2 k f(ff)} converges. So one can define the mapping 
A : X -£ Y by 

;= AY tf ( 7 

for all x £ X. Moreover, letting l = 0 and passing the limit m — > oo in (2.7), we get 
(2.5). 

Now, let T : X — > Y be another additive mapping satisfying (2.5). Then we have 


P7)-77ll = 

< max 


2 q A 

x 

2d 


< 


2 q A 

x 

2d ’ 2i ) ’ 


-27 


2 q T 

x 

2d 


2 q T A ) - 2 «/ 
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which tends to zero as q — » oo for all x G X. So we can conclude that A{x) = T{x) 
for all x G X. This proves the uniqueness of A. 
ft follows from (2.3) and (2.4) that 


A{x + y)~ A(x) - A{y) - p (2A ~ A(x) - A(y)j 



for all x, y G X. So 

A(x + y)~ A{x) - A(y) = p [2 A ~ A(x) - A(y)j 

for all X, y G X. By Lemma 2.1, the mapping A : X — > Y is additive. □ 

Corollary 2.3. Let r < 1 and 6 be nonnegative real numbers, and let f : X — > Y be 
a mapping such that 

f(x + y) - f(x) -f(y) -p ( 2 / (^y^) ~ f( x ) -/(?/)) <0(IMr+IM| r ) ( 2 - 8 ) 

for all x,y G X. Then there exists a unique additive mapping A : X — > Y such that 

2/9 

\\f(x)~A(x)\\<^—^\\x\\ r 

for all x G X. 

Theorem 2.4. Let ip : X 2 — » [0, 00) be a function and let f : X — > Y be a mapping 
satisfying (2.4) and 

OO ^ 

v(x,y) ■= < 00 

3 = 0 

for all x,y G X. Then there exists a unique additive mapping A : X — > Y such that 

\\f(x) - A(x)\\ < ^(x,x) (2.9) 

for all x G X. 

Proof. It follows from (2.6) that 
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for all x G X . Hence 

(2.10) 

< max{||i/ (2V) - X f (2‘+V)|| ,■ ■ ■ , \\X-J (2”-‘z) - Yf (2"V)||} 

- max { w Ik ( 2 ' x ) ■ \ f ( 2 ‘ +I:c ) ’ • ■ • - ]2jMk ■ \ s (2mi) ll } 

OO 1 

< (f(2 j x, 2^x) 

~ U \ 2 \ 3 

for all nonnegative integers m and l with m > l and all x G A". It follows from (2.10) 
that the sequence { ^f(2 n x)} is a Cauchy sequence for all x € X. Since Y is complete, 
the sequence {^f(2 n x)} converges. So one can define the mapping A : X — > Y by 

A(x) := lim — /( 2 n x) 

for all x G X. Moreover, letting / = 0 and passing the limit m — > oo in (2.10), we get 
(2.9). 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.5. Let r > 1 and 9 be nonnegative real numbers, and let f : X — > Y be 
a mapping satisfying (2.8). Then there exists a unique additive mapping h : X — > Y 
such that 

O fj 

lim - h (x)\\ < 

for all x G X. 

3. Additive p-functional equation (0.2) in non- Archimedean Banach 

spaces 

We solve the additive p-functional equation (0.2) in vector spaces. 

Lemma 3.1. Let X and Y be vector spaces. If a mapping f : X — > Y satisfis /( 0) = 0 
and 

2 / (-up) - f ( x ) - f(v) = p ( f( x + v)~ f ( x ) - f(y)) (3- 1 ) 

for all x, y G X , then f : X — > Y is additive. 

Proof. Assume that / : X — > Y satisfies (3.1). 

Letting y — 0 in (3.1), we get 

2/ (|) - /M = 0 (3.2) 

and so /(f) = |/(t) for all x G X . 
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It follows from (3.1) and (3.2) that 

f(x + y) - f(x) -f(y) = 2/ (~y^) - f( x ) - f(y) 

= p{f(x + y) **J(x) -f(y)) 

and so 

f(x + y) = f(x) + f(y) 

for all x, y G X. □ 

Now, we prove the Hyers-Ulam stability of the additive p- functional equation (3.1) 
in non- Archimedean Banach spaces. 

Theorem 3.2. Let <p : X 2 — > [0, oo) be a function and let f : X — > Y be a mapping 
satisfying /( 0) = 0 and 

^(x,y) : =£l 2 iv(|f, < oo, 

2 f (~y^) ~f( x ) ~ f(y) -p(f( x + y) -f( x ) -f(y)) < <p(x,y) (3.3) 

for all x,y e X. Then there exists a unique additive mapping A : X — > Y such that 

\\f(x) - A(x)|| < ^(x,0) (3.4) 


for all x G X . 


Proof. Letting y — 0 in (3.3), we get 

/(a;) -2/(0 = 2/(0-/(x) < ip(x, 0) (3.5) 

for all x E X. So 



for all nonnegative integers m and l with m > l and all x G X. It follows from (3.6) 
that the sequence {2 k f(ff)} is Cauchy for all x e X. Since Y is a non- Archimedean 
Banach space, the sequence {2 k f(§,)} converges. So one can define the mapping 
A : X ->■ Y by 
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for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (3.6), we get 
(3.4). 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 3.3. Let r < 1 and 6 be nonnegative real numbers, and let f : X — > Y be 
a mapping satisfying /( 0 ) = 0 and 

- f( x )^ f(y) - p(f( x + y) -f( x ) < 0(IMI r + IMD (3-7) 

for all 1 , 1/6 X. Then there exists a unique additive mapping A : X — > Y such that 

ii/w-^)ii< JTT|iixir 

for all i 6 I. 

Theorem 3.4. Let tp : X 2 —6 [0, oo) be a function and let f : X — > Y be a mapping 
satisfying /( 0) = 0, (3.3) and 

OO ^ 

V(x,y) ■= E t^-^( 2 j x, Xy) < oo 

3 = 1 ^ 

for all x,y G X. Then there exists a unique additive mapping A : X — > Y such that 

\\f(x) - A(z)|| < tf(x,0) (3.8) 

for all i 6 I. 

Proof. It follows from (3.5) that 

<-Lm(2x,0) 

for all x G X. Hence 

|4/(2V) - 4-/(2”*)! (3 ' 9) 

< max)! 4/ (2‘*) - Xf (2«*)|| , ■ ■ • , X-J (2- 1 *) - 4 -/ (2”*)||} 

- max { w Ik f 2 '*) ■ ^ ( 2 ' +l1 ) II • " ■ ’ ^f 1 Ik ( 2 ”" l;i ) - l f (2 ”‘4|| } 

OO 1 

< E o) 

3 = 1 + 1 I 2 1 

for all nonnegative integers m and l with m > l and all x G A". It follows from (3.10) 
that the sequence { Xf(2 n x)} is a Cauchy sequence for all x G X. Since Y is complete, 
the sequence {Xf(2 n x)} converges. So one can define the mapping A : X — > Y by 

A(x) := lim — /( 2 n x) 

K ’ n=>oo 2 n K 
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for all x G X. Moreover, letting / = 0 and passing the limit m — >■ oo in (3.10), we get 
(3.9). 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 3.5. Let r > 1 and 9 be positive real numbers, and let f : X — > Y be a 
mapping satisfying /( 0) = 0 and (3.7). Then there exists a unique additive mapping 
A : X —> Y such that 

ii f(x) - 4(z)ii < | 2 ^ * > ir 

for all x G X. 

4. Additive p-functional equation (0.1) in Banach spaces 

Throughout Sections 4 and 5, assume that X is a normed space and that Y is a 
Banach space. Let p be a fixed real or complex number with p ^ 1. 

We prove the Hyers-Ulam stability of the additive p- functional equation (2.1) in 
Banach spaces. 

Theorem 4.1. Let <p : X 2 — > [0, oo) be a function and let f : X — > Y be a mapping 
such that 

y( x ,y) ■= < oo, (4.i) 

f(x + y) -f(x) - f{y) -p(2f -f(x) -/(?/)) < <p(x,y) (4.2) 

for all x,y G X. Then there exists a unique additive mapping A : X — > Y such that 

\\f(x) - A(x)\\ <^(x,x) (4.3) 

for all x & X. 

Proof. Letting y = x in (4.2), we get 

11/(2®) - 2/(x)|| < <p(x,x) (4.4) 

for all iGl. So 



for all x G X. Hence 
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for all nonnegative integers m and l with m > l and all x G X. It follows from (4.5) 
that the sequence {2 fc /( J^)} is Cauchy for all x G X. Since Y is a Banach space, the 
sequence {2 k f(fk)} converges. So one can define the mapping A : X — >■ Y by 


A(x) .= Hm 2 V (A) 


for all x G X. Moreover, letting l = 0 and passing the limit m — >■ oo in (4.5), we get 
(4,3). 

Now, let T : X — >■ Y be another additive mapping satisfying (4.3). Then we have 


HVn-r(*)ll = |2M (A)-2-r(g) 


< 2 q A 


< 2 q A , 

V29’2 iJ 


+ 2 9 T 


which tends to zero as q — » oo for all a: G X. So we can conclude that A (a;) = T(x) 
for all x G X. This proves the uniqueness of A. 

It follows from (4.1) and (4.2) that 


A(x Ay)- A(x) - A(y) - p ( 2 A - A ( x ) ~ A (v) 


= & | 2 " (/ (^) - / © - / (|) - p (2/ ) - / © - / (| 

< lim 2 n <p(—,—) =0 
— n— >oo ^ \2 n 2 n J 


for all x, y G X. So 


-4(x + y) - -4(x) - A(y) = p [ 2 A (yy ) ~ A ( x ) ~ A (y) 


for all 1 , 1 /G X. By Lemma 2.1, the mapping A : X — » Y is additive. 


Corollary 4.2. Let r > 1 and 6 be nonnegative real numbers, and let f : X — y Y be 
a mapping such that 

f(x + y) ^ f(x) -f(y) ~P ( 2 / ~f(x) «/(?/)) < 0(IM| r + lls/ID ( 4 - 6 ) 

for all x,y G X. Then there exists a unique additive mapping A : X — >• Y snch that 

2/9 

n/(x)-Yi(x)ii< y^Nr 

for all x G X. 
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Theorem 4.3. Let <p : X' 2 — » [0, oo) be a function and let f : X — > Y be a mapping 
satisfying (4.2) and 

OO 1 

y) ■■= Y 2J y ) < 00 

j= 0 z 

for all x,y G X. Then there exists a unique additive mapping A : X — > Y such that 

\\f(x) - A(x)\\ <^(x,x) (4.7) 

for all x G X. 

Proof. It follows from (4.4) that 
for all x G X. Hence 

1 -i m— 1 -1 -1 

5 /(2'x) - -/(2-x) < E 

j=l 

m— 1 -1 

^ E (4.8) 

for all nonnegative integers m and l with m > l and all x G X. It follows from (4.8) 
that the sequence {^f(2 n x)} is a Cauchy sequence for all x e X. Since X is complete, 
the sequence {A;f(2 n x)} converges. So one can define the mapping A : X — y Y by 

A(x) := lim — /( 2 n x) 

v 1 n— >00 2 n v y 

for all x G X. Moreover, letting l = 0 and passing the limit m — > 00 in (4.8), we get 
(4.7). 

The rest of the proof is similar to the proof of Theorem 4.1. □ 

Corollary 4.4. Let r < 1 and 6 be nonnegative real numbers, and let f : X — > Y be 
a mapping satisfying (4.6). Then there exists a unique additive mapping A : X — >• Y 
such that 

2 # 

\\m - a(x)\\ < ^-^wxr 

for all x G X . 

5. Additive p-functional equation (0.2) in Banach spaces 

In this section, we prove the Hyers-Ulam stability of the additive p-functional equa- 
tion (3.1) in Banach spaces. 
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Theorem 5.1. Let cp : X 2 — » [0, oo) be a function and let f : X — > Y be a mapping 
satisfying /( 0) = 0 and 

■= £ 2 ^(|rfi) < oo, 

if - f( x ) - f(y) ^ p(f( x + y) - f( x ) - f(y)) < <p(x,y) (5.1) 

for all x,y G X. T/ien f/iere exists a unique additive mapping A : X — > Y such that 

\\f(x) - A(x)\\ (5.2) 

for all x G X. 

Proof. Letting y — 0 in (5.1), we get 

/(^)- 2 /(|) = 2 / (|) - /(-) ( 5 - 3 ) 

for all x E X. So 



for all nonnegative integers m and l with m > l and all x G X. It follows from (5.4) 
that the sequence {2 fc /( J^)} is Cauchy for all x e X. Since Y is a Banach space, the 
sequence {2 k f(ff)} converges. So one can define the mapping A : X — > Y by 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (5.4), we get 
(5.2). 

The rest of the proof is similar to the proof of Theorem 4.1. □ 

Corollary 5.2. Let r > 1 and 6 be nonnegative real numbers, and let f : X — >• Y be 
a mapping satisfying /( 0) = 0 and 

if - f( x )'^ f( y ) - p(f( x + y) - f( x ) -f(y)) <0(IMr + ||j/|| r ) ( 5 - 5 ) 

for all x,y G X. Then there exists a unique additive mapping A : X — > Y such that 

\\f(x) - A(x)\\ < fTL\\x\r 

for all x G X. 
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Theorem 5.3. Let tp : X 2 — > [0, oo) be a function and let f : X — > Y be a mapping 
satisfying /( 0) = 0, (5.1) and 

OO 2 

y) ■= Y 2J y) < 00 

i=i z 

for all x,y G A". Then there exists a unique additive mapping A : X — > Y such that 

\\f(x) - A(z)|| < ^(x,0) (5.6) 

for all x E X. 

Proof. It follows from (5.3) that 

f(x)-\f( 2 x) < l<p(2x, 0) 

for all x E X. Hence 

1 1 m 1 1 

m > x) - S (2- X ) < Y. yf (2V) - (V» x ) 

3=1 + 1 

m 1 

£ E tY 2 ’*' °) < 57 > 

j. 1 + 1 1 

for all nonnegative integers m and l with m > l and all x e X. It follows from (5.7) 
that the sequence {^f(2 n x)} is a Cauchy sequence for all x e X. Since Y is complete, 
the sequence {^f( 2 n x)} converges. So one can define the mapping A : X — > Y by 

A(x) := lim — /( 2 n x) 

v ’ n=f 00 2 n v 

for all x G X. Moreover, letting l = 0 and passing the limit m — > 00 in (5.7), we get 
(5.6). 

The rest of the proof is similar to the proof of Theorem 4.1. □ 

Corollary 5.4. Let r < 1 and 6 be positive real numbers, and let f : X — > Y be a 
mapping satisfying /( 0) = 0 and (5.5). Then there exists a unique additive mapping 
A : X — >• Y such that 

\\f(x) - A(x)\\ < 

for all x & X. 

Acknowledgments 

S. Y. Jang was supported by University of Ulsan, Research Program 2014. 


1047 


CHOONKIL PARK et al 1035-1048 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO. 6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


14 C. PARK AND S. Y. JANG 

References 

[1] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan 2 
(1950), 64-66. 

[2] A. Bahyrycz and M. Piszczek, Hyperstability of the Jensen functional equation, Acta Math. 
Hungar. 142 (2014), 353-365. 

[3] M. Balcerowski, On the functional equations related to a problem of Z. Boros and Z. Daroczy, 
Acta Math. Hungar. 138 (2013), 329-340. 

[4] A. Chahbi and N. Bounader, On the generalized stability of d’Alembert functional equation, J. 
Nonlinear Sci. Appl. 6 (2013), 198-204. 

[5] Z. Daroczy and Gy. Maksa, A functional equation involving comparable weighted quasi- arithmetic 
means, Acta Math. Hungar. 138 (2013), 147-155. 

[6] G. Z. Eskandani and P. Gavruta, Hyers-Ulam-Rassias stability of pexiderized Cauchy functional 
equation in 2-Banach spaces, J. Nonlinear Sci. Appl. 5 (2012), 459-465. 

[7] W. Fechner, On some functional inequalities related to the logarithmic mean, Acta Math. Hungar. 
128 (2010), 31-45. 

[8] P. Gavruta, A generalization of the Hyers- Ulam-Rassias stability of approximately additive map- 
pings, J. Math. Anal. Appl. 184 (1994), 431-43. 

[9] A. Gilanyi, Eine zur Parallelogrammgleichung aquivalente Ungleichung, Aequationes Math. 62 
(2001), 303-309. 

[10] A. Gilanyi, On a problem by K. Nikodem, Math. Inequal. Appl. 5 (2002), 707 710. 

[11] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. U.S.A. 27 
(1941), 222-224. 

[12] M.S. Moslehian and Gh. Sadeghi, A Mazur-Ulam theorem in non- Archimedean normed spaces, 
Nonlinear Anal.-TMA 69 (2008), 3405-3408. 

[13] C. Park, Orthogonal stability of a cubic-quartic functional equation, J. Nonlinear Sci. Appl. 5 
(2012), 28-36. 

[14] W. Prager and J. Schwaiger, A system of two inhomogeneous linear functional equations, Acta 
Math. Hungar. 140 (2013), 377-406. 

[15] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Arner. Math. Soc. 
72 (1978), 297-300. 

[16] K. Ravi, E. Thandapani and B. V. Sentlril Kumar, Solution and stability of a reciprocal type 
functional equation in several variables, J. Nonlinear Sci. Appl. 7 (2014), 18-27. 

[17] S. M. Ularn, A Collection of the Mathematical Problems, Interscience Publ. New York, 1960. 

[18] C. Zaharia, On the probabilistic stability of the monomial functional equation, J. Nonlinear Sci. 
Appl. 6 (2013), 51-59. 

Choonkil Park 

Research Institute for Natural Sciences 

Hanyang University 

Seoul 04763 

Republic of Korea 

E-mail address', baak@hanyang.ac.kr 

Sun Young Jang 

Department of Mathematics 

University of Ulsan 

Ulsan 44610 

Republic of Korea 

E-mail address'. jsym@ulsan.ac.kr 


1048 


CHOONKIL PARK et al 1035-1048 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


HYPERSTABILITY OF A GENERALIZED CAUCHY FUNCTIONAL 

EQUATION 

ABBAS NAJATI, DARYOUSH MOLAEE, AND CHOONKIL PARK 


Abstract. The aim of this paper is to present some results concerning the hyperstability of 
the generalized Cauchy functional equation 

f(ax + by) = Af[x) + Bf(y) + C 

Namely, we show, under some assumptions, that a function satisfying the equation approxi- 
mately must be actually a solution to it. 


1. Introduction and preliminaries 

Throughout the paper F and K denote the fields of real or complex numbers. Let X and Y 
be linear spaces over F and K, respectively. In this paper we give some hyperstability results 
for the generalized Cauchy functional equation 

f(ax + by) = Af(x) + Bf(y) + C (1.1) 

where / : X -A Y and a, b e F\{0}, A, B G IK, C € Y. In [10], Piszczek proved the hyp erst ability 
of the generalized Cauchy functional equation (1.1). 

Theorem 1.1. [10] Let X be a normed space over a field F , Y be a Banach space over K, 
a, b € F \ {0}, A, B € K,p < 0 and g : X — > Y satisfy 

II g(ax + by) - Ag(x ) - Bg(y ) || ^ e(||x|| p + ||y|| p ) 

for all x, y € X \ {0}. Then g satisfies 

g(ax + by) = Ag(x) + Bg(y) 

for all x,y G X \ {0}. 

The method of the proof used in Theorem 1.1 is based on a fixed point theorem in [3]. 
Let us recall that the study of stability problems of functional equations was motivated by 
a question of Ularn [15] asked in 1940. The first result of stability proved by Hyers [6] in 
1941. For more details about various results concerning such problems the reader is referred 
to [4, 5, 8, 9, 11, 12, 13, 14]. 

It seems the first hyperstability result was published in [1] and concerned ring homomor- 
phisrns. However the term hyperstability was used for the first time in [7]. 
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2. Hyperstability results 

In this part, we will prove a general version of Theorem 1.1. Let us start with a result. A 
version of the next result was proved in [2], But we give another simple proof. 

Proposition 2.1. Assume that X and y are linear spaces over F and K, respectively. Let 
a, 6 G F \ {0}, A, B G 5C, C G Y and f : X — >• y satisfy 

f (ax + by) = Af (x) + Bf (y) + C (2.1) 

for all x, y € X \ {0}. Then f satisfies f(ax + by) = Af(x) + Bf(y) + C for all x, y G X . 

Proof. Let x £ X \ {0}. Then in view of (2.1), we get 

/( 0) = Af(bx) + Bf(-ax) + C 

= A\Af(2a~ 1 bx) + Bf(-x ) + c\ + B [a/(— 2z) + Bf{ab~ l x ) + c\ + C 

= A\Af(2a~ 1 bx) + Bf(-2x) + c\ + B U/(-x) + Bf{ab~ l x) + c\ + C 
= Af (0) + Bf (0) + C. 

Therefore we have 

f(0) = Af(bx) + Bf(-ax) + C (2.2) 

for all x G X. Consequently, by (2.1) and (2.2), we get 

f(2a 2 bx) = Af(abx + b 2 y) + Bf(a 2 x — aby) + C 

= A [Af(bx) + Bf(by ) + C\ + B [a/(os) + Bf(-ay) + c] + C 

= A [Af(bx) + Bf(by) + C] + B [ Af(ax ) + /(0) - A/(ty)] + C 

= A\Af(bx) + Bf(ax) + C\ + Bf( 0) + C 
= Af{2abx) + £/(0) + C 

Hence f(2a 2 bx) = Af(2abx ) + Bf{ 0) + (7 for all x G A \ {0}. Replacing x by (2 ab)~ 1 x, we 
infer that f{ax ) = Af(x) + Bf( 0) + C' holds for x € X by (2.2). Similarly, one can prove 

that f(by) = Af( 0) + Bf(y) + C holds for y G X . Thus we have proved that / satisfies 

f(ax + fry) = Af(x) + Bf(y ) + C for all x, y G X. □ 

In the following results we assume that A is a vector space over F and Y is a normed space 

over K. 

Theorem 2.2. Let a, 6 G F \ {0} and : X x X — »• [0, +oo) 6e a function such that 

lim Lp(a~ l (m. + l)x, — b~ l mx) = 0, lim ip(mx,my) = 0 (2.3) 

m— >• oo m— >■ oo 

for all x , y & X \ {0}. Let A, B G K, C G T and f : X -A V satisfy 

II f(ax + 6y) - A/(x) - Bf{y) - C\\ ^ <^(x, y) (2.4) 

/or all x,y € X \ {0}. T/ien / satisfies 

f(ax + by) = Af(x) + Bf(y) + C, (2.5) 

/or all x, y G A. Moreover, 

(A + B)f(0) = Af(x) + Bf(-ab~ 1 x) (2.6) 
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for all x £ X . 

Proof. Replacing x by a -1 (m + l)x and y by — b~ l mx in (2.4), we get 

f(x) — Af(a~ 1 (m + l)x) — Bf(—b~ 1 mx) — C ^ + l)x, — b~ 1 mx), (2.7) 

for all x £ X \ {0} and positive integers m. Letting m — > oo in (2.7) and using (2.3), we obtain 
fix) = lim Af{a~ 1 (m + l)x) + Bf{—b~ l mx ) + C (2.8) 

m— >oc L 

for all x € X \ {0}. If x £ X \ {0}, then we get from (2.3) and (2.8) 

| (71 + B)f{ 0) - Af{x) - Bfi-ab-'x) | 

= lim (H + L>)/(0) — A 2 f{a~ l (m + l)x) — ABf(— b~ 1 mx) — AC 

m— >oo 

— ABf(— 6 _1 (m + l)x) — B 2 f(ab~ 2 mx) — BC 
^ |H| lim /(0) — vl/(a _1 (m + l)x) — Bf{— b~ l {m + l)x) — C 

m— >• oo 

+ |f?| lim /( 0) — Af(—b~ 1 mx) — Bf(ab~ 2 m,x ) — C 

m— >-oo 

^ |.A| lim 92 (o _1 (m + l)x, — 6 _1 (m + l)x) + |L>| lim ip(—b~ 1 mx,ab~ 2 mx) = 0. 

m— >co m— >oo 

Hence we get 

(A + B)f( 0) = H/(x) + Bf(-ab~ l x) 
for all x £ X. If we replace x by 6mx and y by —amx in (2.4), we get 

/(0) — Af(bmx) — Bf(—amx) — (7|| ^ ip(bm.x, —amx), (2.9) 

for all x £ X \ {0} and positive integers m. Thus 

/( 0) = lim Af(bmx) + Bf{—amx) + C (2-10) 

m— >oo L 

for all x £ X \ {0}. Replacing x by bmx in (2.9) and letting m — >■ oo, we get from (2.10) 

(l-A-B)f(0) = C. 

Therefore (2.8) holds for all x £ X. 

To prove (2.5), let x, y £ X \ {0}. Then 

|| /(ax + by) — Af(x) — Bf(y) — C\\ 

= lim Af(a~ 1 (m + l)(ax + by)) + Bf(—b~ 1 m(ax + by)) 

m— >oo 

— A 2 f(a^ 1 (m + l)x) — ABf(—b~ l mx) — AC 
— ABf(a~ 1 (m + 1 )y) — B 2 f{—b~ l my) — BC 

^ |H| lim f(a^ 1 (m + l)(ax + by)) — Af(a~ 1 {m + l)x) — Bf(a~ 1 (m + l)y) — C 

m— >oo 

+ \B\ lim f(—b~ 1 m(ax + by)) — Af(—b~ 1 mx) — Bf(—b~ 1 my) — C 

m— >oo 

^ |H| lim + l)x, — a~ l {m + l)y) + \B\ lim <p(— b~ l mx, — b~ l my) = 0. 

m — >oo m — »oo 
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Therefore / satisfies (2.5) for all x, y G X \ {0}. Hence / satisfies (2.5) for all x,y £ X by 
Proposition 2.1. □ 

Remark 2.3. If / satisfies (2.4) with A + B = 1, then (7 = 0 and / satisfies f{ax + by) = 
Af(x) + Bf(y ) for all x, y G X. 

When X is a norrned linear space, Theorem 1.1 is a corollary of Theorem 2.2. In the following 
results, we assume that X and Y are norrned linear spaces. 

Corollary 2.4. Let e > 0 and p, q < 0. //«,i) 6 F \ {0}, A, B G K, C G Y and f : X — >■ Y 
satisfies 

\\f(ax + by) - Af(x) - Bf(y ) - <7|| ^ e(||x|| p + ||y|H 
for all x,y G X \ {0}. Then f satisfies (2.5) and (2.6) for all x,y E X . 

Corollary 2.5. Let e > 0 andp,q be real numbers such that p + q <0. If a, b E F\{0},H, B E 
IjCgY and f : X -A Y satisfies 

II f(ax + by) - Af(x) - Bf(y) - <7|| ^ £||x|| p ||y|| 9 
for all x, y E X \ {0}. Then f satisfies (2.5) and (2.6) for all x,y G X . 

Corollary 2.6. Let 5, e 0, p, q < 0 and l, r, s be real numbers such that l > 0 and r + s < 0. 
If a, b € ¥\ {0}, A, B 6 K, C € Y and f : X — >■ Y satisfies 

II f(ax + by) - Af(x) - Bf(y) - <7|| ^ e(||x||P + | \y\\ q ) 1 + <5||x|n|i/|| s 
for all x,y G X \ {0}. Then f satisfies (2.5) and (2.6) for all x,y G X . 


Corollary 2.7. Let 0, 6, e ^ 0, p, q < 0 and r,s be real numbers such that r + s < 0. If 
a,b £F\ {0}, A,BEK,CeY and f : X — >■ Y satisfies 

II f{ax + by) - Af(x) - Bf(y) - C\\ ^ e||x + y\\ p + <J||x - y\\ q + 0\\x\\ r ||y|| s (2.11) 

for all x,y G X \ {0} with x ± y ^ 0. Then we have 

(■ i ) if a / ±6, then f satisfies (2.5) and (2.6) for all x,y G X; 

( ii ) if a = ±b and A,B G K\{0}, then f satisfies (2.5) for all x,y G X\{0} with x±y 0. 


Proof. Let <p(x,y) = ||x + y\\ p + <5||x — y\\ q + 9\\x\\ r ||y|| s . If a ^ ±b, then satisfies (2.3). 
Therefore the result follows from Theorem 2.2. If a = ±6, then (2.11) implies that 

Af(x) = lim /((a + bm)x) — Bfimx) — C 

m— >oo L 

for all x G X \ {0}. Therefore 

I /(ax + by) - Af(x) - Bf(y) - C 


= \A\ 


-l 


lim 

m— >og 


f((a + bm)(ax + by)) — Bf(m(ax + by)) — C 
— Af{(a + bm)x) + ABf(mx) — Bf((a + bm)y) + B 2 f(my) + BC 


lim 

m— >oo 


< i^r 1 

in- 

+ IHHHI- 1 


/((a + bm)(ax + by)) — Af((a + bm)x) — Bf{(a + bm)y) — C 


lim 

m— >oo 


| f(m(ax + by)) — Af(mx) — Bf(my) — C 
^ \A\- X lim (p ((a + bm)x, (a + bm)y) + |H||H| _1 lim < p(mx,my ) = 0. 

m— >oo m— too 

Hence f(ax + by) = Af(x) + Bf(y) + C for all x, y G X \ {0} with x±y 0. 


□ 
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In the next result we will derive from Theorem 2.2 a hyperstability result for the inhomoge- 
neous version of the generalized Cauchy functional equation. 

Theorem 2.8. Let a, 6 G F \ {0}, A,BgK and <p : X x X -A [0, +oo) be a function satisfy 
(2.3) for all x,y G X \ {0}. Assume that d : X x X -A Y and f : X —>Y satisfy the inequality 

\\f(ax + by)-Af(x)-Bf(y)-d(x,y)\\ ^ <p(x,y) (2.12) 

for all x, y G X \ {0}. If the functional equation 

g(ax + by) = Ag(x) + Bg(y) + d(x, y), x,y e X (2.13) 

has a solution /o : X — > Y, then f is a solution to (2.13). 

Proof. It follows from (2.12) that h := f — /o satisfies (2.4) with (7 = 0. Consequently, 
Theorem 2.2 implies that h is a solution to (2.5) with (7 = 0, which means that f is a solution 
to (2.13). □ 

In the following results, we assume that a, b G F\ {0}, A, B G K, X and Y are norrned linear 
spaces. 

Corollary 2.9. Let e > 0 and p, q < 0. Assume that d : X x X -A Y and f : X -A Y satisfy 

II f(ax + by) - Af(x) - Bf(y ) - d(x,y)\\ ^ e(||x|| p + ||y|H 

for all x, y G X \ {0}. If the functional equation (2.13) has a solution /o : X Y, then f is a 
solution to (2.13). 

Corollary 2.10. Let e > 0 and p,q be real numbers such that p + q < 0. Assume that 
d : X x X — > Y and f : X -A T satisfy 

|| f(ax + by) - Af(x) - Bf(y) - d(x,y ) || ^ e||x|| p ||y|| <? 

for all x,y G X \ {0}. If the functional equation (2.13) has a solution /q : X — > Y, then f is a 
solution to (2.13). 

Corollary 2.11. Let 6, e ^ 0, p, q < 0 and l,r,s be real numbers such that l > 0 and r + s < 0. 
Assume that d : X x X — > Y and f : X Y satisfy 

|| f(ax + by) - Af(x) - Bf(y) - d(x,y ) || ^ £(|M| P + \\y\\ q ) 1 + <5||ai|| r ||y|| s 

for all x, y G X \ {0}. If the functional equation (2.13) has a solution /o : X — t Y, then f is a 
solution to (2.13). 

Corollary 2.12. Let 9,5,e ^ 0, p,q < 0 and r, s be real numbers such that r + s < 0. Assume 
that the functional equation (2.13) has a solution fo : X — > Y . Let d : X x X — > Y and 
f : X Y satisfy 

II f{ax + by) - Af(x) - Bf{y) - d(x,y ) || ^ e\\x + y\\ p + 5\\x - y\\ q + 9\\x\\ r \\y\\ s 

for all x,y G X \ {0} with x ±y 0. Then we have 

(i) if a / ±b, then f satisfies (2.13) for all x, y G X; 

( ii ) if a = ±6 and A, B G K\{0}, then f satisfies (2.13) for all x,y G 7f\{0} with x±y / 0. 
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Abstract 

An optimal control method for cholera epidemic with time delay is developed in this 
paper. We first explore the local stability of both the disease-free and endemic equi- 
libria of ODE model by analyzing the corresponding characteristic equations, whose 
global stability is established by constructing two suitable Lyapunov functionals. Fur- 
thermore, in order to, we use optimal control theory via the Pontryagin’s Maximum 
Principle and genetic algorithm based on the forward and backward difference approx- 
imation to minimize the infected populations and the costs. Numerical simulations 
demonstrate that the time delay and multiple optimal controls can bring different 
effects on the dynamics behaviors of the proposed cholera model. 

Cholera; optimal control; time delay; global asymptotical stability; Pontryagin’s Maximum 

Principle. 


1 Introduction 

Cholera, a waterborne gastroenteric infection, caused by a number of types of Vibrio cholerae, 
remains a significant threat to public health for most of the developing countries in the past 
few years. Since 1961, cholera has become an acute disease throughout the world, according 
to the World Health Organization (WHO) report (2010), with an estimated 3-5 million cases 
worldwide and causes 58,000-130,000 deaths a year, children and the senior are being most 
affected. It was found in Congo (2008), in Iraq (2008), in Zimbabwe (2008-2009), in Viet- 
nam (2009), in Kenya (2010), in Nigeria (2010), in Haiti (2010), in Mexico (2013), and most 
recently in South Sudan (2014). In the last few decades, enormous attention is being paid to 
the cholera disease and a number of mathematical models have been contributed to a better 
understanding of the transmission of cholera. In 2001, Codego [1] put an emphasis on the 
decisive importance of the environmental component and proposed a SIRB epidemic model 
in which B represents the V. cholerae concentration in water. Meanwhile, according to the 
laboratory results, Hartley Morris and Smith [2] in 2006 discovered a representitive hyperin- 
fectious state of the pathogen-the explosive infectivity of freshly shed V. cholerae. Tien and 
Earn later [3] proposed a water-borne disease model with multiple transmission pathways, 
accounting both direct human-to-human and indirect water-to-hnman transmissions, they 
identified how these transmission routes influence disease dynamics. Mukandavire et al. [4] 
in 2011 simplified Hartley’s model to understand transmission dynamics of cholera outbreak 
in Zimbabwe. Liao and Wang [5] conducted a dynamical analysis of the Hartley’s model 
to study the stability of both the disease-free and endemic equilibria so as to explore the 
complex epidemic and endemic dynamics of the disease. 
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These epidemiological models above often take the form of a system of ordinary differen- 
tial equations and ignore the time delay by assuming that the infectious process is instanta- 
neous. However, it may make these models more biologically reasonable and mathematically 
challenging to consider incorporating suitable delay terms. Time delay plays an important 
role to reflect the real dynamical behaviors of models, many researchers have proposed and 
analyzed more realistic models including delays to model different mechanisms in the dynam- 
ics of epidemics. Wei et al. [6] considered a differential delay model of a vector-borne disease 
which has direct mode of transmission in addition to the vector-mediated transmission. The 
delay in their model accounts for the incubation time the vectors need to become infectious. 
They studied the effect of that delay on the stability of the equilibria and investigated that 
the introduction of a time delay in the host-to-vector transmission term can destabilize the 
system. McCluskey [7] in 2010 studied two SIRS models with distributed delay and with 
discrete delay, respectively. They solved the global stability of the endemic equilibrium for 
larger delay when Rq > 1. Misra et al. [8] in 2012 proposed a delay model to explore the 
dynamics of water borne diseases like cholera by using disinfectants to control the disease. 
Their analysis showed that under certain conditions, the cholera disease can be controlled by 
using disinfectants but a longer delay in their use may destabilize the system. Misra et al. [9] 
in 2013 analyzed a nonlinear delay mathematical model for the control of carrier-dependent 
infectious diseases, they suggested that as delay in using insecticides exceeds some critical 
value, the system loses its stability and Hopf-bifurcation occurs. Wang and Wei [10] inves- 
tigated the global dynamics of a cholera model with delay to demonstrate the impact of the 
time lag. 

Optimal control method [11] as a powerful tool has been applied to control various kinds 
of diseases [12-16]. Sunmi et al. [17] in 2010 studied a model for the transmission dynamics of 
influenza to evaluate the impact of isolation and/or antiviral drug delivery measures. They 
compared five control strategies to show the optimal control strategy involving antiviral 
treatment and/or isolation measures can reduce significantly the number of clinical cases 
of influenza. Ding et al. [18] studied the control problem of maximizing the total payoff in 
the conservation of a single species with a fixed amount of resource. The existence of an 
optimal control was established while its uniqueness and characterization was investigated 
as well. Okosun et al. [19] in 2011 derived and analyzed a deterministic model for the 
transmission of malaria disease with mass action form of infection. They obtained the 
conditions under which it is optimal to eradicate the disease and examined the impact of a 
possible combination of vaccination and treatment strategy on the disease transmission by 
using optimal control theory and the Pontryagin’s Maximum Principle. Kar and Jana [20] 
in 2013 proposed an epidemic model and used the optimal control strategy to minimize both 
the infected populations and the associated costs. They compared the numerical results 
with no controls, with only vaccination control, with only treatment control and with both 
vaccination as well as treatment controls. It is observed that the best result comes out from 
the application of both vaccination and treatment controls in this case that the number of 
infected individuals would be the least in number. Wang and Modnak [21] presented a cholera 
epidemiological model with three control measures. Equilibrium analysis was conducted in 
the cases with constant controls and with optimal controls, respectively. 

According to the above collection of works, an optimal control model including time delay 
in the context has been not completely understood yet. There are only few papers that tackle 
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this problem. In recent years, Laarabi et al. [22] studied an epidemic model with optimal 
control strategies and time delay, the optimality system was numerically solved by using 
an algorithm based on the forward and backward difference approximation in their work. 
Mohamed et al. [23] investigated an optimally controlled SIR epidemic model with time 
delay in state and control variables, they used optimal control approach via Pontryagin’s 
Maximum Principle to minimize the number of susceptible and infected individuals and to 
maximize the number of recovered individuals during the course of an epidemic. 

In this paper, we will consider an optimally controlled cholera model with time delay 
based on the model originally suggested by Wang and Modnak [21], which involves both 
the environment-to-human and human-to-human transmission modes. Our main aim is to 
explore the role of time delay and optimal control on the spread of cholera in the model. Note 
most of the delay epidemic models mentioned above are only concerned with local stability 
of equilibria, we will pay attention to global stability of our model in this paper. The rest 
of the paper is organized as follows. In the next section, we formulate the mathematical 
model and determine the basic reproductive number R 0 . Section 3 is devoted to the local 
and global stability analysis of both the disease-free and endemic equilibria of our model. 
The analysis of optimization problem is presented in Section 4. In Section 5 we present 
genetic algorithm based on the forward and backward difference approximation and carry 
out the numerical study of the model, which confirms our theoretical results. Finally, the 
conclusions are summarized in Section 6 . 


2 The model formulation 


Cholera has been found in multiple transmission pathways including both direct human-to- 
human and indirect environment-to-human transmissions pathways, which distinct cholera 
from many other infectious diseases. It is important to notice that, it takes a period for 
the infected individual to affect the bacterial concentration of cholera, and its size may be 
very influential in controlling the outbreak of cholera. Thus the delay r is used to describe 
the period during the person being infected to his pathogenic bacteria of V. cholera being 
given off to the aquatic environment. Motivated by the works of Wang and Modnak [21], 
the deterministic model is given by the following system of ODE: 


dS 

dt 

dl 

dt 

dW 

dt 

dR 

dt 


A tN - Pw — -wry - PiSI - /iS - mS, 
k T W 

sw 

Pw u/ - Pi SI - (7 + - u 2 I, 

K + W 

£I(t — r) — 5W — u 3 W , 


7 / — jiR + U 2 I + uiS. 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 


In the equations above, let N be the total population which is divided into three epi- 
demiological compartments, susceptible compartment S, infectious compartment /, recov- 
ered compartment R. Let W be the density of V. cholerae in the aquatic environment. 
The parameter k is the concentration of vibrios in contaminated water in the environment, 
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flw and are rates of ingesting vibrios from the contaminated environment and through 
human-to-human interaction, respectively, /i represents the natural human birth/death rate, 
£ the shedding rate, 7 the recovery rate, 5 the bacterial death rate. All the parameters are 
strictly positive constants. Intervention strategies are modeled by the control variables Ui(t) 
( i = 1,2,3), which are bounded, Lebesgue integrable functions. The control Ui(t) rep- 
resents the rate of vaccination, u 2 (f) represents the rate of therapeutic treatment, water 
sanitation leads to the death of vibrios at a rate u 3 (t). Based on biological assumption, we 
assume that for 9 G [— r, 0], S(9), 1(9) and R(9) are non negative real valued functions. Let 
C = C ( [ — t, 0], R 3 ) be the Banach space of continuous functions mapping the interval [— r, 0] 
into R 3 with the topology of uniform convergence. For ecological reasons, we assume that 
the initial conditions for system (1-4) satisfies: 


S 0 (9) > 0 , 1 0 (9) >0,R o (9)>0,9e [-r, 0], 


(5) 


In order to determine the dynamics of each class, we only need to study the first three 
equations in model (1-4), thereby reducing the order of the system through eliminating R 
to obtain the following system: 


at k + W 

dl O sw O OT < 

— = Pw — — - PiSI - ('Y + fi)I -U 2 I, 

at k + W 


dW 

dt 


= £I(t-r) -5W -u 3 W. 


( 6 ) 

(7) 

( 8 ) 


As the study of model system (1-4) is equivalent to study model system (6-8), so we 
study model system (6-8). 

Based on the next-generation matrix approach [25], we define the basic reproduction 
number R 0 , representing the average number of secondary infections that occurs when one 
infective is introduced into a completely susceptible host population, as: 


R<) — 


pN[f/3 w + (<5 + u 3 )kPi] 
n(n + «i)(<5 + M 3 ) (7 + h + u 2 ) 


(9) 


3 Mathematical analysis of the epidemic model 

In particular, when the time delay is set to zero, i.e. r = 0, the above system (6-8) is reduced 
to the original model developed in Wang and Modnak [21]. Based on their work, the results 
below directly follows: 

Theorem 1 The disease- free equilibrium (DFE) of the model (6-8) E 0 = (7(77 , 0 , 0 , 0) T , 
is both locally and globally asymptotically stable if Rq < 1 with r = 0 . 

Theorem 2 The endemic equilibrium of the model (6-8) E* = (S*, I*, W*) is locally asymp- 
totically stable and globally asymptotically stable if Rq > 1 with r = 0. 
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3.1 The stability of the disease- free equilibrium 


Our primary focus is on the stability analysis of the model when 0 in this section. First, 
we prove the local and global stability of the disease-free equilibrium E$ with r > 0. 

Theorem 3 The disease-free equilibrium (DFE) of the model (6-8) is locally asymptotically 
stable if R 0 < 1 with r > 0. 


Proof After linearizing the ODE system (6-8) around the disease-free equilibrium E 0 , we 
obtain one negative characteristic solution A = —p — u i and the following transcendental 
characteristic equation is: 

A 2 T eqA + a 2 + b\e ^ r = 0, (10) 


where 


cq = 5 + 7 + P + u 2 + u 3 - /3j 
«2 = (d + u 3 ) (7 + p + u 2 - fdi 


UN 

p + U\ ' 

hN ' 

p + Ui 


h = 


ffiw pN 


K p + U\ 

We can rearrange equation (10) in the form: 


A 2 + aiA — (5 + uf)^ + p + W2)[( 
-} 


pNnfdi 


n(p + wi)(7 + p + u 2 ) 
pNffdw „_Ati 


1) 


n(p + Mi)(5 + m 3 )(7 + p + u 2 ) 


e~ XT }. 


( 11 ) 


Let the left-hand side and right-hand side of equation (11) be F( A) and H( A), respectively. 
It is easy to see that F( 0) = 0 and limx^. ooF(X) = 00 , therefore, F( A) is an increasing 
function of A. On the other hand, H( A) is a decreasing function of A and H( 0) = (5 + 
M3) (7 + p + u 2 )(Ro — 1) is less than zero when R 0 < 1. Thus, equation (11) has no non- 
negative real roots. If equation (10) has roots with non- negative real parts, they must be 
complex and obtained from a pair of complex conjugate roots which cross the imaginary 
axis. As a result, a pair of purely imaginary solution may come out from the equation (10) 
for r > 0. Assume that iui (c 0 > 0) is the root of equation (10) and u> satisfies the following 
equation: 

— u 2 + aiico + a 2 + 61 (concur) — isin^cor)) = 0. (12) 


Separating the real and imaginary parts of equation (12) gives 

— to 2 + a 2 = —bicos(coT ) , — a,\u = b\sin(ujT ). 


(13) 


To eliminate the trigonometric functions, we add up the squares of equation (13) above, and 
obtain the following forth order equation in u: 

uj 4 + (a 2 — 2 a 2 )u 2 + al — b\ = 0. (14) 
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We can solve that 

cn 2 = ^[— (a 2 - 2 a 2 ) ± \J (a? - 2a 2 ) 2 - 4(a| - 6 |)]. (15) 

This implies equation (14) has no positive roots, which leads to the conclusion that there is 
no u> such that iu is a solution of equation (10) for time delay r > 0. Based on Rouche’s 
theorem [26], E$ is locally asymptotically stable if Rq < 1. ■ Next, we will analyze the global 
stability of the disease-free equilibrium of the model system ( 6 - 8 ) for time delay r > 0 . 

Theorem 4 The disease-free equilibrium (DFE) of the model (6-8) is globally asymptotically 
stable with time delay r > 0 if Ro < 1 . 

Proof 

Adding equations (1) and ( 2 ), we obtain 

s' + i — pN - (p + Ui)s - (7 + p + u 2 )I < pN - Tj(S + /), (16) 


and equation (3) yields 


W' = £I(t -r)-(S + u 3 )W < - (5 + u 3 )W, 

V 

where rj = min{(/i + Ui), (7 + p + u 2 )}. These imply 

.. T , . pN 

inn sup 1 (t) < . 

t— » 00 Tj 


and 


lim sup W(t) < \ 1 

t^oo “ v(d + u 3 ) 


(17) 


(18) 


(19) 


We consider the following Lyapunov function: 

Vi(t) = £[<S'(0 — In ^ } + (ItfO) + (7 + p + u 2 )W (t) + £(7 + p + u 2 ) f It(0)dd. 

T + u ± 7777 J-T 

( 20 ) 
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Here, I t (9 ) = I(t + 9) for 6 e [— r, 0], therefore, I t { 0) = I (fit) in this equation (20). Calculating 
the time derivative of V\(t) along solutions of system (6-8), 


dVi(t) 

dt 


= as(t) 

— — fiw 


^ ^ ) + £.1 (t) + (7 + t 1 + U 2 )W (t) + £(7 + n + m 2 )[ [ I(t)dS] 


H + ui S(t) 

S(t)W(t) 


' t—T 


/iN 


K + W(t) 

PwW{t ) 




nTt ^ /tAT S(t)W(t) 

+ Pll{t) + fi + Ui — 77777 -)] + iPw- 


fl + Ul y K + W{t) ^ 1 S(t ) /J ^ K + W(t) 

+ZP I S(t)I(t) - ^(7 + h + «2 )I(t) + (7 + d + «2 )£I(t - T ) 

-(7 + /t + u 2 )((5 + M 3 )bb(t) + £(7 + h + m 2 )J(£) - (7-b/i + m 2 )£/(£ - t) 


= 2&N-Z{» + Ul )S{t) + 


&N , fi w W(t ) 


fl + Mi V ft + hh(t) 

-(7 + /i + M 2 )(<5 + M 3 )IT(t) 

fiN 1 




/xN 


= &N{ 2- 


/i + Ml jS'(t) /iAT 

-(7 + yU + M 2 )(<5 + « 3 )W(i)]. 


^ + Ul 5(t)) + r ^ JV ’ 


5(t) 

fiwW(t) 


H + UiK + W(t) 


+ fill(t)) 


( 21 ) 


Obviously, 2 — — yyy i S'(i) < 0, thus, = 0 if and only if 5 = In addition, 

if Rq < 1, it is sufficient to verify that the second term of equation (21) is less than 0 by 
combining equations (18) and (19). Therefore, < 0. This completes the proof. ■ 


3.2 The stability of the endemic equilibrium 

To study the stability of the endemic equilibrium E*(S*, I*,W*), we linearize the system 
(6-8) at the point E* by Letting S = S* + s, I = I* + i, W = W* + w, here s, i and w 
are small perturbations around the equilibrium E*. To make the algebraic manipulation 
simpler, we set P* = + fill*. When r > 0, the characteristic polynomial for linearized 

equation is obtained as: 

A 3 + cqA 2 + a 2 A + a 3 + ( b±X + b- 2 )e = 0, (22) 


where 


ai = — fiiS* + P* + 7 T 2/i + 5 + U\ + m 2 + m 3 , 

a 2 = ( P * + /i + Mi) ( — fiiS* + 7 + /1 + m 2 ) + P* S* fij + (<5 + m 3 ) x 

( — fiiS* + P* + 7 + 2/i + Mi + m 2 ), 

u 3 = {S + m 3 )(P* + fi + Mi)( — fiiS* + 7 + /1 + m 2 ) + /3/(<5 + u 3 )P*S*, 

K 


bi = —£fiwS* 


(k + W*) 2 ’ 


b 2 = -£(/r + Hi) fiw S* 


K 


{k + W*) 2 ' 
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Now we suppose A is a root of equation (22), and substitute A = iix {oj > 0) into 
equation (22), after separating real and imaginary parts, we finally obtain the following two 
transcendental equations: 


— a\UJ 2 + 03 = —b 2 cos(ujT) — biUJsin(ujT), (23) 

— u 3 + a 2 co = —biLocos(ujT) + b 2 sin(ujT). (24) 

By adding up the squares of both the equations (23) and (24), the following sixth degree 
equation for u is obtained: 

lo 6 + c </(a 2 — 2 a 2 ) + co 2 {al — 2a\a 3 — b\) + 03 — 62 = 0. (25) 

Letting to 2 = x gives: 


F(x) = x 3 + Bix 2 + B 2 x + B 3 = 0, 


(26) 


where 


B 1 = a 2 — 2a 2 , B 2 = a| — 20103 — b'f , B 3 = a 3 — 6|. 


Here, we establish the following theorem. 

Theorem 5 When _R 0 > 1, the endemic equilibrium E* of ODE system (6-8) is locally 
asymptotically stable for the delay r > 0 if B x > 0, B 3 > 0 and B 2 > 0. 

Proof In order to show that the endemic equilibrium E* is locally stable, we have to show 
that equation (26) does not have a positive real root. In fact, if we take the derivative of 
F(x) with respect to x, F (x) = 3a: 2 + 2£>io; + B 2 . The roots of equation F (x) — 0 can 

be solved as x X 2 = B ^ ± V^i~ 3B2 . jf ^ q, then a J B\ — 3 B 2 < B x . Hence, neither a+ 

nor x 2 is positive, it follows that equation F' (x) = 0 has no positive roots. Also, a simple 
assumption that F( 0) = B 3 > 0, implies that equation (26) will have no positive real roots. 
Therefore, there is no cu such that iu is an eigenvalue of the characteristic equation (22). By 
Rouch’s theorem [26], the real parts of all the eigenvalues of (22) are negative for time delay 
r > 0. This completes the proof. ■ 

Next, we turn our attention to the global stability of the ODE system (6-8) if Rq > 1 for 
all values of the delay r > 0. 

Theorem 6 When R 0 > l, the positive endemic equilibrium E* of ODE system (6-8) is 
globally asymptotically stable for all delay r > 0. 


Proof We consider the following Lyapunov function: 

■S(t) 


v 2 (t) = S*( 


s* 

W{t) 

w* 


- 1 
1 — In 




s* 

W{t) 

w* 


l„M) + T' + A + «2 ty . x 


) + (7 + + + u 2 )I* / ( 


0 It(s) 


1 - O-lOjds. (27) 
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Differentiating V 2 (t) along solutions of (6-8), we can obtain: 


dV 2 (t) 

dt 


AT OT+\ OT + \ c*d N , C * D , o c * , o c * PwS*S(t)W(t) 

fiN — — uiS(t) — S -^y + S P + 2 pS + 2 uiS — — ^ 

(7 + /X + U 2 )(S + u 3 )W(t) 


—pjS(t)I* + 2(7 + fi + u 2 )I* — 


£ 


(7 + /X + xx 2 )ID*/(f - r) (7 + /X + xx 2 )(<5 + 


W(0 

+ (7 + /X + u 2 )I*(ln^j—^- - In 
(2 o* (2 




5* 


S(f)' 


SW 

S'(t) A* 


) "h (7 T A* T u 2 )I* X 


, 22 . 

-(7 + H + w 2 )/ [^ 7 T W 77 W _ 1 “ W 77 w)] 


P* S* I(t) 


P* S* I(t) 


, , r * r VW I(t — r) 1 , . ID* /(t-T),. 

■(7+ » + W2)/ [777777 — 77 1 - M 777777 71 “ )]• 


v W(t) 


■W(t) 


(28) 


Clearly, 2 — — ^ < 0 for S(t) > 0. Furthermore, note that at the endemic equilibrium 
E*, the right-hand side of equation (8) becomes 0, which yields £J* = (5 + u 3 )W*, and 
combine the facts (18) and (19), we can get (^r — 1)(1 — 77^7^) < 0 if i?o > 1- Also, for 
all t > 0, the function g(t ) — t — 1 — Int is always non-negative, and g(f) = 0 if and only 
if t — 1 , then the fourth term, the fifth term and the last term in (28) are non-negative. 
Therefore, we can finally show < 0. This completes the proof. ■ 


4 Optimal control analysis 

In this section, we seek to minimize the objective functional defined by decreasing the number 
of infected and the costs of time- related controls, the method is described in [28]. We choose a 
linear function for the cost on infection /, and quadratic forms for the cost on the controls u \ , 
u 2 and XX3. The objective function subject to the differential equations (1-4) is constructed 
as follows: 

Pf 

J — (A 0 I + A\u\ + A 2 xx2 T A 3 u\)dt. 

Jo 

We assume tf is the fixed final time, the parameters Ao,Ai, A 2 and A 3 are weight parameters 
describing the comparative importance of the all terms on control cost. The optimal control 
problem is that of finding optimal functions xxj,xx2 an d u 3 such that 

= min J(u\, u 2 , u 3 ), (29) 

Ui,U2,U3£@ 

where 0 is measurable on [0, 1] and 0 = {xxj|0 < tq < 1} for the controls. 
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The Lagrangian of this object is given by 

L(I ,ui,u 2 ,u 3 ) = AqI + A\u\ + A 2 U 2 + A 3 U 3 , (30) 

and the Hamiltonian H for the control problem is: 

H(S, I, W, R, U\, U2, m 3 , Ai, A2, A3, A4) = L + Ai(f)— + A 2 (t) — + A3 (£)--— + A 4 (f)— - — , 

at at at at 

(31) 

where A i(t) for i = 1,2, 3, 4 are the adjoint variables, which determine the adjoint system, 
and can be solved by the following system: 


Ai(f) - 

A 2 (t) = 
^3(2) = 

A 4 (t) = 


d H d H 

■dS^ACm-r^it + r) 

+ ft + » + «.) - + A) - A 4 „, 


(32) 


■k + W ' ' K + W 

dH OH , 

— Ho + \ 1 P 1 S — \ 2 \fi 1 S — (7 + p. + ^2)] — A 4 (y + m 2 ) — A 2 (t + h)£, (33) 

a// dH . . 

+ t) 


dW 


(3 w Sk 

, Tim ~ A 2 


dW T 
PwSk 


(k + W ) 2 ( K + W ) 2 

dH dH 


+ A 3 (5 + m 3 ), 


A 4/i. 


(34) 


(35) 


Satisfying the transversality conditions: 


Aj(t/) = 0, 7 = 1,2, 3, 4. (36) 

The combination of the ODE system (1-4) and the state system (32-35) is the optimality 
system, which describes how the system behaves minimize J under the control applications. 
By applying Pontryagin’s Maximum theory and the existence result for the optimal control 
[27], we thus establish the following theorem: 

Theorem 7 There is a triplet of optimal control (m},M2,m 3 ) such that 
J(u\,U2,u%) = min Ul)U2)U3e 0 J(u\, u 2 , m 3 ) subject to the optimality control system. 

Theorem 8 There is a triplet of optimal control (u\,U2,u* 3 ) which minimizes J over the 
region O given by 

u\ = min{max{0, Mi}, 1} , u * 2 = min{max{0, m 2 }, 1} , M3 = min{max{0, m 3 }, 1}, 

(37) 


where 


_ (A 4(f) - A ,(t))S* _ (A 2 (t) - A 4 (t))/* _ A 3 (t)W* 

2 Ai ’ U2 2 A 2 ’ U3 2A 3 


(38) 
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Proof The optimal controls u\, u \ and u\ can be solved by setting the partial derivatives 
of H equal to zero, 


d H 
du\ 
d H 
duo 


= 2 A lUl - Ai (t)S* + A 4 (t)S* = 0, 
= 2A%U2 — X 2 (t)I* + A4 (t)I* = 0, 


dH 

dv/>. 


— 2AL3W3 — A3 (t)W — 0. 


(39) 

(40) 

(41) 


After a simple manipulation, the optimal control pair (w*,^, u s) is characterized as (37) 
and (38). ■ 

By standard control arguments involving the bounds on the controls, we conclude 


u i = 


Ur, = 


(Xi(t)-X 4 (t))S* 

2Ai 


(X 2 {t)-X4(t))I* 

2A 2 

0 


A 3 (t)W* 
2A 3 


u* = < 0 


if 0 < (A lW -A, M )5* 

(Xi(t)-X 4 (t))s* < n 
11 2.4! — U ’ 

if (Ai(t)-A 4 (b)S* > 4 

11 2Ai — ± ’ 

if 0 < (A2W ~^ 2 4(f))J * 
if (x 2 (t)-x 4 (t))r ^ f, 
11 2A 2 — u ’ 

•£ (X 2 (t) — X 4 (t))I* y ^ 

2 A 2 — 

.fo<«r 

if X 3 (t)W* 

11 2A3 

if x 3 (t)w 


< 1, 


< 1, 


< 1, 


2A 3 - 


< 0 , 

> 1. 


5 Numerical results 

In this section, we work out the optimality system which is combined by the ODE system 
(1-4) and the adjoint system (32-35) by using the data regarding the course of the cholera 
in Zimbabwe (2008-2009). It began in August 2008, not only swept to all of Zimbabwe’s 
ten provinces but also spread to Botswana, Mozambique, South Africa and Zambia quickly. 
The principal cause of the outbreak was the collapse of Zimbabwe’s public health system. 
By the end of November 2008, three of Zimbabwe’s four major hospitals had shut down, 
and many places had no basic drugs, medicines and water supply for such a long enough 
period during the outbreak period. On 4 December 2008, the Zimbabwe government declared 
the outbreak to be a national emergency. By March 2009, the World Health Organization 
(WHO) estimated that 4,011 people had succumbed to this waterborne disease and 91,164 
cases were infected. The total population in Zimbabwe is 12,347,240, in order to make the 
calculation simpler, we scale down all data numbers by a factor of 1,200. All epidemiological 
parameter values for cholera in literature are given as N = 10000, /i = 0.000442, 7 = 1.4, 
£ = 70 , S — 0.023, /3w = 0.12, f3i = 0.00075. We use the initial values as So = 9999, Iq = 1, 
W 0 — 0, Rq — 0. The weight constants are set as A 0 = Ai = A 2 = A 3 = 10. 

We note that the optimality system is a two-point boundary value problem, with sepa- 
rated boundary conditions at initial time t — 0 and final time t — tf. Solving this optimality 
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system requires an iterative scheme which is combination of forward and backward difference 
approximation developed by [22,24], we show this procedure in the following algorithm. In 
the programming, let there exist a uniform step size h > 0 and (n,m) G N 2 , r = mh and 
tf = nh. We can obtain the following partition by setting m knots to left of 0 and right of 

A = (t_ m — t < • • • < t_i < 0 < t\ < • • ■ < t n — t f < • ■ ■ < t n+m ). 

Therefore, tj = ih(—m < i < n + m ). The state and adjoint variables and control variables, 
such as S(t), I(t), W(t), R(t), \j and tq in terms of nodal points Si, /*, W % , Ri, \\ and Ui. 

Fig.l (a) represents the number of infected individuals as a function of time when r = 5, 
epidemic outbreak increases rapidly and reaches the peak at t = 22 weeks with value 40, the 
controls take some time to react with the infected individuals, it then starts to gradually drop 
to almost zero, meaning the disease is gradually eradicated from the population. Fig.l (b) 
shows the susceptible population S vs. time (weeks), we observe that there is a significant 
decrease in the number of susceptible after around 40 weeks. 

In order to clearly see the effect of the time lag on the dynamical behavior of the system, 
we take a smaller time delay as r = 1 in Fig. 2. By comparison with Fig.l, we can observe 
the smaller the time delay, the shorter it takes the equilibrium points to settle to their state 
value, which implies that the disease will be more serious if the delay lag is shorter. 



(a) (b) 


Figure 1: (a)The plot shows the infected population / vs. time (weeks) for time delay r = 5. 
(b)The plot shows the susceptible population S vs. time (weeks) for time delay r = 5. 



(a) (b) 


Figure 2: (a)The plot shows the infected population / vs. time (weeks) for time delay r — 1. 
(b)The plot shows the susceptible population S vs. time (weeks) for time delay r = 1. 

We have plotted the controls Ui(t) ( i = 1, 2, 3) as a function of time in Fig. 3, representing 
the optimal controls in blocking new infection and inhibiting viral production under two 
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Algorithm 

Stepl 

for % = —m, 0, do 

Si = 5(0), k = 1(0), Wi = W( 0), Ri = 5(0), u\ = 0, u\ = 0, u\ = 0, 
end for 

for i = n , ..., n + m, do Ag = 0, A?> = 0, Ag = 0, 

end for 

Step2 

for i = 0, n — 1, do 


Si+i = 


Sj+hjiN 


+/3iIi+i+H+ui) ’ 


«+^i+ 1 
. „ Si. 1 w. 


T i I, p 

j _ I i+ h PW K+ W i+1 
*+! l+/i(7+M+«2— PiSi + i) 1 

TT' Wj+h£Ij- m 

1+/i(5+«3) ’ 

o Ri+h{ 1 I i+ 1 +U 2 h+i+u 1 S i+l ) 

W + 1 1-1 -h.ii - 


1 !+M Wi+i+M+m) 

_ ^r i + h ~ h K~ i ~ 1 f ) lSi+l + hX2~ i S+^) + h\r i+m X l 0,t f -r](tn-i)i 

2 _ l+ft[/3/5i + i-(7+^+U2)] ’ 


\n— i y \ /i — /- ] | — l- iftw K'Sj I I 

1 — i— 1 3 1 (K + W i+ l) 2 2 (K + W i + 1 ) : 


1+/).(i5+U3) 


^i+i _ (A7- i -A;- 1 )s i+ i 

J 1 “ 2Ai • 


1 2 “ 2A 2 ' 


'i+1 _ Aj-’Wi+i 


rr 1 = 


2 Ai ’ 


m\ +1 = min(max( 0, T’ 1 l+1 ), 1), 

« 2 +1 = min(max( 0, T^ -1 " 1 ), 1), 

« 2 +1 = min(max( 0, Tg* -1-1 ), 1), 

Step3 

for i = 0, n, write 

S*(ti) = Si,r(ti) = I t ,W*(ti) = Wi, R*(ti) = Ri,ul(ti) = u\,u* 2 (ti ) = ui,u* 3 (ti) 
end for 
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different cases: r = 6 and r — 3, respectively. From Fig. 3, it is apparent that a larger value 
of optimal control variables is necessary in case of smaller time delay. It is also clear to 
see that the control u 2 in both cases always needs to be the maximal while the other two 
controls u \ and u 3 , which need not to be the maximal at very first, increase gradually and 
reach the maximal until certain weeks. Hence, we can firstly apply more of the therapeutic 
treatment in order to effectively reduce the number of infectious individuals. 



Figure 3: (a) The plot represents the controls u 3 , u 2 and u 3 vs. time (weeks) for time 
r = 6. (b)The plot represents the controls u±, u 2 and u 3 vs. time (weeks) for time 
r = 3 . 


delay 

delay 


To verify the global asymptotic stability of the ODE system analyzed in Sections 3, we 
pick five different initial conditions with 7(0) = 1, 100,500,800, 1000, respectively, and plot 
these five solution curves by the phase plane portrait of I vs. S in Fig. 4. We clearly see 
that all these five orbits converge to the disease- free equilibrium Eq when Rq < 1 in Fig. 
4(a) and converge to endemic equilibrium E* when Rq > 1 in Fig. 4(b), respectively. 


(b) 

Figure 4: (a) The phase plane portrait of I vs. S for Rq < 1, all these orbits converge to 
the disease-free equilibrium E 0 . (b)The phase plane portrait of I vs. S for R 0 > 1, all these 
orbits converge to the endemic equilibrium E*. 




(a) 


In order to illustrate the impacts of the different optimal control strategies, we investigate 
and compare numerical results in the following four strategies for the control of the disease: 
(l)when the objective function J is optimized through the control u±, while u 2 and u 3 are set 
to be zero; (2) when the objective function J is optimized through the control u 2 , while u\ 
and u 3 are set to be zero; (3)when the objective function J is optimized through the control 
u 3 , while U\ and u 2 are set to be zero; (4)without any controls, while u \ , u 2 and u 3 are all 
set to be zero. We observe from Fig. 5, as can be expected, there is a significant increase 
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in the number of infected individuals and susceptible individuals controlled compared with 
optimal controlled, so that the infected population is affected very much due to the lack of 
all the three controls. Compared with Fig. 6, Fig.7 and Fig.8, the number of infectious does 
not differ significantly by applying either the strategies with control u \ only or with control 
w 3 only, but does make greater significance when only treatment control u 2 is employed, thus 
the application of therapeutic treatment control gives better result than the application of u \ 
or w 3 only. This simulation indicates that therapeutic treatment is more effective in reducing 
the infection level, which highlights the effectiveness of treatment measure in controlling the 
diseases. In a word, the use of a single optimal control method does not make a significant 
impact, while the use of multi-strategies is more efficient. However, if the budget is limited, 
it is much better to apply the treatment well before the occurrence of the outbreak. 



Figure 5: (a)The plot shows the infected population / vs. time (weeks) for time delay r = 5 
if there are no controls. (b)The plot shows the susceptible population S vs. time (weeks) 
for time delay r = 5 if there are no controls. 



Figure 6: (a)The plot shows the infected population / vs. time (weeks) for time delay r = 5 
if there is only control u \ . (b)The plot shows the susceptible population S vs. time (weeks) 
for time delay r = 5 if there is only control u\. 


6 Conclusions and discussions 

In this paper, we have presented a cholera epidemiological model by incorporating three types 
of intervention strategies and time delay inspired by the work in Wang and Modnak [21], 
We have mainly investigated that by applying both an optimal control and a time delay to a 
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Figure 7: (a)The plot shows the infected population / vs. time (weeks) for time delay r = 5 
if there is only control ?i 2 • (b)The plot shows the susceptible population S vs. time (weeks) 
for time delay r = 5 if there is only control U 2 - 



Figure 8: (a)The plot shows the infected population / vs. time (weeks) for time delay r = 5 
if there is only control u 3 . (b)The plot shows the susceptible population S vs. time (weeks) 
for time delay r = 5 if there is only control u%. 
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cholera model in order to eliminate the infectious disease. First of all, both the disease-free 
equilibrium Eq and endemic equilibrium E* of the model were obtained. By analyzing the 
corresponding characteristic equations, the local stability of Eq and E* was investigated. In 
particular, we have established the global stability analysis of the disease-free and endemic 
equilibria of ODE system by constructing two suitable Lyapunov functionals. Moreover, we 
used the Pontryagins Maximum Principle with delay to characterize optimal controls and 
derived the optimality system at the same time. Finally, we presented an efficient numerical 
simulation based on a specific algorithm to show that the optimal control strategy is much 
more effective for reducing the number of infected individuals than using of any single control, 
which highlights the effectiveness of treatment measure in controlling the diseases. However, 
if the budget is limited, it is much better to apply the therapeutic treatment well before the 
occurrence of the outbreak. 

Since the choice of the weights A; reflects the different scales of the costs for different 
controls, it is important to notice that the ideal weights are very difficult to obtain in the 
real world. We only use theoretical weights to propose the simulations in this paper, thus 
the appropriate data is a difficult problem and it still remains for our further work. We 
also need to pay attention to that different choices of final time tf lead to different results, 
because there is an opposite time orientations for the optimality system when we carry out 
the simulations. Mathematically speaking, the control is very sensitive to the final time. In 
the work of [19] in 2011, it was mentioned that the shorter the period of control programme 
is, the smaller the marginal cost of control will be. 
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Abstract 

In this paper, we investigate the qualitative behaviors of three viral infection models with two types of 
cocirculating target cells. The models take into account both antibodies and latently infected cells. The 
incidence rate is represented by bilinear, saturation and general function. For the first two models, we 
have derived two threshold parameters, Rq and i?i which completely determined the global properties of 
the models. Lyapunov functions are constructed and LaSalle’s invariance principle is applied to prove the 
global asymptotic stability of all equilibria of the models. For the third model, we have established a set of 
conditions on the general incidence rate function which are sufficient for the global stability of the equilibria 
of the model. Theoretical results have been checked by numerical simulations. 

Keywords: Virus infection; Global stability; Latently infected cells; cocirculating target cells; Lyapunov 
function. 


1 Introduction 

Mathematical modeling and model analysis of virus infection in vivo have attracted the interests of mathe- 
maticians during the recent years. Such virus infection models can be very useful in the control of epidemic 
diseases and provide insights into the dynamics of viral load in vivo. Therefore, mathematical analysis of the 
virus infection models can play a significant role in the development of a better understanding of diseases and 
various drug therapy strategies. Many authors have formulated mathematical models to describe the population 
dynamics of several viruses such as, human immunodeficiency virus (HIV) (see e.g. [1]-[10]), hepatitis B virus 
(HBV) [11]-[13], hepatitis C virus (HCV) [14]-[15], human T cell leukemia HTLV [16] and dengue virus [17], etc. 
During viral infections, the host immune system reacts with antigen-specific immune response. The immune 
system has two main responses to viral infections. The first is based on the Cytotoxic T Lymphocyte (CTL) 
cells which are responsible to attack and kill the infected cells. The second immune response is based on the 
antibodies that are produced by the B cells. The function of the antibodies is to attack the viruses [1], In some 
infections such as in malaria, the CTL immune response is less effective than the antibody immune response 
[18]. Several mathematical models have been proposed to consider the antibody immune response into the 
viral infection models ([19]-[24]). The basic model of viral infection with antibody immune response has been 

Emails: ah_moukh81@yahoo.com (A. M. Shehata), a_m_elaiw@yahoo.com (A.M.Elaiw), 
e_elnahary@yahoo.com (E. Kh. Elnahary). 
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introduced by Murase et. al. [19] and Wang and Zou [21] as: 


x = A — dx — j3xv, 

(1) 

y = (3xv — ay, 

(2) 

v = ky — cv — rzv, 

(3) 

z = gzv — yz, 

(4) 


where x , y, v and z represent, respectively, the concentrations of uninfected cells, infected cells, free viruses and 
the antibody immune cells. Parameters A, k and g represent respectively, the rate of new uninfected cells that 
are generated from sources within the body, the rate of free virus production and the proliferation rate constant 
of the antibody immune cells. Parameters d, a , c and y are the natural death rate constant of uninfected cells, 
infected cells, free virus particles and the antibody immune cells respectively. Parameter [3 is the infection rate 
constant at which a target cell becomes infected via contacting with virus and r is the removal rate constant 
of the virus due to the antibodies. Model (l)-(4) is based on the assumption that the infection could occur 
and that the viruses are produced from infected cells instantaneously, once the uninfected cells are contacted 
by the virus particles. Other accurate models incorporate the latently infected cells which are due to the delay 
between the time of infection and the time when the infected cell becomes active to produce infectious viruses. 
In [26], model (l)-(4) was extended to take into consideration both latently and actively infected cells as: 


x = A — dx — (3xv, (5) 

w = (1 — a)j3xv — (e + b)w, (6) 

y = af3xv + bw — ay, (7) 

v = ky — cv — rvz, (8) 

z = gvz — yz, (9) 


where w and y are the concentrations of latently infected and actively infected cells, respectively. Eq. (6) 
describes the population dynamics of the latently infected cells and show that they are converted to actively 
infected cells with rate constant b. The parameters e and a are the death rate constants of the latently and 
actively infected cells, respectively. The fractions (1 — a) where, 0 < a < 1 are the probabilities that upon 
infection, an uninfected cell will become either latently infected or actively infected. Model (5)-(9) it have been 
assumed that, the HIV has one class of target cells, CD4 + T cells. However, Perelson et al. in [25] have shown 
that, HIV infects the macrophages in addition to the CD4 + T cells. Recently, many efforts have been devoted 
to study various mathematical models of HIV dynamics with two classes of target cells (see e.g. [3]). 

Our primary goal of the present paper is to propose the global stability analysis of three viral infection 
models with two types of target cells, CD4 + T cells and macrophages taking into consideration the latently, 
actively infected cells and antibody immune response. The infection rate is represented by bilinear incidence 
and saturated incidence in the first and the second models, respectively, while it is given by a general function 
in the third one. The global stability of the three models is established using Lyapunov functionals. 

2 HIV model with bilinear incidence rate 

In this section, we introduce an HIV dynamics model which describes two cocirculation populations of target 
cells, CD4 + T cells and macrophages and takes into account the antibody immune response. We consider two 
types of infected cells, the latently infected and actively infected cells. 


±i = A i - diXi - PiXiV, 

* = 1,2, 

(10) 

Wi = (1 - ai) - (e» + bi)wi, 

* = 1,2, 

(11) 

Vi = onfiiXiV + biWi - atyt, 

* = 1,2, 

(12) 

2 

v = kiDi — cv — rvz , 

i = i 


(13) 

z = gvz — gz. 


(14) 
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Here i = 1,2 correspond to the CD4 + T cells and macrophages and /?! = (1 — e)j3 1, (3 2 = (1 — ef)f3 2- The 
model incorporates RTI drug therapy where in the CD4+T cells, the drug efficacy is e and 0 ^ e < 1, while in 
the macrophages the drug efficacy ef is reduced by a factor / and 0 < / < 1. All the parameters and variables 
of the model have the same meanings as given in (5)- (9). 


2.1 Properties of solutions 

One can easily show that the non-negative orthant M 8 > 0 by model (10)-(14). 

Proposition 1. There exist positive numbers Lj, j = 1,2, 3, 4 such that the compact set Cl = 
{(aij, Wi, j/i,i),z)el 8 >0:0< Xi, Wi, pt < Li , 0 < v < L 3 , 0 < 2 < L4, i = 1,2} is positively invariant. 

Proof. To show the boundedness of the solutions of system (10)-(14) we let Ti(t) = Xi(t.) + Wi(t) + yi{t), 
then 

Ti{t) = Xi - diXi{t) - eiWi(t) - a.iyi(t ) < A * - PiT^t), 

where pi = minjdj, a*, eA, i = 1,2. Hence TAt) < L il if TA 0) < L,;, where Li = — . Since Xi(t), Wi{t) and y(t) 

Pi 

are all non-negative, then 0 < Xi(t), Wi(t), yi(t ) < L t , for all t > 0, if 0 < x,(0) + Wi(0) + j/j(0) < Li, i = 1,2. 

T 

On the other hand, let G(t) = v(t) + ~z(t), then 

2 2 / \ 2 

G(t) = V kipi - cv - —z < hLi - § ( v + -z ) = Y] k t Li - SG(t ), 

S' 9 U \ 9 J U 

1 2 

where 5 = min {c,p}. Hence G(t) < L 3 , if G(0) < L 3 , where L 3 = - kiLi . Since v(t) > 0 and z(t) > 0, then 

0 »= 1 

0 < v(t ) < L 3 and 0 < z(t) < L 4 if 0 < u(0) + -z( 0) < L 3 , where L 4 = 

9 r 


2.2 Equilibria and biological thresholds 

O 

Let H be the interior of fi. 

Lemma 1. For system (10)-(14) we have (i) There exist only one uninfected equilibrium Eq = 
(xi, x°, 0, 0, 0, 0, 0, 0) e H, when R 0 < 1. 

(ii) There exist Eo and a chronic-infection equilibrium without antibody immune response E\ = 
(x 1 ,x 2 ,w 1 ,w 2 ,yi,y 2 ,v, 0 ,) G Cl, when #1 < 1 < R 0 . 

(iii) There exist Eq, E\ and a chronic-infection equilibrium with antibody immune response E 2 — 
(xi,x 2 ,wi,w 2 ,y 1 ,y 2 ,v,z) G Cl, when R ± > 1. 

Proof. The equilibria of (10)-(14) satisfy the following equations: 


A i - diXi - PiXiV = 0, 
(1 - aii)f3iXiV - [ei + bi)Wi = 0, 
ctifiiXiV + biWi - a^i = 0 , 

2 

y kipi - cv - rvz = 0, 

i= 1 

gvz — pz = 0. 


Eq. (19) has two possible solutions z = 0 or v = — . If z = 0, then from Eqs.(15)-(17) we get 

9 


Xi = 


x° _ (1 - ai)f3iXj 

(1 + rnv)' Wl {ei + bi)(l + rjiv) 

where x^ = — rji = ^r, i = 1,2. From Eq. (18) we obtain 
di di 


v, 


{ejQ.j + bj)f3iXj 
a.i(ei + bi)(l + rjiv) 



{ejOLj + bi)kiPiXj 
a.ic(ei + 6,)(1 + r]iv) 



cv = 0. 


(15) 

(16) 

(17) 

(18) 
(19) 


(20) 


(21) 
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We note that v = 0 is a solution for Eq. (21) which leads to the disease-free equilibrium E 0 = 
(xi, x°, 0, 0, 0, 0, 0, 0). If v ^ 0, we have 


A -w- 

“ 1 + r] iV 

1=1 

, * (e,a, + bi)ki/3iX^ ... , . . 

where 'L, = — Equation (22) can be written as: 

aiC(ei + bi) 

Av 2 + Bv — C = 0, 


(22) 


(23) 


where 

A = 771772, B = 77! $1 + 772<I>2 + (1 — $1 — d> 2 ) (771 + 772) , C = + $2 — 1 

The solutions of Eq. (23) is given by 


v ± = 


—B ± VB 2 + 4 AC 
2A ' 


We have A > 0, therefore if C > 0, then v + > 0 and v < 0. Let v = u + , then from Eq. (20) we get 
"•° (1 - ai)PiXt _ _ (e,a, + 6j)/3ja;° 


Xi = 


1 + ViV ’ 


Wi = 


(e» + 6 i)(l + rjiv) 


v, Vi = 


ai{ei + bi)( 1 + ??iu) 


u, 7 = 1, 2. 


(24) 


Therefore, a chronic-infection equilibrium without antibody immune response Ei = (x\, x 2 , tZ>i, u' 2 , J/i, 2/2, 0) 

exists when C > 0 or ($1 + 4>2 > 1)- Now we are ready to define the basic infection reproduction number Rq 
as 


R 0 = $1 + $2 = Y R 0i = H 


kifcx^eiai + bi) 


i~l iZ 1 Q i C ( e i + b i) 


P 


If v = — , then we obtain the chronic-infection equilibrium with antibody immune response E 2 = 

9 

(xi,X2,w 1 ,w 2 ,yi,y2,v,z), where 

_ 2/A, - (1 Tb)Aj/?i/-7 _ (e,or T . 

Xi = — -, Wi=- — — , Vi = _ , , , ,, , , 7 = 1,2, 


gdi + Ufa 


(&i T bi){gdi T /r/?,) 


T bi)(gdi T yPi) 


-_P _ _ c / gkipiX^ejai + b z ) ^ 

g' r y^aic(ei + bi)(gdi + g,/3i) 

We note that E 2 exists when ^ > p Let us define the antibody immune response 


activation number as 


i— 1 pfii) 

2 2 
o _ gki(3i\i(eiCXi + bi) Roi 

^ n-r(p: A- hA(nr1 ■ 4- it. ft A ' 


aic(ei + bi)(gdi + /zft) 1 + V& ’ 

gdi 

which determines whether or not a persistent antibody immune response can be established. Then we can write 

5 = — (i?i — 1). Clearly I?i < i? 0 . 
r 

Now, we show that Eo, E\ £ fi and E2 £ fi. Clearly, Eq £ Q. Let Rq > 1, then from Eq. (20) we have 
Xi < X®, then 

0 <Xi<A<A = u 

di Pi 


From Eqs. (10)-(12), we get 
Thus, 


A i = diXi + CiWi + aiiji. 


A 7 A,- A j A, - 

0 < Wi < — < — = Li, 0 < yi < — < — = Li. 

Pi pi 
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1 2 1 2 1 2 

Also, v = - kijji < - ki.Li < - ^ k, L t = L 3 . Moreover, 5 = 0, and then, E i G fi. Let R\ > 1, then one 

C 2—1 c 2 = 1 o 2=1 

can show that 0 < 27 < Li, 0 < uy < Li and 0 < y,; < G. Now we show that 0 < v < L 3 and 0 < 5 < L 4 . 

2 

From Eq. (13), we have cv + rvz = J) /yy,. Then 

2 = 1 


Zt -| Zj -| =, 

CV < ^2 kiiji => 0 < V < - ^2 k t Li < - ^2 ki L i = L 3, 
i — 1 i = 1 i — 1 


2 2 2 

rvz < kiiji => 0 < 5 < — Ayy, < h Li = = L 4 . 

z ' ru L — ' rn z ' r 

r i= 1 


i = 1 


i=l 


It follows that, ^ G il. 


2.3 Global stability 

Let us define the function E(s) = s — 1 — In s. 

Theorem 1. The infection-free equilibrium E 0 of system (10)-(14) is GAS when R 0 < 1. 
Proof. Define a Lyapunov function Wq as follows: 


2 

w 0 = e^ 

i = 1 



62 

CiCXi T bi 


Wi + 


e* + bi 

nr^ 

+ Oi 


r 

-z, 

9 


(25) 


where 7 * 


kijejcti + 5, ; ) 
CCi(Ci + b t ) 


i = 1,2. The time derivative of Wq along the trajectories of (10)-(14) satisfies 


dW 0 

dt 


2 

E* 

Z=1 

^ + bi 
CiO^i + bi 


1 ) diXi fiiXi'ii} + 


CiCXi T bi 


((1 - cti)piXiV - (e* + 62 ) 1 ^ 2 ) 


(aiPiXiV + biWi - ciiDi) 


+ J2hy*-cv~rvz+-(gvz~vz). 
1 y 


(26) 


Collecting terms of Eq. (26) we get 


dW 0 

dt 


E* 

Z=1 


di 1 L j (x° - x») + ftx?v 


r/i 

— cv 2: 

9 


-E^ 


i=l 

2 


(ay - a ;?) 2 v- ki{eiOii + bi ) 0 rn 

+ 2 _v 7 1 j T PiXi y -cv z 

ay “ ai[ei + bi) g 


-E^ 


i=l 

2 


- E ^ 


i=l 


(^2~X°) 2 

Xi 

(Si - *°) 2 

Xi 


( sr' kipixKeiCti + bi) \ rg 

+ / 7 TT 1 CU Z 

Vfrj' a 2 c ( e i + bi) J g 

+ (R 0 — l)cv — z. 

9 


(27) 


If i?o < 1 then < 0 for all Xi,v,z > 0. Thus, the solutions of system (10)-(14) converge to O, the largest 

invariant subset of = 0} [27]. Clearly, it follows from Eq. (26) that = 0 if and only if 27 = x®, v = 0 

and z = 0. The set Q is invariant and for any element belongs to O satisfies v = 0 and z = 0, then v = 0. We 

2 

can see from Eq. (13) that 0 = v = kiyi , and thus y* = 0. Moreover, from Eq. (12) we get Wi = 0. Hence 

i = 1 

= 0 occurs at Eq- From LaSalle’s invariance principle, Eq is GAS. 

Theorem 2. The chronic-infection equilibrium without antibody immune response E\ of system (10)-(14) 
is GAS when Ri < 1 < R 0 . 
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Proof. We construct the following Lyapunov function 




- r.fXi, b, 

XiF(-) + 

Xi 


WiF 

eiai + bi \w iy 


ei + bi / y.i 

++F ViF ~ 

i ,<>, • hi \ a: 


© 


+vF ( - + 


VJ g 


Calculating along the trajectories of (10)-(14) we get 


dWi 

dt 


= E < * 

2=1 


1 - — ] (A; - diXi - PiXiv) H — — — ( 1 - — ) ((1 - oti)f3iXiV - (e* + bi)wi) 

Xi ) eiUi + bi \ Wi 


6l + b \ ( 1 - — ) ( ctiPiXiV + biWi - aiUi) 

eiOLi + bi V Vi 


Collecting terms of Eq. (28) we get 
2 


+ ( 1 — - j ( E — cv — rvz J + - ( gvz — gz) . (28) 


v*=i 


dWx 

dt 


= E* 

2=1 


xA bi(l - at) PiXiVWi ei + bi a t (e* + bi) PiXiVyi 

1 (A, — diXi) + PiXiV — 1 -—-biWi — 

Xi J e.,a, + bi Wi e;a, + b t + 6 , y t 


bi (e* + bi) Wijji e t + bi 


eiCti + bi yi eiCti + b, 


a,iyi 


U V— ' 7 ' p 

— cv > kiDi + cv + rvz z. 

v ti ' 9 


(29) 


Using the value of Xi given in Eq. (24) we get ( ^ 7 ifiiXi — c ) v = 0. Applying A i = diXi + fiiXiV, we obtain 


2=1 


dW 1 

dt 


= E* 

i — 1 


Xi\ , , , . „ / 27 \ bAl — aA BiXiVWi ei + bi , 

1 - - (dA - diXi) + PiXiV 1 - - - ri 1 — — 1 + , , biWi 

Xi J V Xi) eiUi+bi Wi eiOti + bi 


on ( ei + bi) PiXiviji bi ( e* + bi) w t yi ei + bi 


eioti + bi y i eiCti + bi y t e t ai + b, 

Using the equilibrium condition for E\ 


iVi 


u v \ _ _ 1 fjj , . 

/ kiyi + cv + rvz z. (30) 

v t[ ' 9 


(1 - aAPiXiV = (ei + bi)u>i, cufiiXiV + biWi = apy^ cv = ^ ^ 7 iPiXiV, 


ei + bi ~ _ 6^(1 O© r. ~ ~ ©2 “p bi)cXi ~ _ 

-aryi = PiXiV = —j—PiXiV H ——piXiV. 


we have 


dlLj 

dt 


= E^ 

2=1 

^(1 ~ <^ 2 ) 

c%Oii + bi 


^iOti + bi 


- di — — _|_ ^.£.0 / 1 _ 

27 V aij 


eiOi “P b, e^ + b% 

bp 1 - «i) , (e» + 6i)aj\ 6,(1 - a,) _ „XiWiV 

nr + nr n-/w*r — - 

ejOj + bi eiOti + b t J e^i + bi XiW t v 


a ~ ~ (ei + bi)oti _ 6,(1 - a,) _ , 6,(1 - a,) _ (e^ + 6,)aj _ 

— — PiXiV - — — — PiXiV- 1 --—PiXiV H ——PiXiV 


eioti + bi Xi.yiV ejO, + bi wnyi e^ct; + b t eja, + b, 

+ (v — v) rz. 


6 ,( 1 -a,) (ei + 6 i)aj\ / 6 ,(l-ai) (e, : + 6 j)a, . _ 

nr + n - p^v— + - 7 - + —j— PiXiV 

e,a,: + bi eicu + b, J y t v \ e^on + bi e t ai + bi 


= E* 

2=1 


(aij-x,;) 2 6j(l — «i) — / Xi XiWiV yiv Wiyi 

- di 1 -—PiXiV 4 - — 

Xi eiOn + bi \ Xi XiWiV yiv wryi 

+ (v — v) rz. 


(ei + bi)ati _ _ / „ Xi y+ x z yiV 

—r— PiXiV 3 

< ,n, •• 6 , 


Xi yi.v XiyiV 


(31) 


We have Xi,Wi,yi,v > 0 when f?o > 1. Since the geometrical mean is less than or equal to the arithmetical 
mean, the second and the third terms are less than or equal to zero. Now we show that if R\ < 1 then v < ^ = v. 
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Using the steady state conditions for E\ we have V — kt/3,A,(e,a, + b t ) — _ , then. 

it‘ 1 a i cd i (e i + b i )(l+r] i v) 


2 2 

r ^ gki(3i\i(eiai + bi) fcjAAi(ejO;, + 6j) 

1 “ aic(ei + bi){gdi + gfa) ^ ajd,c(ej + 6j)(l + r^w) 


kiPiXifaai + bi) ^ KiPi^i^t-nxi Ui) _ , 

— ^ aidic(ei + bi)(l + r/iv) ^ a idic(e.i + 6,)(1 + Viv) V V 


kifiiXi^G-iCXi T b i j 


where % = V] — 7 — itjfl — . It follows that, if i?i < 1 then < 0 for all Xi,Wi,yi , v, 2 : > 0. 

j=lo i d i c(e i + & i )(l + »hi;)(l + J7 i w) “ dt “ 

Thus, the solutions of system (10)-(14) limit to Q, the largest invariant subset of = 0} [27]. It can be 

seen that, = 0 occurs at E\. Applying LaSalle’s invariance principle we obtain that E\ is GAS. 

Theorem 3. The chronic-infection equilibrium with antibody immune response E 2 of system (10)-(14) is 

GAS when i?i > 1. 

Proof. Consider the following Lyapunov function 


W 2 = } n XiF( — ) H -—WiF — M —rViF ~ + vF - + - ■ 

Xi eiOn + bi \Wi ) eiOti + bi \y t J \v/ g \zJ 


Calculating the derivative of W 2 along the trajectories of (10)-(14) we get 


f 1 “ — ^ (A* - “ A®*^) H 

at \ Xi) eiOLi 

t—1 L 


— r- 1 ((1 - a z )/3iXiV - (e t + 6 ,)wj) 

ejOj + bi \ Wi ) 


+ + ( 1 - — ) {anPiXiV + biui - aiUi) + (l - (^2 kiVi - cv - rvz) + - (l - y) (, gvz - gz) . 

&iQti 1 0% \ Vi / ' V , Q \ Z / 


g \ z. 


Collecting terms of Eq. (33) we get 


dW 2 ^ ( xA _ 6,(1 - a,:) PiXiVWi ei + bi 

—rr = > 7* 1 (Ai - diXi) + PiXiV — r 1 ry-6,t% 

dt \ Xi J eiati + bi Wi eion + bi 


a-i (e, + bi) pjXjVyi _ bj (g + 6 ,) Wjyj d + 67 

T bi yi eiOLi T bi yi e, 07 T b; 


- u \ — ' - - ' H* — . N 

MVi — cv > Ayuj + ci> — ru 2 H 2 . (34) 

v Ai g 


Applying A, = diXi + f3xiV , we get 


C —A = ^7 i f 1- ”) ^iXi - diXi) + PiXiV f 1 - — j + PiXiV - 


6,(1 - a,) PiXjVWj ej + bj ^ 
eioti + bi Wi eiOn + b t 


otj (e, + bj) PiXjvyi _ bj (e.j + 6,) w.^j ej + bj 
eion + bi yi eiOLi + b, y, t + 6, 


-cv - - V ' hyi 

,, Z — J 


+ cv — ru 2 -I 2 . 


Using the equilibrium conditions for E 2 


(1 - OLi)f3iXiV = (e.j + bi)wi, aiPiXiV + biWi = a^, cv + rvz = ^ fejj/j = ^ 7i/3,; 


i=l i=l 


e, + 6, _ o-- 6j(l — on) — (e, + 6 j)a, _ \ - — _ n 

—aiyi = (3iXiV = ——fdiXiV + 7 ——fdiXiV, ) 7 iPiXiV - cv - ru 2 = 0 , 

+ Ui + bi yCiCXi H - bi) . 


C-i^i H - bi 
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we have 

2 


dW 2 

dt 


-<L 


= 5> 

i = 1 
bi( 1 - «i) 


(®i - a;,:) 2 


a:* 


+ fcXiV 1 - 


Xj 


Xi 


bi(l-ai) (e* + bi)oti\ b^l-cti) _x t WiV 

PiXiV- 


V-iOZi T bi V-iOZi T bj 


G-iOZi T bi 


XiWiV 


a - - (e, + bi)ati _ _XiUiV 6,(1 - ati) _ _Wiyi 6,(1 -a*) (e* + 6,) a* _ 

PiXiV ——PiXiV - — —— PiXiV — 1 ——fiiXiV J \ — , — PiXiV 


< ,o, + bi ( ,a, + 6 

6,(1 -a,) (e* + 6j)aj 




CiOLi 


a - -y* v i 

PiXiV- I- 

ViV 


x,y,v < ,n, + bi Wiyi c ,(\, + bi 

6,(1 Oj) (c* “1“ bi'jOti 


€-iOLi 




CiOLi 


PiXiV 


= £ 


7* 


(aij - a;,;) 2 6*(1 - a*) _ 

- di 1 —7 — PiXiV 

Xi CiOZi T bi 


4 _ )U _ XjWjV _ViV_ WjVi 
Xi XiWiV TjiV WiVi J 


(^i T bpozi _ _ 
1 7~T\v> iXiV 

(eiazi + bi ) 


3 _ £i _ ^ 

a:, ViV XiijiV J 


Thus, if f?i > 1, then Xi,Wi,yi,v, z > 0. Using the relation between arithmetical and geometrical means, we 
dW 2 dW 2 

get — — < 0. Clearly, — - — = 0 if and only if Xi = Xi, uy = Wi , tji = yi and v = v. If v = v, then 6 = 0 and 


dt 


dt 


dW 2 


from Eq. (13) we have 0 = kiiii — cv — rvz , which give z = z. Therefore, — - — equal to zero at E 2 . The 

i—i dt 

global stability of E 2 follows from LaSalle’s invariance principle. 


3 Model with saturation functional response 

In this section, we modify model (10)-(14) by taking into account the saturation functional response as: 


, , PiXiV 

Xi — A i diXi , 

1 + (J iV 

* = 1,2, 

(36) 

(1 - aPPiXiV 

Wi= (e, + bi)Wi, 

1 + (JiV 

* = 1,2, 

(37) 

CHpiXiV 

Vi = , + OiWi aiyi , 

1 + GiV 

* = 1,2, 

(38) 

2 

v = kiiji — cv — rvz , 


(39) 

z = gvz — fiz, 


(40) 


where cr, > 0, i = 1, 2, is the saturation constant, and all the variables and parameters of the model have the 
same definition as given in (10)-(14). We mention that the compact set U given in Section 2 is also positively 
invariant with respect to system (36)-(40). 

3.1 Equilibria 

Lemma 2. For system (36)-(40) we have (i) There exist only one uninfected equilibrium Eq = 
(xi, x$, 0,0, 0,0, 0,0) G fi, when R 0 < 1. 

(ii) There exist Eq and a chronic-infection equilibrium without antibody immune response E\ = 
(xi,x 2 ,W!,w 2 ,yi,y 2 ,v,0,) G fi, when Ri<l < R 0 . 

(iii) There exist Eq, E\ and a chronic-infection equilibrium with antibody immune response E 2 = 
(xi,x 2 ,wi, w 2 ,yi,y 2 ,v,z) G fi, when Ri > 1. 

Proof. We let the right-hand side of Eqs.(36)-(40) equal zero, then we obtain the following: 

Eq. (40) has two possible solutions z = 0 or v = — . 

9 

If z = 0, then from Eqs.(36)-(38) we have 

x°(l + <?iv) (1 -a z )PiX° (ejOj + 6j)/3jX? 

Xi= n , , wi= v, Vi = v, (41) 

(1 + fju) (e, + 6j)(l + &v) di{ei + 6*)(1 + &V) 
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where x® = & = ex; + E i = 1,2. From Eq. (39) we find 

tlj dj 


E 

L*=l 


(eiaj + bj)ki(3iX° 
dic{ei + bi)( 1 + &v) 


— 1 ci> = 0. 


(42) 


Eq. (42) has also two possible solutions r = 0or V ( e ‘ a ‘ —1 = 0. 

£io i c(e i + & i )(l + &tO 

If v = 0, then substituting it in Eq. (41) we get the disease-free equilibrium Eq = (xj, x 2 , 0, 0, 0, 0, 0, 0). 

If v ^ 0, we have 

< 43 > 

i .y, T bi)kiJ3iX^ y-, / * q\ i ... 

where W, = — Eq. (43) can be written as: 

aiC(ei + bi) 


A\v 2 + B\v — C\ = 0 


(44) 


where 

Ai = ^ 1 ^ 2 , Bi = ^l’l'i + ^ 2 V I > 2 + (1 — ’I'l — V f , 2 )(^l + £ 2 ), Cl = ’Ll + 4/2 — 1 
The solutions of Eq. (23) is given by: 


v ± = 


—B\ ± \J B\ + 4A- t C\ 


2 A 


We have A\ > 0, therefore v + > 0 and v <0 when C\ > 0. Let v = v + , then from Eq. (41) we get 

x^l + CTiv) >Q (l-aQfta:? = {e iai + bjfrx? ^ 

(1 + ^u) ’ * (e.; + bi)(l + £iv) ’ 1 a,i(ei + bi)(l + £iv) 

Therefore, an endemic equilibrium E\ — (xi,x 2 ,wi,w 2 ,yi,y 2 ,v,0,) exists when C\ > 0 or (Ty + T 2 >1). 
Now we are ready to define the basic reproduction number Rq as 


Ro — E ^ 0i — E ^ 1 — E 


i= 1 


i—1 


i = 1 


( CjQ^i T bi^kipiX^ 
a-i c(ei + bi) 


If v = — , then we obtain the chronic-infection equilibrium with antibody immune response E 2 = 

9 

(x 1 ,x 2 ,w 1 ,w 2 ,yi,y 2 ,v,z), where 


0 g + - (1 - < *i)/3iAt*i _ (eitti + bi)(3ifix® . 

Xi = r , Wi = — — w , Vi = —7 -TT-, — yy, 1 = 1, 2, 


- V 
v = 

9 


9 + ^i ’ (ei + bi)(g + y£i)’ a^e* + b,)(g + /z &) ' 

_ _ £ ( ei(Xi + h) k ifli9 x i _ ^ 


r a.jc(ei + bi){g + /z&) 


2 (s-iCXi — I - bi)kif3igx° 

We note that E 2 exists when g) — ~T ~ — \ ‘ ? — yy > 1- This equilibrium represents the state that both the 

i—i ciiCyei + bi){g + 

viruses and antibodies are present. Let us define the antibody immune response activation number as 


r (eicq + bi)ki(3i.gx® _ 

1 dic(ei + bi)(g + g£i) ^ 


II 


Oi 


1 + ~£i 
9 


which determines whether a persistent antibody immune response can be established. Then we can write 

z = — (R\ — 1). Clearly R\ < Rq. Similar to Section 2.2, one can show that, Eq, E\ £ S2 and E 2 € O 
r 


1082 


A. M. Shehata et al 1074-1093 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 

3.2 Global stability 

Theorem 4. The disease-free equilibrium Eq of system (36)-(40) is GAS when Rq < 1. 

Proof. We define a Lyapunov function Wq as: 


i= 1 


x”F (* 
x? 


&iOLi + bi bi 


Vi 


r 

■ v H — z. 
9 


(45) 


We calculate along the trajectories of (36)-(40) 


dW 0 

dt 


= £* 


, x i \ A Pi X i V \ , b i ( {l- Oti)(3iXiV 

1 ] ( diXi IT i 7 [ i i (G bi)Wi 

Xi ) \ IT OiV ) eiOti T bi \ IT o^ 


i = 1 

e» T bi ( aifaxiV 


eiati T bi V 1 T OiV 


T biWi - diDi 


T V kiiji — cv — m 2 H — (guz — yz). 

g 


(46) 


Collecting terms of Eq. (46) we get 

2 


dWo 

dt 


iii-qi.!-.)# 

£?; / 1 + OiV 


rfi 

— cv 2 : 

9 


-£ 7 , 

2=1 

E (Xj - x°) 1 2 X - (ejOj T bi)kif3iXi ry 

1 idi T > — 7 — . u , T - cu 2 

G “ ai(ej T o,: ) ( 1 T 0ii>) g 


2= 1 
2 


= -£7<d> 


2=1 

2 


= -£t id, 


2= 1 


(T: ~ X? ) 2 

Xi 

(xj ~ x°) 2 

Xj 


'ST"' Roi 

ytt (! + 


1 1 r 9 

— 1 I cv z 


(i ?0 - l)cu - y 


2=1 


cdiRoiV 2 r/jb 

r 2. 

(l + ^v) £ 


(47) 


If R 0 < 1 then < 0 for all x u v,z > 0. Similar to the proof of Theorem 1, one can easily show that = 0 
at Eq. Then using LaSalle’s invariance principle, we can show the global stability of Eq. 

Next, we show that the endemic equilibrium E\ is GAS. 

Theorem 5. The chronic-infection equilibrium without antibody immune response E\ of system (36)- (40) 
is GAS when R 1 < 1 < R 0 . 

Proof. We consider the following Lyapunov function 


m = £ 7i 

i= 1 

(ffl'l 


XiF 


Xi 


bi - r, ( Wi\ , e i + bi „ „ ( Vi 

—rWiF — T — r-J/i-F ~ 

eitti T bi \Wi ) e.ia z T G \J/» 


TAF(£ T 

Vz;/ g 


Calculating — -A along the solutions of (36)- (40) we get 
dt 


dWi 

dt 


£7, 

2=1 


1 Xi\ { . , PiXiV \ bi 

1 I I ^2 diXi I ~h 

Xi J \ 1 + <JiV ) eiOLi + bi 


Wi\ /(I - ai)PiXiV 

1 — 7— (g T 6i)t0j 

iG / V IT cr iV 


ei T bi yA f ai(3iXiV 

H — w 1 7 — h biWi - diUi 

eiOn T bi \ yi ) \ 1 T o-jU 
Collecting terms of Eq. (48) we have: 


T (l ) (y' kiiji — cv — ruz) -I — (guz — yz) . (48) 

V y g 


dWi 

dt 


, /3jXiU h ( (1 - ati)f3iXiVWi 

1 Ai - djXi) T — 1 -r- 7— 7 b (ei T h)i 

xi IT OiV eiOLi T h \ (1 T OiV)Wi 


£7 

2 = 1 

Ci 

eiOti T bi V (IT Oiv)yi ' yi 


2 = 1 

e. ; . T bi ( ctipiXiviji b t w ^ 


am 


- cv ~ - £ 

77 Z ^ 


/Lir 

T evT mz - 2 :. 
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Using the equilibrium condition for E\\ 

, , >,. , P&iV (1 - a.i)(3iXiV _ _ UipiXiV _ e*a* + faxiV 

A * = diXi + , _ _ , — * , _ _ — = (e* + bi)Wi, o*y* = 1 , _ . + biWi = 


1 + (7*0 


1 + (7*0 


1 + (7*0 


2 2 a ~ 2 2 a _ ~ 

PiXiV ^ P*^ y*f 

cf = > , Ay* = > 7 * 7 — — - >. Ay* = > 7 i 

1 + (7*1) ” 


i=l 


PiXiV 


h{ 1 - a*) faxiV 


i=l i—1 

(e* + 6*)a* PiXiV 


' 1 + (7j0 y t v ’ 


= "E' 

7? Z—/ 


e* + bi 1 + OiV ’ 

PiXiV 


1 1 + (JiV ’ 


1 + (JiV (eiCHi + 6*) (1 + (7*0) (e*a* + A) (1 + (7*0) ’ 

we obtain 
2 

, I / T; \ I 

diXi 


dW\ 


dt 


= E* 

i=i 


j _ 


/3*i*0 \ 

- a*a:* + 


1 + (7*0 


1 + ct*o e*a* + 6* 


(1 - ai)PiXiVWi (1 - a*)/3*i*0 


(1 + a-iv)wi 


1 + (7*0 


e i + b i f 

aSiXiVyi 

1 biWii/iWi €-iOLi + 6^ (3iXiV \ 

Ip 

P 

1 

ip 

iff 

^2 

H 

i^ 

iff 

^2 

5> 

eiOti + bi \ 

(1 + cr *u)y* 

y%Wi ei + bi 1 + (7*0 / 

y*0 1 + cr *0 

0 1 + (7*0 1 A (7*0 J 


yr 

+ rvz 2 . 


2 

= E* 

i=l 


- di 


(xi - J*) 2 / 3*5, -0 


1 + (7*0 


-1 + 


fr*(l - a*) /?*5*0 

(e*a* + 6,;) (1 + cr*0) 

(e* + b.*)a* PiXjV 
(■ e*ct* + A) (1 + (7*0) 

(x* - 5*) 2 


2 

= E* 

i=i 


-d*- 


a;* 


A(1 - a*) /?*5*0 

(e*a* + bi) (1 + a*0) 

(e* + bi)aj PjXjV 
(' e*a* + bi) (1 + a*0) 

As the same proof of Eq. 

.A AA A, A (c*0* "t“ A ) 


' Xi 

a;*u>*i;(l + a*0) 

2/*0 

o 

, Xi 

5*10*0(1 + (7*1)) 



a:*yiv(l + cr*0) 

ViV 

, a;* 

5*y*0(l + (7*i)) 

ViV 

PiXiV 

(7*(l) - 0) 2 


(1 + (7*0) (1 + (7*u)(l + (7, 

*0)0 

' i* 

a:*0>*ii(l + (7*0) 

yA 

, Xi 

5*io*0(l + (7*u) 


4_ — - 

a;*y*i;(l + cr*0) 

ViV 

a:* 

5*y*0(l + o - *^) 

ViV 


1)(1 + (7*0) V 1 + (7*1; 

0(1 + (7*1)) 0 1 + (7*0 

10*2/* _ 1 + (7 * 0 
1 + (7*0 


Wiyi 


1 + (7*0 


w*(/* 

10*2/* 


i> | rz 

g , 


1 + (7*11 
1 + (7*0 


ii | rz. 

9, 


(49) 


(32) we can show that (0 — v) = ^(i?i — 1), where ui = 

^ , , , , N/1 , , , - -C- So, if R\ < 1 then 0 < (r = 0. We have a 7 ,to*,y *, v > 0 when i? 0 > 1- 

*=i a*d*c(e* + 6*)(1 + £*o)(l + &v) 9 

Since the geometrical mean is less than or equal to the arithmetical mean, then the third and fourth terms of 
Eq. (49) are less than or equal zero, then if R\ < 1 then < 0 for all a:*, in*, y*, v, z > 0. Clearly, = q 
occurs at E\. LaSalle’s invariance principle implies global stability of E\. 

Theorem 6. The chronic-infection equilibrium with antibody immune response E 2 of system (36)-(40) is 
GAS when Ft,\ > 1. 

Proof. Define Lyapunov function W 2 as: 

2 


W a = 5 > 

i = 1 


- j?( x , b i 

x i F I — ) H —r 


W ( + Ai ±A S(F ( yj 

\WiJ e*a* + 6j Vy *2 


+ 0F(-) + - zF( 

\ v / g \z( 


The time derivative of W 2 along the trajectories of (36)-(40) is given by 


dW 2 

dt 


= E 7 ; 

i- 1 

e* -f bi 


* x i\ ( . , 

1 J ( A * diXi . , 

a;* / V 1 + (7*u ) eidti + b t 


wA f (1 - oti)(3iXiV 

1 — — (e* + bi) w, 

Wi J \ 1 + (7*11 


* ?A;\ / otiPiXiV 

, ; 1 1 T 1 ^ bw i ~ a iV- 

e*o* + 0 * \ y*: / \ 1 + 



Collecting terms of Eq. (50) and using the equilibrium condition for E 2 


. , faiV (1 — Ui)(3iXiV a-ifiiXiV _ _ __ 

A * = diXi + ; z = (e* + bi)Wi, r + 6 * 10 * = a* ; y*, cv + rvz = ) dyi 

1 + (7*11 Z — ' 


1 + (7*1) 1 + (7*U 


j=l 
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ej + bj ^ _ _ f3jXiV _ bj( 1 - a % ) PiXjV (g + bj)ai fjjXjV 

eiOti + bi 11 1 + GjV (i SjQj + bi) (1 + <Jiv) (ejCtj + bf) (1 + atv) 

Eq. (50) becomes 


dW 2 

dt 





PiXil I <7j(i>-x) 2 

(1 + UiV ) x(l + (TiV)(l + (JiV) 


bi{ 1 - ai ) (diXiV / _ x» _ XjWjx(l + <Jiv) _ yiV _ Wiyi _ 1 + (JiV 

{gon + ft*) (1 + crju) V Xi XiWiv( 1 + (Tix) yiU Wiin 1 + <j,;x 

(e^ + bi)a z pjXjV ( _ x* _ Xji/jx(l + q-jx) _ ViV _ 1 + gjf A 

(ei«i + 6j) (1 + crjx) V a* Xj?/jx(l + <jiv) y z v 1 + <TjX/ 


Thus, if Ri > 1 then Xi,Wi,yi,v and z > 0. Similar to the proof of Theorem 3, one can show that E 2 is GAS. 


4 Model with general incidence rate 

In this section, we propose a viral infection model with latently infected cells and antibody immune response. 
The incidence rate of infection is represented by a general function of the populations of the uninfected target 
cells and free viruses. 


Xj = Aj - diXi - /j(xj, x), 

* = 1,2, 

(51) 

Wi = (1 - Q:j)/j(xj, v) - (ej + 6j)u;j, 

* = 1,2, 

(52) 

Vi = oi.if.fxi , v) + biWi - Ojj/j, 

* = 1,2, 

(53) 

2 

i? = kiyi — cv — rvz , 


(54) 

£ = #172: — / 12 :, 


(55) 


Assumption Al For i = 1,2, function f t satisfies: 

(i) fi(xi,v) is positive, continuous, and differentiable, 

dfi(xi,v) dfi(xi,v) dfi{x u 0) 

(n) > 0 and > 0 for any Xj,x > 0. furthermore, > 0 for any x, : > 0, 


dv dx. 

(iii) fi (x.j , 0) = fi( 0, v) = 0, for all x* > 0 and v > 0. 

Assumption A2 For i = 1,2, function fi satisfies: 

f i \ ^ dfi(xi,0) ,| n 

(i) fi{Xi,v ) < v — , for all v > 0. 


dv 


(ii) 


d 

dx. 


dfijxj , 0) 

dv 


dv 


> 0 


4.1 Equilibria and biological thresholds 

We define the basic infection reproduction number of system (51)-(55) as: 

2 ^ ki(eiQti + bf) dffx ?, 0) 

0 . a,;c(ej + bi) dv 

l—l v 7 

The equilibria of (51)-(55) satisfy the following equations: 

A i - diXi - fi(xi,v) = 0, 

(1 - ai)fi(xi,v ) - (e* + bi)Wi = 0, 

otifi(xi, v) + biWi - aiyi = 0, 

2 

y hyi - cv - rvz = 0 , 

i= 1 

(gv - n)z = 0 . 


(56) 

(57) 

(58) 

(59) 

(60) 
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Equation (60) has two possible solutions, z = 0 or v = fi/ g. When z = 0, we obtain two equilibria, the infection- 
free equilibrium E 0 = (a:°, ^ 2 , 0, 0, 0, 0, 0, 0), where x° t = ^ , i = 1,2 and the infected steady state without 
antibody immune response E\ = (xi, £ 2 , wi, ^ 2 , yi, V 2 , v, 0, ), where the coordinates satisfy the equalities: 

2 

A i = diXi + fi(xi , v), (1 - oti)fi(xi,v) = (e* + b^m, onfi{xi , u) + biWi = a^i, ^ kijji = cm (61) 

i=l 


The other possibility of Eq. (60) z ^ 0 leads to v 


— . Substitute the value of v in Eq. (56) and let 
9 


n(xj) = A i — diXi - fi{xi, v ) = 0. 


According to Assumptions Al, II is a strictly decreasing function of Xi . Besides, 11(0) = Aj > 0 and II (x°) = 
— fi(x®,v) < 0. Thus, there exists a unique Xi £ (0,x°) such that II (a;*) = 0. From Eqs. (57)-(59) we have 


Wi = 


(1 - a z )fi(xi,v) 

(e* + bi) 


(eiai + bi)fi(xi,v) _ c 

Vi = 7 — ttA > *=“ 

ai(ei + bi) r 


\ ' ki(eia.i + bj)fi(xj, v) 

“ a i c (ei + bi)v 


-1 


2 

Thus Wi > 0 and iji > 0, moreover, z > 0 when y~) 

*= l 


immune response activation number as: 


kijejCej + bj)fi(xj, v) 
Qic(ei + bi)v 


> 1. 


Now we define the antibody 


*i = £ 


fc»(e,;Qi + bj)fi(Xi,v) 
aic(ei + bi)v 


Hence, 2 can be rewritten as 2 = ()(I?i — 1). It follows that, there exists a chronic-infection equilibrium with 
antibody immune response E 2 = (ah, w\, yi, X 2 , W 2 , 92 , v, z) when R\ > 1. Clearly from Assumptions Al and 
A2, we have 


*1 = £ 


kijejCtj + bj)fi(xj, v) 
aic(e.i + bi)v 


<£ 


ki(eiai + h) dfi(xi, 0 ) _ 

— — v 

aidei + bi)v dv 


< yA ki^eiaj + bj) dfj(x°, 0) 
“ djc(ej + bi) dv 


— i?o- 


5 Global stability analysis 


Theorem 7. Let Assumptions A1-A2 be hold true and Rq < 1, then the infection-free equilibrium Eq for 
system (51)-(55) is GAS. 

Proof. Define a Lyapunov functional Wq as follows: 




i—1 


0 [ r fi{x°i,v) 

Xj — x^ — / Inn — — -ds. 


Wi 


ei + bi 


v^o+ fi(si , v) eiOii + bi eiOii + b t 


r 

■ v -\ — 2. 
9 


dWn 


Calculating — — - along the trajectories of (51)-(55) as: 
dt 


dW 0 

dt 




1 - lim '^ Xi ’ V } \ (A i - d^i - fi(xi, v)) H ((1 - a t )fi(xi, v) - (e» + b^Wi) 


2=1 

^2 + bi 
H - bi 
2 


o+ fi{Xi,v) 

( <Xifi(xi , v) + biWi - ciiUi) 


H - bi 

2 

+ kiyi — cv — rvz H — (gvz — gz) 


= ( 1 “ 


dfj(x^0)/dv 
dfi(xi, 0)/dv 




(62) 


Based on Assumption A2, the first term of Eq. (62) is less than or equal zero. Therefore if I?o < 1, then 
< 0 for all Xi, v, z > 0. Similar to the previous sections, one can show that E 0 is GAS. 
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Now we need to the following Assumption to proof that, E i and E 2 for the system (51)-(55) are GAS. 
Assumption A3 Function fi(xi,v) satisfies the following: 

fAxi.v) v\ /„ fi(xi,v)\ „ ( fAxi-v) v\ /, fAxi,v)\ 

v; - ; - - i- ; < 0 , v; - - 1 - < 0 , Xi,v > o, 

}A x i,v) V J \ Ji{Xi,v) J \Ji{Xi,V) v) \ Ji{Xi, v )J 

Theorem 8. Suppose that Assumptions A1-A3 are satisfied, E\ exists and R\ < 1, then E\ for system (51)-(55) 
is GAS. 

Proof. We construct the following Lyapunov functional 




i = 1 


Xi — Xi — 


fi(Xi,v) 


ds 


bi 


fAsi,v) eioii + bi 


mF 


G 4” f>z ~ tp ( Vi 

ViF — 


<Y>, • bi \y. 


+vF(l) + 

Vi;/ g 


The time derivative of W\ along the trajectories of (51)-(55) is given by 


dW 1 

dt 


= E* 

»= l 

G + bi 


1 - 


fi(Xj,v) 

fA x i,v) 


(A i - diXi - fAxi,v)) + 


G-iOCi ~L bi 


e-icti + b t V Vi 


1 ) ( ctifAxi , v) + biWi - aiUi) 


Wj 

2 


1 ((1 - OLi)fi{xi,v) - (e» + bi)wi) 


+ ( 1 - - ) ( I kiVi - CV - rvz j + - ( gvz - \xz) . 


(63) 


Collecting terms of Eq. (63) we get 


dWi 

dt 


= E' 


, fi(xi,v)\ ,fi(xi,v) 6i(l-ai) Wi 

1 r / ~\ ) diXi) + fi\Xi,V) . . fAXi,V) 

Ji (Xi , V) J fi [Xi , u) ejO,; + bi Wi 


(g + 6j) - (g + b i) a i , , iVi (g + b^Wi e* + 

—biWi — ji{Xi,v) 7-^iUi 

&iC%i "b bi €>iOLi + bi yi €-iOii "b Oj CiOt-i "b bi 


E , v „ „ r\i 

kiUi h cv + rvz z. 

v q 

i = l u 


Using the equilibrium condition for EU 


A,; = diXi + fi{xi,v), (1 - ctifAxi, v) = (e, : + bi)m, aiiji = a JA x i, v) + hwi, cv = - V' iifi(xi, v) 

1' ' 


CV 


= E fe *y* = '52'Yifi(xi,v), ~ l + aiVi = fi(xi,v ) = + ^7-7Ti/i(Ti,i') 1 


i=l 


z=l 


G-iOZi bi 


( GOT + &»)' 


(eja, + &*)' 


we obtain 


dWi 

dt 


= E7 

Z=1 

^(1 - at) 

"b 

^ b bi)(Xi 

(■ e»a» + 6») 


diXi ( 1 


fi(Xi,v) 
fi{Xi,V ) 


fi{xi,v) 5 - 


fi(xi,v) 4 - 


1 _ i b _ / fj(xi,v) _ v 

Xi) \ fA x i,v)) \fi( x i,v) V 

fAxj,v) _ WjfAxi,v) _ Wijji _ yiV _ vfAxj,v) 

fi{Xi,v) Wifi(Xi,v) WiUi XjiV vfAxi,v) 

fAxuv) _ VifAxi,v) _ yjA _ v fi(xj,v) 

fi(xi,v) VifAxuv ) yiV vfi( x i,v) 


r | v ) z. 

9 , 


(64) 


From Assumptions A1 and A3, we get that the first and second terms of Eq. (64) are less than or equal 
zero. Because the geometrical mean is less than or equal to the arithmetical mean, then the third and fourth 
terms of Eq. (64) are less than or equal zero. Now we show that if R\ < 1 then v < - = v. This can be 
achieved if we show that 

sgn {oti — Xi) = sgn (v — v) = sgn (f?i — 1) . 
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Applying Assumptions A1-A2, we have 

v) - fi(xi, v)) ( Xi - Xi) > 0, (65) 

(fi(xi,v) - fi(xi,v)) (v - v) > 0, (fi(xi,v) - fi(xi,v)) (v - v) > 0. (66) 


Using Assumption A3 with Xi — x t and v = v, we get 

( fi(xi,v)v - fi(Xi,v)v) (fi(Xi,v) - fi(x it v)) < 0 

It follows from inequality (66) that 


- fi(xi,v)v)) (v-v) > 0. 


(67) 


Suppose that, sgn (&$ — xi) = sgn (v — v). Using the conditions of the equilibria Ei and E 2 we have 

(A i - diXi ) - (A i - diXi) = fi(xi,v) - fi(xi,v) = fi(xi,v) - fi(xi,v) + fi(xi,v) - fi(xi,v), 

and from inequalities (65) and (66) we get sgn(xi — xi) = sgn(xi — xi), which leads to contradiction. Thus, 

2 

sgn (. Xi — xi) = sgn ( v — v) . Using the equilibrium conditions for E\ we have b +b')t” V '* = then 


^ - 1 = E 


i= 1 

2 


= E 


kii^G-iOCi T hi) 
aic(ei + hi) 


kiieiCti T b,) 
aic(ei + hi) 


fi(Xi,v) fi(Xi,v) 


( \ (fi(xi,v) - fi(Xi,v)) + Jz (fi{Xi,v)v 

\v vv 


fi(Xi,v)v) 


From inequalities (65) and (67) we get sgn(R\ — 1) = sgn(v — v). It follows that, if R\ < 1 then v < - = v. 
Therefore, if Ri < 1 then < o for all Xi,Wi,yi,v, z > 0, where the equality occurs at the equilibrium E\. 
LaSalle’s invariance principle implies the global stability of E\. 

Theorem 9. Let Assumptions A1-A3 be hold true and R\ > 1, then chronic-infection equilibrium with 
antibody immune response E 2 for system (51)-(55) is GAS. 

Proof. We construct the following Lyapunov functional 


2 

w 2 = 5> 

i=l 



fi(Xj,v) 

fi{Si,v) 


dsi T 


h 

&iOti T bi 


WiF 



ei + h _ ( yi \ 

7~yix — 

eiCti + bi \yi J 




We calculate the time derivative of W 2 along the trajectories of (51)-(55) as: 


dW 2 

dt 


= E* 

i - 1 

Ci T bi 


1 - 


C '/ o, T b i 


fi(Xj,v) 

fi(Xi,v) 

Vi 


(A i - d^i - fi{xi,i >)) 4 T f 1 - — ) ((! - Ui)fi(xi,v) - (ei + bi)wi) 

CiOti -| - bi \ w / 


1 ( aifi(xi,v ) + biWi - aryi) 

y 


+ (l - ^) ( E hVi - cv - rvz) + ^ (l - (, gvz - yz) . 

(68) 


i — 1 


Collecting terms of Eq. (68) and using the equilibrium conditions for E 2 

2 

A i = diXi + fi(xi, v), (1 - ati)fi(xi, v) = (a + biyilh, a^i = atifi(xi,v) + bim, cv = E 7 ifi(xi, v) - rvz, 


i= 1 


v t (- - e i + bi _ bi(l — ai) (ei + bi)ai 

cv = -2^7 iJi(Xi,v) ~ rvz, — ———diVi = U\Xi,v ) = 7T y — —r\Ji(Xi,v) + 7TT — —^^(XuV), 

V , i 

i=l 


+ 6^) 


(e*ai + bi) ' 
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we get 

2 


dW 2 

dt 


= £ 


li 


i=l 


i.Xi 


1 - 


fi(Xi,V ) 


X 


(!“—) + fi(xi,v) 1 - 




fi{Xi,v)\ f fi(Xi,v) V 


fi(Xi,v)J \fi(Xi,v) V 


bj{ 1 - a*) 
(o^b “I - bi) 

(o T bi)oti 
(e*aj + 6j) 


fi(xi,v) 5 - 


fi(xi,v ) 4 - 


fi(Xj,V ) _ Wjfi(Xi,V ) _ _ViV_ _ vfi(Xi,v) 

fi(xi,v ) Wifi(xi,v) yiWi ijiV vfi(xi,v) 

fi(xj,v) _ yifi(xj,v) _ yiV _ vfi(xi,v) 

fi(xi,v) Vifi{xi,v) yiV vfi(xi,v) 


(69) 


Thus, if i?i > 1 then Xi,Wi,yi,v and 2; > 0. From Assumptions A1 and A3, we get that the first and second 
terms of Eq. (69) are less than or equal zero. Since the arithmetical mean is greater than or equal to the 

dW 2 dW 2 

geometrical mean, then — - — < 0. It can be seen that, — — = 0 if and only if x t = Xi, Wi = Wi and v = v. 


dt 


dt 

2 


From Eq. (54), if v = v and yi = */.j then v = 0 and 0 = kyi — cv — rvz = 0, which yields z — z and hence 

i - 1 

dW 2 

— - — equal to zero at E 2 . LaSalle’s invariance principle implies global stability of E 2 . 
dt 


5.1 Special forms of the incidence rate 

By using the Lyapunov direct method, we have established a set of conditions on fi(xi, v), i = 1,2 ensuring the 
global asymptotic stability of the equilibria of model (51)-(55). Now we introduce some forms of the incidence 
rate and verify A1-A3. 

(1) Bilinear incidence rate: fi(xi,v) = PiXi.v, 

(2) Saturation functional response: fi(xi,v) = 

(3) Beddington-DeAngelis functional response: fi(xi,v) = , 

(4) Crowley-Martin functional response: fi{xi,v) = > 

(5) Hill type incidence rate: fi(xi,v) = y)rypr, where /3j,7*,n > 0. 

One can easily show that A1-A3 for the functions /j, * = 1,2 given above. 

Now we verify Assumptions A1-A3 for the function fi(xi, v) = * = 1,2. We have fi(xi, v) > 0 for all 

Xi > 0, v > 0, fi(Q,v) = fi(xi, 0) = 0 and 

dfi{xj,v) = nf 3 i ^x^ 1 v dfi(xi,v) = fax? = df t (xj, 0) 

dxi (7" + xf) 2 ’ dv 7 " + xf dv 


Then, for all > 0, v > 0, we have > 0, d fd*^ v ) > q all( [ > q if n > 0. Therefore Assumptions 

A1 is satisfied. We have also 


fi(Xi,v) 

d ( df i {x° i ,0)/dv \ 
dxi \dfi(xi,Q)/dv ) 

then, Assumptions A2 is satisfied. Moreover, 


PiXjV _ fax'!? _ ^ dfj(xj, 0 ) 
7” + x? V 7J 1 + x™ V dv 
n 7 ?{x°i) n 

(7f + (^)")^ +1 ’ 


{ fi(Xj,v) _ v\ / _ fi{Xj,v) \ _ U\ A _ tA = Q 

\fi(Xi,v) v) V fi{Xi,v)J \V vJ V v) 


Thus, Assumptions A3 is satisfied. In this case, R 0 and Ri are given by 


*o = £ 


i = 1 

2 


r 1 = j2 

i = 1 


kijejOtj + bj) dfj(x°, 0) _ kijejOtj + bj) fa(x®) n 
a.ic(ei + bi) dv ^ a;c(ej + b t ) 7J 1 + (af)" ’ 

kitejOtj + bi)fi(xj, v) _ y ' fc.i(e t a, : + bj) fax? 
aic(e.i + bi)v “ ajc(ei + bi) 7" + x f 
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6 Numerical simulations 

In this section, we will perform some numerical simulations to confirm our theoretical results. Let us consider 
model (51)-(55) with the incidence rate f%{xi,v) = ^rppr, i = 1,2. In Table 1, we provide the values of some 
parameters of model (51)-(55) with the incidence rate given by the function j). The effect of the parameter e on 
the dynamical behavior of the system will be discussed below in details. In order to investigate the theoretical 


Table 1: The values of the parameters of model (51)-(55). 


Parameter 

Ai 

^2 

Pi 

02 

di 

d 2 

a i 

oc 2 

ei 

e2 

bi 

b 2 

7i 

Value 

6.03198 

0.03198 

0.05 

0.08 

0.01 

0.01 

0.5 

0.5 

0.02 

0.02 

0.2 

0.2 

0.1 

Parameter 

72 

h 

k 2 

Ol 

02 

/ 

r 

c 

A* 

9 

n 

£ 


Value 

0.5 

10 

5 

0.3 

0.1 

0.3 

0.5 

3 

0.07 

0.1 

i 

Varied 



results involved in Theorems 7-9, we shall study the following cases: 

Case (I): Rq < 1. Choosing e = 0.85 and using the data in Table 1, we have Rq = 0.899 and R\ = 0.641. 
Since Rq < 1, then according to Theorem 7, the infection-free equilibrium Eq is GAS. Evidently, Figures 1-8 
show that, the numerical results are consistent with the theoretical results of Theorem 7. We can see that, the 
concentration of uninfected target cells tends to its normal value ^ = 603.198, ^ = 3.198, respectively, while 
the concentrations of latently infected cells, actively infected cells, free virus particles and antibody immune 
cells are decreasing and tend to zero. In this case, the treatment succeeded to eliminate the HIV viruses from 
the blood. 

Case (II): R\ < 1. By taking e = 0.40, we have R\ = 0.915 < 1 and Ei exists where Ei = 
(601.504,0.780,0.038,0.055,0.054,0.231,0.565,0.000). Based on Theorem 8, E x is GAS. Figures 1-8 show that 
the numerical simulations confirm our theoretical result presented in Theorem 8. We observe that, the trajec- 
tory of the system will converge to the chronic-infection equilibrium without antibody immune response E\ . In 
such situation, the infection becomes chronic but without antibody immune response. 

Case (HI): Ri > l.We choose, £ = 0.0. Then, we calculate Rq = 1.631 and R\ = 1.149 > 1, this means 
that, E 2 exists and it is GAS. From Figures 1-8, we can see that, our simulation results are consistent with the 
theoretical results of Theorem 9. We observe that, the trajectory of the system tend to the chronic-infection 
equilibrium with antibody immune response E 2 = (599.699, 0.474, 0.079, 0.062, 0.111, 0.260, 0.700, 0.896). In this 
case, the infection becomes chronic but with persistent antibody immune response. Figures 1 and 7 demonstrate 
that, when R\ > 1, the antibody immune response is activated and it reduces the concentration of free virus 
particles and increases the concentration of uninfected cells. In case (i) we calculate the critical drug efficacy 
(i.e, the efficacy needed in order stabilize the system around the disease-free equilibrium). For system (51)-(55), 
Eq is GAS when Rq < 1 i.e. 

£?**<£< 1, sT lt = max jo, 

where, Rq = Rq | e=0 and R oi = R oi | e=0 , * = 1,2. Using the data 
case (ii) we can calculate the critical drug efficacy £ < £ lt = 0.2566. 


Rq- l ] 

Roi + f R 02 J 

in Table 1, we have £^ r " lt = 0.7332. Also, in 


1090 


A. M. Shehata et al 1074-1093 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 




0 I i 1 ‘ 1 1 

0 100 200 300 400 500 600 

Time 


Figure 1: The evolution of uninfected CD4+T cells 
for model (51)-(55). 
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Figure 2: The evolution of uninfected macrophage 
cells for model (51)-(55). 




Figure 3: The evolution of actively infected CD4+T 
cells for model (51)-(55). 



Time 


Figure 5: The evolution of latently infected 

macrophage cells for model (51)-(55). 


Figure 4: The evolution of uninfected macrophage 
cells for model (51)-(55). 



Figure 6: The evolution of actively infected 

macrophage cells for model (51)-(55). 
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Figure 7: The evolution of free virus particles for 
model (51)-(55). 


Figure 8: The evolution of antibody immune cells 
for model (51)-(55). 
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We establish the convergence properties of the implicit midpoint iterative scheme 
for solving the nonlinear equation Tg = g for asymptotically nonexpansive mappings 
in Hilbert and more general uniformly convex Banach spaces. 
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1 Introduction 

In 2001, Xu and Ori [7] introduced the following implicit iteration process for a finite 
family of nonexpansive mappings {Tj : i £ 1} (here I = {1, 2, . . ., N}), with {t n } a real 


* Corresponding author 
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sequence in (0, 1), and an initial point go £ K c X, where X is an arbitrary Banach space: 

Q\ = (1 -t^QO+tlTxQ-L, 

Q2 = (1 -t 2 )Ql +t 2 T 2 Q2, 


QN = (1 - + LvTjVf?jV, 

QN+1 = (1 — tN+l)QN + tN+lTN+lQN+1, 

* 5 

which can be written in the following compact form: 


Qn — (1 t n ) Q n — 1 T t n T n Q n i 71 A 1, 

where T n = T n ( mod (here the mod N function takes values in I). Xu and Ori [7] proved 
the weak convergence of this process to a common fixed point of the finite family defined 
in a Hilbert space. 

Let H be the Hilbert space and T is, in general, a nonlinear operator. Recently 
Alghamdi et al. [1] defined the following algorithm: 

Algorithm 1.1. Initialize go £ H arbitrarily and define 

Qn+ 1 = (1 - t n )g n + t n T ^ Qn + Sn+1 ^ , n > 0, 

where t n £ (0, 1) for all n. 

For the approximation of fixed points of nonexpansive mappings under the setting of 
Hilbert spaces. They proved the following results: 

Lemma 1.2. ([1]) Let {Qn} be the sequence generated by Algorithm 1.1. Then 

(i) ||£„+i -p || < || g n ~P || for all n > 0 and p £ Fig(T), 

(ii) E^l tnWSn - Qn+l\\ 2 < OO, 

(iii) £* Li*n(l - tn)\\Qn ~ F( gn+ | n+1 ) || 2 < OO. 

Lemma 1.3. ([1]) Let {g n } be the sequence generated by Algorithm I. Suppose that t 2 + i A 
at n for all n > 0 and a > 0. Then 


lim ||£ n+ i - £» n || = 0. 

n— >oo 


Lemma 1.4. ([1]) Assume that, 

(i) tn+i — f or oil n > 0 and a > 0, 

(ii) lim inf , woo t n > 0. 

Then the sequence {£> n } generated by Algorithm 1.1 satisfies the property 

lim || g n - Tg n \\ = 0. 

n^oo 


2 
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Theorem 1.5. ([1]) Let H be a Hilbert space and T : H —> H be a nonexpansive mapping 
with Fix(T) / 0. Assume that {g n } is generated by Algorithm 1.1, where the sequence 
{t n } of parameters satisfies the conditions: 

(i) t'n+i — a tn for all n > 0 and a > 0 , 

(ii) limsup, woo t n > 0 . 

Then {Qn\ converges weakly to a fixed point of T . 

We establish the convergence properties of the implicit midpoint iterative scheme 
for solving the nonlinear equation Tg = g for asymptotically nonexpansive mappings 
in Hilbert and more general uniformly convex Banach, spaces. 


2 Preliminaries 


Throughout this section we always assume that H is a Hilbert space with the inner product 
(•, •) and the norm |j • |j and that T : H — > H is a nonexpansive mapping with a fixed point. 
We use Fix(T ) to denote the set of fixed points of T. 

We establish the strong convergence of a new implicit midpoint iterative scheme for 
nonexpansive mappings under the setting of Hilbert and more general uniformly convex 
Banach spaces. 

We need the following well known results: 

Lemma 2.1. ([5]) Let {a n } and {/3 n } be sequences of nonnegative real numbers satisfying 
the following inequality 

Pn+i < (1 + v n )Pn, n > 0 . 

If J2n=i a n < °°, then lim, woo (3 n exists. 

Lemma 2.2. ([3]) For all g, g £ H and A £ [0, 1], the following well-known identity holds: 
||(1 - X)g + A ^|| 2 = (1 - A)|| 0|| 2 + AH 2 - A (1 - A)||^- ,|| 2 . 

For every e with 0 < e < 2, we define the modulus 5(e) of convexity of E by 

5(e) = inf jl - ^ : ||^|| < 1, ||?|| < 1, ||g-^|| > e, g,g £ . 

The space E is said to be uniformly convex if 


5(e) > 0 


for every e > 0 . 

If E is uniformly convex, then for each r, e with r > e > 0, we have 5(~) >0 and 


2 


< r ( 1 — 5 ( - 


for every g, g € E with ||^|| < r, ||<j|| < r and ||^ — ?|| > e. 
The space E is said to be strictly convex if 


for every g, g £ E with ||^|| = ||^|| = 1 and gfig. 
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Lemma 2.3. ([ 6 ]) Let X be the arbitrary Banach space and p > 1, r > 0 be two fixed 
numbers. Then X is uniformly convex if and only if there exists a continuous, strictly 

increasing and convex function g : [ 0 , oo) — ► [ 0 , oo), 5 ( 0 ) = 0 , such that 

l|A<? + (1 - A)?r < A lief + (1 - A) Ikf - w p (X)g(\\g - ?||) 
for all g, g in B r = {g G X : ||^|| < r}, A G [0, 1], where w p ( A) = A(1 — \) p + A p (l — A). 

3 Main results 

Algorithm 3.1. Initialize go G H arbitrarily and define 

/ -1 , \ Qn - 1 + Qn . , mn l 8n — 1 T Qn \ ^ n 

Qn = (1 - tn) h t n T I 1 , n > 0 , 

where t n G (0, 1) for all n, 

and T is asymptotically nonexpansive, that is, 

\\T n g-T n g\\<k n \\g-g\\, g,geH; 

{k n } G [0, 00 ) satisfying Y^=\( k n - 1) < 00 . 

Remark 3.2. The Algorithm 3.1 can be rewritten as 

Qn = e n g n - 1 + (1 - e n )T n , n > 0, 

where e n = I . 

Remark 3.3. The Algorithm 3.1 is well defined. 

Indeed, for each fixed u G H and t G (0, 1), the mapping 

g T u g = tu + ( 1 - f)T n ^ + Q ^j , n > 0, 

is asymptotically nonexpansive with coefficient -X^k n G [0, 00 ). That is, 

II T u g - T u g\\ = (1 - t) T n ~ T n 

1-i, „ 

< —^—k n \\g- g\\, g,g€H. 

Remark 3.4. Since k n > 1, it is obvious that for any q > 0, Y^=i(kn — 1) < 00 implies 

En=l(k n - 1) < OO. 

Now we prove our main results. 

Lemma 3.5. The sequence {g n } defined by the Algorithm 3.1, where {t n } G (0, 1) satis- 
fying {t n \ G [5, 1 — 5] , is bounded. 
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Proof. For g* E Fix(T), consider 
|| Qn ~ 0 *|| = 


/-. , \ Qn — 1 T Qn . , rm ( Qn — 1 T 0 n 

(i - + t n T ( | - e 


(i - t n ) 


0 n— 1 + 0 n \ l4 . ( rpn ( Qn — 1 + 0 n 


-0* ) + tn ^ T 
T 


< (1 - t n ) 

Qn — 1 Qn * 

2 * 

+ tn ! 

< (1 - t n ) 

Qn— 1 T Qn * 

2 * 

+ t n k 


n I Qn — 1 T Q n 


Qn — 1 “I - 0 n 


— (1 — t n + t n k n ) 
= (1 t n + t n k n ) 


f?n— 1 T 0n 


7^0n-l - 0*) + ^(0n - 0*) 


< (1 - t n + f n A: n ) ( i ||^ n _i - 0*|| + ^ || 0„ - 0 * 


which implies that 


I Qn - 0 || < 


2 ( 1 t n t n k n ) 


1 o(l t n k n ) 


|^?n— 1 £? 


Let 


2(1 t n -\- t n k n ) 

1 4 ( I t n T t n k n ) 


= 1 + 


= 1 + 


tn{k n 1) 


1 2(1 t n T t n k n ) 

2 t n (k n - 1) 


1 t n (k n 1) 

By Yl^=i (h n — 1) < 00 , there exists no E N such that for all n > no, k n — 1 < 1 and 

1 - t n (k n - 1 )>S, 

which implies that 


1 


< 


1 


l-t n (k n -l) 5 


Thus 


I Qn - 0*11 < ( 1 + 2 — 5 ( kn - !) ] llen -1 - el • 


Hence according to Lemma 2.1, the sequence {g n } is bounded. This completes the proof. 

□ 

Lemma 3.6. Let {g n } be the sequence generated by Algorithm 3.1 where {t n } E (0,1) 
satisfying {t n } E [5, 1 — 5]. Then 

(i) lilll,, > -x: ||0n— 1 0n|| — 0, 

(ii) lim, woo || gn-l+gn _ r n( gn- l+gn )|| = Q 
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Proof. According to Lemma 2.2, 

II * i|2 

|| Qn ~ Q || = 




Qn — 1 A Qn\ 


2 J 


(1 - t n ) 
= (1 - ^ 


£?n— 1 £?n 


£?n— 1 Qn 


-Q*)+t n ( T n 
2 


£n— 1 + Qn 


tn (1 t n ) 


Qn — 1 + Qn mn 


< (1 - ^ 


f?n— 1 + £?n 


rpr 

2 


m 1 ~l~ ffn ^ 
^ Qn— 1 A Qn ^ 


+ t n k, 




£?n— 1 + £?n 


tn (1 t n ) 


£?n— 1 “I - £?n 


— (1 — t n + t n kn) 


-V 


Qn— 1 "L £?n 


tn (1 t n ) 


£?n— 1 “I - f?n 


-T T 


^ f?n— 1 A Qn \ 


^ f?n— 1 + Qn\ 


1 


1 


— (1 t n + t n k n ) I ||^» n _i Q || + ||^n Q || , ||f?n— 1 


tn(l tn) 


Qn— 1 + Qn 


rj-rr, 


2 C|| j 

2 


£?n— 1 A dn \ 

2 J 


which implies that 

II * 1 1 2 ^ 

|| Qn — Q || _ 


^(1 - tn+tnkp 
1 - |(1 - tn + tn^n) 

_ 1 (1 ~ t n + tnkff) 

4 1 - 1(1 - t n + t„&2) 

tn(l t n ) 

1 - 1(1 - t n + t n L, 2 J 


l|f?n— 1 Q 


* 1 1 2 


Ili?n— 1 £?n|| 


fa-1 4 Qn _ rpn 


Qn- 1 + £?n 


Let us assume that 


1(1 - t n + t n fc, 2 J 

1 - 1(1 - tn +tn&n) 


= 1 + 


= 1 + 


tn(kn 1) 


1 - 1(1 - t n + t n kl ) 
2 t n {kl ~ 1) 


1 - t n (K - 1 ) ' 

By Y^=i(^n — 1) < oo, there exists no £ N such that for all n > no, k 2 n — 1 < 

1 - t n (kl - 1 ) > 6, 

which implies that 

1 


1 

1 - t n (k% - 1) " S' 
6 


Qnf^j 


2 


1 and 
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1 ~t n + t n kl = 1 + t n (k„ - 1) > 1 


1 9 (1 tn + t n k n ) — 1 (l -\~t n {k n 1)) 


= 77 (! - 1)) 


which yields that 


Thus for M > 0, 


1-^(1 ~t n + t n k%) 


II Qn - £>1 2 < fl + 2 — 5 — (A# - 1)^1 ||en-l - £»1 2 - 77 Un-l - Qn\[ 


s-2 Qn — 1 + £+ 


£?n— 1 T £?n 
2 


< lkn-1 - + 2M 2 T ^(k 2 n -l)-\ \\Qu- 1 - Qn\\ 2 


c2 Qn— 1 + 


Qn—1 T Qn 
2 


which implies that 


||(?ra-l — £n|| +2(5 


2 . 0 x2 Qn—1 + Qn rp/Qn—l + £?n . 


± ' C'li rp/^n— i I 

~2 1 2 


< lift,., - Q ‘f - lift. - e*ll 2 + 2 - l). 


2 II 2 + 2« 2 E 

j = i i=i 


Ili 

2 \ ^ Qj - 1 + Qj 


Qj - 1 + Qj 
2 


E (ll^-i - £l 2 - lb - 2*f + ^3-^ - 1)) • 

7=1 ' ' 


Hence 


E b-i - bi 2 < +°° 


Qn—1 + Qn rpn 


Qn—1 + Qn 
2 


< +oo. 


It implies that 


lim ||^ n _i - £>„|! = 0 
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and 


lim 

n— KXD 


Qn— 1 T Qn 


r-j-m 


Qn— 1 “I - Qn 


= 0. 


This completes the proof. □ 

Lemma 3.7. Let {q h } be the sequence generated by Algorithm 3.1, where {£„} £ (0,1) 
satisfying {f n } £ [5 , 1 - 5] . Then lim, W0C1 \\g n - T g n \\ = 0. 

Proof. Consider 


\\en-T"en\\ < 


and 


+ 


Qn — 1 + Qn\ rpn 
2 ) Qn 


< 


Qn—l T Qn 


Qn—l ~b Qn rpn ( Qn— 1 T Qn\ 

AO 

3 

1 

to 

+ 

2 T ( 2 ) 


T k n 1 1 g n 

= (1 + k n ) 

1 + A:, 


Qn— 1 T Qn 


Qn 


Qn — 1 Qn 


Qn— 1 Qn 1 1 T 


0 as n — * oo 


+ 

ii ii \ 

f?ra— 1 + r-pn f Qn— 1 T" Qn\ 

2 v 2 ; 


Qn— 1 T Qn _ rpn f Qn— 1 T Qn \ 

2 V 2 y 


+ || T n g n - T> n _!|| + ||T> n _! - Tg n \ 
- T n g n || + k n \\g n - g n -\\\ + fcillT”- 1 ^.! - en || 


1 1 Qn ~Tg n || < ||p n - T n g n 

^ II f?n 

— | Qn T g n | T h n \\Qn Qn— i 

+ All (||T n -V_i - £) n _i|| + || Qn—l ~ Qn 
— > 0 as n — > oo. 


This completes the proof. □ 

Theorem 3.8. Let T : H — > H be asymptotically nonexpansive. For arbitrary go £ K, 
generate the sequence { g n } by the Algorithm 3.1. If T is completely continuos, then {g n } 
converges strongly to some fixed point of T in H . 

Proof. From Lemma 3.7, lim \\g n ~Tg n \\ = 0. Therefore, there exists a subsequence 

71— XX) 

{ g ri] } of {Qn} such that lim^oo \\g Uj — T g ri] 1 1 = 0. Since { g rij } is bounded and T is 
completely continuous, then {T g nj } has a subsequence {T g njk } which converges strongly. 
Hence {Qn :jk } converges strongly. Let linx^oo g njk = p. Then Tg njk = Tp. Thus 

we have linij^oo || g njk — T Pn :ik || = || p — Tp || = 0. Hence p £ F(T). From Lemma 2.1 and 
Lemma 3.7 it follows that lim, woo \\g n — p\\ = 0. This completes the proof. □ 
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Lemma 3.9. Let E be the uniformly convex Banach space and T : E —> E be asymptot- 
ically nonexpansive mapping. Let {g n } £ E be the sequence generated by Algorithm 3.1 
and {t n } £ (0, 1) satisfying {t n } £ [5, 1 — 5] . Then 

(i) lillTn— >oo ||£?n— 1 6n\\ — 0, 

(ii) lim^oo || gn-l+fa _ T n ( g»- l+gn )|| = Q 

Proof. According to Lemma 2.3, 


II Qn - eT = 


where 


Thus 


(1 - t n ) 


Qn — 1 T Qn 


+ t n T r 


Qn— 1 


+ Qn \ 


(1 - t n ) 

< (1 - t 

- Wp{t n )g 

< (1 - 1. 

- w P (t n )g 


Qn— 1 T Qn 


-Q* +t n \T 


Qn— 1 T Qn\ 

"Hi— J-«J 


Qn — 1 A Q n * 

p 

rrin ( Qn — 1 ~t" * 

2 * 

A t n 

{ 2 ) e 


Qn— 1 A Qn 


Qn— 1 T Qn 


rj-m 

p 


Qn— 1 T Qn 


+ t n k ^ 


Qn— 1 T Qn 


Qn— 1 T Qn 


rp l 1 


Qn- 1 + £?n 


= (1 - t n + i n /c£) 


£?n— 1 A Q n 


- 7 v p (t n )g 


Qn— 1 T £?n 


7^71 


£?n— 1 T £?n 


Qn— 1 + f?n * 

p 


2 * 


) + ^{Qn-Q ) 


< 

\ WOn-l - 5*11 + ^ II Qn - Q*\ 


< ^ ||en-l - 0T + \ \\Qn - Q*f 


Wen - Q*\\ P < (1 - tn A tnk * ) Q ||f? n _i - ± |K - f?*f) 

- 7 o p {t n )g 


Qn— 1 £?n 


rpr\ 


Qn— 1 Qn 


which implies that 

1 1 Qn - Q*\\ P < 


|(1 - t n + t n I&) 
1-^(1 ~t n +t n kl 

UJp{t n ) 


1 1 Qn— 1 - £*F 

| f?n_ 1 + 


1 - 5(1 - tn + t n kn) 


9 


rj ir 


Qn— 1 T £?n 
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Let us assume that 


= 1 + 
= 1 + 


t n {kn ~ 1) 


5(1 - t n + t n kn) 

l-\(l-t n + t n k n) ' 1 - |(1 - + tnkn) 

2 t n (k P - 1 ) 


1 - t n {k^ - 1) ' 

By — 1) < 00 , there exists no e N such that for all n > no, kn — 1 

1 - t n (k p -1 )>S, 

which implies that 


1 

< 


Also 


which yields that 


l-in(fcn-l) 8 


l -\( l -tn + tnK) = 1 - \ C 1 + tn(K - 1)) 
= ^(l-ire«-l)) 


“ 2’ 


> 2. 


1 - 5(1 - in + t n k%) 


Hence 


I Qn - Q*W P < ^1 + 2 Y~r§( k n - !)) Ilen-l - Q 
- 4 S p+1 g ( 


Qn — 1 + Qn _ rpn 


Qn - 1 + Qn 


For M > 0, 


I Qn - Q*\\ P < \\Qn-l - qT + 2 M*— 5 [K - 1 ) 


-46 p+1 g ( 


Qn— 1 + Qn rj^n ( Qn— 1 + Qn 


-T 


which implies that 


Qn — 1 4" Qn r [' n ( ttn—1 + fti, 

Q V O ' 


4 5 p+1 g 


< \\6n-i - Q* f - 1 1 Qn - Q*\\ P + 2 M p —(kr - 1). 


Thus 


45 p+1 J^g 


1=1 


Qn— 1 T Qn r J' n ( Qn— 1 T Qn-, 

o V o 7 


m / c \ 

< E llei-i - eT - lb - eT + 2A^— (A£ - 1) . 

i=i v ' 


10 


< 1, and 
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Hence 


It implies that 


3 = 1 


Qn — 1 + Qn r J' n ( 9n — 1 @ n ' 

O 'O' 


lim 

n — >oo 


Qn— I T „ n / Qn— 1 T Qn 


- T 


< +oo. 


= 0 . 


From this, it can be easily see that 


lim || Q n —\ - g n \\ = 0. 

n— >oo 

This completes the proof. □ 

Lemma 3.10. Let E and T as in Lemma 3.9. Let {g n } be the sequence generated by 
Algorithm 3.1, where {t n } £ (0, 1 ) satisfying {t n } £ [5, 1 — 5] . Then lim n _ >0O \\g n — T g n \\ = 

0. 


Theorem 3.11. Let E and T as in Lemma 3.9. For arbitrary go £ K, generate the 
sequence { g n } by the Algorithm 3.1. If T is completely continuos, then {£> n } converges 
strongly to some fixed point of T in E. 
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Hesitant fuzzy filters in lattice implication algebras 
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Abstract. The notion of hesitant fuzzy filters in lattice implication algebras is introduced, and several properties 
are investigated. Characterizations of hesitant fuzzy filters are discussed. 


1. Introduction 

In the field of many-valued logic, lattice-valued logic plays an important role for two aspects: 
One is that it extends the chain-type truth-value field of some well-known presented logic [1] 
to some relatively general lattices. The other is that the incompletely comparable property of 
truth value characterized by general lattice can more efficiently reflect the uncertainty of people’s 
thinking, judging and decision. Hence, lattice- valued logic is becoming a research field which 
strongly influences the development of Algebraic Logic, Computer Science and Artificial Intelli- 
gence Technology. Therefore Goguen, Novak and Pavelka, researched on this lattice-valued logic 
formal systems (see [2, 10, 11]). In order to research the logical system whose propositional value 
is given in a lattice, Xu [12] proposed the concept of lattice implication algebras, and discussed 
their some properties. For the general development of lattice implication algebras, filter theory 
and its fuzzification play an important role. Xu and Qin [14] introduced the notion of (implica- 
tive) filters in a lattice implication algebra, and investigated their properties. Jun (together with 
Xu and Qin) [3, 9] discussed positive implicative and associative filters of a lattice implication 
algebra, and Jun [4] considered the fuzzification of positive implicative and associative filters of 
a lattice implication algebra. In [13], Xu and Qin considered the fuzzification of (implicative) 
filters. 

Torra [16] introduced the hesitant fuzzy set which is a useful generalization of the fuzzy set 
that is designed for situations in which it is difficult to determine the membership of an element 
to a set owing to ambiguity between a few different values. The hesitant fuzzy set permits the 

0 2010 Mathematics Subject Classification: 03G10; 06B10; 06D72. 

°Keywords: hesitant fuzzy filter; hesitant level set. 
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membership degree of an element to a set to be represented by a set of possible values between 
0 and 1 (see [16] and [17]). Jun et al. applied the notion of hesitant fuzzy sets to semigroups, 
MTL-algebras and EQ-algebras (see [5, 6, 7, 8]). 

In this paper, we apply the notion of hesitant fuzzy sets to the filter theory in lattice implication 
algebras. We introduce the concept of hesitant fuzzy filters in lattice implication algebras, and 
investigate several properties. We discuss characterizations of hesitant fuzzy filters. 

2. Preliminaries 


By a lattice implication algebra we mean a bounded lattice L := (L,V, A, 0, 1) with order- 
reversing involution “ t ” and a binary operation “ — > ” satisfying the following axioms: 

(11) x -> (y -G z) = y ->■ (x — > z), 

(12) x — > x — 1, 

(13) x — > y — y' — > x', 

(14) x — > y = y — > x = 1 => x = y, 

(15) (t4 y) -¥ y = (y ->■ x) ->■ x, 

(LI) (x V y) — > z — {x — > z) A (y — > z), 

(L2) (x A y) — > z — (x — > z) V (y — > z ), 

for all x,y,z G L. We define a relation < on a lattice implication algebra L by x < y if and only 
if x — > y — 1. 

In a lattice implication algebra L, the following hold (see [12]): 

(al) 0 — >■ x — 1, 1 — >■ x — x and x — > 1 — 1. 

(a2) x — > y < (y — > z) — > (x — > z) . 

(a3) x < y implies y — >■ z < x — >■ z and z — > x < z — >■ y. 

(a4) x 1 — x — > 0. 

(a5) x V y — (x — > y) — > y. 

(a6) ((y — >■ x) — > y')' = x A y = ((x — » y) — > x')'. 

(a7) x < (x — > y) — > y 
where x < y means x — > y — 1. 

A subset F of a lattice implication algebra L is called a filter of L (see [14]) if it satisfies: 

(FI) 1 G F , 

(F2) x G F and x — >• y G F imply y G F 
for all x,y G L. 

Let L be a reference set. Then we define hesitant fuzzy set on L in terms of a function "H that 
when applied to X returns a subset of [0, 1] (see [16]). 
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For a hesitant fuzzy set % on L and x,y,z G L, we use the notations T-L x := 'H(x), di v x : = 
1-L(x ) D 'H(y), 'Hxiz) / H{x) D e and 'H x {s) := 'H( x ) Fl 'H(y) D e where e G <^([0, 1]). It is clear 
that — Wf^e) C 'H x (e) and 


n 


x 




O’ 'Hx Q 'Hy, 'Hy Q Hx 


for all x,y G L. 

For a hesitant fuzzy set % on L and a subset £ of [0, 1], the set 

L(T-L; e) := {x G L \ e C Hx}, 


is called the hesitant level set of 7~L. 


3. Hesitant fuzzy filters 

In what follows, we take a lattice implication algebra L as a reference set unless otherwise 
specified. 

Definition 3.1. A hesitant fuzzy set H on L is a hesitant fuzzy filter of L if it satisfies the 
following assertions. 

(Vx G L) (n, D H x ) , (3.1) 

Qtx,yeL)(H y 2HU„)). (3.2) 

Example 3.2. Let L = {0,a,b,c,d,l} be a set with the following Hasse diagram and Cayley 
tables: 



X 

X 1 

-> 

0 

a 

b 

c 

d 

1 

0 

1 

0 

1 

1 

1 

1 

1 

1 

a 

c 

a 

c 

1 

b 

c 

b 

1 

b 

d 

b 

d 

a 

1 

b 

a 

1 

c 

a 

c 

a 

a 

1 

1 

a 

1 

d 

b 

d 

b 

1 

1 

b 

1 

1 

1 

0 

1 

0 

a 

b 

c 

d 

1 


Then L is a lattice implication algebra (see [15]). 
given as follows: 


Let % be a hesitant fuzzy set on L which is 


H : L -G £*([0,1]), 

Then "H is a hesitant fuzzy filter of L. 


[ 0 . 2 , 0 . 8 ] 

[0.3, 0.7] 


if x G {a, 1}, 
otherwise. 


Theorem 3.3. A hesitant fuzzy set % on L is a hesitant fuzzy filter of L if and only if the 
hesitant level set L(fH ; e) ofdiisa filter of L for all £ G <£^([ 0 , 1 ]) with L(fH\ e) 0 . 
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Proof. Assume that PL is a hesitant fuzzy filter of L. Let e E <£^([0, 1]) be such that L(PL;e ) 7 ^ 0. 
Then there exists a E L(PL;e), and so PL„ D e. ft follows from (3.1) that PLi PL a D £ and so 
that 1 G L(PL ; e). Let x, y G L be such that x G L(PL ; e) and iGt/G L(PL ; £). Then £ C 7L,. and 
£ Q PL-x—yy- Using (3.2), we get Pt y D PL%_+ y 5 e. Thus y G L(PL\e), and hence L(PL\e) is a filter 
of L for all £ G <£^([0, 1]) with L(PL ; £) 7 ^ 0. 

Conversely, suppose that the nonempty hesitant level set L{PL\e) of PL is a filter of L for all 
£ G £*([0,1]). For any x E L, let PL X = £ x . Then a; G L(Pt;e x ), and so L(PL;e x ) 7 ^ 0. Hence 
1 G L(PL;s x ), and thus PLi D e x — PL X for all x G L. For any x,y G L, let PL%_^ y = 5. Then 
PL X D 5 and PL x -> y D 8, that is, x G L{PL\8 ) and x — > y G L(PL]8). It follows from (F2) that 
y G L(PL ; 5) and so that PL y 8 = PL x x ^ y for all x,y E L. Therefore PL is a hesitant fuzzy filter of 
L. □ 


Proposition 3.4. Every hesitant fuzzy filter PL of L satisfies: 

(Vx, y E L)(x <y => PL X C % y ) . 


(3.3) 


Proof. Let x,y E L satisfy x < y. Then x — >• y — 1, and so 

07 nj x njx nj 

Tty ^ Tt x _>y — ft l — ri X 

by (3.2) and (3.1). □ 

Theorem 3.5. A hesitant fuzzy set PL on L is a hesitant fuzzy filter of L if and only if it satisfies 
(3.1) and 

Cix.y.zeL) (H X^Z 2 HlZl) ■ (3.4) 


Proof. Assume that PL is a hesitant fuzzy filter of L. Since x — > y < (y — > z) — >■ (x — > z) for all 
x,y,z E L, it follows from (3.3) that PL x ^ y C PL^ Z ^^ X ^ Z -) and so from (3.2) that 


PLx 


=3 PL 


(y-*z)-*(x- 


D yy^ z 

>z) — ' v x^y 


for all x,y,z E L. 

Conversely, let PL satisfy (3.1) and (3.4). Taking x — 1 in (3.4) and using (al), we have 

% , = k m , 3 


for all y, z E L. Therefore PL is a hesitant fuzzy Liter of L. 


□ 


Theorem 3.6. For any hesitant fuzzy set PL on L, the following assertions are equivalent. 


(1) PL is a hesitant fuzzy filter of L. 

(2) (Vx, y,z E L) (x <y -E z => PL Z D PL X ) . 
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Proof. Suppose that PL is a hesitant fuzzy filter of L. Let x,y,z E L satisfy x < y — > z. Using 
(3.2) and (3.3) implies that PL Z D PL? y ^ z D PL X - 

Assume that the second condition is valid. Since x < x — * 1 for all x E L, we have PL\ D PL X = 
PL X for all x E L. Note that y < (y — » x) — * a: for all x,y E L. Hence PL X D PL y y ^ x for all x,y E L. 
Therefore PL is a hesitant fuzzy filter of L. □ 

Theorem 3.7. A hesitant fuzzy set PL on L is a hesitant fuzzy filter of L if and only if it satisfies 

(3.1) , (3.3) and 

(y X ,y E L) (PL( x _> yl y D PLy) . (3.5) 

Proof. Assume that PL is a hesitant fuzzy Liter of L. Then the conditions (3.1) and (3.3) are valid 
by Definition 3.1 and Proposition 3.4. Using (3.1), (3.2) and (12), we have 

fys-n/O' 2 H y y ^ {x ^ yl)l D H y x {x -> (y ->• (x ->• y')')) 

= PL y ((x -» y 1 )' ->• (x ?/')') 

= «*(!) = 

for all x,y E L. Hence (3.5) is valid. 

Conversely, let "H satisfy conditions (3.1), (3.3) and (3.5). Note that 

(x ->■ (x ->■ 7/)')' < y 

for all x,y E L. It follows from (3.3) and (3.5) that 

PLy 2 PL( x -+(x-+y)>y D PL x x ^y 

for all x,y E L. Therefore PL is a hesitant fuzzy Liter of L by Theorem 3.3. □ 

Theorem 3.8. A hesitant fuzzy set PL on L is a hesitant fuzzy filter of L if and only if it satisfies 

(3.1) and 

(ix. y.zeL) («„, 2 ■ (3,6) 

Proof. Suppose that PL is a hesitant fuzzy Liter of L. Let x,y,z E L. Since x < z — * x and 
y < z ^ y, we have 

(z — > y) — > x < (z — > y) — > (z — > x) < y — > (z — > x). 

It follows from (3.2) and (3.3) that 

riz^x =L rL y ^( z ^ x ) n^ y ^ x . 

Hence (3.6) is valid. 
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Conversely, let % satisfy conditions (3.1) and (3.6). If we take z — 1 in (3.6) and use (al), 
then 

n x = n^ x d n y {1 ^ x = %U X 

for all x,y G L. Therefore H is a hesitant fuzzy filter of L. □ 

Let H be a hesitant fuzzy set on L and a G L. We consider the set 

:={xeL\H a QH x }. 

Obviously, a G LLfi- If LL is a hesitant fuzzy filter of L , then 1 G "Hy 1 since "Hi 1~L X for all x G L. 

Let H satisfy the condition (3.1). Then there exists a G L such that "Hy 1 is not a filter of L as 
seen in the following example. 


Example 3.9. Consider the set L = {a* | % — 1, 2, • • • , n}. For any 1 < j, k < n, define 

V ®max{j,fc} > 

Oj A flfc ®min{yfc} j 

(flj) U71— j+lj 


^ ^ 7 ,' Q m in{n— j+fc,n} ■ 


Then (L, V, A/ , — ») is a lattice implication algebra which is called the Lukasiewicz implication 
algebra (of order n) (see [15]). The Lukasiewicz implication algebra L = {0,a, 6, c, 1} of order 5 
is represented by 


1 

X 

x' 

-A- 

0 

a 

b 

c 

1 

c 

IT 

1 

0 

1 

1 

1 

1 

1 

b 

a 

c 

a 

c 

1 

1 

1 

1 

b 

b 

b 

6 

c 

1 

1 

1 

a 

c 

a 

c 

a 

b 

c 

1 

1 

0 

1 

0 

1 

0 

a 

6 

c 

1 


Let Li be a hesitant fuzzy set on L defined by 


Then Hf' 


U:L -A ^([0,1]), 


(0.2, 0.3) U (0.6, 0.8] if a: G {0, c}, 
[0.1, 0.3) U (0.5, 0.9) if x = a, 

[0.2, 0.3) U [0.6, 0.9) ifx = b, 

[0.1, 0.3] U [0.5, 0.9] ifx = l. 


{a, 6, 1} is not a filter of L since a —> c — 1 G Lif and a G but c Li~fi . 


We provide conditions for the set 7i.fi to be a filter of L for a G L. 


Theorem 3.10. Let a G L. If Li is a hesitant fuzzy filter of L , then Tifi is a filter of L. 
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Proof. Obviously 1 G Hff by (3.1). Let x,y G L satisfy x — * y G Hff and x G Hff . Then 
Pix^ty O PL a and PL X T> PL a ■ It follows from (3.2) that 

Hy D HUy D Ha. 

Thus y G Uff and Hff is a filter of L. □ 

Theorem 3.11. For any a G L and a hesitant fuzzy set H on L, we have the following assertions: 

(1) IfPLff is a filter of L, then H satisfies the following implication. 

(Vx, yeL) (H a C HU y => H a C U y ) . (3.7) 

(2) If H satisfies (3.1) and (3.7), then Hf* is a filter of L. 

Proof. (1) Assume that Hff is a filter of L for a G L. Let x, y G L be such that 

gj c T-J x 

7 L a 2= fL x _^.y. 

Then x — > y G Hff and x G Hf. Since Hff is a filter of L, it follows that y G Hf, that is, 
Ha C Hy. 

(2) Suppose that H satisfies (3.1) and (3.7). Let x, y G L be such that x — * y G Hff and 
x G Hff . Then 77 a C H x ^ y and H a C U x , which implies that H a C HH y - It follows from (3.7) 
that H a C H y , i.e., y G U^ . Since "H satishes (3.1), we have 1 G Hff. Therefore Hf* is a filter of 
L. □ 


For a fixed element a G L and a hesitant fuzzy set H on L, let [a.H] be a hesitant fuzzy set on 
L given as follows: 


[aH\ : L — » ^([0, 1]), IG 


Ci if a < x , 
£2 otherwise 


where Ci,c 2 € <^([0, 1]) with £1 D c 2 - 

Let L = {0, a, b, c, 1} be the lattice implication algebra in Example 3.9. For b G L, the hesitant 
fuzzy set [bH] on L which is given by 


[bH] : L — > £*([0,1]), 


[0.2, 0.7] if b<x, 

[0.3, 0.6] otherwise 

is not a hesitant fuzzy filter of L since [bH] a = [0.3, 0.6] ^ [0.2, 0.7] = [bH] c c _^ a . 

Given a E L, we provide conditions for the hesitant fuzzy set [aH] to be a hesitant fuzzy filter 
of L. 


Theorem 3.12. Given a G L, the hesitant fuzzy set [aH] is a hesitant fuzzy filter of L if and 
only if the following assertion is valid. 


(Vx, y G L) (a < y — > x, a < y =>■ a < x) . 


(3.8) 
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Proof. Suppose that [aH\ is a hesitant fuzzy filter of L and let x,y E L satisfy a < y — >• x and 
a < y. Then [aH] y -^ x — £\ — [aH] yi and so [aH\ x D [aTL\ y y ^ x = £\. Thus a < x, which satisfies 
the condition (3.8). 

Conversely, assume that the condition (3.8) is valid. Note that 

( L if e C e 2 , 

L([aH] ; e) = < {x E L \ a < x} if £i C £ C £ 1; 

\ 0 otherwise 

For the case of e 2 C £ C £ 1; obviously 1 G L([a'H];e). Let s,i/ e L be such that x E L([o'H];e) 
and x — * y E L([a7^];e). Then a < x and a < x — >• y, which imply from the hypothesis that 
a < y, that is, y G L([aFf]; e). Hence L([aFf]; e) is a Liter of L whenever it is nonempty. Therefore 
[a"H] is a hesitant fuzzy Liter of L. □ 


Theorem 3.13. For a subset J of L, let Q be a hesitant fuzzy set on L given as follows: 


Q : L — >■ ^([0, 1]), x hg 


£i if x G J, 
£2 otherwise 


where £\,£2 G <^([0, 1]) with £i D e 2 . Then Q is a hesitant fuzzy filter of L if and only if the 
following assertion is valid. 


(Vx, y G J) (Vz G L) (x,y G J, y < x — » z z E J) . 


(3.9) 


Proof. Note that 

f L if £ C £ 2 , 

L(<7;£) = < J if £ 2 C £ C £ X , 

^ 0 otherwise 

Assume that Q is a hesitant fuzzy Liter of L. Then J = L(Q: e) for £2 C £ C £j, and J is a Liter 
of L. Let x,y, z E L be such that x,y E J and y < x — >■ z. Then y — > (x — > z) — 1 G J, and so 
z E J. 

Conversely, let Q be a hesitant fuzzy set on L and suppose that (3.9) is valid. Since y < 1 = 
x — * 1 for all x,y E L, we have 1 G J by (3.9), and so 1 G L(Q]e) for £ 2 C £ C e l . Let x,y E L 
be such that y E J = L{Q ; £) and y — > x E J = L{Q ; e) for £ 2 C £ C £ X . Since y < (y — > x) — » x, 
it follows from (3.9) that x E J = L{Q;e). Hence L{Q\e) is a Liter of L for all £ G <£^([0, 1]) with 
L(Q]£) 7 ^ 0. Therefore fy is a hesitant fuzzy Liter of L. □ 
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3D Green’s Function and Its Finite Element 
Error Estimates 

Jinghong Liu*ancl Yinsuo Jia^ 


In our previous article, we introduced the definition of the 3D Green’s func- 
tion, and gave some estimates for this function. In this article, we will give the 
finite element approximation to the 3D Green’s function. Moreover, some error 
estimates between 3D Green’s function and its finite element approximation are 
derived, which will be used to the local superconvergence analysis. 

1 Introduction 

Superconvergence study is still an important topic in the finite element method, 
and the Green’s function plays very important roles in the study of the su- 
perconvergence (especially, pointwise superconvergence) of the finite element 
method (see [1-9]). As for the global superconvergence, we know that the dis- 
crete Green’s function and the discrete derivative Green’s function are usually 
used. However, as for the local superconvergence, we need to use the Green’s 
function which is independent of the mesh-size h. In our recent articles, we 
have introduced the definition of the 3D Green’s function and its some esti- 
mates. This article will focus on the finite element approximation to the 3D 
Green’s function. 

we shall use the symbol C to denote a generic constant, which is independent 
of the mesh-size h and which may not be the same in each occurrence and also 
use the standard notations for the Sobolev spaces and their norms. 

In this article, we consider the following Poisson equation: 

Cu = —A u = f in Cl, u = 0 on dtt, 

where D C 1Z 3 is a bounded polytopic domain. The weak formulation of the 
above equation reads, 


Find u € i?o(D) satisfying 
a(u, v) = (/, v ) for all v € 


* School of Information Science and Engineering, Ningbo Institute of Technology, Zhejiang 
University, Ningbo 315100, China, email: jhliull29@sina.com 

t School of Mathematics and Computer Science, Shangrao Normal University, Shangrao 
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where 

a(u,v)= f Vu-VvdX , (/ , v) = ( fvdX. 

Jo, JQ 

Let {T h } be a regular family of partitions of Cl. Denote by S h {fl) a contin- 
uous finite elements space of degree m(m > 1) regarding this kind of partitions 
and let = S h (Q) n 

For every Z G fl, we define the discrete S function S z G Sq(C2), the dis- 
crete derivative 6 function dz,(5 z G Sq(CI), the regularized Green’s function 
G* z G H 2 (fl) fl Hq(Q,), the regularized derivative Green’s function dz,eG z G 
H 2 (VL) fl Hq(CI), the discrete Green’s function G z G Sq(CI), the discrete deriva- 
tive Green’s function dz,e.G h z G Sq (fl), and the L 2 -projection P^u G Sq(Q) such 


that (see [9]) 

(v, 8 h z )=v{Z) VveSZ(n), (1.2) 

(v, d z ,e6%) = d e v(Z) Vt)GSf( Q), (1.3) 

a(G* z , v) = (5 h z , v) VuGH^fl), (1-4) 

a{dz, t G* z ,v) = (d z ,eS h z,v) VuG Hq(Q), (1.5) 

a(G h z ,v)=v(Z) VnG S#(f2), (1.6) 

a{d z ,eG h z ,v) = d t v{Z) VveS^(fl), (1.7) 

(u — PhU, v) = 0 VnGS'o (fl). (1.8) 


Here, for any direction V G l? 3 , |^| = 1, dz,eS z , dz,eG z , and dev(Z) stand for 
the following onesided directional derivatives, respectively. 


dz,eS z = lim 
|AZ|— >0 


^Z+AZ ~~ $Z 

|AZ| ’ 


dz/G z = lim 
| AZ|— >0 


r^h 


|AZ| 


5/v(Z) 


lim 

|AZ|— >0 


r(Z + AZ)-v(Z) 

|AZf 


, A Z = |AZ|£ 


As for G * z , dz t eG* z , G z , and dz/G z , we have obtained some optimal estimates 
(see [4-6]), which will be used in next section. From (1.4)— (1.7), we easily 
find G z and dz/G z are the finite element approximations to G* z and Oz,eG* z , 
respectively. 

For the L 2 -projection operator Ph, we have (see [4]) 

Lemma 1.1. For PhW the L 2 -projection of w G L p (fl), we have the following 
stability estimate: 

||-P?iHlo,p, n < G 4 ||ui||o,p,n, (1.9) 


where t = 


1 - 


and 1 < p < oo. 


Further, by Lemma 1.1, we easily obtain the following result: 


||u>--FM|o, Pl n < (1 + C‘) inf ||w - u||o, P ,n, 

vesfn 


( 1 . 10 ) 
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where 1 < p < oo. Using the result (1.10), we easily obtain 

\\Phw\\i, P ,n < CIHIi.p.n, for 3 < p < oo. ( 1 . 11 ) 

In addition, we also assume the following a priori estimate holds. 

Lemma 1.2. For the true solution u of (1-1), there exists a (l < qo < oo) 
such that for every 1 < q < qo, 

IMkq.n < C(q)\\£u\\o, 9 , q. (1-12) 


2 Regularized Green’s Function and Its Finite 
Element Approximation 


We introduce two weight functions defined by 

0 = ( \X- Z | 2 + 0 2 )~~ 2 and t = \X- Zj~ 3 VX € Cl, 

where Z £ Cl is a fixed point, 9 = "fh, and 7 G [3, + 00 ) is a suitable real number. 
They will be used in this section and next section. 

In [4], we derived the following Lemma 2.1 (see (2.62) and (2.63) in [4]). 
Lemma 2.1. Suppose qo > 3. For G* z and G z defined by (1-4) and (1.6), 
respectively, we have 

\\G* Z ~ G^W^ <C/ l |V 2 G || 0 _ 1 <Ch\lnh\K (2.1) 


Lemma 2.2. For G* z and G z defined by (1-4) and (1-6), respectively, we have 


I G- z - Gill, „ . < C(„)G 3 ; < “ < ! - i whe " 3 < ® < 6, 

11 1 VI < a < \ when go > 6. 


( 2 . 2 ) 


Proof. Similar to the proof of the result (2.43) in [4], we have 


\G*z~G h z \\\ A _ a <Ch 2 \\X 2 G * z \\ (k _ 0 


+ C\\G* 7 -G h 


z|U-“+l • 


(2.3) 


We easily obtain 


G * r^h 

Z ~ U Z 


, 2 — { rh r I 


( V a+ hG* z -G h z ),G* z -G h z ) 

= a(v, G* z - G h z ) = a(v - Hv, G* z - G h z ) 

< \Gz~G h z \ 

< e\G* z -G h z \l^ a +C(e)\v-Uv\l^ 

< e\G* z -G h z \\^ a +C(e)h 2 \X 2 v\\ a 

< e \G* Z - G h z \\ + C{e)h 2 6- 2 |v(r Q+ ^(G| - G h z )) 


(2.4) 


where Cv = ft a+ l ( G* z — G z ). 
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Note that the result |V 2 u| < CO 


-2 


V(r“ + 3 (G|-G|)) 


<t> a ~ 3 


in (2.4) 


should satisfy one of the following two conditions: ( 1 ) 1 < a < | — ^ when 
3 < qo < 6 ; (2) 1 < a < | when qg > 6 . In addition, 


V(r a+ HG* Z -G h z )) 


dX 


< 


J <t> a ~* |v<T q+ 3 • (G* z - G h z ) + r a+ * • V(G| - G h z ) | 

G [ (|V(/»- q+I | 2 |G| - G| I 2 + (<T q+I ) 2 |V(G* z - G h z ) I 2 ) dX 

J Q 

(I 


< G ( \G* Z - G z \ 1(j) _ a -r ||<j z - (jr^n^-a+l 


Gl-Gl 


Combining (2.4) and the above result, we have 


\G* z — G|||1- a +§ < e\G%-G h 


2 

Z 1 1 5 (p - 


+C{e)hH~* (|G| - G || 2 + ||G| - G||| 2 _„ + |) 


- £ 


+G(£) 7 - 2 ( 


U Z U Z 1,^-0 


G * /~ih z 

z _Kj z 6~ a+ i 


Choosing 7 £ [3, + 00 ) in (2.5) such that 0 < G(e ) 7 2 < min(£, f), we have 


(2.5) 


G* z - G h z \\ 2 - a+ 2 < 4£ | G% - G h ' 2 


h 

z 1,6-° 


^ ^ \yj Z 

Taking a suitable e G (0, Too), from (2.3) and (2.6), we obtain 


G*z~G h z \\ 1 , a < Ch || V 2 G* 


We can prove 


z U-o 


||V 2 G|||^ a <G||4||^_ 0 +G||G|||^ a+ 4 <G/W^+G ||Gy 0 _ a+| . (2.8) 

Further, from (1.4), (1.8), (1.9), (1.12), and the Sobolev Embedding Theorem 
[ 10 ], we have 

l|Gz|| 2 _ a +! = (G* z ,r a+ -°G* z ) = a(G* z ,w) 

= P h w(Z) < \\P h w\\ 0 oo < C IMIo.oo < G ML* < C 


( 2 . 6 ) 

(2.7) 


r a+ 3 g% 


0 ,p 


= C 


2-P 

4 \ \ F II ( ^ ~ a )p \ 2p 

3 -a) P | G ||P dx < G ( / dX 

>n ) \Jn 


|G|||^ +| 


Here we choose p such that § < p < 7 _ 6 3a < 2 and 0 < ^ 3 2 _^ P < 1- It is easy 
to prove 

/ 0 -s=p- dX <G(a). 

Jn 
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Thus we have 


\G%L- a+i < C(a). 


(2.9) 


From (2.7)-(2.9), the result (2.2) is obtained. 

Lemma 2.3. For d z ,tG* z and d Z /G z defined by (1.5) and (1.7), respectively, 
we have 


d z ,tG* z - dz,eG h z \\ < Ch 


3(o-l) 


|lnh| 


4-3 a 
6 


where 1 < a < | — A- when 3 < qo < 6 and 1 < a < | when qo > 6. 
Proof. Similar to the result (2.7), we have 

\\dz,eG* z - dz, e G h z || 1>0 _ o < Ch || X 2 d z , t G* z \\^_ a . 

In addition 

p 2 d z ,iG* z \\^_ a < C\\dz,eS h z\\^ a +C\\d z ,eG*z\\^ + l 
< Ch^ + C \\d z ,eG* z \\ . 


( 2 . 10 ) 


( 2 . 11 ) 


( 2 . 12 ) 


Further, from (1.5), (1.8), (1.11), (1.12), the inverse inequality, the Sobolev 
Embedding Theorem [10], and the Holder inequality, we have 

\\dz^G*z\\l- a+ i = 0 dz/G* z ,cf>- a+ *dz,eG * z ) = a(d z , e G* z ,w) = d z ,e p h w{Z) 
< \ p hw\ hoo < Ch~* \Phw\ l q < Ch ~ f \w\ l q < Ch~* |MI 2)S 


'■ C7T« 


Ch- 


<t>* ~ a d z ,eG* 2 


0,s 


= Ch ~ § ( / ^-^ s \d Z jG* z \ s dX 


\\d Z ,iG* z \\ +* . 


Here we choose s = 7 _ 6 3 and \ ^ — A. Obviously, 


(A) | < s < 


3go 

3~hqo 


and 3 < q < qo when 3 < qo < 6. 


(B) | < s < 2 and 3 < q < 6 when qo > 6. 


/ 4 \ 

In the meantime, we have 2 _° s = 1. By the result (2.14) in [4], we then 


get 


Thus we have 


(f -o)a 

> 2 ~‘ dX 


< C\lnh\— . 


Wdz,tGr z \\ _ a+ 4 <Ch^\lnh\ 


(2.13) 


3(o-l) 


From (2.11)— (2.13), \\d Z /G* z — d z ,eG z < Ch ' 2 ’ |lnh| 6 . The proof 

of the result (2.10) is completed. 

Lemma 2.4. For G* z and G z defined by (1-4) and (1.6), respectively, we have 


Gl-G 


z lll.p ^ 


Ch p |ln h \ 6 , 1 < p < §, 
Ch |ln/i| 5 , p = 1. 


(2.14) 
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Proof. When p = 1, the result can be seen in [4]. Thus we only need to prove 
the case of 1 < p < § . By the Holder inequality, we have 


\\Gz~G h z \ 

From (2.13) in [4], 


bp 


< 


<j) 2 -p dX 


2-P 

2p 


\g* 7 -g 


p 6 — 6 p 

!>5=? dX < Ch~ 2= v . 


(2.15) 


(2.16) 


Combining (2.1), (2.15), and (2.16) yields || G* z — < Ch p |ln/i| 6 . The 

proof of the result (2.14) is completed. 


3 Finite Element Approximation to the 3D Green’s 
Function 


In this section, we discuss the 3D Green’s function and its finite element ap- 
proximation. We call Gz Green’s function which satisfies the following Theorem 
3.1. 

Theorem 3.1. There exists a unique Gz £ W 0 1,p (f2) (1 < p < §) such that 

a(G z ,v ) = v(Z) Vv £ W^ p '(Cl), 1 + ^ = 1. (3.1) 

p pt 

Proof. We first prove the uniqueness of G z - Suppose there exists another 
Green’s function G' z £ Wg ,p (Cl) satisfying (3.1). Set E z = Gz — G' z , thus 

a{E z ,v) = 0 \/v £ W 0 1,p '( ft). (3.2) 

When 1 < p < |, for each ip £ L p (Cl), there exists a w £ W 2,p fl Wq’ p (f 1) 
such that Cw = ip. Obviously, sgn.Ez|.Ez| p_1 £ L p (Cl), thus we can find 
w £ W 2,p fl Wq’ p (Cl) such that Cw = v. Then we have 

\\E z \\l P = (E z , sgnE z \E z \ p ~ 1 ) = a(E z ,w), (3.3) 

From (3.2) and (3.3), ||i£z|| 0p = 0, i.e. , G z = G' z . Similarly, when p = 1, we 
can also prove G z = G' z . Thus we have completed the proof of the uniqueness. 

Next, we prove the existence of G z ■ We give a series of finite element spaces 
Sq* (Cl), i = 0, 1, 2, • • • satisfying Sq i (Cl) C Sg 3 (Cl) when i < j, where h 0 = h and 
\hi - 1 < hi < \hi- 1 - Let G* z i be the regularized Green’s function for the finite 
element space Sg(Cl), and G h z the discrete Green’s function. Their definitions 
can be seen in Section 1. Obviously, we have a(G z i+1 — G z ,v) = 0 Vu £ 
Sq(CI). Similar to the proof of the result (2.14), we have for 1 < p < | 


G * s~ihi 

Z,i + 1 — U Z 


<Chl p2P llnfeil® , 

i,p 
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which combined with (2.14), we get 

\\G%, i+1 -G* z ,\\ lp <Ch^ I In | ® • 


Thus 

OO 

Eilcu + .-cuil liP <cE(S 


i = 0 


2 — 0 



3 — 2p 

\ P 

, h 

— 


In — 

V2fo 

I 

2 l 


3 — 2 p 1 

< Ch— | In h\ ® 


Set 


s~i | \ ^ s^i* \ 

^ Z = + 2_^V^Z,i + 1 — Z,i)' 

2—0 

Thus we have Gz G M / 0 1 ’ p (fi). From (3.5), 

||G z -G||| liP <Gh^|lnh|3. 

Similarly, when p = 1, we have 

\\G z -G* z \\ hl <Ch\\nh\K 


(3.4) 


(3.5) 


(3.6) 


(3.7) 


Therefore, for 1 < p < §, we have G* z i — > Gz in IT 1 ,p (0) when* oo. Using 
(1.10) and the interpolation error estimate, we obtain 

\\v - Phv\ |o,oo,n < C\\v - nw||o,oo,o < Ch}~F |H|i,j/,n, (3.8) 

where 3 < p' < oo. Thus, for every v G Wq’ p (fi), we have by (3.6)-(3.8) 

a(Gz,v ) = lim a(G* zi ,v) = lim Pf li v(Z) = v{Z). 


The proof of Theorem 3.1 is completed. Now we show Gz is independent of h. 
Suppose there exists a Green’s function Gz for the mesh-size h. In addition, 
\hi - 1 < hi < \hi - 1 and ho = h. Thus, for every / G L p (U), we choose v G 
IU 2 ’ p '(U)nW 0 1 ’ p (Q) such that Lv = f. Then we get ( Gz , /) = a(G z , v) = v(Z) 
and (G z ,f)=a(G z ,v)=v(Z). Thus, (G z ,f) = ( G Z J ), he., (. G z -G z ,f ) = 
0. So we get Gz = Gz- Namely, Gz is independent of h. 

In addition, we find 

a(G z , v ) = v(Z) Vv G S 0 ft (U) C W hp \n). (3.9) 

Combining (1.6) and (3.9), we have a(G z — G z , v) = 0 \/ v G So(f2). Thus G z 
is the finite element approximation to Gz- Further, we have the following error 
estimates. 

Theorem 3.2. ForGz and G z defined by (3.1) and (1-6), respectively, we have 


\Gz-Gl 


I l,p 


< 


Ch p |ln h \ 6 , 1 < p < §, 
Ch |ln/i| 5 , p = 1, 


(3.10) 
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where C is independent of h and Z. 

Proof. From (2.14), (3.6), (3.7), and the triangular inequality, we immediately 
obtain the result (3.10). 

Theorem 3.3. Suppose q 0 = oo, for Gz and G z defined by (3.1) and (1.6), 
respectively, we have 

\\G z -G h z \\ 01 <Ch 2 \\nh\i , (3.11) 


where C is independent of h and Z. 

Proof. For every ip G L°°{tt), there exists a unique v € VF 2,00 (fl) fl Hq{ C l) such 
that Cv = ip and 

{G z - G h z , ip) = a{G z - G h z , v) = a{G z , v - v h ) = v(Z) - v h (Z), (3.12) 
where Vh is the finite element approximation to v. From (1.10), 

HZ) - P h v{z) | < ||u - p h v || 0iOO <c\\v- m>|| 0>oo < Ch 2 --« |M| 2i , , (3.13) 

where 1 < q < qo- In addition, by (2.14), the Holder inequality, and the 
interpolation error estimate, we have 

I P h v{Z) -v h {Z ) | = | a(v - Vh,G* z )\ = | a(v-v h ,G* z - G h z )\ 

= \a{v-Uv,G* z -G h z )\<C\\G%-G h z \\ 1A \\v-Ilv\\ lt00 (3 .1 4) 

< Ch 2 ~« \\nh\i \\v\\ 2q . 

From (3.12)-(3.14), and the triangular inequality, 

I (G z - G z , p)\ = | v(Z) - v h (Z ) | < Ch 2 ~ I |ln/i|i ||«|| 2) , . 

From (1.12), 

I {G z - G h z ,p) | < C{q)h 2 - f |ln ^1* II^H^ . (3.15) 

Because of Qq = oo, we can take q = | ln/i| < q 0 in (3.15), and we have C(q) < 
Cq. Thus, 

\{Gz — G z ,ip)\ < Ch 2 |ln/i|® |M| 0]OO • (3.16) 

From (3.16), we know the result (3.11) holds. So, the proof of the result (3.11) 
is completed. 

Theorem 3.4. ForGz and G z defined by (3.1) and (1.6), respectively, we have 


I G z ~G h 


Z I I 1,T 


\Gz - G h z\\ l T _ 1 < Ch\\nh\* , 

Vl<a<| — ^ when 3 < qo < 6, 
V 1 < a < | when qo > 6, 


< C{a)h 


(3.17) 

(3.18) 


where C is independent of h and Z. 

Proof. Obviously, r~ k < (f>~ k when k > 0. Thus from (2.1) and (2.2), 


\G*z ~ G h z\\ x T -, <Ch\\nh\* > 


(3.19) 
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G * s~ih 

Z ~ ^ Z 


1 ,T 


< C(a)h 


V 1 < a < § — A when 3 < q 0 < 6, 
V 1 < a < | when go > 6, 


(3.20) 


Similar to the arguments of Theorem 3.1, we can obtain the results (3.17) and 
(3.18). Obviously, 


|| d z , t G* z - d z , e G h z \\ lT _ a < || d z ,eG* z - d z ,tG h z \\ li < Ch ^ |ln/i|^\, 

(3.21) 

where 1 < a < | — A when 3 < qo < 6 and 1 < a < | when g 0 > 6. Adopting 
the techniques in the proof of Theorem 3.1, we can derive by (3.21) 


OO 


E 

i = 0 


dziG\ 


I 1 ,T~ C 


3(a-l) 

< Ch 2 | hi li\ 


Set 

OO 

F = d Z j : G* z + E(^ G z, i+1 - dz,eG* Zti ). 
i = 0 

Here, \\F\\ 1>T - a < oo and d z ^G* Zi = lim| AZ[ _> 0 A Z = \\Z\t. By 

the arguments of Theorem 3.1, 


G z + az = G*z+AZ + y^(^Z+AZ,i+l — ^Z+AZ,i)> 
2=0 
OO 

/~i /r* j \ ^ r 1 * \ 

^z — ^z 

2=0 

Thus we have F = liui| AZ |_, 0 Gz4 j AZ J Gz = ®z,tG z . Namely, 


0z,/G z = d z/ G* z + Y(d z ^G* w - dzjGti), \\d z/ G z \\ hT - a < oo. (3.22) 


i—0 


We write W)s(f2) = (n : u|an = 0, |M|i > t /3 < oo}. From (3.22), d Z jG z G 
W / _ a (n). Further, we can obtain the following Theorem 3.5. 

Theorem 3.5. There exists a unique d z ^G z G W- a (VL) such that 

a{d Zti G z ,v) = d e v(Z) Vv G W«(f2) n C 0 °°(fi), (3.23) 

where 1 < a < | — A when 3 < qo < 6 and 1 < a < | w/ien go A 6. 

Proof. From (3.22), 

||0z,/Gz - d z ,tG* z || liT _ a < CTi 2 ^ |ln/i|^ . (3.24) 

Namely, d z ^G* z — 7 d z ^G z in W- a {Pt) when h -Y 0. Then we have by (1.3), 
(1.5), and (1.8) 


a(d Zt eG z ,v) = lim a{d z ,iG* z ,v) = lirn d e P h v(Z). 

h — ^ 0 h — ^0 


(3.25) 
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LIU, JIA: ERROR ESTIMATES FOR THE 3D GREEN’S FUNCTION 


From (1.11), \\v-P h v\\ hoo < C ||v - IIt;|| 1)0O < Ch\\v\\ 2oo . That is 

||v - Phv\\ l oo — J 0 when h — > 0. (3.26) 

Combining (3.25) and (3.26) yields 

a(dz,(G z ,v) = d e v(Z). (3.27) 

The uniqueness of dz,eGz satisfying (3.27) can be similarly proved as that of 
G z in (3.1). 

By (3.21), (3.24), and the triangular inequality, we immediately obtain the 
following result (3.28). 

Theorem 3.6. Fordz/Gz anddz/G h z defined by (3.23) and (1.7), respectively, 
we have 

|| d z ,iG z - d z ,eG h z \\ l T _ a < Ch ^ \]nh\^ , (3.28) 

where 1 < a < | — ^ when 3 < qo < 6 and 1 < a < | when qo > 6. 
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Abstract 

In the paper, by establishing a Riemann-Liouville fractional integral identity involving an 
n-times differentiable function, the authors present some Hermite-Hadamard type inequalities 
involving Ricmann Liouville fractional integrals for s-convex functions. 
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1 Introduction 


Throughout this paper, let ffi. = (— oo, oo) and Ro = [0, oo), use ICI and 1° to denote an interval 
and the interior of I respectively, and utilize N to denote the set of all positive integers. 

The following definition is well known in the literature. 

Definition 1.1. A function / : I C R — >• R is said to be convex if 


f(Xx + (1 - A )y) < A f{x) + (1 - A )f(y) 

holds for x,y € I and A G [0, 1]. If this inequality reverses, then f is said to be concave on I. 

The most important inequality in the theory of convex functions, Hermite-Hadamard’s inequal- 
ity, may be stated as follows. If / is a convex function on [a, b ] , then 


< 


1 

b~ 


[ f(x)dx < 

J a 


/(a) + /(&) 


( 1 . 1 ) 


1 
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If / is concave on [a, b], then the inequality (1.1) is reversed. See [6], for example. 

The inequality (1.1) has been generalized in many articles. Some of them may be recited as 
follows. 


Theorem 1.1 ([2, Theorem 2.2]). Let f : 1° C R — ► R be a differentiable mapping on 1° and 
a,b £ 1° with a < b. If |/ , (a;)| is convex on [a, 6], then 


/(« ) + f(b) 
2 


1 

b — a 


f(x)dc 


< 


8 


Theorem 1.2 ([7, Theorem 1]). If f is differentiable on [a, 6] such that \ f'(x)\ q is a convex function 
on [a, b] for q > 1, then 


f(a) + /(&) 
2 


b-> 


f{x)dx 


< 


b — a f \.f'(a)\ q + \f'(b)\ q \ 1/q 


Theorem 1.3 ([5, Theorem 2.3]). Let /:/—>■ K 6e differentiable on 1° , a,b £ 1° with a < b, and 
P> 1. If\f(x)\P/( p ~V is convex on [a, 6], then 


f 



b — a 


f(x) d: 


< 


6 — i 


16 \p+l 


i/p 


X { [|/ , (a)| p/(p-1) +3|/'(6)| p/(p-1) ] 1 1/p +[3|/ , (a)| p/(p - 1) + |/'(6)| p/(p - 1) ] 1 1/p }. 


For more information, please refer to [2, 5, 6, 7] and references therein. 

In addition to the classical convex functions, the class of functions which are s-convex has been 
introduced in [4] as follows. 

Definition 1.2 ([4, p. 100]). A function / : Ro — i ► K. is said to be s-convex for some fixed s £ (0, 1] 
if f(tx + (1 — t)y) < t s f(x) + (1 — t) s f{y) holds for all x, y £ M . 0 and t £ [0, 1]. 

It is obvious that when s = 1, the so-called s-convexity reduces to the ordinary convexity of 
functions defined on M 0 - 

Some inequalities of Hermite-Hadamard type for s-convex functions may be narrated as follows. 

Theorem 1.4 ([3]). Suppose that / : Rq ®o « a s-convex function for s £ (0, 1) and let a, 6 G K 0 
and a <b. If f £ Li([a, &]), then 


a + b 


< 


6 - 


■ [ f{x)dx< 

J a 


/(a) + /(6) 


(1.2) 


The constant is the best possible in the right hand side inequality in (1.2). 

Theorem 1.5 ([1]). Let f : I CR 0 — ► M 6e a differentiable mapping on 1° such that f £ Ai([a, 6]), 
where a,b £ I and a < b. If \f'\ q is s-convex on [a, 6] for some fixed s £ (0, 1], q > 1, and p = 
and if\f'(x)\< M, then 


f(x) 


1 

b — a 


/(f) df 


< 


M 

(l+pff/p 



a) 2 + (6 — x ) 2 
6 — a 


x £ [a, 6] . 


2 
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For more results about s-convex functions, one can see [1, 3, 4, 8] and references therein. 

Definition 1.3 ([9]). Let / € Li([a,b]). The Riemann-Liouville integrals J“ + / and J“_/ of order 
a > 0 with b > a > 0 are defined by 

J a+f( x ) = / 0-£) a_1 /(£)dt and Jfff(x) = — [ (t — x) a ~ 1 f(t)dt 


for x G (a, 6) respectively, where V is the classical Euler gamma function defined for *Re(z) > 0 by 
r(z) = e~ u u z - 1 d u. Moreover, define J®_f(x) = J° + f(x) = f(x). 

In the case a = 1, the fractional integral reduces to the classical and usual integral. 

Very recently, Hermite-Hadanrard’s inequality was extended in [9] to the case of Riemann- 
Liouville fractional integrals. 

Theorem 1.6 ([9, Theorem 2]). Let f : [a, b] — > R. be a positive function with 0 < a < b and 
x £ [a, 6]. If f is a convex function on [a,b], then 


f 



T(q + 1) 
2 (b-a) a 


[J2 + m + J?-f{a)\< 


f(a) + /(&) 

2 


a > 0. 


Theorem 1.7 ([9, Theorem 3]). Let f : [a, b] — > K. be a differentiable mapping on (a,b) and a <b. 
7/ | /' | is convex on [a, b\, then 


f{a) + f{b) 
2 


T(a + 1) 

2(b — a) a 


[JZ+m + J?- /(a)] 


< 


b — a 
2(a + l) 




a > 0. 


Theorem 1.8 ([10, Theorem 7]). Let f : [a, b] C K 0 — »• K be a differentiable mapping on (a, b) with 
a < b such that f £ Li([a, b ]). If\f'\ is s-convex on [a, b] for some fixed s £ (0, 1] and |/ , (a;)|< M, 
then 


(x - «)- + (»-*)" I(x) _ [Jxm + /(a)] 


b — a 


< 


M 

b — a 


1 + 


( b~a )' 

r(o + i)T(s + i) 


T(a 


1) 


(x — a) aJtl + (6 — x) 


Q! + l 


a - 


i 


a > 0, x £ [a, b\. 


For recent development on fractional calculus, one can see the monographs [9, 10, 11] and the 
references therein. 

Motivated by the above results, we establish a Riemann-Liouville fractional integral identity 
involving a n-times differentiable mapping and give some new Hermite-Hadamard type inequalities 
involving Riemann-Liouville fractional integrals for s-convex functions. 


2 A lemma 

In order to obtain our main results, we need the following lemma. 

Lemma 2.1. For n £ N and a < b, let f : [a, 6] C K 0 — >• R be an n-times differentiable mapping 
on ( a,b ) and a > 0. If f^ £ Li([a,b]), then 


3 
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T(a + n) 
2 (b-a) a 


[ J“ + /(ft) + J£L /(<*)]=£ 

k—0 


r(a + n)(b — a) k 
2r(a + k + 1) 


[/W( a ) + (-i)fc/W( 6 y 


(b — a) n 
2 


Jo 


a+n— 1 


-t a +”- 1 ]/(”)(ta + (i-t)6) d t. 


Proof. When n = 1, by integrating by part in the right-hand side of (2.1), we have 


~ 2 ~ J -t a ]f'(ta+(l-t)b)dt 

= f{a) \ /(6) - f £ [(i - tr- 1 + r-^nta + (i - t)b)dt, (2.i) 

where 


a f (1 — t) a 1 f(ta + (1 — t)b)dt = 

Jo 


a 


b / \ CK— 1 

' x — a 


b — a J n \ b — a 


( 2 - 2 ) 


and 


b / b -. 


b — a \b — a 


a— 1 


f(x)dx = ^±hj“ + /(6). (2.3) 


a f t a 1 f(ta + (1 — t)b)dt = 

Jo 

Substituting (2.2) and (2.3) into (2.1) yields the identity (2.1) for n = 1. 

When n = m — 1 and m > 2, suppose that the identity (2.1) is valid. When n = m, by the 
hypothesis, we have 

(6 ~ q)m [ [(-l) Tn - 1 (l-t) a+m - 1 -t a+m - 1 ]/( m) (ta + (l-t)6)dt 
2 Jo 

= (& ~° r 1 |[/ (m ~ 1) (a) + (-1 ) m - 1 /(™- 1) (6)] 

+ (a + m - 1) J [(-l) m " 2 (l - t) a+rn ~ 2 - i a+m - 2 ] /( m -!)(to + (1 - f)6) d f J 

(h — n\ m ~ l 

= ^ [/ (m - 1) (a) + (-l) m - 1 / (m ^ 1) (6)] 

f [(-l) m " 2 (l - t) a+m ~ 2 - t a+m - 2 ]f( m - 1 \ta + (1 - t)b)dt 
Jo 


+ 


(a + to — 1)(6 — a) 


m— 1 /*1 


(h _ n \m — 1 

^ [/ (m_1) (a) + (— l) m_1 /( m_1 ) (6)] 


2 
m—2 


E (o + ~ T, 1)(i ’ ~ 0)t [/ lt| w + (-DV m w] 


fc =0 


2 r(a + fc + l) 


(a + m — l)F(a + to — 1) 
2 (b-a) a 


p„V/(6) + 4" /(a)] 


E [/ ‘ , ‘ >(0) + te/W + J?- /(«>]■ 


k=0 


2(6 — a) c 


4 
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Therefore, when n = m, the identity (2.1) holds. By induction, the proof of Lemma 2.1 is 
complete. □ 

Remark 2.1. When n = 1 in (2.1), we obtain the identity 

/(a) 2 m 2 (b-ar [ J * +f{b) + J b“ /(a) ]= b -^r J ! [(1 - t)a ~ + (1 - W 


which is the identity established in [9] . 


3 Hermite— Hadamard type inequalities involving Riemann— 

Liouville fractional integrals 

Now we start out to establish some new Hermite-Hadamard type inequalities involving Riemann- 
Liouvillc fractional integrals for s-convex functions. 

Theorem 3.1. For n € N and a, 6 £ K 0 with a < b, let f : R 0 R be an n-times differentiable 
function on Ro such that f < - n ' > € Li([a, &]). If \f^\ q is s-convex on [a, 6] for q > 1 and some fixed 
s € (0, 1], then 


te/m + j;- /(«)] - E T f r { a n jl + [/ ( *>(«) + 


< 


(b-aY 


2 (a + n) 1-1 / 9 


k - o 

B{s + l,a + n)|/ (n) (a)| 


1 


a + n + s 


f {n) (b ) q 


1 1/9 


\fW(a)\ q +B(s+l,a + n)\f^ 


1 1/9 


a + n + s 


where a > 0 and B is the classical Beta function which may be defined for 91e(;r) > 0 and 91c (y) > 0 
by B{x,y) = f* t x-1 (l - tff- 1 dt. 

Proof. By Lemma 2.1, s-convexity of |/^| 9 , and Holder’s inequality, we obtain 

[*/(!>) + KM] ~ E r 2r(t’+fc + iT [/< ' il( “ , + 


< 


< 


2 {b — a) 

0 b-a) r 
2 

(b-ay 


k—0 


[ (1 — t) a+n ~ 1 \f^ n \ta + (1 — t)b)\dt + [ t^- 1 ]^ {ta + (l - t)b)\dt 

Jo Jo 

fo-t) 

Jo 


ot-\-n— 1 


+ 


1 1 — 1/ q 


t: 


a+n— 1 


dt 


< 


{b-ay 


2 (a + n) 1-1 / 9 


f (1 - t )a+n-i|/(")( ta + (1 - t)b)\ q dt 

Jo 

ri l 1 / 9 ! 

j t a+n-l|^(n)( t0 + (i_ t ) & )|9 dt j 

J ((1 - t) a+n -H s \f {n \a)\ q +(l - *)«+"+•-! |/(n)(&)|«)dt 


5 
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+ 


f (f“ + " +s - 1 |/(")(a)| 9 +f “ +n - 1 ( 1 - t) s \f( n \b)\ q )dt 
Jo 


1/9 


(b~ay 


2(a + n ) 1 ” 1 / 9 

1 


B(s + l,a + n)\f {n \a)\ q + - 


1 


+ 


a + n + s 
1 1/9 

|/^(a)| 9 +i?( S + l,a + n)|/W( 6 )| 


|/ (n) ( 6 )r 


1 1/9 


a + n + s 
Theorem 3.1 is proved. 

Corollary 3.1.1. Under the assumptions of Theorem 3.1, 
1. when s = 1, we have 


m + j;-m] - £ Twvrrxfr + (-!)*/“’('>)] 


k = 0 


2T(a + fc + 1) 


< 


(b~ay 


2(a + n)(a + n + l) 1 /? 


1/9 


□ 


|/(")(a )| 9 + (a + n)|/(")( 6 )p 

(a + n)|/W(a)| 9 +|/ ( ' l) (fe)p 


1/9 


, 8 . when n=l, we have 

\ m+m r(a + 1) 

2 2(6 — a) a 

1 


[•£+/(&) + ■*“-/(«)] 


< 


6 -, 


Cy H - 5 H - 1 


imp 


1 1/9 


Of “h 5 H - 1 


2 (a + l) 1-1 /? 

|/'(a)| g + i?( S + l,a + l)|/'( 6 )| 


B(s + 1 ,at + l)|/'(a)| ' 

1 1 /9l 


3. when q = 1, we /iai>e 


T(a + n) 
2(6 -a) Q 


[j“ + /(6)+j^_/(o)]-x; 

fc= o 


r(a + n )(6 — a) fe 
2 T(a + fc + l) 


[f W (a) + (-l) k fW(b)\ 


< 


(6 — a) r 


H(s + 1 , a + ?r) -h 


1 

a + n + s 



4- when s = n = <7 = 1 , we have 


/(a) +/( 6 ) 

2 


T(a + 1) 

2(6- a)“ 


[J“ + /( 6 ) + J« /(a)] 


< 


6 — a 

2 (a + l) L 


imi + imi 


Theorem 3.2. Tor n € N and a ,6 e R 0 with a < b, let f : Rq R be an n-times differentiable 
function on M 0 s«c 6 that f ^ € Li([a, 6 ]). If \f^\ q is s-convex on [a, 6 ] for q > 1 and some fixed 


6 
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s € (0, 1], then 




< 


ip -ay 


q-l 


2 [q(a + n) — r — 1 


k = o 

i-i/ g 


B(s + l,r + l)|/ ( »)(a)|« + r + l + 1 \f*W 
\f(-) {a )\ q + B(s + l,r + l)\f^(b)\^ 


1/9 


1 1/9 


r + s + 1 


for a > 0 and 0 < r < q(a + n — 1) . 

Proof. From Lemma 2 . 1 , s-convexity of \f^\ q , and the Holder’s inequality, it follows that 


[ Km + «/(«)] - £ [/“’(») + 

(b-a) n r ,1 rl 

2 

(b- a y 


< 


< 


[ (l-t) a+n - 1 \f^' ) (ta+{l-t)b)\dt+ f t a+n ~ 1 \f^ n \ta + (1 — t)b)\ dt 
Jo Jo 

f (l-ty\f( n \ta + (l-t)b)\ q dt 

Jo 


(1 _ ^[g(a+n-l)-r]/(g-l) ^ 


1 1-1/g r r l 


< 


'0 

(b-a) 


f.[q(a+n-l)-r]/(q-l) ^ f 

< 7-1 


1-1/9 


1-1/9 


UO 


t r \f( n \ta + (l-t)b)\ q dt 


i/g 


q(a + n) — r — 1 J 
£(t r+a \f {n) (a )\ 9 + t r ( 1 - t) s |/ (n) (6)| 9 )dt 


1 - tyt s \.y n \a)\ q + (1 - t) r+s \f (n \b)\ q )dt 

1/9 


1/9 


(&-a) r 


< 7-1 


+ n) — r — 1 J 


i-i /g 


B(s + l,r + l)\f( n \a)\ q + 


r + s + 1 


| f {n \b)\ q 


1/9 


B(l, r + s + 1) | /<"> (a) | 9 + r + * + 1 1 /<"> (6) | ? 


1 1/9 


Theorem 3.2 is proved. 

Corollary 3.2.1. Under the assumptions of Theorem 3 . 2 , 

1 . if s = 1 , then 

ipyyj lom + [/“’(a) + (-1)‘/ <1) w] 


□ 


< 


(b - a) n 

2((r + l)(r + 2)) 


fc=o 2r(a + fc + l) 
f q- 1 

1 /« 9 (a + n) — r — 1 
1/9 


1-1/9 


/*■"■* (a) | 9 + (r + 1) | /(") (6) | 9 + ( r + l)|/(")(a)| 9 + |/W(6) 


1 1/9 
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2. if n = 1 , then 


/(a) + /(&) r(a + 1) r ja f(b) ja f( ^ ^ b-al q-1 




r + s + 1 


|/'(a)| 9 + £(s + l,r + l)|/'(&)|‘ 


3. is s = n = 1, f/ien 

/(a) + /(6) r(a + l) r a , o ^ a 

~ + < 2[(r + i) (r + 2)] 1 /, 


g(a + 1) — r — 1 


, Wr] 1/ V[(r + l)|/ , (a)| 9 + |/'(6)| 9 '' 


Corollary 3.2.2. Under the assumptions of Theorem 3.2, 
1. when r = 0, we have 


+ •/?-/(«)] - £ ! |^ [J ( ‘ I (.) + <-i)V“>M] 


^ 2T{a + fc + 1) 

(b — a) n f g-1 


(s + l) 1 / 1 ? [< 7 (a + n) — 1 


"|/ (n) (a)r + |/ ( ” ) (6)| 9 ] 1/9 ; 


when r = 0 and s = n = 1, we /iar>e 
/(0) 2 /W - 2 r ( ( b Q _ + a ^ [■£+/(&) + 


< (b — a) 


q(a + 1) — 1 


‘-nimMmrr 


3. when r = q, we have 


i.) + js-m - f r !,° + ’: )( , t ;, a r [/<‘>(a) + (-Dv^'ti.)] 


| 2(b — a) 
(b — a) n 


2 lq(a + n — 1) — 1 


' 2r(a + k + 1) ^ v ' ' v ' ' v /J | 

E(s + 1, q + l)|/ (ra) (a)| 9 + g + ^ + 1 \f {n \b)\' 


q + s + 1 


\f^\a)\ q + B(s + l,q + l)\f^(b)\ q 
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4- when r = q and s = n = 1, we have 

\f(a)+f(b) r(a + l) 


2(6 — a) c 


[j“ + /(6) + J b “/(a)] 


< 


b — a 


/ g -o '-v* 

2[(g + l)(g + 2)] 1/9 


1/9 


|/'(a)| <z + (g+l)|/'(6)| 9 (g + l)|/ , (a)| ? + |/'(6)| <? 


1 1/9 


5. when r = q(a + n — 1) , we have 


- E + 1 + if + 


2(6 — a) 
(6- a) 


k—0 


< 


B(s + 1, g(a + n - 1) + l)|/ (n) (a)| 9 + 


g(a + n — 1) + s + 1 


|/ (n) (6)p 


1 1/9 


[g(a + n-l)+s + l 


/< n) (a)| 8 + B(s + l,g(a + n-l) + l)|/ (n) (6)|' 


1 1 / 9 ' 


6. when r = q(a + n — 1) and s = n = 1, we have 

I m+m r(a + 1 ) 


2(6 — a) c 


' [Ja+ f (6) + Jb~ f ( a )] 


< 


6 -, 


2[(ga + l)(ga + 2)] 


1/9 


1 1/9 


f{a)\ q + {qa + l)\f'(b)\ q + (qa + l)|/ / (a)| 9 + |/ , (6)| 


1 1/9 


Theorem 3.3. For n € N and a, 6 G K 0 with a < 6, let f : Ro — 1 ► K. be an n-times differentiable 
function on Ko such that f ^ £ Ti([a, 6]). If |/( n )| 9 is s-concave on [a, 6] for q > 1 and some fixed 
s € (0, 1], then 


'f/f [«/(») + + (-D l / W w] 


fc= 0 


2r(a + fc + 1) 


< 


(6 — a) r 


q- 1 

g(a + n) — 1 J 


1-1/9 


2(l-s)/9 

Proof. Using Lemma 2.1 and the well-known Holder’s inequality yields 

\k 


& 


a + b 
2 


a > 0 . 


- E fE + t + 1) 

' ' fc— 0 ^ 


< 


< 


(*>-«)* 

2 

( 6 -«r 


[ (1 — t) ol+n ~ 1 \f^ n \ta + (1 — 6)6) | dt + [ t a+n ~ 1i | /(”) (6a + (1 — 6)6) | d 6 

.JO JO 


(1 - f)9(«+'*“l)/(9- 1 ) dt 


-1 1-1/g r r l 


l \ta + (1 — 6)6) 9 dt 


1 1/9 
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1-1 /q 


f.q(a+n-l)/(q-l) ^ £ 

1 1 1 — 1 / *? 

q — 1 

q(a + n) — 1 
Since \f^\ q is s-concave, we have 


= (b- a y 


pi 1 

J o \.y n \t a + (i~t)b)\ q dtj | 
!>>(*+ (i_ t)6 )i«d* 


+ (1 - t)b)\ 9 d t < 2 s " 1 /W 


Combining the above two inequalities yields (3.3). The proof of Theorem 3.3 is complete. 
Corollary 3.3.1. Under the assumptions of Theorem 3.3, 

1. if s = 1, then 


[j;,m + 4" /(«)] - £ r )r( + a+t+if + <-+/“+] 

1 1-1/9 


< (6-a) r 


9 - 1 
q(a + n) — 1 


/(n) 


a + b 


□ 


2. if n = 1 , then 

\f(a)+m r(a+l) 


2 2(6 — a) a 

3. if s = n = 1, then 

|/ (a) + /(6) T(a + 1) 
2 2(6 -a) a 


[J“ + /(6) + J“/(a)] 


[•£+/(&) + #-/(«)] 


< 


6 — a 
2(i-«)/9 


9-1 


1 1-1/9 


< (6 — a) 


g(a + 1) - 1 


9~1 

< 7 (o; + l) - lj 


( a + 6 


1 - 1/9 


a + b 
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Abstract. In this paper, an uncountable infinite family of nonlinear mappings 
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lished in a strictly convex and uniformly smooth Banach space which also has 
the Kadec-Klee property. The results obtained in this paper unify and improve 
many corresponding results announced recently. 
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1 Introduction 

Recently, common solution problems have been intensively investigated based 
on iterative methods. The so called common solution problems which capture 
lots of applications in multi-disciplines such as image restoration, and radiation 
therapy treatment planning are to find a special point in the intersection of a 
family of convex sets, which are usually considered as solution sets of nonlinear 
problems; see [1]- [15] and the references therein. Mean- valued iterative pro- 
cesses, in particular, Mann iterative process and Islrikawa iterative process, are 
efficient and powerful for studying fixed points of Lipschitz continuous nonlin- 
ear operators. However, in the framework of infinite-dimensional Hilbert spaces, 

‘Corresponding author. 
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they are only weakly convergent; see [16], [17] and the references therein. In 
many modern disciplines, including image recovery, economics, control theory, 
and quantum physics, problems arises in the framework of infinite dimension 
spaces. In such nonlinear problems, strong convergence is often much more 
desirable than the weak convergence; see [18] and the references therein. To 
guarantee the strong convergence of mean-valued iteration processes, many au- 
thors use different regularization methods. The projection method which was 
first introduced by Haugazeau [19] has been considered for the approximation 
of fixed points of nonexpansive mappings. The advantage of projection meth- 
ods is that strong convergence of iterative sequences can be guaranteed without 
compact restrictions imposed on operators. 

In this paper, we study a common solution problem via projection methods. 
Strong convergence theorems of common solutions are established with the aid 
of a generalized projection in a Banach space. The results obtained in this paper 
mainly unify and improve the corresponding results in [20]- [30]. 

2 Preliminaries 

Let E be a real Banach space and let E* be the dual space of E. Let Be be 
the unit sphere of E. Recall that E is said to be a strictly convex space if for 
all x,y £ Be and x ^ y, ||x + y\\ < 2. It is said to be uniformly convex if for 
any e € (0, 2] there exists S > 0 such that for any x, y € Be, 

||® — 2/||>e implies ||x + y\\ < 2 — 25. 

It is known that a uniformly convex Banach space is reflexive and strictly convex; 
see [31] and the references therein. 

Recall that E is said to have a Gateaux differentiable norm if for all x, y £ 
B E - lim t _>o(||f +j/|| — ||| ||). In this case, we also say that E is a smooth space. 
E is said to have a uniformly Gateaux differentiable norm if for each y £ Be, 
the limit is attained uniformly for all x £ Be- E is also said to have a uniformly 
Frechet differentiable norm if the above limit is attained uniformly for x, y € Be- 
In this case, we say that E is uniformly smooth. It is known that a uniformly 
smooth Banach space is reflexive and smooth. 

Recall that normalized duality mapping J from E to 2 s is defined by 

Jx = {y £ E* : ||x|| 2 = (x,y) = || 2 /|| 2 }- 

It is known if E is uniformly smooth, then J is uniformly norm-to-norm contin- 
uous on every bounded subset of E; if FI is a strictly convex Banach space, then 

2 


1136 


Xiaoying Gong et al 1135-1149 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


J is strictly monotone; if E is a smooth Banach space, then J is single-valued 
and demicontinuous, i.e., continuous from the strong topology of E to the weak 
star topology of E; if E is a reflexive and strictly convex Banach space with a 
strictly convex dual E* and J* : E* — > E is the normalized duality mapping 
in E*, then J -1 = J*; if E is a smooth, strictly convex and reflexive Banach 
space, then J is single-valued, one-to-one and onto. 

Recall that E has the Kadec-Klee Property (KKP) if lim„ woo \\x m — a:|| = 0, 
for any sequence {x m } C E, and x £ E with {x n } converges weakly to x, and 
{||x n ||} converges strongly to ||x||. It is known that every uniformly convex 
Banach space has the KKP; see [31] and the references therein. 

Let C be a nonempty closed and convex subset of E and let B : C x C — » R. 
be a function. Recall that the following equilibrium problem in the terminology 
of Blum and Oettli [32], Find x € C such that B(xy ) > 0, \/y € C. We 
use Sol(B) to denote the solution set of the equilibrium problem. That is, 
Sol(B) = {x £ C : B(x,y) > 0 , Vy £ C}. 

The following restrictions are essential for solving the equilibrium problem 
in this paper. 

(R-l) B(a, a) = 0 ,Va € C; 

(R-2) B{b, a) + B{a, b) < 0, Va, b £ C; 

(R.-3) B(a, b) > limsup t ^ 0 B(tc + (1 — t)a, b), Va, b,c £ C; 

(R.-4) b i y B(a,b) is convex and weakly lower semi-continuous, Va £ C. 

Let T be a self mapping on C. T is said to be closed if for any sequence 
{x n } C C such that hin^^oo x n = x and limm^oo Tx n = y, then y = Tx. Let B 
be a bounded subset of C. Recall that T is said to be uniformly asymptotically 
regular on C if and only if limsup,^^ sup x6B {j|T n a; — T” +1 a;||} = 0. From now 
on, we use — » and — ^ to stand for the strong convergence and weak convergence, 
respectively, and use Fix(T) to denote the fixed point set of mapping T. 

Recall that a point p is said to be an asymptotic fixed point of mapping T if 
and only if subset C contains a sequence {x m } which converges weakly to p such 
that linim^oo ||Tx m — x m || = 0. We use Fix(T) to stand for the asymptotic 
fixed point set in this paper. 

Next, we assume that FI is a smooth Banach space which means duality 
mapping J is single- valued. Study the functional 

0{x, y) := ||ai|| 2 + ||y|| 2 - 2 (x,Jy), Vx,y £ E. 
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In [33], Alber studied a generalized projection Projc ■ E — ► C, which is a 
mapping assigning to an arbitrary point x £ E the minimum point of (j>{x ,y), 
which implies from the definition of (j) <j)(x, j/)+2||x||||j/|| > ||ai|| 2 +|| 2 /|| 2 , Vx, y € E. 
T is said to be relatively nonexpansive iff 

(j>(p,x) > <j>(jp,Tx), \/x £ Cyp £ Fix(T) = Fix{T) ^ 0. 

T is said to be relatively asymptotically nonexpansive iff 

(j>{p,x) +£n<Hp , x ) > <j)(p,T n x), \/x £ C,\/p £ Fix(T) = Fix{T) ^ 0,V?i > 1, 

where {£„} C [0, oo) is a sequence such that p n — > 0 as n — > oo. 

Remark 2.1. The class of relatively asymptotically nonexpansive mappings, 
which was first considered in [34], covers the class of relatively nonexpansive 
mappings [35]. 

T is said to be quasi-(0-nonexpansive iff 

(j>(p,x) > 4>(p,Tx), Vx £ C,\/p £ Fix(T) ^ 0. 

T is said to be asymptotically quasi-</>-nonexpansive if and only if there exists 
a sequence {£ n } C [0, oo) with p n — > 0 as n — > oo such that 

4>{p,x) +£ n <t>(p,x) > 4>(p,T n x), \/x £ C,Mp £ Fix(T) 0,Vn > 1. 

Remark 2.2. The class of cjuasi-^-nonexpansive mappings [26] and the class 
of asymptotically quasi-<^-nonexpansive mappings [27] cover the class of rela- 
tively nonexpansive mappings and the class of relatively asymptotically nonex- 
pansive mappings. Quasi-</>-nonexpansive mappings and asymptotically quasi- 
0-nonexpansive mappings do not require the strong restriction that the fixed 
point set equals the asymptotic fixed point set. 

Remark 2.3. The class of quasi-0-nonexpansive mappings and the class of 
asymptotically quasi-</>-nonexpansive mappings are generalizations of the class of 
quasi-nonexpansive mappings and the class of asymptotically quasi-nonexpansive 
mappings in Banach spaces because of \J (\>{x, y) = ||ar — y\\. 

The following lemmas also play an important role in this paper. 

Lemma 2.4. [33] Let E be a strictly convex, reflexive, and smooth Banach 
space and let C be a nonempty, closed, and convex subset of E. Let x £ E. 
Then 

<, Kv i n cx ) < <t>{y, x) - (j)(Jl c x, x), \/y £ C, 
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(y — Xo, Jx — Jx o) < 0, \/y € C if and only if xq = II cx. 

Lemma 2.5. ([ 26 ], [ 32 ]) Let E be a strictly convex, smooth, and reflexive 

Banach space and let C be a closed convex subset of E. Let B be a function 
with the restrictions (R-l), (R-2), (R-3) and (R~4), fromCxC to K. Letx £ E 
and let r > 0. Then there exists z £ C such that rB(z, y) + (z—y,Jz— Jx) < 0, 
\/y £ C Define a mapping K B ' r by 

I\ B,r x = {z £ C : rB(z, y) + (y — z, Jz — Jx) >0, \/y £ C}. 

The following conclusions hold: 

(1) K B,r is single-valued quasi-(f>-nonexpansive; 

( 2 ) Sol(B) = Fix{K BiT ) is closed and convex. 

Lemma 2.6 [ 36 ] Let E be a strictly convex and uniformly smooth Banach space 
which also has the KKP. Let C be a convex and closed subset of E and let T be 
an asymptotically quasi-<p-nonexpansive mapping on C . Fix(T) is convex. 

Lemma 2.7 [ 37 ] Let r be a positive real number and let E be uniformly convex. 
Then there exists a convex, strictly increasing and continuous function cof : 
[0, 2 r] — > R. such that co/(0) = 0 and 

t\\a\\ 2 + (1 - t)\\b\\ 2 > ||(1 - t)b + to|| 2 + 1(1 - t)cof(\\b - a||) 

for all t £ [0, 1] and a, b £ B r := {a £ E : ||a|| < r}. 

3 Main results 

Theorem 3.1. Let E be a strictly convex and uniformly smooth Banach space 
which also has the KKP. Let C be a convex and closed subset of E and let A be 
an arbitrary index set. Let Bi be a bifunction with (R-l), (R-2), (R-3) and (R- 
4). Let Ti be an asymptotically quasi-<f>-nonexpansive mapping on C for every 
i £ A. Assume that Ti is uniformly asymptotically regular and closed for every 
i £ A and Hi^ASoflBi) R L\i^/yFix{Ti) is nonempty and bounded. Let {xj} be a 
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sequence generated by 

Xq € E chosen arbitrarily , 

C(i,i) = C,Vi € A, 

Ci = n i£A C( 1 i),xt = Proj Cl x o, 

< . 

Jyu,i) ^(,7,0 x j p (i ^{jd) ) J'U'Ud) i 
C(j + 1,2) G (d (j.i) • 0(^5 V(j,i ) ) 4*(ZiXj) ^ 

^ C/ + ] O igAC^-^^ j) , ‘Tj+l ProjCj^Xi, 

where tty,*) is such that p) > {u(jjj — p,Ju(j : j\ — Jxj ), Vp, G 

Cj, = sup{</>(z, 2 :y) : z G HigAFia^Tj) f| n i6 AS'oi(i3,:)}, {a^} is a reed 

sequence in (0, 1) such that lim inf j)(l — &(j,i)) > 0 and {rtjj)} C [r, oo) 

is a real sequence, where r is some positive real number. Then {xj} converges 
strongly to Proj^r.FixCT^ftni^SoiiBi)^!- 

Proof. First, we prove n i6 A<S , oi(i3,;) f] n, S A-f 1 ia;(T i ) is convex and closed. Using 
Lemma 2.5 and 2.6, we find that Sol{Bi) is convex and closed and FixfTi) is 
convex for every i G A. Since T,; is closed, we find that Fix{Ti) is also closed. 
So, Proj^ i&A soi(Bi) n rii£AFix(Ti)'E is well defined, for any element x in E. 

Next, we prove that Cj is convex and closed. It is obvious that C^q = 
C is convex and closed. Assume that C( m i ) is convex and closed for some 
to > 1. Let pi,P 2 G C( m+l i ). It follows that p = sp\ + (1 — s)p 2 G C( m i p 
where s G (0, 1). Notice that 4>(pi,y( m ,i)) ~ 4>(Pi, x m) < a(m,*)£(m,i)-D(m,*)> and 
<KP 2 ,Z/(m,i)) - (t>{p 2 ,x m ) < a!(m,i)£(m,i)D(m,i)- Hence, one has 

2(pi, Jx m Jy(m,i )) ||*Tm|| P 1 1 2/(rrt,-i) 1 1 * P(m,i) > 


and 

2(P2i J X m Jy(m,i )) \\Xm || ~ T ||y(m,«) II*" ^ • 

Using the above two inequalities, one has </>(p, y(m,i))-<t>(Pi x m) < 

This shows that C( m+1 q is closed and convex. Hence, Cj = n.j 6 AC(y.j) is a con- 
vex and closed set. This proves that Projc j+1 Xi is well defined. 

On the other hand, we find that r\i e ASol(Bi) f]r\i & \Fix(Ti) C C\ = C 
is clear. Suppose that r\i^ASol(Bi) p| C\i^\Fix{Ti) C C( mj . q for some positive 
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integer m. For any w G C\i£\Sol(Bi) p| C\i£\Fix{Ti) C we see that 

0(^5 2/(m,i)) Ill'll "F ||^(ra,i) t ^~i "F (1 || 

2 ( z , Xjji + (1 

< |N| 2 + a(m,i)||^, m a;m|| 2 + (1 - a( m> j))||u (m ,j) || 2 
%m) 2(1 %))(%■> JU(rn,i)) 

where ^ = sup £ m ) : 0 € C\i^\Fix(Ti) P| f'ljgA.S'o^-B,:)}. This shows 
that x € C^m+i.?:)- This implies that rii 6 A'S'o?(i?i) f] P[i^tyFix(Ti) C fli e AC(j t i) = 
Cj. Using Lemma 2.4, one has (z — Xj, Jx\ — Jxj) < 0, for any z G Cj. It follows 
that 


(z — Xj, Jx\ — Jxj) < 0, \/z G r\i£ASol(Bi) 0 C\i£\Fix(Ti) c Cj. (3.1) 

Using Lemma 2.4 yields that 


(j){Xj,X i) ^ (j)[Pl oj(~\ i&A Fi x ( r p i ') n r\i£ASol(Bi)Xl, X\) 

- (f>{Proj niGAFix ( Ti )f] n iGA Soi(Bi)Xi,Xj), 

which shows that {(j){xj,x i)} is bounded. Hence, {xj} is also bounded. Without 
loss of generality, we assume Xj i r G Cj. Hence 4>(xj,x i) < <p(x,x i). This 

implies that 

(f>(x,x i) < liminf(||xj|| 2 + ||xi|| 2 — 2 (xj, Jx i)) = limsup^(a; ;/ -,a;i) < 4>{x,x\). 

j—* 00 j—too 

It follows that limj^oo 4>(xj,x i) = cf>(x , Xi). Hence, we have hin^oo ||x.,-|| = ||x||. 
Using the KKP, one obtains that {xj} converges strongly to x as j — ► oo. 
On the other hand, we find that 4>(xj+ i,xi) > (j>(xj,x i), which shows that 
{<p(xj,x i)} is nondecreasing. It follows that lim^oo <j)(xj, Xi) exists. Since 
<f>{xj+ i,X\) — <p(xj,xi) > <fi(xj+i, Xj), one has linr,-^ <fi(xj+i, Xj) = 0. Since 
Xj + 1 G C j+ 1 , one sees that - </>(x j+1 ,Xj) < fol " 

lows that linij^oo ^(xj+i, %,,)) = 0. Hence, one has lim^oofllj/^) ||-||xj + i||) = 
0. This implies that limy^oo ||^2/(j,i)|| = limy^oo ||2/(y,i)|| = ||x|| = ||Jx||. This 
implies that {Jy(j,i)} is bounded. Without loss of generality, we assume that 
{Jy(j,i)} converges weakly to y *'*’*•* G E* . In view of the reflexivity of E, we see 
that J(E) = E* . This shows that there exists an element y 1 G E such that Jy l = 
y It follows that </>(x j+1 ,y (jti) ) + 2(x j+1 , Jy ( j ti) ) = \\x j+1 \\ 2 + \\Jy (jA) \\ 2 . Tak- 
ing liminf^oo, one has 0 > ||x|| 2 - 2 (x,y ( *’ l) ) + ||y ( *’ l) || 2 = ||x|| 2 + \\Jy l \\ 2 - 
2(x, Jy l ) = (j)(x, y l ) > 0. That is, x = y l , which in turn implies that Jx = y(*’ l \ 
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Hence, Jyt-jj) — *• Jx £ E* . Since E* is uniformly convex. Hence, it has the 
KKP, we obtain limj_ ) . 00 J'!J(j,i) = Jx. Since J -1 : E* — > E is demi-continuous 
and E has the KKP, one gets that y(j,i) — > x, as j — > oo. Using the fact 

<t>{z,Xj) -<t>(z,y(j,i)) < (ll^-ll + ||y(j,i)||)||j/(j,i) -Xj || + 2 (z,Jy Uti) - Jxj), 

we find 

lim (<j>(z,Xj) - = 0. (3.2) 

J— ^OO 

On the other hand, one sees from Lemma 2.7 

U{j,i)) II ^ll Hj,i)JTi Xj + (1 || 

2(z, a(j t i)JT^Xj + (1 

< Ikf + + (1 - a (j,i))\\ u (j,i) II 2 

- “O'.i)! 1 - a U,i)) c °f(\W Ju U,i) ~ JT i x i\\) 

- 2 a( jt i)(z, JT?Xj) - 2(1 - a(j ti ))(z, Ju {jA ) 

— T ^(j ,{) D(j,i) ^ Till)' 

This implies 

Q! a,d( 1 “ a 0\i)W(lll - JT i x j\\) 

— V {j ,i)) 

Using the restriction imposed on the sequence {cqyq} and (3.2), one has 

lim |||J« (jii) - JT/xjH = 0. 

OO 

It follows that JT-Xj — > as j —> oo. Since J -1 : T* — » T is demi-continuous, 

one has T?Xj —>■ x. Using the fact |||T/a;j|| — ||x||| = |||JT/a;j|| — ||Jx||| < 

|| JT- Xj — Jx||, one has ||7)?a;j|| —> ||x|| as j — > oo. Since E has the KKP, one 
has lim^oo |||x — T/a:j|| = 0. Since T) is also uniformly asymptotically regular, 
one has lim^oo ||x — T- +1 Xj\\ = 0. That is, T^T-Xj) — > x. Using the closedness 
of Tj, we find Tj.x = x. This proves x £ Fix(Ti), that is, x £ C\i^\Fix{Ti) . 

Next, we show that x £ P\i^\Sol{Bi). Since Bi is monotone, we find that 

r (j,i) B i{^ u (j,i)) < IlM-^U.ollH^Ci.*) " Jx iW- 

Therefore, one sees Bi(/j,,x) < 0. For 0 < tj < 1, define = (1 — U)x + ti/j,. 
This implies that 0 > Sj(At(t,j), x). Hence, we have 0 = Bi(n(t,i)-> ^(t, j)) < 
tjBj(^( ti j),/r). It follows that Bi(x,y) > 0, Vp £ C. This implies that x £ 
Sol(Bi) for every i £ A. 
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Finally, we prove x = Proj n . eA ( Fix ( T .) n s 0 i( Bi )) Xi- Using (3.1), one has ( x - 
z, Jx i — Jx) > 0 z € C\i£&{Fix(Ti) D Sol(Bi)). Using Lemma 2.4, we find that 
x = Proj nieA ( F i x (Ti)nSol(B t ))%i- This completes the proof. 

For the class of quasi-0-nonexpansive mappings, the boundedness of the 
common solution set is not required. Indeed, we have the following result. 

Corollary 3.2. Let E be a strictly convex and uniformly smooth Banach space 
which also has the KKP. Let C be a convex and closed subset of E and let A 
be an arbitrary index set. Let Bi be a bifunction with (R-l), (R-2), (R-3) and 
(R-f). Let Tj be a quasi-ip-nonexpansive mapping on C for every z G A. Assume 
that Ti is closed for every i G A and r\i^ASol(Bi) f) fli 6 AFza;(T,;) is nonempty. 
Let { Xj } be a sequence generated by 

Xq G E chosen arbitrarily, 

C(i,i) = C, Vz G A, 

Ci = n i£A C( lti ),xi = Proj Cl x o, 

JyV.i) j,i)3T%Xj A (1 

C(j+\,i ) = {z G C Uii) : <j)(z, y(j,i)) < (j>(z,Xj)}, 

^ Cj+i C\i£.\C(j F i^,Xj+i Projcj^x i, 

where is such that ru^B^u^^, p) > (mqo — p,Ju(j^) — Jxf), V/z G 

Cj, D(j = sup {(f>(z,Xj) : z G n iG AFix(Ti) f]n ie ASol(Bi)}, {a(yq} is a real 
sequence in (0, 1) such that lim — Oi(j,i]) > 0 and {ry^} C [r, oo) 
is a real sequence, where r is some positive real number. Then { Xj } converges 
strongly to Proj nieA Fix(Ti)r\n ie ASol(Bi)Xi. 

From Theorem 3.1, we also have the following result. 

Corollary 3.3. Let E be a strictly convex and uniformly smooth Banach space 
which also has the KKP. Let C be a convex and closed subset of E and let B 
be a bifunction with (R-l), (R-2), (R-3) and (R-f). LetT be an asymptotically 
quasi-<f>-nonexpansive mapping onC. Assume thatT is uniformly asymptotically 
regular and closed and Sol(B) D Fix(T) is nonempty and bounded. Let {xj} be 
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a sequence generated by 

xq £ E chosen arbitrarily , 

Ci = C,Xi= Proj Cl x 0 , 

< Jyj = ajJT^Xj + (1 — ctj)Juj, 

Cj+ i = {z£ Cj : 4>{z,yj) - <f>(z,Xj) < aj^Dj}, 
x j+ i = Proj Cj+1 xi, 

where Uj is such that rjB(uj,p) > ( Uj — n,Juj — Jxj ), V/i G Cj, Dj = 
sup{(/>(z, Xj) : 2 : G Fix(T ) n iS'oZ(-B)}, {aj} zs o reaZ sequence in (0, 1) such that 
liminfj^oo aj(l — aj) > 0 and {rj} C [r, oo) is a real sequence, where r is some 
positive real number. Then {xj} converges strongly to ProjFi X (T)nSoi(B)Xi- 

4 Applications 

In this section, we consider common solutions of a family of variational inequal- 
ities in the framework Banach spaces, we give some deduced results of our main 
results in the framework of Hilbert spaces. 

Let A : C — > E* be a single valued monotone operator which is continuous 
along each line segment in C with respect to the weak* topology of E* (hemicon- 
tinuous). Recall the the following variational inequality. Finding a point x G C 
such that (x — y, Ax) < 0, My G C. The symbol Nc{ x) stand for the normal cone 
for C at a point x G C; that is, Nc(x) = {x* G E* : (x — y,x*) >0, My G C}. 
From now on, we use V I (C, A) to denote the solution set of the variational 
inequality. 

Theorem 4.1. Let E be a strictly convex and uniformly smooth Banach space 
which also has the KKP. Let C be a convex and closed subset of E. Let A be an 
index set and let Ai : C — > E* be a single valued, monotone and hemicontinuous 
operator. Let B t be a bifunction with (R-l), (R-2), (R-3) and (R-f). Assume 
that f^iFAVI(C,Ai) is not empty. Let {x n } be a sequence generated in the 
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following process. 

Xq £ E chosen arbitrarily , 

C(i,i) = C,\/i £ A, 

Ci = n i6A C(i >i ),a;i = Projc 1 x 0 , 

' u (n,i) = VI(C, A,; + — Jx n )), 

Xj ( 1 ^Ud ) ) 5 

C(j+i,j) = {z£ C UA : cp(z,y UA ) < <f>(z,Xj)}, 

C'/ + 1 , Xj+± Pxojcj^_ 1 X i, 

where {a^,;)} is a real sequence in (0, 1) such that liminf^oo a^Al — a^o) > 
0. Then {xj} converges strongly to Proj n . eA vi(c,Ai)Xi- 

Proof. Define a new operator Mi by M t x = A t x + Nc(x), x £ C, Mpx = 0, x ^ 
C. Hence, Mi is maximal monotone and Af- _1 (0) = U/(C, Aj), where MT 1 (0) 
stand for the zero point set of M t . For each r 4 > 0, and x £ E, we see that 
there exists a unique x ri in the domain of A f, such that Jx £ Jx ri + r, Af, (a: n ), 
where x ri = (J + r i M i )~ 1 Jx. Notice that Ujj = VI(C, — (J — Jxj) + Aj), 
which is equivalent to (ujj — y,AiZjj + jr(Jzjj — Jxj )) < 0, Vy £ C, that is, 
Jxj — J U j,i) £ Nc(uj t i) + AiZjj. This implies that Uj y = (J + ViMi)~ 1 Jxj. 
From [26], we find that (J + lyAi,;) -1 J is closed quasi-0-nonexpansive with 
Fix{{J + r,;Af,;) _1 J) = Af“ 1 (0). Using Theorem 3.1, we find the desired con- 
clusion immediately. 

Theorem 4.2. Let E be a Hilbert. Let C be a convex and closed subset of E 
and let A be an arbitrary index set. Let Bi be a function with (R-l), (R-2), 
(R-3) and (R-f). LetTi be an asymptotically quasi-nonexpansive mapping on C 
for every i £ A. Assume that Ti is uniformly asymptotically regular and closed 
for every i £ A and C\i<z A Sol(Bi) f] C\i(z A Fix(Ti) is nonempty and bounded. Let 
{xj} be a sequence generated by 

xq £ E chosen arbitrarily , 

C (M) = C, Vi e A, 

*^1 P Cl X 0 , 

V(j,i) = aU,i) T iXj A (1 — a (j,i)) u (j,i), 

C( j+ l,i) = { 2 € C(j,j) : \\z — y(j,i)\\ — \\z — Xj I < a (j,i)f,(j,i)D(j,i)}i 

^Cj-j-i FI^aC^-_(_i^p Xj+\ PCj+ i*Tl5 

where u^jj) is such that r^^Bifu^j^p) > — p,U(jj) — Xj ), V/i £ Cj, 

D(jj) = sup{||2; — Xj\\ 2 : 2 : £ A ieA Fix{Ti) f| n i£ASol(Bi)} , {ay^)} is a real 
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sequence in (0, 1) such that liminfj^oo > 0 and {r^)} C [r, oo) 

is a real sequence, where r is some positive real number. Then {xj} converges 
strongly to Pn i ^ A Fix(T i )r\n ie ASoi{B i )Xi. 

Proof. In the framework of Hilbert spaces, we see that y/<l>{x,y) = ||x — j/||, 
Vx, y € E. The generalized projection is reduced to the metric projection and 
the asymptotica,lly-<j>nonexpansive mapping is reduced to the asymptotically 
quasi-nonexpansive mapping. Using Theorem 3.1, we find the desired conclusion 
immediately. 
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Inner-outer factorization on Besov-type spaces 

Ruishen Qian and Songxiao Li* 


Abstract. In this paper, motivated by some results of Dyakonov, we give 
an inner-outer factorization on Besov-type spaces. 

MSC 2000: 30H25, 30J05. 

Keywords: Inner function, outer function, BMOA space, Besov-type s- 
paces. 


1 Introduction 

We denote the unit disc {z £ C : \z\ < 1} by D and its boundary by (JO. Let 
H{ D) be the space of all analytic functions in D. For 0 < p < oo, the Hardy 
space H p is the set of f £ H( D) for which 

1 r 27T 

\\f\\ P HP= SU P / \f(re l6 )\ p dd <oo. 

0<r<l zn J o 

As usual, H°° is the set of / G -ff(D) with ||/||oo = sup zeD \f(z)\ < oo (see [5]). 

For 0 < p, q < oo and 0 < s < 1, the Besov- type space, denoted by B * q , is 
the set of functions / € L p (d D) such that 

u] p (t,f) q dt 
— n — n — < oo, 



where 


w p (L f) p ■■= sup [ \f{e lh C) - f(0\ p dm((), 0<t<n 
— t<h<t J d D 


and 

u! p (t, f) := u> p (7T, /) when 7 : < t < oo. 

Here dm. is the normalized Lebesgue measure on <90. 

The analytic Besov space, denoted by AB s pq = B pq n H p , is the space of 
functions / G H v such that 


(1-r) 


(l-s)<J-l 


\f ( r ()\ p dm(() ) dr < oo. 


'9D 
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We refer the reader to [2], [3], [4] and [10]. For the simplicity of notation, we 
denote B pp and AB pp by B p and AB p , respectively. 

Let 0 < p, s < oo, — 2 < q < oo. An / € H( D) is said to belong to F(p, q , s) 
if (see [24]) 


\\ p 

II p,q,s 


= sup 
ae B 


l/ , (' 2 )l P (l ~ \ z \ 2 ) q g s { z , a)dA(z) < oo, 


where g(z,a ) = logy^yj, 2 :, a € 0,2 7 ^ a, ^( 2 ) = cL4(z) = irfxdy. 

F(p, g, s) is called general function space because it can get many function 
spaces if it takes special parameters of p,q,s. For example, when s > 1, 

q + 2 

F(p, q,s) = B p , which is called the Bloch-type space; F( 2, 0, s) = Q s (see 
[23]); F(2, 0, 1) = BMOA : the space of analytic functions in the Hardy s- 
pace ff-'/D) whose boundary functions have bounded mean oscillation (see 
[13, 14, 19]). It is easy to see that F(p,p—2, s) is a Mobius invariant Besov-type 
space. In fact, from [17], we know that / € F(p,p— 2, s) if and only if 


sup ||/ o <p a - f ( a ) || 1 =. < 00 

aeD AB P p 


when 0 < p, s < 00 and F(p,p — 2, s) C BMOA when 1 < p < 00 and 0 < s < 1. 

For a sequence { z n } in D with 5 Z^Li(1 ~ \ z n\) < 00 , the Blaschke product 
is defined by 


b (*) = n 


~Zn Z - Z„ 


n—1 


1 — ZZ r 


If for every bounded sequence of complex numbers {a n }, there exists an f £ F[°° 
such that f(z n ) = a n for every n, then both the sequence {z n } and the Blaschke 
product B are called interpolating. A Blaschke product B is called Carleson- 
Newman if B is a product of finitely many interpolating Blaschke products. 
Products of finitely many interpolating Blaschke products is an important tool 
in the study of H°° , see [13]. 

An / £ H(D) is called an inner function if it is bounded and has boundary 
values of modulus 1 almost everywhere on <9B. It is obvious that every Blaschke 
product is an inner function. For an inner function 9 and e £ (0, 1), define the 
level set of order e of 9 as 


f 2(0, e) = {z e D : |0(*)| < e}. 

We refer to [1, 12, 15, 16, 20] for more information about inner function. 

A function g £ H( D) is said to be an outer function if there exists a positive 
function h with log h £ L 1 (9B) and a complex number C with \C\ = 1 such 
that 

9 W:=Cexp(-/ logM e-l-p-^di). 

Moreover, for almost all / £ <90, h(£) = | <?(/)[• 
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It is well known that each / £ H p has a unique factorization 8g, where 9 is 
an inner function and g is an outer function. Hence if we fix a function / £ H p , 
there must have some relationship between 9 and g. Dyakonov obtained many 
results on inner-outer factorization and characterized the moduli of analytic 
functions in D whose boundary values belong to certain smoothness classes. For 
many nice results about this topic, we refer to [6, 7, 9, 11, 22]. The following 
result can be found in [7, Theorem 1], 

Theorem A. If f £ BMOA and 9 is an inner function, then the following 
conditions are equivalent: 

(1) fd € BMOA; 

(2) sup zeD |/(V)| 2 (1 - \9(z)\ 2 ) < oo; 

(3) sup zen((?i e) \f(z)\ < oo, for every e, 0 < e < 1; 

(4) sup z£n(0j e) \f(z)\ < oo, for some e, 0 < e < 1. 

In this paper, we extend Theorem A from BMOA to a more general spaces 
F(p,p — 2, s) and give the similar theorem as Theorem A. 

Theorem 1. Let 1 < p < oo and 0 < s < 1. If f £ F(p,p — 2 ,s) and 9 £ 
F(p,p — 2, s) is an inner function, then the following statements are equivalent: 

(1) fd£F{p,p-2,s); 

(2) sup zeD |/(V)| 2 (1 - \9(z)\ 2 ) < oo; 

(3) sup zg Q (Sj e) \f(z)\ < oo, for every e, 0 < e < 1; 

(4) sup zen(e , e) \f(z)\ < oo, for some e, 0 < e < 1. 

For more general Besov space, we have the following result. 

Theorem 2. Suppose that 2 < p < oo, 0 < q < oo and 0 < s < If 
f £ ABp q fl BMOA and 9 £ AB£ q is an inner function, then the following 
statements are equivalent: 

(1) fd £ ABp q n BMOA; 

(2) sup zeD |/(V)| 2 (1 - \9(z)\ 2 ) < oo; 

(3) sup zen(ei e) \f(z)\ < oo, for every e, 0 < e < 1; 

(4) sup zen(e , e) \f(z)\ < oo, for some e, 0 < e < 1. 

Throughout this paper, for two functions / and g, f x g means that g < / < 
g, that is, there are positive constants C\ and Ci, such that C\g < f < C^g. 
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2 Proof of main results 


In this section, we will give the proof of main results in this paper. To prove 
Theorem 1, we need the following lemmas. 

Lemma 1. ([21, Theorem 1.4]) Let 0 < s < 1. Then an inner function belongs 
to the Mobius invariant Besov-type space F(p,p— 2, s) for all p > max{s, 1 — s} 
if and only if it is the Blaschke product associated with a sequence {ak}'jfL 1 which 
satisfies 

OO 

supVVl - \<p a {ak)\ 2 Y < oo. 

“CD u — i 


Lemma 2. ([18, Lemma 21]) Let {ak}ffL i be a sequence in D. Then the measure 
dp ak = X)fcLi(l — \ a k\ 2 )da k is a Carleson measure, i.e. 

OO 

sup VVl - \tp a (a k )\ 2 ) < 00, 
oeD k = 1 

if and only if {ak}ffLi is a finite union of uniformly separated sequences. 

Lemma 3. Let 1 < p < oo, 0 < s < 1, f G F{p,p — 2, s) and B be a 
Carleson-Newman Blaschke product with a sequence of zeros Then 

fB G F(p,p — 2, s) if and only if 

OO 

supVl/Kra - \va{a k )\ 2 y < 00 . 


Proof. Necessity. The proof is similar to the proof of [17, Lemma 2.6]. 
Sufficiency. Let B be a Carleson-Newman Blaschke products with zeros 
{ak} < jfL 1 - Suppose that B = ffLi A i s an interpolating Blaschke products 
with zeros {ai,fc})~Li and 


K}“=1 = UK*}~=1- 

i = 1 


It is easy to see that 

oo oo 

su P V|/K fe )| p (l - Wa{ai,k)\ 2 Y < supV|/K)r(l - \^ a (a k )\ 2 ) s < 00 . 

aeD fe=i aeD fc=i 

Since / e F(p,p - 2, s), p{w,z) = p((p a (w), p a (z)), B t o tp a is an interpolat- 
ing Blachke products with zeros { l Ta{a’i,k)}k > -\- By [8, Theorem 8] and its 
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remark (1), we have 


sup || Pj(f 

aGD ' 


° Pa) ' Bi O Ifi 


p < gup |/°y«^a(ag-))P 

OO 

= SU P$Z l/( a hfe)l P ( 1 ^ lY , a(a l ,fc)| 2 ) s - 


Combine with [20, Theorem 5], we get 


sup ||/ o y> a - /(a) || p i_. + sup ||(/B,;) o <p a - f(a)Bi{a)\\ p i_» 

aeD ,4Bp P aGD ^Bp p 

sup 11/ O <p a - /(a)|| p 1_. + sup ||(/ Bj) o ip a - f(a)Bi(a)\\ p i_, 

aeD Bp P OGD Bp p 


~ sup 11/ o ip a /(a)|| p |y| + sup ||P_ ( (/ O <p a ) • Si O <p a ) f 

aeD Bp p OGD v / Bp/^ 

OO 

<sup||/ 0 (^ o - /(a)|| p +sup V |/(a ijfc )| p (l - |^ a (aj,fe)| 2 ) s 

aG© B p aG© , , 

k—1 

oo 

«sup||/o^ 0 - /(a)|| p 1 _. +sup V |/(a i>fc )| p (l - |^a(ai, fe )| 2 ) s . 

aeD ABp p aGD fc=1 

Thus, 

sup || (/Bi) o^ 0 - /(a)Bj(a)|| p i_, 

aeD ABp p 

OO 

< sup V 1/(0,, fc )|' a - ka(a i , fc )| 2 ) s + sup||/o^ a - /(a)|| p i_, . 

aeD fc=1 aeD ABp P 

Since / G F{p,p — 2, s), by Lemma 2.1 in [17], we have 
fBi G F(p,p — 2, s), i = l,...,n. 


By inductive, we have 

n n n 

(fB)'(z) = £( fBj)'(z ) [] Bi{z) - (n - l)f(z) J] B t (z). 

3 = 1 i= 1 


Hence, 

n 

\(fB)\z)\ < Y, \UB 3 )\z)\ + (n - 1)|/'(*)|, ^ G D. 

l=i 

Notice that / G F(p,p— 2, s), /Bi G F(p,p— 2, s), combine with p-inequality, we 
obtain /B G F(p,p— 2, s). The proof is complete. 
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Proof of Theorem 1. (1) => (3) => (4) => (2). Since / £ F(p,p — 2, s) C 
BMOA, fO £ F(p,p — 2 ,s) C BMOA. From Theorem A, we easily get our 
result. 

(2) => (1). Assume that (2) holds. Since 9 £ F(p,p — 2 , s), by Lemma 1, we 
see that 9 is a Blaschke product with zeros {ak} < ^L 1 , and 

OO 

supVd-KK^^oo, 0 < s < 1, 

a 6 D fc=i 

which implies that 

OO 

sup VVl - \ip a (a k )\ 2 ) < oo. 
aeD fe= 1 

From Lemma 2, we get that 9 is a Carleson-Newman Blaschke product. Since 
/ £ F{p,p— 2, s) C BMOA, by the assumption that sup zgD \f(z)\ 2 (l— \6(z)\ 2 ) < 
oo and Theorem A, we see that f6 £ BMOA. Theorem A gives 

sup \f{z)\ < 00 , 0 < e < 1, 

e) 

which implies that sup fc |/(ofc)| < oo. Thus, 

OO 

sup£|/(a fc )| p (l - Wa{ak) I 2 ) 8 

aeD fe=l 

OO 

< sup|/(a fc )| p sup VVl - da(«fc)] 2 ) s < °°- 

k aeD fe=l 

Applying Lemma 3, we see that f9 £ F(p,p — 2, s). The proof is complete. 


Proof of Theorem 2. (1) => (3) => (4) => (2). The proof is similar to 
Theorem 1 and hence we omit the details. 

(2) => (1). Suppose that / £ AB^ q n BMOA and 9 £ AB^ q . Since 9 is 
bounded, if we want to prove fO £ AB^ q , we only need to prove 

[ (1 — f f \f(rQ9'{rC)\ p dm(Q] dr < oo. 

Jo \Jd D / 

Using the well known Schwarz’s Lemma, we have 
Therefore 


(1-r) 


(1 — s )<?— 1 


< / (1-r) 

Jo 


(l-s)q-l 


( [ \f(rO0'{rC)\ p dm{C)] 

\JdU> 

/ 

(f i/(or 

l-|^(rC)| 2 

1 — r 2 

\Jd D 

6 



dm(() I dr. 
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From [10, Theorem 3.2], we known that 9 £ AB^ q if and only if 

Thus, combine with the assumption that sup z6D |/(2)| 2 (1 — \9{z)\ 2 ) < oo, we 
deduce that 

[ (1 -r) (1_s)g_1 f [ \f(rC)0'{r()\ p dm(C)) dr < oo, 

JO \Jd D J 

which implies that f9 £ A B^ q . In addition, by Theorem A, we see that fO £ 
BMOA. Hence fQ £ AB^ q fl BMOA. The proof is complete. 

Acknowledgement. This work was supported by NSF of China (No. 11471143). 
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GENERALIZED RATIONAL CONTRACTIONS ENDOWED WITH 
A GRAPH AND AN APPLICATION TO A SYSTEM OF 
INTEGRAL EQUATIONS 

HUSEYIN ISIKt, NAWAB HUSSAIN, AND MARWAN A. KUTBI 


Abstract. In the present paper, we introduce the notion of generalized ratio- 
nal contraction including admissible mappings and establish coincidence point 
and common fixed point results for this class of mappings defined on ordinary 
as well as ordered metric spaces. Our results extend, generalize and unify com- 
parable results in the existing literature. Applying these results, we deduce 
fixed point results on metric spaces endowed with graph. An example and 
application to obtain the existence of common solution for a system of integral 
equations are also given in order to illustrate the effectiveness of the offered 
results. 


1. Introduction and Preliminaries 

Fixed point theory is one of the most powerful and effective tools in mathematics 
which has enormous applications within as well as outside mathematics. One of 
the most fundamental fixed point theorems is the Banach contraction principle [ 
which gives an answer on the existence and uniqueness of a solution of an operator 
equation Fx = x. Since then, there is a great number of generalizations of this 
fundamental principle (for example, see [l]-[7], [9]-[29]). 

Recently, Samet et al. [28] first introduced a-admissible mappings and then a- 
i/>-contractive type mappings to obtain some interesting generalizations of Banach 
contraction principle. For more results in this direction, we refer to [3, 5, G, 11, 15, 
17, 21, 23, 25, 27, 22] and references mentioned therein. 

Definition 1 ([28]). Let X be a nonempty set and a : X x X — > [0, +oo). A 
self-mapping T on X is called a-admissible mapping if 

x, y £ X, a (x, y) > 1 implies a(Tx,Ty) > 1. 

Afterward, Patel et al. [25] extended the definition of a-admissible mapping to 
a pair of two mappings to obtain common fixed point results as follows: 

Definition 2 ([25]). Let /, g, S and T be four self-mappings of a non-empty set X , 
and let a : S(X ) U T(X) x S(X) U T(X) — > [0, +oo). Then the pair ( f,g ) is called 
a-admissible with respect to S and T (in short, a st~ admissible) if for all x,y £ X, 

a(Sx,Ty) > 1 or a(Tx,Sy ) > 1 ==> a(fx,gy ) > 1 and a(gx,fy) > 1. 

If we take S = T = I x (identity mapping on X) in above definition, then we 
have: 

2000 Mathematics Subject Classification. Primary 47H10, Secondary 54H25. 

Key words and phrases. Point of coincidence, common fixed point, admissible mappings, ra- 
tional contractions, weakly compatible mappings, integral equations. 

^Corresponding author. 
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Definition 3 ([3]). Let f and g be self-mappings of a non-empty set X and a : 
X x X — > [0, +oo). Then the pair ( f,g ) is called a-admissible if for all x,y £ X, 


Definition 4 ([1! ]). A pair ( f,T ) of self-mappings on a set X is said to be weakly 
compatible if f and T commute at their coincidence point (i.e. fTx = Tfx, x £ X 
whenever fx = Tx). 

A point y £ X is called a point of coincidence of two self-mappings / and T on 
X if there exists a point x £ X such that y = fx = Tx. Also, x £ X is called a 
common fixed point of mappings / and T if x = fx = Tx. 

The notations T(f,T) and C ( f,T ) stand for the set of all common fixed point 
and the set of all coincidence points of / and T, respectively. In the sequel, we will 
indicate the set of all real numbers, the set of all non-negative real numbers and 
the set of all natural numbers by the letters K, M + and N, respectively. 

On the other side, Khan et al. [20] introduced and employed the notion of 
altering distance function to obtain some interesting fixed point results in metric 
spaces. Note that altering distance functions are continuous whereas Su [29] defined 
generalized altering distance function, not necessarily continuous, as follows: 

Definition 5 ([29]). A mapping if : M + — > M + is called generalized altering distance 
function if 

(a) if is non- decreasing, 


We set ty = {if : R + — > R + : if is a generalized altering distance function} and 
ty = {ip •. M + — > M + : ip is a nondecreasing and right upper semi-continuous function 
and we have if{t) > ip(t) for all t > 0 where if £ T}. 

We now introduce generalized rational contraction mappings as follows: 

Definition 6. Let /, g, S and T be selfmaps of a metric space ( X , d), and (/, g ) be 
an a st - admissible pair. We say that ( f,g ) is a generalized (a, if, ip) T y rational 
contraction if 


In this paper, we prove some common fixed point results of generalized (a, if, t)(st)~ 
rational contractions for a quadruple of self-mappings defined on ordinary as well as 
ordered metric spaces. Our results extend, generalize and unify comparable results 
in the existing literature. Applying these results, we deduce fixed point results on 
metric spaces endowed with graph. An example is presented to support the results 
obtained herein. As an application of offered results, the existence of the common 
solution for a system of integral equations are also investigated. 


a{x,y) > 1 => a{fx,gy ) > 1 and a{gx,fy) > 1. 


(6) if{t) = 0 ifft = 0. 


a (Sx, Ty) > 1 implies if ( d ( fx , gy)) < <p ( M (x, y)) 
for all x,y £ X, where if € T , ip £ <f> and 


( 1 . 1 ) 
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2. Main Results 

We start with the following first result. 

Theorem 1. Let f,g,S and T be selfmaps of a complete metric space (X,d) with 
f(X) C T(X), g(X) C S(X) and ( f,g ) be a generalized (a,ip,tp)^ s T y rational 
contraction pair. Suppose that: 

(a) there exists Xo £ X such that a (Sx o, fx o) > 1; 

(b) a (Sx n ,Tx n - |_i) > 1 for all n even implies that a (Sx n ,Txj) > 1 for all n 
even and j > n odd; 

(c) a(Sx n ,Tx n+ 1) > 1 for all n even and, Sx n and Tx n+ \ converge to an 
x £ X as n — > oo implies that a ( Sx n , x) > 1 and a (x, Tx n+ f) > 1 for all 
n even. 

Then the pairs (/, S) and ( g,T ) have a point of coincidence in X. Moreover, if 

(i) {f,S} and {g,T} are weakly compatible, 

(ii) a ( Su , Tv) > 1 whenever u £ C (/, S) and v £ C (g,T) . 

Then f, g, S and T have a common fixed point. 

Proof. Let x 0 £ X such that a(Sx 0 , fx 0 ) > 1. Since fX C TX, there exists an 
X\£ X such that fx o = Txi. Again since gX C SX, there exists an X2 £ X such 
that gx i = Tx 2 - Continuing this process, we can construct the sequences {x„} and 
{y n } in X defined by 


V2n — fsC2n — R^2n+lj ?/2n+l — g^2n-\-l — SX2n-\-2i VI £ Mq, (^-1) 


where No = N U {0}. As (f,g) is an agT-admissible pair and a (Sxq, fxg) = 
a (Sxq,Txi) > 1, we have a (fxo, gxi) > 1 and a (gxo, fx\) > 1 which implies 
that a (Tx±, Sx 2) > 1. Again, since a (Tx\,Sx2) > 1, we have a (fx\, 5x2) > 1 and 
a (9 X l) /x 2) > 1 which gives that a {Sx 2 ,Txf) > 1. Continuing this way, we obtain 


ol {Sx 2n , Tx 2n +i) > 1 and a (Tx2 n +i, Sx 2 n+ 2 ) > 1 for all n £ N 0 . (2.2) 

Suppose that y 2n 7^ V 2 n+i for all n £ No- Now we show that 

lim d (y n , y n +\) = 0. (2.3) 


Putting x = X 2 n and y = X2 n +i in (1-1) and using (2.1) and (2.2), we get 

Ip (d(y2n,y2n+l)) = 1p(d{fx 2 n,gX 2n+l)) 

< (X 2 n,x 2n +l)) , (2.4) 
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where 

M (x 2n , X 2 n+\) = max ^d(SX2n,Tx 2 n+l) ,d(SX2n,fX2n) ,d(Tx 2 n +l,gX2n+l) , 

d ( Sx 2n , gx 2 n+l) + d (fx 2n , Tx 2n + 1 ) 

2 

d {TX2n+l,gX2n+l) [1 + d (S X 2n , fX2n)} 

1 + d(Sx2n,TX2n+l) 

d {fx 2n , Tx 2n +i) [1 + d {Sx 2n , gx 2n +i)} \ 

1 + d(Sx 2 n,TX 2 n+l) J 

= max ^ d (y2n-l,y2n) , d (?/ 2 n-l, J/2n) , d ( y 2 n , V 2 n+l) , 

d(y2n-l,y2n+l) + d(y 2 n,y2n ) 

2 

d ( y 2 n , j/2n+l) [1 + d (y 2 n- 1, I/2n)] 

1 +d(j/2n-l,j/2n) 

rf(y2n,y2n)[l + d(2/2n-l,2/2n+l)] ^ 

d(y 2 n-l i y 2 n) + d (y 2 n , Z/ 2 n+l ) 


1 +d(y 2 n-i,2/2n) y 

< max (d(y2n-l,y2n) ,d(y2n, V 2 n+ 1 ) 

= max (d (j/2n-l, 2/2ra) , d (j/2n, J/2n+l)) • 

If d(y 2n -i,y 2 n) < d(y 2n ,y 2 n+i) for some n £ N, then by (2.4), we have 
Ip (d (■ J/2n , Z/2n+l)) < (d (jftn, 2/2n+l)) , 

a contradiction to the fact that y 2n 7^ J/2n+i- So for all n £ N, we have d {y 2 n,y 2 n + 1 ) < 
d(y2n-l,y2n) ■ 

From (2.4), we also obtain 


^ (d (V2n, V2n+l)) < V (d (y2n-l, J/2n)) • 


(2.5) 


Again, putting x = X 2 n -i and y = x 2n in (1.1) and following arguing similar to 
those given above, we get 


1 p(d(y 2 n-l,y 2 n)) < V {d (y 2n - 2 , 2 / 2 n-l)) • (2-6) 

From (2.5) and (2.6), we conclude 

ip (d (■ y n , y n + 1 )) < (d (y„- 1 , y„)) . (2.7) 

It follows that the sequence {d (y n , y n +i)} is decreasing and bounded below. 
Hence, there exists r > 0 such that linin^oo d (y n , y n +i) = r. If r > 0, then taking 
limit as n — > oo on both sides of (2.7), we have 


ip{r) < lim ip (d (y„, y n +i)) 

n — >oo 

< lim ^(d(y n _i,y n )) < p (r) , 

n— > oo 

a contradiction and hence r = 0, that is, the equation (2.3) holds. 

Now, we prove that {y„} is a Cauchy sequence. To this end, it is sufficient to 
verify that {y 2 n} is a Cauchy sequence. Suppose, to the contrary, that {y 2n } is 
not a Cauchy sequence. Then, there exists an e > 0 for which we can find two 
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subsequences { 1 / 2 m k } and { 1 J 2 n k } of {y 2 n} such that mk is the smallest index for 
which TO*; > nfc > k and 


d{y 2 m k ,y 2 n k )>£ and d{y 2 m k -i,y 2 n k ) < £■ ( 2 . 8 ) 

Using the triangular inequality and (2.8), we have 

£ < d(y 2 m k ,y 2 n k )<d(y 2 m k ,y 2 m k -l)+d(y 2 m k -l,y 2 n k ) 

< d ( y2m k ! V2m k - 1 ) + £■ 

Taking k — > oo on both sides of above inequality and using (2.3), we obtain 

lim d(y2m k ,y2n k ) = e- (2.9) 

k — >oo 

Again, using the triangular inequality, we get 

I d (jj2n k i y2m k + l) ~ d ( y2n k i y2m k ) I ^ d ( y2m k ; V2m k + l) ■ 

Letting k — > oo in the above inequality and using (2.3) and (2.9), we have 

lim d (y 2 n k , y 2 m k + l) = 6. ( 2 - 10 ) 

k — »oo 

Similarly, one can easily show that 

lim d(y 2nk -i,y 2 m k ) = lim d(y 2nk -i,y 2 m k +i) = £■ ( 2 . 11 ) 

fc— ►oo k—> oo 

Since a (Sx 2nk ,Tx 2 m k +i) > 1 from ( 2 . 2 ) and the hypothesis ( 6 ) , putting x = 
x 2nk and y = x 2mk +i in ( 1 . 1 ), we get 

^{d(y 2nk ,y 2 m k + 1 )) = i>{d(fX 2 n k ,gX 2mk + l)) 

< <P(M {X2n k , X2m k +l)) , (2.12) 

where 

Ad (x 2nk , ^ 2 mfc+i ) = max ^ d ( Sx 2nk 5 d 1 x 2rnk +\ ) , d ( Sx 2nk , f x 2nk ) , d {Tx 2rnk j r \ , ^ 2 mfc+i) 1 
d(Sx 2 

nk ? gx 2 m k + l) + d(fx 2 

nk ? Tx 2m fc + l) 

2 

d (T X 2m k +l 1 gX 2 m k -\-l ) [1 T d (Sx 2nk , f X 2 n k )] 

1 + d{Sx 2 n k i Tx 2mk + 1 ) 
d(fX 2 n k ,Tx 2mk + l) [1 + d (Sx 2 n k , gX 2 m k +l)\ \ 

1 ~b d ( Sx 2nk , TiC 2 mfc+l) / 

= max ^ d {y 2 n k — \ 1 y 2 m k ) > d ( y 2 n k ~l t y 2 n k ) ) d {y 2 m k ) 2 / 2 m fe +l) ) 

d (jj2n k — 1 > y2m k +l ) + d (?/2n fe i 2/2m fc ) 

2 ’ 
d(y 2 m fc ,y2m fc +l) [1 +d(2/2» fc -l,2/2nj] 

1 d* d (y 2 n k — l j y2m k ) 

d{y2n k ,y2m k ) [1 + d - 1 , ^2m fc +1 )] \ 

1 d - d (y2n k — 1 ; V2m k ) / ' 
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Now, from the properties of i/> and <p and using (2.3), (2.9), (2.10) and (2.11) as 
k — * oo in (2.12), we obtain 

ip(s) < lim i’(d(y 2 n k ,y 2 m k +i)) 

K—> OO 

< lim ip ( M ( X 2nk , X 2 m k + l)) 
k—> oo 

< <^(max(£,0, 0, e, 0, e)) = <p(e ) , 

which implies that £ = 0, a contradiction with £ > 0. Thus {i/ 2 n} is a Cauchy 
sequence in X and hence {y n } is a Cauchy sequence. From the completeness of 
(X, d ) , there exists z G X such that 

lim y n = z. (2-13) 

n — :-oo 

From (2.1) and (2.13), we get 

fx 2n -*■ Z, Tx 2 n+l Z, gX 2 n + 1 Z, Sx 2 n + 2 2 aS Tl > OO. (2.14) 

Now we shall prove that z is a common fixed point of /, g , S and T. 

Since g(X) c S(X), we can choose a point u in X such that z = Su. Suppose 
that d(z, fu ) ^ 0. 

By (2.2), (2.14) and the condition (c) , we have a (Su, Tx 2 n +i) > 1. Then, sub- 
stituting x = u and y = X 2 n+i in (1.1), we deduce 

tj; (d (fu, gx 2n+l)) <<p(M ( U , X 2 n+l)) , ( 2 -15) 

where 

M(u,x 2 n+i) = max (^d (Su,Tx 2n +i) ,d(Su, fu) ,d(Tx 2n +i,gx 2 n+i) , 

d (Su, gx 2n + 1) + d (fu, Tx 2n + 1) 

2 

d (Tx 2n +i,gX 2 n+i) [1 + d (Su, fu)] 

1 +d(Su,Tx 2„+i) 
d (fu,Tx 2n +i) [1 + d (Su, gx 2n + 1)] \ 

1 + d(Su,Tx 2n +i) J 
Letting fc — > oo in (2.15), we have 

ip(d(fu,z)) < lim ip (d (fu, gx 2n +i)) 

n—> oo 

< lim p (M (u, X 2 n +0) 

n — >-oo 

< V ^ m ax (o,d(z,fu),Q, d ^ ,0,d(fu,z )^ 

= <p(d(fu,z)), 

a contradiction and hence d (fu, z) = 0, that is fu = z, and so u G C (f, S ) . 
Similarly, since f(X) C T( X), we can choose a point v in X such that z = Tv. 
Suppose that d(z, gv ) ^ 0. 

By (2.2), (2.14) and the condition (c) , we have a (Sx 2 n ,Tv) > 1. Then, putting 
x = X 2 n and y = v in (1.1), we obtain 

(d (fx 2 n, gv)) < V (M (x 2n , v)) , (2.16) 
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where 


M (x 2n ,v) = max (d(Sx 2n ,Tv) ,d(Sx 2n , fx 2n ) ,d(Tv,gv) , 

d (Sx 2n ,gv) + d (fx 2n ,Tv) 

2 

d (Tv, gv) [1 + d ( Sx 2n , fx 2n )} 

1 + d ( Sx 2n ,Tv ) 
d (fx 2n, Tv) [1 + d (Sx 2n , gv)} \ 
l + d(Sx 2n ,Tv) )' 

Taking limit on (2.16), we get 

i/>(d(z,gv)) < \im ip (d(fx 2n ,gv)) 

n — >oo 

< lim ip (M (x 2n ,v)) 

n — >-oo 

< V 5 ^max (o, 0 ,d(z, gv) , d ^ , d (z, gv) , ^ 

= <p(d(z,gv)), 


a contradiction and hence d (, z , gv) = 0, that is z = gv, and so v £ C ( g , T) . 
Thus, z = fu = Su = gv = Tv. By the weak compatibility of the pairs (/, S) 
and (g, T ), we deduce that fz = Sz and gz = Tz. 

Since z £ C (/, S) and v £ C (g,T) , by (ii) , we have a ( Sz,Tv ) > 1 and so, from 
(1.1) 

ip (d (fz, z))=i/j(d (fz, gv)) < ip (M (z, v)) , (2.17) 

where 

M (z,v) = max ^d (Sz, Tv ) , d (Sz, fz ) , d (Tv, gv ) , 

d(Sz,gv) + d(fz,Tv) d(Tv,gv) [1 + d(Sz,fz)\ 

2 ’ 1 + d(Sz,Tv) 

d(fz,Tv) [1 + d(Sz,gv)} \ 

1 + d (Sz, Tv) ) 

= max (d (fz, z) , 0, 0, d (fz, z),0,d (fz, z)) = d (fz, z) 

By (2.17), we get 

ip(d(fz,z )) < ip(d(fz,z)), 

which implies that z = fz, and so z = fz = Sz. Similarly, it can be shown that 
z = gz — Tz. This completes the proof. □ 


Corollary 1. Let f,g,S and T be selfmaps of a complete metric space (X,d) with 
f(X) C T(X), g(X) C S(X) and (f,g) be an a st~ admissible pair such that 

a (Sx, Ty) if (d (fx, gy)) < tp (M (x, y)) , (2.18) 

for all x,y £ X, where ip £ ^ and <p £ $. Assume that the following conditions are 
satisfied: 

(a) there exists xq £ X such that a (Sx o, / xq) > 1; 

(b) a (Sx n ,Tx n+ 1 ) > 1 for all n even implies that a(Sx n ,Txj) > 1 for all n 
even and j > n odd; 
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(c) a (Sx n ,Tx n . |_i) > 1 for all n even and, Sx n and Tx n +\ converge to an 
x £ X as n — > oo implies that a ( Sx n , x) > 1 and a (x, Tx n+ 1 ) > 1 for all 
n even. 

Then the pairs (f, S) and ( g,T ) have a point of coincidence in X. Moreover, if 
(i) {/, 5} and {g,T} are weakly compatible, 

(ii) a ( Su , Tv) > 1 whenever u € C (f, S) and v £ C (g,T) . 

Then f , g , S and T have a common fixed point. 

Proof. Let a ( Sx,Ty ) > 1 for x,y £ X. Then by (2.18), we have 

4>(d(fx,gy)) < p(M(x,y)). 

This implies that the inequality (1.1) holds. Therefore, the proof follows from 
Theorem 1. □ 

If we take a (Sx, Ty) = 1 in Corollary 1, we have a generalized version of Theo- 
rem 2.3 in [29]: 

Theorem 2. Let f,g,S and T be selfmaps of a complete metric space (X,d) with 
f(X) C T(X) and g( X) C S(X). Suppose that 

ip(d(fx,gy)) < cp(M (x,y)) , (2.19) 

for all x,y £ X, where ip £ T and p £ $. Then the pairs ( f,S ) and ( g,T ) have a 
point of coincidence in X. Moreover, if {f,S} and {g,T} are weakly compatible, 
then f, g, S and T have a common fixed point. 

If we take ip (t) = t in Corollary 1, we have a generalized version of Theorem 2.2 
in [28]: 

Theorem 3. Let /, g, S and T be selfmaps of a complete metric space {X, d) with 
f(X) C T(X), g{X) C S(X) and ( f,g ) be an a st~ admissible pair such that 

a (Sx, Ty) d (fx, gy) < ip ( M (x, y)) , (2.20) 

for all x,y £ X, where p £ <f). Assume that the following conditions are satisfied: 

(a) there exists xq £ X such that a (Sx o, fx o) > 1; 

(b) a(Sx n ,Tx n + 1 ) > 1 for all n even implies that a (Sx n ,Txj) > 1 for all n 
even and j > n odd; 

(c) a(Sx n ,Tx n . |_i) > 1 for all n even and, Sx n and Tx n+ \ converge to an 
x £ X as n — > oo implies that a (Sx n , x) > 1 and a (x, Tx n + 1 ) > 1 for all 
n even. 

Then the pairs (/, S) and (g,T) have a point of coincidence in X. Moreover, if 
(i) {f,S} and {g,T} are weakly compatible, 

(ii) a (Su, Tv) > 1 whenever u £ C (f, S) and v £ C (g,T) . 

Then f, g, S and T have a common fixed point. 

If we take p(t) = ip (t) — <p (t) in Corollary 1, we have the following result. 

Corollary 2. Let f,g,S and T be selfmaps of a complete metric space (X,d) with 
f(X) C T(X), g(X) C S(X) and (f,g) be an a st~ admissible pair such that 

a (Sx, Ty) ip (d (fx, gy)) < ip (M (x, y)) -<p(M (x, y)) , (2.21) 

for all x,y £ X, where ip £ A! and </>€$. Assume that the following conditions 
are satisfied: 
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(a) there exists xo £ X such that a {Sxq, fx o) > 1; 

(i b ) a (Sx n , Tx n+ i) > 1 for all n even implies that a{Sx n ,Txj) > 1 for all n 
even and j > n odd; 

(c) a (Sx n , Txn+i) > 1 for all n even and, Sx n and Tx n + 1 converge to an 
x £ X as n — > oo implies that a ( Sx n , x) > 1 and a (x, Tx n + 1 ) > 1 for all 
n even. 

Then the pairs (/, S) and { g,T ) have a point of coincidence in X. Moreover, if 
(i) {/, S} and {g,T} are weakly compatible, 

(ii) a (Su, Tv) > 1 whenever u £ C (/, S) and v £ C {g,T) . 

Then f,g,S and T have a common fixed point. 

Let us give the following hypothesis for the uniqueness of the common fixed point 
in Theorem 1. 

( H ) For all x, y £ T{f, g, S , T), we have a (Sx, Ty) > 1. 

Theorem 4. Adding condition ( H ) to the hypotheses of Theorem 1, we obtain the 
uniqueness of the common fixed point of f, g, S and T. 

Proof. Suppose that x = fx = gx = Sx = Tx and y = fy = gy = Sy = Ty. Then, 
from ( H ) , we have a ( Sx,Ty ) > 1. Then, applying (1.1), we obtain 

if (d (x, y)) =ip(d {fx, gy)) <<p(M (x, y )) , (2.22) 

where 

M{x,y) = max {Sx, Ty) , d {Sx, fx) ,d {Ty, gy ) , 

d {Sx, gy) + d{fx,Ty) d{Ty,gy) [1 + d{Sx,fx)] 

2 ’ 1 +d{Sx,Ty) 

d {f x, Ty) [1 + d{Sx,gy)\ 

1 + d {Sx, Ty) 

= max (d {x, y) ,0,0, d {x, y),0,d {x, y)) = d {x, y) . 

From (2.22), we have 

’4 ) {d{x,y)) < (f{d{x,y)) , 

which implies that d {x, y) = 0, that is, x = y. □ 

Remark 1. Adding condition {H) to the hypotheses of Corollaries 1 and 2, we 
obtain the uniqueness of the common fixed point. 

If we choose S = T = lx in Corollary 1, we have the following corollary. 

Corollary 3. Let f and g be selfmaps of a complete metric space {X, d) and (/, g) 
be an a-admissible pair such that 

a {x, y) ip {d {f x, gy)) < {M fg {x, y)) , (2.23) 

for all x, y £ X, where ip £ , g> £ ' F and 

M fg Oc v) = max (d (x, y) , d {x, fx ) , d {y, gy) , d<yX,9V " > ) 

d{y,gy ) [1 + d{x,fx)] d{fx,y) [1 + d{x,gy)] 

1 + d{x,y) ’ 1 +d{x,y) 

Assume that the following conditions are satisfied: 
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(a) there exists xo £ X such that a (xq, fx o) > 1; 

(i b ) a (x n , x n+ i) > 1 for all n implies that a ( x n , Xj) > 1 for all j > n; 

(c) a(x n ,x n +i) > 1 for all n and, x n —y x £ X as n — > oo implies that 
a ( x n , x) > 1 for all n. 

Then f and g have a common fixed point. Moreover, if a (x, y) > 1 whenever 
x, y £ T (/, g ) , then f and g have a unique common fixed point. 

Now, we furnish the following example which illustrates Theorem 1 as well as 
Theorem 4. 


Example 1 . Let X = R + with the usual metric d(x,y) = \x — y\ for all x,y £ X 
and if, ip : R + — » M + be defined by if (t) = t and tp(t) = | . Define the mappings 
f, g, S and T on X by 


fx = 



if x£ [0, 1] , 
if x > 1, 


and 



if x £ [0,1] , 
if x> 1, 


Sx 


f if x£ [0,1], 
3x if x > 1, 


and Tx 


f if x£ [0,1], 
2x if x > 1. 


Note that f(X) C T(X) and g(X) C S(X), {f,S} and {g,T} are weakly com- 
patible. 

Also, we define the mapping a : S(X) U T(X) x S' (A”) U T( X) — > K + by 


a(x,y) 


1 if x,y £ [0, \] , 
0 otherwise. 


Now, let x, y £ X such that a (Sx, Ty) > 1. Then Sx,Ty £ [0, |] and this implies 
that x, y £ [0, 1] . By the definitions of f, g and a, we have fx, gy £ [0, |] and 
gx, fy £ [0, |] which implies that a (fx, gy) > 1 and a (gx, fy) > 1. 

In case of a (Tx, Sy) > 1, analogously to the above proof, one can easily obtain 
that a (fx, gy) > 1 and a (gx, fy) > 1. 

Then (f,g) is asr -admissible. Moreover, the condition a (Sxq, fxo) > 1 is sat- 
isfied with Xq = 0. 

Let {x n } be a sequence in X such that a (Sx n , Tx n + 1 ) > 1 for all n even. Then, 
by the definition of a, we get x n £ [0, 1] for all n even. Thus, Xj £ [0, 1] for all 
j > n odd, and so a (Sx n ,Txj) > 1. 

Similarly, if {x n } is any sequence in X such that a (Sx n ,Tx n + 1 ) > 1 for all 
n even and, Sx n and Tx n +i converge to an x £ X as n — > oo, then by the definition 
of a, we have Sx n £ [0, |] and Tx n +\ £ [0, for all n even and so x £ [0, 
which implies that a (Sx n ,x) > 1 and a (x,Tx n +i) > 1. 

Now, we prove that (f,g) is a generalized (a, if, ip), s T y rational contraction. Let 
a (Sx,Ty) > 1. Then, x, y £ [0, 1] , and so 


ip(d(fx,gy)) = 


< 

< 


I fx - gy\ 


x _ l 

6 4 


(x,y) = ip (M (x, y)) . 
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Obviously , assumption (ii) of Theorem 1 and condition ( H ) are satisfied. Con- 
sequently, by Theorems 1 and 4, /, g , S and T have a unique common fixed point 
which is 0. 

3. Fixed Point Results on Partially Ordered Metric Spaces 

The existence of fixed points of nonlinear contraction mappings in metric spaces 
endowed with a partial ordering has been considered recently by Ran and Reurings 
[26] in order to obtain a solution of a matrix equation in 2004. Nieto and Lopez [2‘ ] 
extended the results in [26] by removing the continuity condition of the mapping. 
They applied their result to get a solution of a boundary value problem (see also 
[4, 13, 14] and references mentioned therein). 

Let X be a non-empty set. If d is a complete metric on X and ^ is a partial 
order on the set X, then (. X , d, is called complete partially ordered metric space. 

Let (X, A) be a partially ordered set and f,g,S and T be self-mappings on X. 
Then, (/, g) is called a (S, T)-nondecreasing mapping pair if fx A gy and gx A fy 
whenever Sx Ty or Tx Sy for all x,y £ X. 

From Theorem 1, in the setting of complete partially ordered metric spaces, we 
obtain the following theorem. 

Theorem 5. Let ( X , d , ;X) be a complete partially ordered metric space and let 
f,g,S and T be self-mappings on X such that f(X) C T( X), g(X) C S(X). Let 
( f,g ) be a (S,T) -nondecreasing pair such that 

ip(d(fx,gy))<(p(M(x,y)), (3.1) 

for all x, y £ X such that Sx A Ty, where if £ ip and ip £ $. 

Assume that the following conditions are satisfied: 

(a) there exists xo € X such that Sx o A fx o; 

(i b ) Sx n -< Tx n + 1 for all n even implies that Sx n -< Txj for all n even and 
j > n odd; 

(c) Sx n -< Tx n+ 1 for all n even and, Sx n and Tx n+ \ converge to an x £ X as 
n — > oo implies that Sx n A x and x S Tx n + i for all n even. 

Then the pairs (/, S) and ( g,T ) have point of coincidence in X . Moreover, if 
(i) {/, 5} and {g,T} are weakly compatible, 

(ii) Su fi<Tv whenever u £ C (/, S) and v £ C (g,T) . 

Then f,g,S and T have common fixed point. Moreover, if Sx S Ty whenever 
x, y £ T(f , g, > S', T), then /, g, S and T have a unique common fixed point. 

Proof. Define the function a : X x X — > K + by 

/ 1 if x S y, 
a (x, y) = < 

0 otherwise. 

Let a(Sx,Ty ) > 1. Then 

Sx Ty. (3.2) 

From (3.1), we obtain that 

ip (d (fx, gy)) < p (M (x, y)) . 

Also, since (/, g) is (S, T)-nondecreasing, by (3.2) we have fx S gy and gx A fy, 
which gives us that a(fx, gy) > 1 and a(gx, fy) > 1. Then (/, g) is agT-admissible. 
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On the other hand, one can easily show that the hypotheses (a) , (b) , (c) and (ii) 
imply the conditions (a) , (b) , (c) and (ii) of Theorem 1. 

Now, let x,y £ lF(f,g,S,T). Then, Sx S Ty and so a(Sx,Ty ) > 1. Therefore, 
the uniqueness of the common fixed point follows from condition (H). □ 

If we take <p(t) = if (t) — rj ( t ) in Theorem 5, we have the following result. 

Corollary 4. Let (X,d,X) be a complete partially ordered metric space and let 
f,g,S and T be self-mappings on X such that f(X) C T(X), g(X) C S(X). Let 
(f,g) be a (S,T) -nondecreasing pair such that 

if (d ( fx , gy)) < if ( M (, x , y)) — r) (M (x, y )) , (3.3) 

for all x, y £ X such that Sx ^ Ty, where if £ if and p £ $. 

Assume that the following conditions are satisfied: 

(a) there exists xq £ X such that Sx o A fx o; 

(b) Sx n A Tx n + 1 for all n even implies that Sx n A Txj for all n even and 
j > n odd; 

(c) Sx n ^ Tx n . |_i for all n even and, Sx n and Tx n+ \ converge to an x £ X as 
n — > oo implies that Sx n A x and x S Tx n +\ for all n even. 

Then the pairs (/, S) and ( g,T ) have point of coincidence in X . Moreover, if 

(i) {f,S} and {g,T} are weakly compatible, 

(ii) Su whenever u £ C (/, S) and v £ C (g,T) . 

Then f,g,S and T have common fixed point. Moreover, if Sx S Ty whenever 
x, y £ X(f, g, S, T), then /, g, S and T have a unique common fixed point. 

If we take if (t) = t and g (t) = (1 — k) t in Corollary 4, we have the following 
result. 

Corollary 5. Let (X, d, be a complete partially ordered metric space and let 
f,g,S and T be self-mappings on X such that f( X) C T(X), g(X) C S(X). Let 
(f,g) be a (S,T) -nondecreasing pair such that 

d (fx, gy) < kM (x, y ) , (3.4) 

for all x,y £ X such that Sx A Ty, where k £ [0, 1). 

Assume that the following conditions are satisfied: 

(a) there exists xq £ X such that S xq S fx o; 

(b) Sx n -< Tx n + 1 for all n even implies that Sx n Txj for all n even and 
j > n odd; 

(c) Sx n S Tx n + 1 for all n even and, Sx n and Tx n + 1 converge to an x £ X as 
n oo implies that Sx n A x and x A Tx n+ \ for all n even. 

Then the pairs (/, S) and (g,T) have point of coincidence in X . Moreover, if 

(i) {/, 5} and {g,T} are weakly compatible, 

(ii) Su ^.Tv whenever u £ C (/, S) and v £ C (g,T) . 

Then f,g,S and T have common fixed point. Moreover, if Sx -< Ty whenever 
x, y £ F(f, g, S, T), then /, g, S and T have a unique common fixed point. 


1169 


HUSEYIN ISIKetal 1158-1175 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


GENERALIZED RATIONAL CONTRACTIONS ENDOWED WITH A GRAPH 13 

4. Some Results for Graphic Contractions 

Consistent with Jachymski [18], let (X, d) be a metric space and let A := 
{(x,x) : x £ A} be a diagonal of the Cartesian product X x X. Consider a graph 
G such that the set V (G) of its vertices coincides with X and the set E (G) of its 
edges contains all loops; that is, E (G) D A. We assume G has no parallel edges, 
so we can identify G with the pair (V (G) , E (G)). Moreover, we may treat G as a 
weighted graph by assigning to each edge the distance between its vertices. If x and 
y are vertices in a graph G, then a path in G from x to y of length N ( N £ N) is a 
sequence {xiliLo °f N + 1 vertices such that Xq = x, Xjy = y and (xj_i,Xj ) £ E (G) 
for i = 1, . . . , N. A graph G is connected if there is a path between any two vertices. 

G is weakly connected if G is connected (see for more details [2, 9, 10]). 

In this section, we give the existence and uniqueness of fixed point theorems 
on a metric space endowed with graph. Before presenting our results, we give the 
following notions and definitions. 

Definition 7 ([18]). Let (X,d) be a metric space endowed with a graph G and 
T : X — > X be a mapping. One says that T preserves edges of G if 

Vx,y€X, (x, y) £ E (G) => (Tx, Ty) £ E (G) . (4.1) 

Definition 8. Let /, g, S and T be selfmaps of a metric space ( X , d) endowed with 
a graph G. One says that (/, g) preserves edges of G with respect to (S, T ) if for 
all x, y £ X, 

{Sx, Ty) £ E (G) =>■ (fx, gy ) £ E (G) and ( gx , fy) £ E (G) . (4.2) 

Definition 9. Let ( X , d) be a metric space endowed with a graph G and /, g , S and 
T be selfmaps on X such that ( f,g ) preserves edges of G with respect to (S,T) . We 
say that ( f,g ) is a generalized (a,ip,p)^ s T y graphic contraction involving rational 
expressions if 

4>(d(fx,gy))<<p(M(x,y)), (4.3) 

for all x, y £ X for which ( Sx,Ty ) £ E (G) , where if) £ 4', p £ $ and 

M (x, y) = max (Sx, Ty ) , d (Sx, fx ) , d ( Ty , gy ) , d ^ SX] 9V ^ + d Ty ^ , 

d (Ty,gy) [1 + d(Sx,fx)] d{fx,Ty) [1 + d(Sx,gy)] \ 

1 + d(Sx,Ty) ’ 1 + d {Sx, Ty) J 

Theorem 6. Let /, g , S and T be selfmaps of a metric space ( X , d) endowed with a 
graph G, and f(X) c T{X), g(X) C S(X) and{f,g) be a generalized (a, ip, ip)^ ST y 
graphic contraction involving rational expressions. Assume that the following con- 
ditions are satisfied: 

(a) there exists Xq £ X such that (Sx o, fx o) £ E (G); 

(b) (Sx n ,Tx n + 1 ) £ E (G) for all n even implies that ( Sx n ,Txj ) £ E (G) for 
all n even and j > n odd; 

(c) (Sx n ,Tx n+ 1 ) £ E (G) for all n even and, Sx n and Tx n+ 1 converge to an 
x £ X as n — > oo implies that (Sx n ,x) £ E (G) and (x,Tx n +i) £ E (G) 
for all n even. 

Then the pairs (/, S) and ( g,T ) have a point of coincidence in X. Moreover, if 
(i) {/, 5} and {g,T} are weakly compatible, 
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( ii ) (Su, Tv) £ E (G) whenever u £ C (/, S) and v £ C (g,T) . 

Then f,g,S and T have common fixed point. Moreover, if ( Sx,Ty ) £ E (G) 
whenever x, y £ T(f, g, S, T), then f, g , S and T have a unique common fixed point. 

Proof. Define the function a : X x X — > by 

«<*,») = (! “ 6 B(G) - 
I 0 otherwise. 

Let a(Sx,Ty) > 1. Then 

(Sx,Ty)£E(G). (4.4) 

From (4.3), we obtain that 

ip{d(fx,gy)) < tp (M (x, y)) . 

Also, since (f,g) preserves edges of G with respect to (S, T), by (4.4) we have 
( fx,gy ) £ E(G) and ( gx,fy ) £ E (G) , which gives us that a(fx,gy) > 1 and 
a(gx,fy) > 1. Then (/, g) is agT-admissible. 

On the other hand, it is easy to see that the hypotheses (a) , ( b ) , (c) and (ii) 
imply the conditions (a) ,(b), (c) and (ii) of Theorem 1. 

Now, let x,y £ T(f,g,S,T). Then, (Sx,Ty) £ E (G) and so a(Sx,Ty) > 1. 
Therefore, the uniqueness of the common fixed point follows from condition (H). 

□ 


If we take ip(t) = ip (t) — <p (t) in Theorem 6, we have the following result. 

Corollary 6. Let f, g , S and T be selfmaps of a metric space ( X , d) endowed with 
a graph G, and f(X) C T(X), g(X) C S(X). Assume that (f,g) preserves edges 
of G with respect to (S, T) such that 

ip (d (fx, gy)) < ip (M ( x , y)) - <p (M (x, y)) , (4.5) 

for all x, y £ X for which (Sx,Ty) £ E (G ) , where ip £ T and <p £ d*. 

Suppose also that the following conditions are satisfied: 

(a) there exists Xq £ X such that (Sxq, fx q) £ E (G); 

(b) (Sx n ,Tx n+ 1 ) £ E (G) for all n even implies that (Sx n ,Txj) £ E (G) for 
all n even and j > n odd; 

(c) (Sx n ,Tx n + 1 ) £ E (G) for all n even and, Sx n and Tx n +\ converge to an 
x £ X as n — > oo implies that (Sx n ,x) £ E (G) and (x,Tx n +i) £ E (G) 
for all n even. 

Then the pairs (/, S) and ( g,T ) have a point of coincidence in X. Moreover, if 
(i) {/, 5} and {g,T} are weakly compatible and, 

(ii) (Su, Tv) £ E (G) whenever u £ C (/, S) and v £ C (g,T) . 

Then f,g,S and T have common fixed point. Moreover, if (Sx,Ty) £ E (G) 
whenever x, y £ T(f , g, S, T), then /, g, S and T have a unique common fixed point. 

If we take ip (t) = t and cp (t) = (1 — k) t in Corollary 6, we have the following 
result. 

Corollary 7. Let f, g, S and T be selfmaps of a metric space (X, d) endowed with 
a graph G, and f(X) C T(X), g(X) C S(X). Assume that (f,g) preserves edges 
of G with respect to (S, T) such that 

d(fx,gy) < kM (x,y ) , (4.6) 
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for all x, y £ X for which {Sx, Ty) £ E ( G ) , where if £ T and </>£$. 

Suppose also that the following conditions are satisfied: 

(a) there exists Xq £ X such that (Sx o, fx o) £ E (G); 

(■ b ) (Sx n ,Tx n . |_i) £ E (G) for all n even implies that ( Sx n ,Txj ) £ E (G) for 
all n even and j > n odd; 

(c) (Sx n ,Tx n + 1 ) £ E (G) for all n even and, Sx n and Tx n + ± converge to an 
x £ X as n — > oo implies that (Sx n ,x) £ E (G) and (x,Tx n +i) £ E (G) 
for all n even. 

Then the pairs (/, S) and ( g,T ) have a point of coincidence in X. Moreover, if 

(i) {f,S} and {g,T} are weakly compatible and, 

(ii) ( Su , Tv) £ E (G) whenever u £ C (/, S) and v £ C (g,T) . 

Then f,g,S and T have common fixed point. Moreover, if ( Sx,Ty ) £ E (G) 
whenever x, y £ T(f, g, S, T), then f , g, S and T have a unique common fixed point. 


5. An Application 


Consider the following integral equations: 


' (s) = / Hi ( s,r,x{r )) dr, 
J a 


(5.1) 


and 


[ b 

x(s)= / H 2 (s,r,x (r)) dr, 


(5.2) 


where s, r £ I = [a, b\ , Hi, H 2 : I x / x R — > R and b > a > 0. 

In this section, we present an existence and uniqueness theorem for a common 
solution to (5.1) and (5.2) that belongs to X := C(I, R) (the set of continuous 
functions defined on I ) by using the obtained result in Corollary 3. 

We consider the operators f,g:X—iX given by for all x £ X 

fx(s)= Hi (s,r,x (r)) dr, s £ I, 


and 


f b 

gx(s) = / H 2 (s,r,x (r)) dr, s £ I. 

J a 

Then the existence of a common solution to (5.1) and (5.2) are equivalent to the 
existence of a common fixed point of / and g. 

Meanwhile, X endowed with the metric d defined by 

d{x,y) = sup |a; (s) - y(s) \ 
sei 

for all x, y £ X, is a complete metric space. 

Suppose that the following conditions hold. 

(Al) Hi,H 2 : I x I x R — > ffi. are continuous; 

(A2) there exist ( : I x I -t B such that if £ (x, y) > 0 for all x, y £ X, then for 
every s, r £ /, we have 

\Hi (s, r, x (r)) - H 2 (s,r,y{r)) | 2 < 7 (s,r) In (l + |x(r) - y (r) | 2 ) 
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where 7 : / x I — > M+ is a continuous function satisfying sup s6/ f b 7 (s, r) < 
1/ (6 - a ) ; 

(A 3 ) for every s £ I there exist Xq £ X such that £ (xo (s) , fx 0 (s)) > 0 ; 

(A 4 ) for all s £ / and x,y £ X, 

£ (*(«)> y(s)) > 0 => £ (. fx{s),gy(s )) > 0 and £ (^(s), /y(s)) > 0, 

(A 5 ) £ (a;„ (s) , x n+ \ (s)) > 0 for all n and s £ I implies that £ (a; n (s) , Xj (s)) > 0 
for all j > n; 

(A6) £ (x n ( s ) , (s)) > 0 for all n and s £ I and, x n —*x£Xasn—*oo 

implies that £ (i„ (s) , x (s)) > 0 for all n. 

Theorem 7 . Assume that the conditions (Al) — (A6) are satisfied. Then, integral 
equations ( 5 . 1 ) and ( 5 . 2 ) have a common solution in X. 


Proof. Let x, y £ X such that £ (x, y) > 0 . Then, by (A 2 ), for all s, r £ I, we deduce 


I fx( s ) - gy(s )\ 2 < (j \H X (s,r,x(r)) - H 2 {s,r,y(r))\ dr j 


pb pb 

< / 1 2 dr \H 1 (s,r,x(r)) - H 2 (s,r,y{r ))\ 2 dr 

J a J a 

(b — a) J 7 (s, r) hi ^1 + \x (r) — y (r)| 2 ^ dr 
(b — a) J 7 (s, r) hi ^1 + d (x, y) 2 ^j dr 
(6-a)(y 7(s,r)dr^j In (l +d(x,y) 2 ^j 
In (l + d (x, y ) 2 ) < In (l + M /s (x, yf^j , 


< 


< 


where 


M fg(x,y) = m.ax.yd(x(s),y(s)),d(x(s),fx(s)),d(y(s),gy(s)). 

d (x (s) , gy (s)) + d ( fx (s ) , y (s)) 

2 

d ( y (5) , gy QQ) [l + d {x (s ) , fx (s))] 

1 + d(x (s) ,y (s)) 

d ( fx (s) , y (s)) [1 + d {x (s) , gy (s))] 


1 + d{x (s),y(s)) 

Therefore, we obtain 

sup \fx(s) — gy (s)l'j < In (l + M fg (x, yf) . 


Now, define a : X x X — ► R + by 
a (x, y) = 


1 if £ (x, y) > 0 where x, y £ X, 
0 otherwise. 
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Also, define %p,ip : R + — > R + by ip(t) = t 2 and ip(t) = ln(l + £ 2 ) . Therefore, 
using the last inequality, we have 

a (x, y) ip (d (/x, gy)) < ip (. M fg (x, y)) . 

It easily shows that all the hypotheses of Corollary 3 are satisfied. Therefore / 
and g have a common fixed point, that is, integral equations (5.1) and (5.2) have a 
common solution. □ 
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ON QUADRATIC p-FUNCTIONAL INEQUALITIES IN FUZZY NORMED 

SPACES 

CHOONKIL PARK, SUN YOUNG JANG, AND SUNGSIIC YUN* 


Abstract. In this paper, we solve the following quadratic p-functional inequalities 

A (/(* + y) + f(x -y)- 2f(x) - 2 f(y) - p [ 2 f + 2/ (“y^) “ /(*) - /(?/)) , 

> 


t + (p(x,y)’ 

where p is a fixed real number with p 2, and 


( 0 . 1 ) 


N ( 2 ^ (^T^) + (~2^) ~~ ~ - p + y ' ) + ~y ')~ 2 /( a: ) - 2 f(y )) - 1 

( 0 . 2 ) 


> 


t + <p(x,y)’ 


where p is a fixed real number with p 1 . 

Using the direct method, we prove the Hyers-Ulam stability of the quadratic p-functional 
inequalities (0.1) and (0.2) in fuzzy Banach spaces. 


1. Introduction and preliminaries 

Katsaras [14] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view [9, 16, 37]. In particular, Bag and Samanta [2], following Cheng and 
Mordeson [6] , gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric 
is of Kramosil and Michalek type [15]. They established a decomposition theorem of a fuzzy 
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3]. 

We use the definition of fuzzy normed spaces given in [2, 19, 20] to investigate the Hyers-Ulam 
stability of quadratic p-functional inequalities in fuzzy Banach spaces. 

Definition 1.1. [2, 19, 20, 21] Let A be a real vector space. A function N : A x K — y [0, 1] is 
called a fuzzy norm on A if for all x, y G X and all s,RK, 

(Ni) N(x,t ) = 0 for t < 0; 

(IV2) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(IV3) N(cx, t ) = N(x, |i ) if c / 0; 

(IV4) N(x + y,s + t ) > min {N(x, s),N(y, t)}; 

(IV5) N(x, •) is a non-decreasing function of M and lim^oo N(x, t ) = 1. 

(Nq) for x 7^ 0, N(x, •) is continuous on M. 

The pair (A, A) is called a fuzzy normed vector space. 

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in [18, 19] . 

Definition 1.2. [2, 19, 20, 21] Let (A, N ) be a fuzzy normed vector space. A sequence {x n } in A 
is said to be convergent or converge if there exists an x G A such that linx )WOO N(x n — x,t) = 1 

2010 Mathematics Subject Classification. Primary 46S40, 39B52, 39B62, 26E50, 47S40. 

Key words and phrases, fuzzy Banach space; quadratic p-functional inequality; Hyers-Ulam stability. 
‘Corresponding author. 
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for all t > 0. In this case, x is called the limit of the sequence { x n } and we denote it by 
IV-lim^oo x n = x. 

Definition 1.3. [2, 19, 20, 21] Let (A, A) be a fuzzy norrned vector space. A sequence {x n } 
in X is called Cauchy if for each s > 0 and each t > 0 there exists an no G N such that for all 
n > n o and all p > 0, we have N(x n+P — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy norrned vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
norrned vector space is called a fuzzy Banach space. 

We say that a mapping / : X — >• Y between fuzzy norrned vector spaces X and Y is continuous 
at a point xo £ X if for each sequence {x n } converging to xo in A, then the sequence {/(x n )} 
converges to /(x o). If / : X -A Y is continuous at each x € A, then / : A — y Y is said to be 
continuous on A (see [3]). 

The stability problem of functional equations originated from a question of Ularn [36] con- 
cerning the stability of group homomorphisms. 

The functional equation f(x + y) = /(x) + f(y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [11] gave a 
first affirmative partial answer to the question of Ularn for Banach spaces. Hyers’ Theorem was 
generalized by Aoki [1] for additive mappings and by Th.M. Rassias [27] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem 
was obtained by Gavruta [10] by replacing the unbounded Cauchy difference by a general control 
function in the spirit of Th.M. Rassias’ approach. 

The functional equation /(x + y) + /(x — y) = 2 /(x) + 2 f(y) is called the quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a 
quadratic mapping. The stability of quadratic functional equation was proved by Skof [35] for 
mappings / : E\ -A E 2 , where E\ is a norrned space and E 2 is a Banach space. Cholewa [7] 
noticed that the theorem of Skof is still true if the relevant domain E\ is replaced by an Abelian 
group. Czerwik [ 8 ] proved the Hyers-Ulam stability of the quadratic functional equation. The 
functional equation / +f = |/(x)+^/(y) is called a Jensen type quadratic equation. 

The stability problems of several functional equations have been extensively investigated by a 
number of authors and there are many interesting results concerning this problem (see [5, 12, 
13, 17, 24, 25, 26, 28, 29, ?, 30, 31, 32, 33, 34]). 

Park [22, 23] defined additive p- functional inequalities and proved the Hyers-Ulam stability 
of the additive p-functional inequalities in Banach spaces and non- Archimedean Banach spaces. 

In Section 2, we solve the quadratic p-functional inequality (0.1) and prove the Hyers-Ulam 
stability of the quadratic p-functional inequality (0.1) in fuzzy Banach spaces by using the direct 
method. 

In Section 3, we solve the quadratic p-functional inequality (0.2) and prove the Hyers-Ulam 
stability of the quadratic p-functional inequality (0.2) in fuzzy Banach spaces by using the direct 
method. 

Throughout this paper, assume that A is a real vector space and (A, N) is a fuzzy Banach 
space. 


2. Quadratic p-functional inequality (0.1) 

In this section, we prove the Hyers-Ulam stability of the quadratic p-functional inequality 
(0.1) in fuzzy Banach spaces. Let p be a real number with p 7 ^ 2. We need the following lemma 
to prove the main results. 
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Lemma 2.1. Let f : X — >■ Y be a mapping satisfying /( 0) = 0 and 

£ i _ A i £ ( -A r> £ { _\ o £ /_ A „[ n £ [ X y\ I n £ ( X 


f(x + y) + f{x -y)- 2 f(x) - 2/(y) = p \2f 
for all x,y € X . Then f : X —tY is quadratic. 


x~y 

2 


-f(x)-f(y)) (2.1) 


Proof. Replacing y by x in (2.1), we get /( 2x) — 4 /(x) = 0 and so /( 2x) = 4 f(x) for all x G X. 
Thus 

£ I „ i .A i -f - A o £ ( \ o £ ! ~.\ „ ( n £ [ X 4” ll\ i O £ f X y\ £/\ £ £ „.\\ 


/(x + y) + /(x-y)-2/(x)-2/(y) = p\2f 


x~y 

2 


~ fix ) - f(y) 


= ^(f(x + y) + f(x-y)-2f{x)-2f(y)) 

and so f(x + y) + f(x — y) = 2/(x) + 2 f{y) for all as desired. 

Theorem 2.2. Let p : X 2 — > [0,oo) be a function such that 


$(x,y) :=J24P<P < 00 

for all x, y 6 X . Let f : X -A Y be a mapping satisfying /( 0) = 0 and 
N{f{x + y) + f{x -y)- 2 fix) - 2 f(y) 

J^£ f x + y\ n £ f x — y\ 


~P 2/ 


t - y 
2 


-fix) - fiy) ),t) > 


1 V 2 ; ' V 2 ; — J ^'J^'-t + cp{x,y) 

for all x, y £ X and all t > 0. Then Q(x) := A?'-lim n _ > . 0O 4Tf (^) exists for each x € X and 
defines a quadratic mapping Q : X ^ Y such that 

N VW-QW,t)> t + ji l {X ' X) (2.4) 

for all x £ X and all t > 0. 

Proof. Letting y = x in (2.3), we get 

< 2 - 5 > 

and so AT (/ (x) — 4/ (|) , t) > for all x E X. Hence 

"( 4,/ © _4m/ (£)■*) <2 ' 6) 


>mi. » 47 U ,1 4-7 A'/ - ,i 


> min 


= min | iV (/ - 4/ , ■ ■ ■ ,N (/ (^r) - 4/ 


{[ + (2RT 5 2^1) 4 m-l + V 9 (2^ ) 2 ™) 


\t + 4V(#T,#r)’ ’i + 4 m -V(^,^) 

t 

* + |E™ i+ i4^(§,§) 
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for all nonnegative integers m and l with m > l and all x £ X and all t > 0. It follows from (2.2) 
and (2.6) that the sequence {4 n /(<fr)} is a Cauchy sequence for all x € X. Since Y is complete, 
the sequence {4 n f(^k)} converges. So one can define the mapping Q : X — > Y by 

Q(x) := N- lim 4 n /( — ) 

^ v ’ n—>oo JK 2 n 

for all x £ X. Moreover, letting l = 0 and passing the limit m — > oo in (2.6), we get (2.4). 

By (2.3), 


N 4" / 


x + y 


~ P 2/ 


+ / 

x + y 
2«+ 1 


x-y 

2 n 

+ 2/1 


- 2 / ( — ) - 2 / ( 


a^-j/ 

2 n+1 


2 
-/ 


-/ 


, 4 n t ) > 


t + r) 


for all x, y £ X, all t > 0 and all n G N. So 


A r ( 4 n ( / 


x + y 


- P U n 2/ 


>X 


+ / 

x+j/ 

2 n+1 


x-y 

2 n 

+ 2 / 


- 2/ - 2/ £7 


xj-y 

2 n + 1 


x 


- / — -/ — 
^ \ On •> \ On 




X 

4n 


+ V? ( Jso yf) t + 4 n (/? ( , ^-) 


for all x, y € X, all f > 0 and all n € N. Since lim n _ >0O f x — = 1 f° r all x ,y £ X and all 

f > 0, 


Q(x + y) + Q(x - y) - 2Q(x) - 2Q(y) = p ( 2Q 


x + y 


+ 2 Q 


x-y 


- Q(x) - Q(y) 


for all x,y£l. By Lemma 2.1, the mapping Q : X — > Y is quadratic, as desired. 


□ 


Corollary 2.3. Let 9 > 0 and let p be a real number with p > 2. Let X be a normed vector 
space with norm || • ||. Let f : X -+ Y be a mapping satisfying /( 0) = 0 and 


N ( f(x + y) + / (x - y) - 2/(x) - 2 /(y) - p ( 2/ 

t 

> 


x + y 
2 


+ 2 / 


x — y 
2 


- /(*) - f(y)j ,t 

t + 9{\\x\\p + \\y\\P) (2 ' 7) 

/or all x,y £ X and all t > 0. Then Q(x) := ./V-lim n _ 5 . 0O 4 n /( Jr) exists for each x & X and 
defines a quadratic mapping Q : X -+ Y such that 

(2 p - 4 )t 


N {f (x) - Q(x),t) > 


(2 p - 4)f + 26 >||x||p 


for all x & X . 


Proof. The proof follows from Theorem 2.2 by taking tp(x, y) := $(||x|| p + ||y|| p ) for all x, y £ X, 
as desired. □ 

Theorem 2.4. Let p : X 2 -+ [0,oo) be a function such that 

$(x,y) := — p (2 J x, 2 J y^j < oo 

l=o 
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for all x, y € X . Let f : X —tY be a mapping satisfying /( 0) = 0 and (2.3). Then Q(x) := N- 
lim n _ 5 . 00 4 ^-/( 2 n x) exists for each x G X and defines a quadratic mapping Q : X — >■ Y such 
that 


N (f(x) - Q(x),t) > 


1 

t + x) 


for all x E X and all t > 0. 


> 


Proof. It follows from (2.5) that N (f(x) - \ f{ 2x), \tj - t+lf ^ x) 

4 1 t 


and so 




4t + ip(x,x) t+\(p(x,x) 

for all x 6 X and all t > 0. 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Corollary 2.5. Let 9 > 0 and let p be a real number with 0 < p < 2. Let X be a normed 
vector space with norm || • ||. Let f : X — > Y be a mapping satisfying /( 0) = 0 and (2.7). Then 
Q(x) := N- lim n _ 5 . 00 ^f( 2 n x) exists for each x G X and defines a quadratic mapping Q : X — >■ Y 
such that 


N {f(x) - Q(x),t) > 


(4 - 2 P)t 

{A - 2P)t + 29\\x\\P 


for all x € X . 


Proof. The proof follows from Theorem 2.4 by taking tp(x, y) := 0(||x|| p + ||y|| p ) for all x, y £ X, 
as desired. □ 


3. Quadratic ^-functional inequality (0.2) 

In this section, we prove the Hyers-Ulam stability of the quadratic p-functional inequality 
(0.2) in fuzzy Banach spaces. Let p be a real number with p We need the following lemma 
to prove the main results. 


Lemma 3.1. Let f : X Y be a mapping satisfying /( 0) = 0 and 

2 / (^y -) + 2 / (yy ) - _ = p (f( x + y) + f( x -v)- 2 f ( x ) - 2 /(y)) C 3 - 1 ) 

for all x,y G X . Then f : X —>■ Y is quadratic. 

Proof. Letting y = 0 in (3.1), we get 4/ (|) — f(x) = 0 and so /( 2x) = 4 f{x) for all x G X. 
Thus 

\f{x + y) - \f{x-y) -f{x) -f(y) = 2f(^^^+2f(^-^j-f(x)-f(y) 

= p{f{x + y) + f{x-y)-2f{x)-2f{y)) 

and so f(x + y) + f(x — y) = 2 f(x) + 2f(y) for all x, y G X, as desired. □ 

Theorem 3.2. Let q> : X 2 — > [0,oo) be a function such that 



(3.2) 
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for all x, y £ X . Let f : X —*Y be a mapping satisfying /( 0) = 0 and 


N ( 2/ 


x + y 


> 


+ 2 / 

t 


x-y 


t + <p(x, y) 


~ f(x) - f(y) ~ P (f{x + y) + f(x -y)- 2 f(x) - 2 f(y )) , t 

(3-3) 


for all x, y £ X and all t > 0. Then Q(x) := TV-linin^oo 4”/ (^-) exists /or eac/i x & X and 
defines a quadratic mapping Q : X such that 


N (f(x) - Q(x),t) > 


t + <f>(x, 0) 

/or all x & X and all t > 0. 

Proof. Letting y = 0 in (3.3), we get 

N (7(x) - 4/ ,-tj=N ^4/ - /(x),t) > 


(3.4) 


t + <£>(x, 0) 


for all x £ X. Hence 




(3.5) 


(3.6) 


> min < iV ( 4 f 


~ 4 l+1 f 


(^).*),-,«( 4m - 1 /(^ T )- 4»/( 


X 

2 m 


= min < IV ( / 


{" (' (I) - 4/ (^i) ■ t) • ■ • ■ • '■ " (f (j^r) - (: 


X 


t 


2 m J 5 4 m— i 


> min 


= mm 


4 ; 


4m- 


? + ^ ( 9^ 


t + ■ 


(#,o) 


4m 


+ T 


( 2 ^, 0 ) 



* 1 

(f.°)’ 

, t + 4m- 1 V9 (_3L Ti o) j 


> 


t + E™.! 1 4^ (§■<>) 

for all nonnegative integers m. and l with m > l and all x £ X and all t > 0. It follows from (3.2) 
and (3.6) that the sequence {4 n f(ff)} is a Cauchy sequence for all x £ X. Since Y is complete, 
the sequence {4 n /(J)r)} converges. So one can define the mapping Q : X — > Y by 

Q(x) := N- lim 4 n /( — ) 

* v ’ n->oo JK 2 n 

for all x £ X. Moreover, letting l = 0 and passing the limit m — > 00 in (3.6), we get (3.4). 

By (3.2), 


N |^4" ^2/ 

-p(W/ 


x + y 
2 n+1 
x + y 


+ 2 / 
+ / 


x-y 
2 n+1 
x - y 


-/ — -/ — 
J \ or7 / J v 2n 


-2/ 


X 

2 

x 

2 n 


2 / 


, 4 n f > 
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for all x, y 6 X, all t > 0 and all n 6 N. So 


N 4 n 2/ 


~P U" / 


x + y 
2 n + 1 
a; + y 
2 n 


+ 2 / 
+ / 


X 

4 n 


x - y 
2 n+1 
x-y 
2 n 
t 


^ \ On / l 


- 2 / 


- 2 / 


4^; + </? (fp 2?r) t + 4 n </p Jr) 


for all x , y G X, all f > 0 and all n G N. Since lim r) _ 5 . 0O f x — „ , = 1 for all x,y £ X and all 

r+4 <p ^ 271 > 2rT J 

t > 0, 


2Q 


x + y 


+ 2 


x y 


<2(x) - Q(y) = P (Q (x + y) + Q (x - y) - 2 Q{x) - 2 Q(y)) 


□ 


for all x,y G X=. By Lemma 3.1, the mapping Q : X -A Y is quadratic, as desired. 

Corollary 3.3. Let 9 > 0 and let p be a real number with p > 2. Let X be a normed vector 
space with norm || • ||. Let f : X -A Y be a mapping satisfying /( 0) = 0 and 

'x + y 


N (2/ 


+ 2 / 


x-y 


- / (x) - f(y) 


(3.7) 


-p (/(x + y) + /(x - y) - 2/(x) - 2/(y)) , t) > 


t + 0(\\x\\p + \\y\\P) 

for all x,y £ X and all t > 0. Then Q(x) := IV-lim n _ 5 . 00 4 n /( Jr) exists for each x £ X and 
defines a quadratic mapping Q : X — >■ Y such that 

(2 p - 4)f 


N{f{x) - Q(x),t) > 


(2P - 4)t + 2P9\\x\\P 


for all x £ X . 


Proof. The proof follows from Theorem 3.2 by taking tp(x, y) := 0(||x|| p + Hyp) for all i,y£l, 
as desired. □ 

Theorem 3.4. Let p : X 2 — >■ [0,oo) be a function such that 

OO -t 

®(x,y) ■= Y 7 jT ( 2Jx >2 J y) < oo 
3 = 1 

/or all x, y G X. Let f : X —tY be a mapping satisfying /( 0) = 0 and (3.3). Then Q(x) := N- 
lim n _ ) . 0O ^ 7 r/( 2 n x) exists /or eac/i x G X and defines a quadratic mapping Q : X — > Y such 
that 

N (f( x ) ~ Q(x),t ) > * m 

t + <P(x, 0) 

for all x & X and all t > 0. 

Proof. It follows from (3.5) that N (/(x) - \ f{ 2x), f) > t+v ,l 2x ,o) 

N (/(x) - l/(2x),() > 4t + y 4 ( P 0) = rr U(2x,0) 


and so 
t 


for all x G X and all t > 0. 

The rest of the proof is similar to the proof of Theorem 3.2. 


□ 
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Corollary 3.5. Let 9 > 0 and let p be a real number with 0 < p < 2. Let X be a normed 
vector space with norm || • ||. Let f : X — > Y be a mapping satisfying /( 0) = 0 and (3.7). Then 
Q(x ) := iV-lim n _ 5 . 0C ^/( 2 n x) exists for each x G X and defines a quadratic mapping Q : X — >■ Y 
such that 

N (/(*) - Q{x),t) > (4 _ 

for all x e X . 

Proof. The proof follows from Theorem 3.4 by taking tp(x, y ) := 0(||a;|| p + ||y|| p ) for all 1 , 1/6 1, 
as desired. □ 
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ON A DOUBLE INTEGRAL EQUATION INCLUDING A SET OF 
TWO VARIABLES POLYNOMIALS SUGGESTED BY LAGUERRE 

POLYNOMIALS 

M. ALl OZARSLAN AND CEMALIYE KURT 


Abstract. In this paper, we introduce general classes of bivariate and Mittag- 
Lefller functions (®, y ) and Laguerre polynomials ( x , y). 

We investigate double fractional integrals and derivative properties of the 
above mentioned classes. We further obtain linear generating function for 
( x,y ) in terms of y). Finally, we calculate double 

Laplace transforms of the above mentioned classes and then we consider a gen- 
eral singular integral equation with Ln^m’ 7 ’ 77 ’^ (#,?/) in the kernel and obtain 
the solution in terms of (x, y). 


1. Introduction 

The special function of the form [7] 


(i.i) 


E a (z) = J2 


T(ak + 1 ) 


k — 0 

(a € C, Re(a) >0,z6C) 


and more general function [12] of (1.1) 


(1.2) 


OO fc 

EaAZ)= ^ o nak + P) 

(a,/3 € C, Re(a) , Re(/3) > 0,z £ C) 


are known as Mittag-LcfHer functions the first of which was introduced by Swedish 
mathematician G. Mittag-Leffler and the second one by Wiman. 

Setting a = (3 = 1, the equation (1.2) becomes the exponential function e z . 
When 0 < a < 1, it bridges an interpolation between the pure exponential function 
e z and a geometric function 


1 


1 - z 


OO 


5>" 

n— 0 


(M < i) 


Key words and phrases. Double fractional integrals and derivatives, Bivariate Mittag-Leffler 
function, Bivariate Laguerre polynomials, Double generating functions, Singular double integral 
equation, Double Laplace integral. 

2010 Mathematics Subject Classification. 33E12, 33C45, 45E10. 
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A further generalization of (1.2) was introduced by Prabhakar (see [9]) as 


(1.3) 


KA*) = £ 


n— 0 


(7)n 

r(cm + (3) n\ 


( a , (3 , 7 € C, Re(a), Re(/3) > 0) 


where the Pochammer symbol [11], ( 7 )„, is defined as 

r s r(y + n) / 1 ;n = 0,7^0 

(1>n r(7) 1 7(7 + 1 )- ••(7 + 77 - 1 ) ;n = l, 2 , ••• 

In the special case, we have the polynomials Z%(x;k) (see [ 6 ], [10]) which were 
defined by 


Z%(x-,k) = 


P(fcn + a + 1 ) 


E; 


n\ 


k,a-\- 1 


(x k ) 


(Re(a) > 0, k £ Z 0 +) 


Note that, in [ 6 ] and [10], generating functions, integrals and recurrence relations 
were developed for the polynomials Z™ (x; k) of degree n in x k , which form one 
set of the biorthogonal pair corresponding to the weight function e~ x x a over the 
interval ( 0 , 00 ). 

For k = 1, we have Z“{x\ 1) = L“(x) where L%(x) is the usual Laguerre polyno- 
mial which were given as follows 

L„(x) = ^ + ^ n iFi (-n; l + a\x) 
n ! 


where 


\F \ ( 72 ; 1 + a; x) = ^ 

k—0 


(-n)fc x k 
(1 + a) k k\ ' 


Very recently, a class of polynomials Z^]... , Xj; p 1 , ■ ■ ■ ,pj) (see [ 8 ]) 

suggested by the multivariate Laguerre polynomials were defined by 


(1.4) 


(<*, P\ 5 ’ 


Zriil— >nj ((El; ' ' ‘ j Xj ; Pi) • * • ,/3j) 

r (pini + • • • + PjTij + a + 1 ) 

ni ! • • • rij ! 

, pj <= C, Re(pJ > 0 (i = 1, • • • * j)) 



r (pjfci -I + Pjkj + a + l) £ 7 ! • • • kj\ 


Obviously z£].„ <nj (*1 , ■■■« ,Xf, p x ,- ■ ■ ,pj) gives L^.„ >nj (. x \ , , ajj) when pj = 

• • • = pj = 1, where L^... ( 27 , • • • , Xj) is the multivariable Laguerre polynomial 

[ 2 ] given by 


T ( a ) 

,••• ,rij 


(xw- ,Xj) 


r (?7-i + • • • + 7lj + OL + 1 ) 

ni ! • • • rij ! 



k 1 ,••• ,fej=0 


r (fci 4“ • • • kj -p (x A 1) jfei! * • • kj\ 


1199 


OZARSLAN etal 1198-1207 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


DOUBLE INTEGRAL EQUATION INCLUDING TWO VARIABLES LAGUERRE POLYNOMIALS3 


It is known that the multivariate Mittag-Leffler functions were defined by the mul- 
tiple series as [13] 

~ (^i)fcr • • in o) k] ft* 1 • • • x f 

r (p 3 k i H + pjkj + A) fci! • • • kj\ 

(A, Pi, - - - ■ > 7 j G C, Re(pJ > 0 (i = !,••• ,j)) 


(1.5) 


p( Ti>'" .7j) / 


'*j)= Z 

fci ,••• ,kj=0 

i P 7 ) 7 i> ' ' • ,7,- G c, Re(p i ) > 0 (i = 1, 


j) ii) ) /j 

Note that the function in (1.5) is a special case of the generalized Lauricella series 
in several variables introduced and investigated by Srivastava and Daoust [16] (see 
also see [14], [15]). Also, when j = l,p 1 = a, A = /?, 7 X = 7, Xi = z, the function 
(1.5) reduces to (1.3). 

The polynomials (xi, ■ ■ ■ ,Xj;p 1 ,--- , pj) can be represented in terms of 

the multivariate Mittag-Leffler functions as follows (see [8]): 


( 1 . 6 ) 




(a) 


(*Tl 1 ' ' ) ) Pi ) ' ' ) Pj ) 


r (77711 H h PjUj + a + 1) (_ nii ... Pl 

~ ... n 7 ‘ 


TT-i ! * * * rij ! 


PlJ- ,P,-,Q! + 1 


Z J )- 


Clearly, setting Pi = p 2 = • • • = p,- = 1 in (1.6) gives 


L 


(a) 






/) = 


T (m H + rij -I- a + 1) (_ 

— ^1,- 


ni ! • • • rij ! 


n 1 ,••• n ? - 

,l,a+l 


(*!,• 


, ^ 


)• 


Very recently, a slight motivated form of the multivariate Mittag-Leffler functions 
were introduced and investigated in [3]. 

On the other hand, a nontrivial two variables Mittag-Leffler functions were de- 
fined in [4] by 

7i)«i;72)/3i 
Sl,a 2 , /?2) $2, OL 3; A3 , f3 3 

('ll)aim('J 2 )0 1 n 


Ei(x,y) = E 1 


OO OO 


-EE 

m—0 n—0 


y 


T^! + a 2 m + P 2 n) L(A 2 + a 3 m) T(5 3 + /3 3 n ) ' 


(7i) 72) ^i,S 2 , 63, X, y G C,mm{a 1 ,a 2 ,a 3 ,/3 1 ,/3 2 ,/3 3 } > 0}) 

Motivated essentially by the above definitions and investigations, in this paper, 
we introduce a class of bivariate Mittag-Leffler function 


OO OO 


d 7 \ E {c*,P,v£*)( x v ) = V V (7i)fc 1 (7 2 )fc 2 ^ fcl P fc2 

{ ’ 71)72 ^ 0 £^ 0 r(ak 1+ l3k 2 + X)r{ V k 2 + Oki\k 2 l 

where 7i,7 2 , u,/ 3 , A, 77, £ € C, Re(a + 77) > 0 and R e(/3) > 0. 

According to the convergence conditions investigated by Srivastava and Daoust 
([15], p. 155) for the generalized Lauricella series in two variables, the series in 

(1.7) converges absolutely for Re(a + 77) > 0 and Re(/3) > 0. 

We also introduce a general class of bivariate Laguerre polynomials 

(1.8) L^i^{x,y) 


r(an + /3m + 7 + 1) 
r(£ + pm) 


EE 

k\ — 0 /c2— 0 


(~ n )ki {-m)k 2 x akl yP k2 


T(aki + ( 3 k 2 + 7 + l)F(pk 2 + t/)ki\k 2 l 


where a,/3,7, 77, £ € C, Re(a), Re(/3), Re(?y), Re(£) > 0,Re(7) > 1. 
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Comparing (1.7) and (1.8), we see that 


(1.9) (*,!,) = r(ttn +^+] + 


This paper is organized as follows. In section 2, we calculate the double fractional 
integrals and derivatives of the above mentioned classes (1.7) and (1.8). Linear 
generating functions for ( x , y) are given in terms of ( x , y) 

in Section 3. In the last section, we first investigate double Laplace transforms 
of the above mentioned classes and then we consider a general singular integral 
equation with {x,y) in the kernel and obtain the solution by means of 


-^ 71,72 


{x,y). 


2. Fractional integrals and derivatives 

This section aims to provide the fractional integral formulas of the functions 
and (x,y) . Throughout this section, we assume that 

Re(a), Re(/3) > 0, Re( 7 i), Re(A) > 0, Re(y) > —1. 

Definition 2.1. ([1],[8 \)Let LI = [a, b] be a finite interval of the real axis. The 
Riemann-Liouville fractional integral of order y € C (Re (y) > 0) is defined by 

[/1 = m l (/-!)■-» • (x>a - Re w > 0) 

Similarly, the partial fractional integrals of a function f(x, t), where (i,i)elxB 
is defined as follows: 


s-C+ZOM) = J {x-tY 1 f(^t)d^ , (x > a, Re (y) > 0) 

Ja+f(x, t) = J (t ~ r) x ~ 1 f(x, r)dr , (t > b , Re (A) > 0) 




r) A 1 (x — £) M 1 f(£,T)d£dT . (x > a, y > b, Re (A) > 0, Re {y) > 0) 


Definition 2.2. ([1],[8 \)The Riemann-Liouville fractional derivative of order y € 
C (Re (y) > 0) is defined by 


X 


K + [/] 


(—X 1 f X r x 

\dx) r(n — a) J a 


£) a - n -7m , (n 


[Re(/x)] + 1, x > a) 


where, as usual, [Re(/z)] means the integral part ofKe(y). 
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Similarly, the partial fractional derivatives of a function f(x,t), where (x,t) £ 
K x R is defined as follows: 


( rj \ n 1 r x 

x D» + f(x,t) = J ^ J f(£,t)d£ , (n= [Re(/z)] + l, a; > < 

/ ft \ m i rt 

t D b+f{x,t) = ( — ) — / (t-T) m - x ~ 1 f(x,T)dT, (m = [Re(A)] + 1, t> 

\dtj i (to — A) J b 


1 


1 


tD x b+x D^ a+ f{x,t) 

<T\ m m" 

dt ) \dx J r(n — n) T(to — A) J b 
(n = [Re(/i)] + 1, to = [Re(A)] + 1, t > b, x > a) 


(t-T) m ~ X -\X~0 


\n-n-: 


Theorem 2.1. We have for Re(a + 77) > 0 and Re(a) > 0 and (/3) > 0, that 


rot r/3 
v 1 0+x-'d+ 


(* a ,a:V)l = x 0+x - 1 y a+ ^ 1 E^^ +a ’ x+ ^ (x a ,x p \ 


Proof. Because of the hypothesis of the Theorem, we have a right to interchange 
of the order of series and fractional integral operators, which yields 


ra rP 

y 1 o+x I o+ 


X x ' yt -' ICbM-X) ( x « tX P y V) 


{y - T) a - X {x - if - 1 


1 0 r(a)r(/ 3 ) 

1 00 00 

Af 7 +EE 


t A - 1 r«- 1 ^;^’ € ’ A) (i“, tV) dtdr 

(7i)fci (7 2 )fc 2 


T{a)T(/3) ^ ^ T(ak\ + /3fc 2 + X)T( V k 2 + £)Ai!fe! 

fcl — U rC2 — U 

[ V (y-Tr-'T^dT [ (x — t) /3 ~ 1 t akl+ ^ k2+x ~ 1 dt 

Jo Jo 


00 00 

EE 


(7i)fe 1 (72)fe 2 ® afel+/3fe2+/J+A_1 y ,?fe2+5+a_1 


r(a)r(/3) ^ r(afci + /3fc 2 + A + P)T( v k 2 + £ + a)fci!fc 2 ! 

fcl=u rC 2 — U 


= x ^+A-l y «+f-l £ ;^aAr/,i+a,A+/ 3 ) (3^3;^) 


□ 


In a similar manner, we have the following corollary: 
Corollary 2.2. Tor Re(a) > 0 and Re(/3) > 0, that 


r“ rP 
y 1 o+x 1 o+ 


r(a + C + ??W) (*, xyi 


r(cm + /3m + 7 +I) 


T(£ + rrm) T(an + /3to + 7 + /3 + 1) 

Theorem 2.3. For Re(a + 77) > 0,Re(a) ^ 0 and (/3) > 0, that 


no np 

y- Ly 0+x' L/ 0+ 


(®“,a:V)l =x x -P- 1 yt- a - 1 E( a i iP’J>’t- a ’ x -V (x a ,x 


0 

b) 

f(€,T)d£dT. 


')■ 

V) • 
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Proof. Because of the hypothesis of the Theorem, we have a right to interchange 
of the order of series and fractional derivate operators, which yields 


D“ n p 

y- u o+x- u o+ 


x^y^E^^ (x a ,x V) 


n« n p 

— y u o+x 1J o+ 


oo oo 


oo oo 


= ££ 

ki — 0 k 2=0 


" A- V -1 £ £ 

ki—0 k2=0 

(7l)fc! (72)fe2x£>o+y- D 0+ l x> 


hi)k 1 ( r r2)k 2 x akl x 0 k 2 y r "' 2 

Y(uki + /3k 2 + A)r(7yfc 2 + f)ki\k 2 l 


«fc 1 +/3fe 2 +A-l 2/ T),s 2+«-ij 


T(afei + fdk 2 + A)T(?7/c 2 + £)/ci!fc 2 ! 


- (ir(^r 1 


oo oo 




(7i)fci(72)fc2 


dy dx T(n — /3) T(m — a) T(afci + (dk 2 + A)r(77&2 + 

fci — 0 /c2 — 0 


X [ V (y-rT 
Jo 


a _l ')'=2+S- 1 

T 




= a; 




OO oo 


£ £ 


/Cl — 0 /C 2— 0 

= ( x <* fX PyV) . 


dr [ X {x - ^ n ^~ 1 C kl+Pk2+X ~ 1 d^ 

Jo 

(7i)fc 1 (72)fc2^ fcl+ ^V fc2 

T(afci + /3k 2 + A — /3)r(?y/c 2 + £ — a)fci!fc 2 ! 


□ 


In a similar manner, we have the following corollary: 
Corollary 2.4. For Re (a + 77) > 0 and Re(/3) > 0, that 


vK + X D, 


(W)] 

T(an + /3m + 7+1) r(£-a + 77 m) 0 .*-«-! ( a ,g,^-g, w , c _ a) / ' 

T(£ + 77777) T(cm + /37n + 7 - p + 1) V n ’ m V ’ V J 


3. Linear generating function 

In this section, we provide a linear generating function for the polynomials 
(x,y) by means of two variables analogue of Mittag-Leffler functions 
defined in (1.7). 

Theorem 3.1. For |ti| < 1 and \t 2 \ < 1, 7i,7 2 G C and a,/3, 7, £,77 G C, we have 


y- y- (7i)n(7 2 )m^m ’ 7 ’ Tj ’ 0 (s, 77) L(g + 77m) 

“ T(cm + /3m + 7 + 1 ) 7 i!tti! 12 

n— 0 m — 0 x 7 

= (1 - ii)” 7l (i - 1 2 )- 72 ^“;7£’ 7+1) r^l) • 
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Proof. Direct calculations yield that 

y y hi)nh 2 ) m L ( n/ l ’ ll ’ ri ’ i) (x, y) r(£ + ym) ^ 

^ ^ F(cm + j3m + 7 + l)n!m! 1 2 

n —0 m —0 v 7 

y y {li)n(l 2 )m{-n) kl {-m) k 2 x akl y l3k2 

-n u-n F(aki + pk 2 + 7 + l)r(£ + r]k 2 )ki\k 2 ln\m\ 1 2 

Tl )7Th — U ,n)2 — U 

y y yi)fci+y 7l ) n ( 7 2 ) m x ak ^ 

n ^ 0 ki jff = 0 T ( ak i+ Pk 2 + 7 +l)T(£ + vfaWk 2 Kn- k i)\(rn- k 2 )l 1 2 ' 


Letting n — > n + k\ and m — > m + k 2 , we get 


OO OO 


E E 

n,m = 0 ki ,/c 2 — 0 


(_l) fcl+fca (7i)n+ fcl h 2 ) m + k 2 x ak ^ y ^ 

T(aki + Pk 2 + 7 + l)r(£ + r^k 2 )ki\k 2 \(n)\{m)\ 


>n+k\,m+k 2 
L 1 l 2 


Since (■y 1 ) n+kl = ( 7 i + *h)™( 7 i)fci and (72 )m+k 2 = (l 2 + k 2 ) m {'y 2 )k2, we have 

y (7i)fc! (7 2 )fc 2 {—x a t\) kl (~y p t 2 ) k2 A h 1 + k 1 ) n ('j 2 + k 2 ) m 
k X = 0 r(afci + pk 2 + 7 + l)r(C + Vk 2 )k life! n ^l 0 (n)!(m)! 

= (1 - ii)” 7l (l - • 

Note that, because of the uniform converge of the series under the conditions |ti | < 1 
and \t 2 1 < 1, we have interchanged the order of summations. □ 


4. Singular double integral equation 

In this section, we first obtain the double Laplace transform of the functions 
E^'^' x \x,y) and (x, y). Then, we compute the double integral in- 

volving the product of two E^’^’J l ’^’ X \x,y) functions in the integrand. Finally, we 
solve a double integral equation with (x, y) in the kernel, in terms of the 

two functions. 

As usual [ 5 ], 


(4.1) h 2 [f(x,t)] = e px e st f(x,t)dtdx 

Jo Jo 
(. x , t > 0, p, s € C) 

denotes the double Laplace transform of /. 

Lemma 4.1. For Re(Ai), Re(A 2 ), Re(a + 77 ) > 0, Re(/ 3 ) > 0, Re(si), Re(s 2 ) > 0 


and 


< 1, we have 


L 2 [x A -v- i ^t^’ A) (( A ^)^( A ^V))]( a i^ 2 ) = ^4( i -§) _7i ( i -Aii) _72 - 


u S2 


Sn s 


1 °2 


1204 


OZARSLAN etal 1198-1207 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


M. ALl OZARSLAN AND CEMALlYE KURT 


Proof. Using definition (4.1) and taking into account that 
we get 


it 


< 1 and 


44 


< l, 


oo oo 


= E E 


(7i) fcl (7 2 ) fc2 A? fcl Af 2 


T(aki + f3k 2 + X)T(rjk 2 + £)ki\k 2 \ 

pOO 

ak 1+ Pk 2 + X-l e - Sl x dx j yV k 2 +i-l e -s 2 y dy 

0 

_p 2 = 

1 fe^o ^ s i s 2 s i '«2 


ki — 0 k 2 —0 
pOO 

x / x^ 1 - 1 1 '* "e I y 

Jo Jo 

oo 


LJ_ V" (7l)fci Al xfc! Y" ( 72)^2 / ^2 \k 2 _ J_jLm _ ^2 

44 , „ fci! s “ . ~ fei EE 4 4 s? 4 . s r 

- 1 - Z k\ — 0 


■72 


□ 


We deduce the following result from Lemma 4.1 by setting A — 1 = 7 and using 
equation (1.9). 

Corollary 4.2. For Re(Ai), Re(A 2 ), Re(a), Re(/3), Re(A), Re(si), Re(s 2 ) > 0 and 


mi 

W4 


< 1 , we have 

L 2 rT«- 1 L^’^)((A 1 t),(A 2 tT 2 ))]( Sl , S2 ) 

1 1 r(an + /3m + 7 + 1)^ _ A?^^ _ 


s 7 +1 4 r(77m + 0 v s?' sfsJT 


T(ijm + £) 

Theorem 4.3. Let Ai, A 2 € C, Re(a + 77 ) > 0 and Re(/3) > 0. TTien 

70 70 

xt T- 1 T C- 1 £;^.^.C-7 ) (A“t“,Af^T ? ')dtdT 
= a: A+ T , |^+f£;(“;i®-i»-«- A )(Af ® a , Af®V) E^^ x \X^x a , Af®V). 

Proof. Using the convolution theorem for the Laplace transform we have, 


Lo 


/ / (* - _ t) a > A d (;c _ t) P( y _ T) n )f ,.-1 T C-1 

.70 70 


xE^^\Xft a ,X^^)dtdr] ( Sl ,s 2 ) 


= L 2 [a; A - 1 4- 1 Y,t ?? ’ l ’ A) (A?^,Af^^)]L 2 [^- 1 4- 1 £;(“ : ^>f^(Att a ,Af^T'')]( Sl ,S2) 


= ii i -^"' 1 i-A. 
44 V -77 l 44 , 


-72 


7 3 ?7 4 

114 -EV 73 fi_EE 

44 V 4 / l 


-74 


5T 5, 


1 °2 . 
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We have for Re(si), Re(s 2 ) > 0 

(4.2) L 2 [ r nx-ty-yy-Ty^E^^iX^x-tyA^-tfiy-ry) 

.Jo Jo 

A?t“,A^r’')dtdr] (si,s 2 ) 


1 1 

Ia+7 TFk 


a a 

i-A 


-7,/ ^ 


"72 


1 - 




S i 5. 


1 °2 , 


\a 


-7 3 


1 - 


AS 


-74 


PcW 


s\ s. 


1 , 


— Lo 


>+Ty£+C £7 (a ;i 8,,,€,A)( A a a .a } (A^ a , Af (s 1; S 2 ). 


73.74 


Taking inverse Laplace transform on both sides of (4.2), the result follows. □ 

The next assertation follows from Theorem 4.5 by letting A — 1 = 7 and taking 
into account (1.9). 

Corollary 4.4. Let Ai,A 2 € C, Re(A), Re(£), Re(7), Re(C) > 0. Then 

f [ X (x - ty(y - r )«%£;&™^( Xi{x _ t)f Hx _ t){y _ T)i)) 

Jo Jo 

xEy- 1 L^ 2 ’^\X 1 t,X 2 tT^)dtdT 

= ^ 1 +^ +1 / 1 + ^"7^A7 1 ’^f 1 )(A 1 a ; ,A 2 xyi)L£“^?’^ ?2 HA 1 x,A 2; ry?). 

Now, we consider the following double convolution equation: 

(43 l 

[ v (\x - ty-\y - Tf-'L^i^yx^r, (A ^ y y)<h{t,T)dtdT = *(x, y ) 

Jo Jo 

where Re(q) > — 1. 

For the solution of the integral equation (4.3), we have the following theorem: 

Theorem 4.5. The singular double integral equation (4-3) admits a locally inte- 
grate solution 

T ) = nvm+o 

T(cm + (dm + 7 + 1) 

x f f X {x - ty^- 2 ( y - Tr-t-'EfMVyxrxy, (A %x^))[I- + a 'lyy^(t,T)]dtdT. 

Jo Jo 

Proof. Applying double Laplace transform on both sides of (4.3), then using double 
convolution theorem, we get 

1 1 T(an + /3m + 7 + 1) A“ Nil/J A 13 


watt r„m+n ' o-^ro-^rumt,r)](s 1 ,s 2 )=L 2 mt,T)](s 1 ,s 2 ) 

s l sj + Si S \s4 

Therefore, we have, 

T(ym + £) 


L 2 [4>(t,r)](si,s 2 ) = 


T(an + (3 m + 7 + 1) 


x( Sl r-“ 1 + 1 ( S2 )€-“ 2 (l -§)-"(! - ^-)- m {sysr-L2Mt,T)}( Sl ,s 2 )} 

S 1 Sl s 2 
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Finally taking inverse Laplace transform on both sides and using Lemma 3.2 of 
[1] and Lemma 4.1, we get 

r) = nvm+o 

F(cm + /3m + 7 + 1 ) 

x [ V [ X (x - t) a ^- 2 {y - t)“ 2 -«- 1 j E;^'«' a )( ( A 1 x)“, (A ^y^))[I-rio + a2 nt,r)\dtdr 
JO Jo 

and the proof is completed. □ 
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Abstract: In this article, Hermite-Hadamard-Fejer type inequalities are discussed with 
quasi-convex functions and obtained the generalized results of the type using /.‘-fractional 
derivatives. And proposed some new bounds in terms of some special means. 

Keywords: Hermite-Hadamard inequality, Hermite-Hadamard-Fejer inequality, quasi con- 
vex functions, fc-Riemann-Liouville fractional derivatives. Holder’s integral inequality. 
Power mean inequality. 


1. Introduction 

The function / :/ Cl — > R is said to be convex on I if for every x,y £ I and t £ [0, 1], 
we get 


f{tx + (1 - t)y) < tf{ x) + (1 - t)f(y). 


Let / : I C I — > R be a convex function on the interval I of real numbers and a,b £ I 
with a < b, f satisfies the following well-known Hermite-Hadamard type inequality 


/ 



1 

< 

b — a 


f(t)dt < 


Ha) + m 

2 


Definition 1. The function f : I C R — > R is said to be quasi-convex if 
f(tx + (1 - t)y) < max {f(x),f(y)} , 
for every x,y £ I and t £ [0, 1] (see [4]j. 

In [3] Mubeen and Habibullah introduced the following class of fractional derivatives. 

l 
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Definition 2. Let f G L[a,b\, then k-Riemann-Liouville fractional derivatives kJf+ f( x ) 
and kJ£- f ( x ) of order a > 0 are defined by 

kJa+f ( x ) = lT }< x [ ( x ~ t)^" 1 (0 < a < x < b) 

kT k (a) J a 

and 

kJb-f ( x ) = ,., 1 / ' / (0 < a < x < b) 

k r fc (a) J x 

oo —t^ 

respectively, where k > 0 and r^ct) is the k- gamma function given as r^(a) = f 0 t a ^ 1 e^^ dt. 
Furthermore I\.(a + k) = al\.(a) and kJ^+f{ x ) = kJ^-fix) = /(#). 

In [1] Fejer established the following inequality. 

Lemma 1. Let f : [a, b] C R — > M.be a convex function, the inequality 



g(x)dx < / f(x)g(x)dx < 


holds, where — > R is non-negative integrable and symmetric to This 

inequality is called Hermite-Hadamard-Fejer inequality. 


Lemma 2. ([7]) For 0 < t < 1 and 0 < a < b, we get 

| a t -b t \ < (, b- a y . 


E. Set et al. established the following Lemma in [6]. 

Lemma 3. Let f : [a, b] C R — > M.be a differentiable mapping on (a, b) and g : [a, b] C 
R — > R. If f,g £ L[a,b\, the following identity for fractional derivatives holds 

f {^r) J (V)- ff(a) + </ (V) +5(6) _ J (V)- (/ff)(a) + J (V) +(/5)(6) 

= 777-T [ m(t)f (t)dt (1.1) 

r(a) Ja 

where 


f f*(s - a) a 1 g(s)ds t G [a, 
m(f) = < 

[- J t b (b-sr- 1 g(s)ds t£[^,b\. 

Iscan obtained the following lemma in [2]. 
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Lemma 4 . Let f : [a, b] C R — > R be a differentiable mapping on (a, b) and f £ L[a , b\. 
If g : [a, b] — > R is integrable and symmetric to the following identity for fractional 

derivatives holds 


f(a) + / 0 ) 

2 



[J“ +5 (6) + JZ_g(a)] - [JSAfgm + j b a - (/<?)(«)] 
(b- s) a ~ 1 g(s)ds- [ {s - a) a ~ 1 g{s)ds\ / (t)dt 


where a > 0. 


( 1 . 2 ) 


In the present paper motivated by the recent results given in [5] we established some 
Hermite-Hadamard-Fejer type inequalities for quasi-convex functions via /.-fractional deriva- 
tives. 


2. Main Findings 

Throughout this paper, let I be an interval on R and let | \g\ \ [ a ,b],oo = sup t6 [ o b ] g(t) for 
continuous function g : [a, &]R — R. 

The following identity is the generalization of identity (1.1) in Lemma 3 for /.'-fractional 
derivatives. 


Lemma 5. Let f : [a, b] C R — > R be a differentiable mapping on (a, b) and g : [a, b] C 
R — > R. If f, g £ L[a , b\, the following identity for k-fractional derivatives holds 

kJ^y(fg)(a) + kJfeyifgm 

= tt “7 v [ m(t)f '(t)dt 
r fc(a) Ja 

where 


J y+b y9( a ) "F kJ t 


m + 


9(b) 


f f*(s-a)* 1 g(s)ds t £ [a, <*&) 
m(t) = < 

s)Tt~ l g{s)ds t£[^,b]. 

Here the identity (1.2) of Lemma 4 is also generalized for /.-fractional derivatives. 

Lemma 6. Let f : [a, b] C R — > R be a differentiable mapping on (a, b) and f £ L[a , b\. 
If g : [a, b\ C R — > R is integrable and symmetric to the following for k-fractional 
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derivatives holds 


/(«) + f(b) 


ikJa+g(b) + kJb-g(a)] - [kJZ+(fg){b) + kJb-(fg)(a)} 


r k(a) 


( b-s )* g(s)ds- (s — a) k g(s)ds ] f (t)dt 


a \ J a 


where “ > 0. 


Theorem 1. Let f : I Cl — > R be a differentiable mapping on 1° and f € L[a , b } and 
g : [a, 6] C R — > R is continuous. If\f \ q is quasi-convex function on [a, b], q > 1, the 
following inequality for k-fractional derivatives holds 


< 


a + b 


( b-a ) 


k J ^ a±b ) - 5(a) + k J( a+b \ + 9(b) 


kJ^ r (fg)(a) + k J a { ^ )+ (fg)(b) 


*+l 


a,b],o 


2 fc (f + l) rfc(a + k) 


(max {|/ (o)| 9 , |/(6)| 9 j 


where f > 0. 


Proof Since | / \ q is quasi-convex on [a, b\, we know that for t € [a, b] 


If (t)\ q = 


b-t t-a 
f t a+r b 

b — a b — c 


< max 


{l/'(a)M/'(&)| 9 }. 


Using lemma 5, power mean inequality and the fact that \f \ q is quasi-convex function on 
[a, b], it follows that 


kJ, q+b y9(a) “ 1 “ kJ,a+b\+g(b) 


kJ a y_yy(fg)(a) + kJ a y_yy(fg)(b) 


< 


1 


r*(a) 

1 

+ T^ / 


[ r-¥ 

f f 

\ ° ( r°¥ 

p 

u 

/ (s — a) k g(s)ds 
J a 

dt ) [L 

/ (s — a) k g(s)ds 
J a 



f b 

\ 1 q ( r b 

r b 

(u 

/ (b — s)^~ 1 g(s)ds 

dt ) (u 

J (b — s) k ~ 1 g(s)ds 


\.f'(t)\ q dtj 


If (t)\ q dt j 
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< 


\\g\\ 


a , ,oo 


r fc (a) 

ll5ll[^,6],o 


(s — a) k 1 cis 


dt 


(s — a) k 1 ds 


+ 


< 


r fe (a) 


1 


/ r b 

r b 

\ 1 q ( r b 

r b 

(U 

J (b—s)^~ 1 ds 

v (U 

J ( b — s)k~ 1 ds 


l/WI’dij 


(b- a) 


l+i 


l-A 


1+1 \ « 


(fr- a) 

2t+i(| + i)l l ll9ll [' 


< 


r^(Q; + k) y 2 fc +1 (^ + l) J 

(max j|/(a)| 9 , |/ (6)| 9 }) * 
(&-a)'= +1 ||5ll[a, 6 ],oo ( max || / ' (a) | 9j |/ (6) | 9 j^ 


q,oo + 11.91 l[A+++,6],oo) 


2t (f + l)r fc (a + fc) 

where 


a + b 

f t 

1 ( c k ^ r{ c 

f b 

fit — 1 

r b 

/ (h — e\k~ 1 dq 

dt- {b - 

- a) + +1 

I a 

1 lo Li I ^ LLo 

J a 

Lib / 

1 a + b 
J ~2~ 

I l U O J ^ LlO 

Jt 

Lib ry , -i 

2t +1 

(f + !) 


Which completes the proof. 


□ 


Corollary 1. If we choose g( x) = 1 and a = k in Theorem 1, we get 


1 

b — a 


f(x)dx 



< ( max {|/'(o)|«, |/'(6)| 9 }) 3 • 


Theorem 2. Let f : I C K. — > M.be a differentiable mapping on 1° and f £ L[a, b } and 
g : [a, b] C ffi. — > R. is continuous. If\ f \ q is quasi-convex function on [a. b ] , q > 1, the 
following inequality for k-fractional derivatives holds 


f 



) 


5(a) + k J ^ a+b ) + 9(b) 


kJ^y(f9)(a) + fc J (“a±b)+ 


< 


(b-a)^\\g\\ 


2+ (fp + l)*T k (a + k) 


(. fg)(b ) 

(mar { I/' (a) | 9 , |/'(&)| 9 }) 


1 

g 


where 1 + 1 = 1. 
p i 


Proof Using Lemma 5, Holder’s inequality and the fact that | / ''is quasi-convex function 
on [a, b], it follows that 
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kJ( a +b ^- fl( Q ) + kJf a+b \+9(b) 


kJ^ r (f9)(a) + k J^ + (fg)(b) 


r 


< 


i 


r fc (a) \J a 


(s — a) k 1 g(s)ds 


I / (*)!<& 


+ y" o+(; J ( b-s )* ^ 


1/ (01^ 


< 


1 


r fc (a) R 

1 / 


r fc (a) 

TR) (/ 


< 


(s — a) k g(s)ds 
(b — s)^~ 1 g(s)ds 

t 

( s — a) 1 *^ 1 g(s)ds 

i 

\f'(t)\ q dt j - 

(, b-a)T*P +1 


dt 


dt 


dt 


If ( t)\ q dt 


\f'(t)\«dt\ 


f^\f'U\ q dt) q 


Mk ( 

r fc (a) \2^+ 1 {fp+l){f) P ) 

I max {\f\a)\«,\/(b)\ q }dt 


r b 

a+b 


max {\f\a)\\\f\bW}dt 


(6-a)*+%| 


2f ( <i p + iyr k (a + k ) 

Where 

rt 


(max {|/(a)|M/(fe)l 9 }) 1 - 


st» -* \P 

-1 


(s — a) 1 ds 


dt = 




0 -a) 


2^ +1 (fP+l)(f) 


a\P ' 


□ 


Corollary 2. /fwe choose g(x ) = 1 and a = k in Theorem 2, then we get 




< — 5 — °-r (max{|/(a)|M/'(6)| 9 } 
2( p+ i)p V l J 


1 

<? 


Theorem 3. Let / :/ cR — ► Rfea differentiable mapping on 1° and f € L[a , b\. If 
| / | is quasi-convex function on [a, b] and j:[«,(i]cl — > R. is continuous and symmet- 
ric to the following inequality for k-fractional derivatives holds 
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[k J^g(b) + fc J“ g(a)} - [ k J: + (fgm + k J?-(f9)(a)} 

max j|/'(a)|, |/'(6)|| 

where “ > 0. 

Proof. From Lemma 6, we get 


< 2 (6- a) % +1 1 |ff | lop 
(f + l) Tfc(a + k) 


m+m 


kJ: + g(b) + k J?-g(a)} - [kJ: + (fg)(b) + fc J b Q - (/<?)(<*)] 


< 


I* (a) 


r 4 r b 

(b — s) ¥ _1 ff(s)ds — / (s — a) * ~ 1 g(s)ds 
2 J t 


I / (*)!<&• 


Since | / | is quasi-convex on [a, 6], we know that for f G [a, 6] 


1/(01 


/' 


b — t 
b — a 


a 



< max j|/(a)|, |/(6)|} 


and since ff : [a, 6] C 


. is continuous and symmetric to we can write 


/»o /»a-|- 6 — t 

/ (s — a)* _1 g(s)ds = / (6 — 5 ) fc _1 g(a + b — s)ds 

Jt J a 

pa+b—t 

= / (b — s)%~ 1 g(s)ds 
J a 


therefore we get 


J (6 — s)* 1 g(s}ds— ^ (s — a)£ 1 ff(s)ds 

/ a+b— t 

(b — s)^~ 1 g(s)ds 


\ft +bt \(,b-s)* 1 9(s)\ds, te[a,^] 
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Therefore we get 

/(a) + f(b) 


< 


1 


kJa+g ( b ) + kJb-9 (a)] - [kJa+(fg)(b) + kJb-(fg)(a)\ 

/»a+6 — t pb nt 

/ \(b — s) ! %~ 1 g(s)\dsdt + / / |(6 — s)^ -1 g(s)| dsdt 

Jt. J a+ b-t 


< 


r fc(a) 

(max 1 1 /'(a) |, |/'(6)|j 

^ r b 

[(b — t) k — (t — a) k ] dt + j [(i — a) k — (6 — t) k ] dt 


1 1 .9 1 1 c 


r k{a + k) \J a 

(max ||/'(a)|, l/'( fe )l}) 

2(6-a)t +1 ||</| 


(f + l)r k(a + k)\ 2 


1-4 


(max (|/'(o)|, |/(6)|}^ 

(■ b - a)f +1 (2^ +1 - l) 


and 


( b—t) k dt = (t — a) k dt= a.,, \ 

44 2t+i(f + i) 


(t-a)%dt= [ (b-t)%dt= a ^ k 


2 f+1 (f + 1)' 

Corollary 3. /« Theorem 3, if we take g{x) = 1, we get f/ze inequality 
\f(a) + f(b ) T fc (a + fc) 


2(6 — a) k 

b — a / 1 

- (f+4 v " 2 T 


kJa+f( b ) + kJb-f(a)] 

max (|/ (a) |, |/ (6)|| 


□ 


Theorem 4. Let / :/ cR — ► R 6e a differentiable mapping on 1° and f € L[a , 6]. If 
1/ | 9 , q > 1 zs quasi-convex function on [a, 6] azzt/ j: [d,!i] Cl — ► R zs continuous and 
symmetric to the following inequality for k-fractional derivatives holds 


I /(«) + /0) 


kJa+g ( b ) + fc-4 Q -5(a)] - [fc^M/sOW + fc J 6 a - (/5)(a)] 


< 


2(6 — a) fc 1 1 1 g 1 1 oo 

(f + i) rfc( a + fc) 


i-4 

2 k 


(max { I/' (a ) \ q , |/(6)| 9 }) 


where ^ > 0. 
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Proof. From Lemma 6, power mean inequality, inequality (2.3) and the quasi-convexity 
of |/' \ q , we get 


I f{a) + f(b) 


[kJa+9(b ) + kJb-9(a )] - [ k Ja+(fg)(b) + k Jb- (/s0(°0] 


< 


1 


< 


r fc (a) 

1 

r fc (a) 

a + b 


/»a+6— f 

V " / T 6 

pa-\-b—t 

/ (6 — s) ¥_1 (7(s)ds 

dt) 

/ (b — s)%~ 1 g(s)ds 

Jt 

J V* 

Jt 


\f\tWdtj 




(6 — s) k 1 g(s) ds 


dt - 


' a-\-b—t 


(6 — s) k 1 g(s) ds 


i — —■ 


dt 


/>a-\-b—t 


I (b-s)* 1 g{s)\ds 


I / it)\ q dt + 


I (b-s)k 1 g(s)\ds 


/ a-\-b— t 


I f (t)\ q dt 


< 


2(6 — a) fc+1 ||ff||c 

(f+l)r k (a + k)V 2 


1 a~ 


j) (max{|/'(a)|M/'(6)|«}) 1 


where 


r *+± 

1 2 

pa-\-b— t 

f b 

' ft 

/ 

/ (6 — s)%~ 1 g(s)\ds 

dt + 

/ |(6- s)*~ 1 g(s)\ds 

/ a 

Jt 


.J a-\-b—t 


2(6-a)f +1 / M 

f(f+!) V 2 ^ ) ■ 


□ 

Theorem 5. Let f : I C K. — ^ R. be a differentiable mapping on 1° and f £ L[a, b\. 
If\f | q ,q > 1 is quasi-convex function on [a, 6], and g : [a, 6] — > R is continuous and 
symmetric to the following inequality for k-fractional derivatives holds 


/(a) + f(b) 
2 


[ k j: + g(b) + k J§Lg(a)] - [kJa+(fg)(b) + fe J b “ (/<?)(«)] 


2p (b — a) fc +1 ||ff||oo A 

(§p + l)*r k (a + k) V 


1 

2f p 


(wav { I/' (a) |«, |/'(6)| 9 }) 9 , 


where “ > 0. 
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Proof. From Lemma 6, Holder’s inequality, inequality (2.3) and the quasi-convexity of 
\f'\ q , we get 


/(a) + f(b) 


kJa+a(b) + kJb-g(a)} - [kJa+(fg)(b) + kJ?-(fg)(a)] 


< 


l 


f*a-\-b—t 


< 


r fc (a) \J a 

Halloo ( r 

T k (a + k) \J a 


(b— s) k g(s)ds 


p / rb 


dt 


\.f'(t)\ q dtj 


. b 

[(& — t)* — (t — a)^] P dt + j [(i — a)i — (b — t)^] P dt 


max{|/'(a)| 9 ,|/'(6)| 9 }di 


* M T$a + l) +1 [Jo [(1 “ ^ " tf]Pdt + Ji ^ ~ (1 “ ^ ’ 

(max{|/(a)| 9 ,|/'(&)| 9 })* 

s M r^7ir {i! 1(1 - t)tr - ttr] dt + J'i l,tr - (1 “ t)tr] dt ] 

(max {|/ (a)| 9 , |/ (^)| 9 }) * 

< 2l( ^f +1|MU (l-^Y (max { | / (a) | 9 , |/(6)| 9 }) 1 . 

(fp+l) ? r fc (a + fc) V 2kP J v 1 ]) 


Where 


and 


'(1 - t)* - t%] P < (1 - t.)% p - V 


[tk - (1 - t)k] P < tk P - (1 - f)7 


for t G 


for t G 


°’S 


;,i 


which follows from ( A — B) q < A q — B q , for any A > B > 0 and q > 1. Hence the 
proof is complete. □ 


Theorem 6. Let / : Ic 1 — > R be a differentiable mapping on 1° and f G L[a, b\. If 
|/ | 9 , q > 1 is quasi-convex function on [a, b\, and g : [a, b] C R — t R is continuous and 
symmetric to the following inequality for k-fractional derivatives holds 
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m+m 


kJa+g(b) + kJb-g(a)} - [ k Ja+(fg)(b) + kJb- ( fg)(a )] 


< 


(b- a)g +1 ||.g||oo 

(fp+iyr k (a + k) 


^ max {|/'(a)|M/'(b)r} 


where 0 < f < 1, ± + 


± = 1 . 
9 


Proof. The inequality can also be proved by using Lemma 6, Holder’s inequality, inequal- 
ity ( 2 . 3 ), the quasi-convexity of \f | 9 and Lemma 2 . □ 


3 . Applications to Special Means 
We now consider the means of arbitrary real numbers rj (£ 7^ 77). We take 


Arithmetic mean 

A(£,v) = £,?? G R- 

Logarithmic mean 

= i-jj, — 7-r-r, £,?? G R, if- r], |£| ± \r]\, £77 ± 0. 

In K| - ln\r}\ 

Genralised log-mean 

, n£ Z\ {-1, 0}, £, 77 G R, £ f rj. 

Proposition 1. Let a,b G R \ {0}, a < b, and n G Z\ {—1, 0}, then we have 
\A n {a, b)A{a, b) — L”(a, 6 )| < kh ( b ~ a ) ( mQX {| no "-i|g > |y Z 6 ra ~ 1 |g})^ , 

|A n (a, b)A(a, b) — L”(a, 6 )| < — ^ ^ {max {\na n ~ 1 \ q , |nb” _1 | 9 }) " . 

2 (p+l)p 

Proof. The assertion follows from Theorem 1 and Theorem 2 , applied to f(x) = x n , x G 
-R, < 7 ( 2 ;) = x and a = k. □ 

Proposition 2. Let a,b G R, a < b, and n G Z \ {—1, 0} is odd, then for every q > l, we 
have 

A(a n , b n )[(a—A(a, b )) 2 + (b- A(a, b)) 2 ]-^ [(a - A(a, b)) n+1 + (b - A{a , b)) n+1 ] 
< — a l‘ max {\na n ~ 1 \, | 


Ln(tv) = 


n+1 


C ” +1 - 77 
(77, + !)(£- 77) 
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A(a n , b n )[(a — A(a, b)) 2 + (b~ A(a, b)) 2 ] — [(a - A(a, b)) n+1 + (b - A{a, b)) n+1 ] 

n + 1 


< 


k\b — a|' 


(max {\na n ~ 1 \ q , |n& n_1 | 9 }) ‘ 


A(a n ,b n )[(a-A(a,b)) 2 + (b-A(a,b)) 2 ]-— {(a - A(a,b)) n+1 + (b - A(a,b)) n+1 ] 


< 


2p~ l k\b — 
(p + l)? 


1 - 


1 \ " 
2 p 


(, max { | na n 1 1 9 , | nb n 1 1 9 } ) ' 


A(a n , b n )[(a—A(a, 6)) 2 + (6- A(a, b)) 2 }-^— [(a - A(a, b)) n+1 + (b - A(a, b)) n+1 } 

n + 1 

< fc|6 ~ a ^ (max \\na n ~ 1 \ q , Inb”" 1 ) 9 }) ° 

(p+l)s 

Proof. The assertion follows from Theorems 3, 4, 5 and 6 respectively, applied to 

f(x) = x n ,x G R, g{ x) = \x— g ^ \ and a = k. □ 


Note: If n € Z \ { — 1,0} is even in Proposition 2, then the term (a — A(a,b)) n+1 in 
the left hand side of each of above inequalities will bear negative sign instead of positive. 
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NONLINEAR DIFFERENTIAL POLYNOMIALS OF 
MEROMORPHIC FUNCTIONS WITH REGARD TO 
MULTIPLICITY SHARING A SMALL FUNCTION 

JIANREN LONG 


Abstract. We study the uniqueness problem of nonlinear differential 
polynomials of meromorphic functions that share one small function. A 
uniqueness result which related to multiplicity of meromorphic function 
is proved in this paper. 


1. Introduction and main results 

Let / be a nonconstant meromorphic function in the complex plane C. 
We will assume that the reader is familiar with the standard notation of 
the Nevanlinna’s theory of meromorphic functions, such as T(r, f),m(r, /), 
N(r,f) and N(r,f), see [9, 14, 16] for more details. The notation S(r,f ) 
is defined to be any quantity satisfying S(r, f ) = o(T(r, /)) as r — >■ oo, r ^ 
E, where E is a set of positive real number of finite linear measure, not 
necessarily the same at each occurrence. The notations T{r) and S(r) are 
defined respectively by 

T(r) = max{T(r, /), T(r, g)}, S(r) = o (T(r)) as r — > oo, r ^ E, 

for any two nonconstant meromorphic functions / and g. A meromorphic 
function h is called a small function with respect to /, proved that T(r, a) = 
S(r, /). Moreover, GCD(ni, n 2 , • • • , n^) denotes the greatest common divisor 
of positive integers ni,n 2 , ■ ■ ■ ,rik- 

Let / and g be two nonconstant meromorphic functions, and let a G C. 
We say that / and g share the value a CM (counting multiplicities), provided 
that / — a and g — a have the same zeros with the same multiplicities. If 
/ — a and g — a have the same zeros, then we say that / and g share a 
IM (ignoring multiplicities). Similarly, we immediately get the definitions 
of / and g share h IM (or CM), where h is a small function of / and g. In 
addition, we also need the following notation, for any a G C = C U {oo}, 

n / f s , r N (r , a; /) 

r—>oo J- U , J ) 

2010 Mathematics Subject Classification. Primary 30D30; Secondary 30D35. 

Key words and phrases. Uniqueness, Meromorphic functions, Small function, Differ- 
ential polynomials, Sharing value. 

1 


1220 


JIANREN LONG 1220-1230 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


2 J. R. LONG 

Hayman [10] and Clunie [5] proved the following result. 

Theorem 1.1. Let f be a transcendental entire function, n > 1 be a positive 
integer. Then f n f = 1 has infinitely many zeros. 

Remark 1. The similar result of Theorem 1.1 in which entire function is 
replaced with meromorphic function is proved in [2] and [4]. 

Fang and Hua [8], Yang and Hua [15] obtained a uniqueness theorem 
corresponding to Theorem 1.1. 

Theorem 1.2. Let f and g be two nonconstant entire (meromorphic) func- 
tions, and let n > 6 (n > 11) be a positive integer. If f n f and g n g' share 
1 CM, then either f(z) = C\e cz , g(z) = c 2 e~ cz , where ci,c 2 and c are three 
constants satisfying (cic 2 ) n+1 c 2 = —1, or f = tg for a constant t such that 
t n+1 = 1. 

Fang [7] considered the case of the kth derivative, and proved the fol- 
lowing result. 

Theorem 1.3. Let f and g be two nonconstant entire functions, and let n, k 
be two positive integers with n > 2k + 8. If (/”(/ — l)) (fc ^ and ( g n (g — l))( fe ) 
share 1 CM, then f = g. 

Zhang et al. [18] considered some general differential polynomials. They 
proved the following results. 

Theorem 1.4. Let f and g be two nonconstant entire functions. Let n,k 
and m be three positive integers with n > 3m + 2k + 5 and let P(z) = a m z m + 
a m _iz m_1 + • • • + a\z + ao, where ao 0, di, . . . , a m _i, a m 0 are complex 
constants. If (f n P{f))^ and (g n P(g)) l ' k ^ share 1 CM, then either f = tg for 
a constant t such that t d = 1, where d =GCD(n + m , . . . , n + m — i, . . . , n), 
a m -i 0 for some i = 0,1,..., m, or f and g satisfying the algebraic 
function equation R(f,g ) = 0, where FL{w i,w 2 ) = + 

• • • + do) — ^2 {cimW™ + am-iwf 1 1 + • • • + do). 

Theorem 1.5. Let f and g be two nonconstant meromorphic functions, 
and h ( ^ 0,oo) be a small function with respect to f and g. Let n,k and 
m be three positive integers with n > 3k + m + 8 and P(z) be defined as 
in Theorem l.f. If (f n P(f))^ and (g n P(g)) ( ~ k ' > share h(z ) CM, then one of 
the following three cases holds: 

(i) / = tg for a constant t such that t d = 1, where d =GCD(n + 
m, . . . , n + m — i, . . . , n) , a m _i 0 for some i — 0, 1, , m; 
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(ii) / and g satisfying the algebraic function equation R(f,g) = 0, where 

R(wi,w 2 ) = wf(a m w™+a m - \-a 0 )-w% (a m w'% l +a m -iw™~ 1 + 

• • • + a 0 ); 

(iii) (f n P(f)) {k) ( g n P{g)) {k) = h 2 . 

In 2011 Dyavanal [6] considered the uniqueness problem of meromorphic 
function related to the value sharing of two nonlinear differential polyno- 
mials in which the multiplicities of zeros and poles of / and g are taken 
into account. In 2013, Bhoosnurmath and Kabbur [3] proved the following 
uniqueness theorem by using the idea from Dyavanal [6]. 

Theorem 1.6. Let f and g be two nonconstant meromorphic functions, 
whose zeros and poles are of multiplicities at least s, where s is a posi- 
tive integer. Let n and m be two positive integers with (■ n — m — l)s > 
max{10, 2 m + 3}, and let P{z) be defined as in Theorem l.f. If f n P(f)f 
and g n P(g)g' share 1 CM, then either f — tg for a constant t such that 
t d = 1, where d =GCD(n + m + 1, • • • , n + m + 1 — i, • • • , n + 1), a m - t 0 
for some i = 0, 1, • • • 7 m or f and g satisfy the algebraic function equation 
R(f,g) = 0, where R(x,y ) = a: n+1 (^^ I T m + ^ x m ~ 1 + • • • + ^_) - 

,„n+ 1/ dm „.m I a m—l „.m—l i . . . i QQ I 
” ' n+m+ 1” ‘ n+m ” ‘ ' n+1' 

Similar Theorem 1.5 in which a small function and A; t li derivative are 
considered, what can we say when the condition sharing 1 and the first 
derivative in Theorem 1.6 are replaced with sharing a small function and 
A; th derivative respectively? In this paper, we will study the problem and 
establish the following uniqueness theorem. 

Theorem 1.7. Let f and g be two transcendental meromorphic functions, 
whose zeros and poles are of multiplicities at least s, where s is a posi- 
tive integer. Let n and m be two positive integers with n — m > max{2 + 
yf, ^ n+2 ^ fc+4 ' > 0(oo , /) + 0(c K>,g) > ^ and let P(z ) be defined as in Theo- 
rem l.f. If (f n P(f))^ and (g n P(g))^ share h(z ) CM, where h(z )( ^ 0, 00 ) 
is a small function of f and g, then one of the following three cases hold: 

(i) (rP(/)) w (g n P(g)) {k) = h 2 - 

(ii) / = tg for a constant t such that t d — 1, where d = GCD(n + m, n + 
m — 1, . . . , n + m — i , . . . , n + 1, n), a m -i 0 for i — 0, 1, . . . , m; 

(iii) / and g satisfy the algebraic equation R(f,g) = 0, where R(f,g) = 

f n P(f) — g n P(g)- 

The possibility (/”P(/))® (g 1l P(g)) ( ' k ^ = h 2 does not occur for k = 1. 
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2. Auxiliary results 

For the proof of our result, we need the following lemmas and definitions. 

Definition 2.1. [11] Let a G C. We use N(r,a;f\ = 1) to denote the 
counting function of simple a— points of /. For a positive integer p we denote 
by N(r,a-,f\ < p ) the counting function of those a— points of / (counted 
with proper multiplicities) whose multiplicities are not greater than p. By 
N(r, a; /| < p) we denote the corresponding reduced counting function. 
Similarly, we can define N(r, a; f \ > p) and N(r, a; f\ > p). 

Definition 2.2. [1] Let a G C, and let k be a nonnegative integer. We denote 
by N k (r, W__) the counting function of a— points of /, where an a— point of 
multiplicity m is counted m times if m < k and k times if m > k. Then 

(2.1) 

N k (r, -j- 1 —) = N(r, ) + N ( r , a 'J | > 2) + ■ ■ • + N(r, a; f\ > k). 
j -a j -a 

Obviously A, (r, = N(r,j^). 

Lemma 2.1. [15] Let f and g be two nonconstant meromorphic functions 
that share 1 CM. Then one of the following cases hold: 

(i) T(r) < N 2 (r , }) + N 2 (r, J) + N 2 (r, f ) + N 2 (r,g) + 5(r); 

(ii) f = 9', 

(iii) fg = 1- 

Lemma 2.2. [17] Let f be a nonconstant meromorphic function, and p,k 
be positive integers. Then 

(2.2) J V,(r, A) < T (r, /<»>) - T(r, /) + JV p+i (r, )) + S(r, /), 

(2.3) JV p (r, A) < kN(r, f ) + JV p+l (r, )) + 5(r, /). 

Lemma 2.3. [13] Let f be a nonconstant meromorphic function, and let 

n 

PM) = E ajfj be a polynomial in f, where a n ^ 0, a n _ i, • • • ,ai,ao 
i=o 

satisfying T(r, aj) = S(r, /). Then 

(2.4) T(r, P n ) — nT(r, f) + S(r, f). 

Lemma 2.4. Let f and g be two nonconstant meromorphic functions such 
that 

0(°o ,/) + B(co,^) > - 

n 
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for all integer n > 3. Then 

f n (af + b)=g n (ag + h ) 

implies f = g, where a and b are two finite nonzero complex constants. 
Proof. By using similar way in [12], we can obtain the lemma. □ 


Lemma 2.5. Let f and g be two nonconstant meromorphic functions, 
whose zeros and poles are of multiplicities at least s, where s is a posi- 
tive integer and let n,k be two positive integers. Let F = (/"P(/))^' ) and 
G = {g n P(g))^ k \ where P(z) be defined as in Theorem l.f. If there ex- 
ist two nonzero constants b\ and b 2 such that N(r, j? ) = N(r, pppp) and 
N{r, h) = N ( r > then n-m< (fc+1 K w+2) . 

Proof. By the second fundamental theorem of Nevanlinna’s theory, 

T(r, F) < N(r , y) + N{r, F) + N{r, y^-y) + S(r, F) 


(2.5) 


< N(r, y) + N(r,F ) + N(r, ±) + S(r,F). 


Combining (2.2), (2.3), (2.5) and Lemma 2.3, we get 
(n + m)T(r, f) < T(r, F) - N(r, ^) + N k+1 (r, 

< N(r, y) +N(r, f) + N k+1 (r, ^ ] 


< N k+1 (r, 


+ Nk+i( r , 


( 2 . 6 ) 


m/y g n P(g) 

+ kN(r , g) + S(r , /) + S(r, g) 

k + l + n .k + l + nk 

< + m)T(r, f + ( 

TtS 

+ S(r,f) + S(r,g) 

(k + l)(n + 2) 


+ S(r , /) 
+ S(r, f) 
+ N(rJ) 


ns 


m)T{r , g) 


< 


ns 


+ 2 m)T(r) + S(r). 


Similarly, for the case of g, 
(2.7) 


(n + m)T(r, g) < ( — — blbfff ^ ^ _|_ 2 m)T(r) + S(r) 


ns 


It follows from (2.6) and (2.7) that 
(2.8) (n - (fc + 1)(w + 2) 


ns 


m)T(r ) < S(r ), 


which gives n — m < ( fc+1 )( n + 2 ) _ This completes the proof. 


□ 


Lemma 2.6. Let f and g be two transcendental meromorphic functions, 
whose zeros and poles are of multiplicities at least s, where s is a positive 
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integer. Let P(z) be defined as in Theorem l.J h and n,m, k be three positive 
integers, and h(^ 0, oo) be small function of f and g. Then 

(2.9) (/“P(/)) < ‘ ,) (g n P(g)t ] $ h 2 

holds for k = 1 and (n + m — 2 )p > 2m (1 + where p is the number of 
distinct roots of P(z) = 0. 


Proof If (2.9) is possible for k — 1, i.e., 

(. f n P(f))'(g n P(9 ))' = h 2 . 


Then 


(2.10) f n ~ 1 Q(f)f'g n ~ 1 Q(g)g' = h 2 , 

m 

where Q(z) = b 3 zf bj = (■ n + j)aj, j = 0,1,..., m. Denote Q(z) as 

3=0 

Q(z ) = b m (z - d^^z - d 2 ) h ■■■(z- d p ) lp , 

p 

where = m, 1 < p < m, d, ^ dj , i ^ j, 1 < i,j < p, d, are nonzero 

2=1 

constants and /, are positive integers, i = 1, 2, . . . p. 

Suppose that zj ^ S'o is a zero of / with multiplicity si(> s), where Sq 
is a set defined as 


Sq = {z : h(z) = 0} U {z : h(z) = oo}. 

Then z\ is a pole of g with multiplicity qi(> s ). We deduce from (2.10) that 

ns i — 1 = (n + m)qi + 1 

and so 


( 2 . 11 ) 


mqi + 2 = n(s i - qf). 


From (2.11) we get q\ > ,± ^ L , so 

^ n + m — 2 

Si > 

m 

Hence, 


i 777 1 

(2-12) N(r, -) < - 9 lV(r, -) + S(r, /). 

Suppose that ^2 ^ S'o is a zero of Q(/) with multiplicity and is a zero 
of / — di of order qi, i = 1,2,... p. Then s 2 = kqi, i = 1, 2, • • • p. Then 2 2 is 
a pole of g with multiplicity g(> s). It follows from (2.10) that 


qih + qi~ 1 = (n + m)q + 1 > (n + m)s + 1. 
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So 


Hence, 


(n + m)s + 2 . 

Qi > , * = 1,2, ...p. 


h + 1 


N(r, 


< 


h + 1 


-N(r,di,f) + S(r,f), i = l,2,...p. 


f — di (n + m)s + 2 
By this and the first fundamental theorem of Nevanlinna’s theory, we have 

p 


(2.13) 


N - V(r ' 1 

i = 1 


< 


m + p 


f — di (n + m)s + 2 


T(r,/) + S(r,/). 


Suppose that ^3 £ So is a pole of /. Then we know that £3 is either a 
zero of g n ~ 1 Q(g) or a zero of g' by (2.10). Therefore, 

1 p _ 1 1 

N(r, f) < N(r , -) + ^ iV(r, -) + iV 0 (r, -) + S(r, /) + S(r, g) 

g “ .9 - + g' 


< 


m 


g - di 

m + p 


v , 9 1 ( , N , 0 ) T ( r ,g) +N 0 (r, —) 

n + m — 2 (n + m)s + 2 r/ 


(2.14) 


+ S(r,/) + S(r,g), 


where IV 0 (r, S) denote the reduce counting function of those zeros of r/ 
which are not the zeros of gQ(g). 

By (2.12)-(2.14), and the second fundamental theorem of Nevanlinna’s 
theory, 

p 


pT(r , /) < N(r, f ) + iV(r, ^ N( r > - N 0 (r, + S(r, /) 

J i=1 J 1 J 

< ( „ + , ™X P , J (T(r, f) + T(r, g)) + %(r, 1) 

n + m — 2 (n + m)s + 2 g' 

(2.15) - ^ 0 (r, j) + S(rJ) + S(r,g). 

Similarly, for the case of g, 

pT(r,g) < ( „ + , ”‘ + /, J PV. /) + An + T%( r, + 

n + m — 2 (n + m)s + 2 j' 

(2.16) - N 0 (r, -i) + S(r,/) + S(r,.g). 

g 

It follows from (2.15) and (2.16) that 
2 m 2(m+p) 


(P- 


)(T(r,/)+T(r,(7))<5(r,/) + 5(r,(/). 


n + m — 2 (n + m)s + 2 

This is a contradiction with our assumption that (n + m — 2)p > 2m(l + 1), 
and hence the proof is complete. □ 
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3. Proof of Theorem 1.7 

(f n P(f))W (q n P(q))W 

Let F = — q = y Then F and G share 1 CM. 

h h 

Applying Lemma 2.3, 

(3.1) T(r,h) = o(T(r,F)) = S(r,f), T(r,h ) = o(T(r,G)) = S(r,g). 

It follows from (2.2) and (3.1) that 

Mr, 1) < iV 2 (r, (/ » jP ( /)) (t) > + Mr,h) + S < r ./) 

< T{ r, (/"/>(/)) - (it + m)T(r, /) + Ay 2 (r, yAjr) + S(r, f) 

(3.2) < T(r, F ) - (n + m)T(r, /) + JV t+2 (r, + S(r, /). 

We deduce from (2.3) that 

Ayr, 1) < Ayr, + S(r, /) 

< WV(r, f F(/)) w ) + Ay 2 (r, — L^) + S(r, /) 

(3.3) < WV(r, /) + y +2 (r, -^1—) + S(r, /). 

It follows from (3.2) that 

(3.4) (n + m)T(r, f) < T(r, F) + N k+2 (r, jFjGj) ~ Mr, }) + S(r, /). 
Suppose that (i) of Lemma 2.1 holds, i.e., 

max{T(r, F), T(r, G)} < N 2 (r , ^) + lV 2 (r, i) + lV 2 (r, F) + N 2 (r, G) 

+ S(r,f) + S(r,g). 
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Combining this, (3.3) and (3.4), 

(n + m)T(r , /) < T(r, F) + N k+2 (r, 


- ^(r, ^) + S(r, f ) + S(r,g) 


< ^ 2 (r, i) + iV 2 (r, F) + iV 2 (r, G) + iV fc+2 (r, 

+ S(r, f) + 5(r, g) 

1 


< N k+2 {r , 


+ ^fc+2 ( r , 


fc-W(r, g) 


(3.5) 


f n P(fY " V VP(s) 

+ 27V(r, /) + 27V(r, <?) + 5(r, /) + 5(r, <?) 

/c + 2 + 2n (k + 2)(n + l) ^ ( 

< ( + m)T(r , /) + ( + m)T[r, g) 

TIS ~ 

+ S(r , /) + S(r, g ) 

k(n + 2) + 4 (n + 1) 


ns 


< 


ns 


+ 2 m)T(r) + S'(r). 


Similarly, for the case of g, 
(3.6) 


(„ + m)T(r,g) < ( * (n + 2) + jU + 0 + 2ro)T(r) + s(r) . 


ns 


It follows from (3.5) and (3.6) that 


(n + m)T(r) < ( *E + 2) + 4(n + 1) + 2m)T(r) + s(r) 


ns 


This implies that 

to t k( n + 2) + 4(n + 1) ^ f N Q , N 

(3.7) (n —m )T(r) < Mr). 

ns 

This contradicts with our assumption that ( n—m ) > max{2+— , j . 

So, we conclude that either FG = 1 or F = G by Lemma 2.1. Suppose that 
FG = 1, then 

(. f n P(f)) ik \g n P(g)) {k) = h 2 . 

This is a contradiction when k = 1 by Lemma 2.6. So F = G, this implies 
that 

(3.8) ( f n P(f)) [k] = (g n P(g)) {k) - 

Integrating for (3.8), we have 

(3.9) (/ n P(/)) (fc - 1) = (g n P(g)) {k - 1] + b k . i, 

where b k ~ i is constant. If b k - 1 7^ 0, we obtain n — m < G+ 1 )(^+ 2 ) < ( - fc+4 ^" +2 ^ 
by Lemma 2.5. This is a contradiction with our assumption that (n — m) > 
max{2 + ^‘ +2 ^ }. Thus b k _i = 0. By repeating k— times, 

(3.10) f n P(f)=g n P(g). 
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If m = 1 in (3.10), then f — g by Lemma 2.4. Suppose that m > 2 and 
b = If b is a constant, putting f = bg in (3.10), we get 

(3.11) 

a m g n+m (b n+m - 1) + a m _ 1 ^ n+m ” 1 (& n+m - 1 - 1) + • • • + a 0 g n (b n - 1) = 0, 

which implies b d = 1, where d = GCD (n + m, n + m — 1, . . . , n + 1, n). Hence 
/ = tg for a constant t such that t d = 1, d = GCD (n + m, n + m — l, . . . ,n + 
m — i, . . . , n + 1, n), i — 0, 1, . . . , m. 

If b is not a constant, then we can see that / and g satisfy the algebraic 
function equation R(f,g ) = 0 by (3.10), where R(f,g ) = f n P(f ) — g n P(g). 
This completes the proof of theorem. 
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Abstract 

This paper is concerned with the existence of solutions for impulsive hybrid fractional (/-difference 
equations involving a (/-shifting operator of the type a Q q {rri) = qm + (1 — q)a. A hybrid fixed point 
theorem for two operators in a Banach algebra due to Dhage [29] is applied to obtain the existence 
result. An example illustrating the main result is also presented. 

Key words and phrases: Quantum calculus; impulsive fractional (/-difference equations; hybrid 
differential equations; existence; fixed point theorem 

AMS (MOS) Subject Classifications: 34A08; 34A12; 34A37 


1 Introduction 

Fractional differential equations have been extensively investigated by several researchers in the recent 
years. The overwhelming interest in this branch of mathematics is due to the application of fractional- 
order operators in the mathematical modelling of several phenomena occurring in a variety of disciplines 
of applied sciences and engineering such as biomathematics, signal and image processing, control theory, 
dynamical systems, etc. 

Hybrid fractional differential equations dealing with the fractional derivative of an unknown function 
hybrid with the nonlinearity depending on it is another interesting field of research. For some recent 
works on this topic, we refer the reader to a series of papers ([l]-[6]). 

The subject of (/-difference calculus or quantum calculus dates back to the beginning of the 20tlr 
century, when Jackson [7] introduced the concept of (/-difference operator. Afterwards, this field of 
research flourished with the contributions of researchers from different parts of the world, for instance, 
see ([8]- [15]). The intensive development of fractional calculus motivated several investigators to consider 
fractional (/-difference calculus. Now a great deal of work on initial and boundary value problems 
involving nonlinear fractional (/-difference equations is available, for example, see [16]- [24] and the 
references therein. 

The quantum calculus, known as the calculus without limits, provides a descent approach to study 
nondifferentiable functions in terms of difference operators. Quantum difference operators appear in 
different areas of mathematics such as orthogonal polynomials, basic hyper-geometric functions, combi- 
natorics, the calculus of variations, mechanics and the theory of relativity. For the fundamental concepts 
of quantum calculus, we refer the reader to a text by Kac and Cheung [25] . 

More recently, the topic of (/^-calculus has also gained consideration attention. The notions of qu- 
derivative and (/^-integral for a function / : Jk := [U-, U-+i] — > R, together with their properties can 
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be found in [26, 27]. In [28], new concepts of fractional quantum calculus were defined via a ^-shifting 
operator of the form: a <f \{rn) = qm + (1 — q)a. 

The purpose of the present work is to study the following impulsive hybrid fractional quantum 
difference equations: 


< 


C 

t k 


D* k 

Qk 


A x(t k ) 


x(t) ^ 
= Ipk (x(tk)) , 


g{t,x(t)), teJ k C[0,T], 
k = 1,2, ... ,m, 


t 7^ tfc, 


[ x(0) = n, 


(1) 


where 0 = t 0 < t\ < ■ ■ ■ < t. m < t m+ i = T, t k D q k denotes the Caputo fractional (^-derivative of 
order a k on intervals J k , J 0 = [0, ti] , J k = (t kl t k + i], 0 < a k < 1, 0 < q k < 1, k = 0, 1, . . . , 

J = [0,T], / G C(J x R,R\ {0}), (p k G C(R,R), k = 1,2, ... ,m, n G R and A x(t k ) = x(t£) — x{t k ), 
x(t []") = lim e ^ 0 + x(t k + 8), k = 1,2, ... ,m. Here, we emphasize that the above initial value problem 
contains the new g-shifting operator a <E>g (777) = qm + (1 — q)a [28]. 

The papers is organized as follows. In Section 2, we recall some preliminary concepts and present an 
auxiliary lemma which is used to convert the impulsive problem (1) into an equivalent integral equation. 
An existence result for the problem (1) obtained by means of a hybrid fixed point theorem due to Dhage 
[29] is presented in Section 3, which is well illustrated with the aid of an example. 


2 Preliminaries 


For the convenience of the reader, we recall some preliminary concepts from [28]. 
First of all, we define a g-shifting operator as 


a§ q {m) = qm+ (1 - q)a 

such that 

a $q(m) = a^q -1 (a$q(m)) and a <F°(: 

for any positive integer k. The power law for ^-shifting operator is 

k - 1 


1 {n - m)( 0) = 1, a (n - m)^ = (n - (ra)) , k G N U {oo}. 


2—0 


In case 7 G R, the above power law takes the form 


, , , , -Aj- 1 — “ <I>* (m/n) 

*( n - to) W = n w P " ■ 

T=o l ~^<i ( m / n ) 


The g-derivative of a function h on interval [a, b] is defined by 
(, aD q h){t ) = 


h{t) Ha®q(t)) , t yL a ^ and ( a D q h)(a) = \\m.( a D q h){t), 


(1 - q){t-a) 

while the higher order g-derivative is given by the formula 

(aD° q f)(t) = f(t) and (, a D k q f)(t) = a D k q ~ 1 ( a D q f)(t ), k G N. 

The product and quotient formulas for ^-derivative are 

aD q (hih 2 )(t ) = hi(t) a D q h 2 (t) + /i2( a $,(f)) a Jl g lii(t) = h 2 (t) a P q hi(t) + hi( a ® q (t)) a D q h 2 (t), 




h 2 (t) a P q hi{t) - hi{t)gD q h 2 {t) 
h 2 (t)h 2 ( a <h q (t)) 


(2) 
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where hi and /i 2 are well defined on [a, b] with h 2 (t)h 2 ( a & q (t)) ^ 0. 

The g-integral of a function h defined on the interval [a, b] is given by 

( a Iqh)(t)= / h(s) a ds=(l-q)(t-a)'^2q z h( a $ qi (t)), t £ [a,b\ 

J a i — n 


(3) 


with 


= h(t) and ( a I k q h){t) = a I*~\ a I q h){t), fceN. 

The fundamental theorem of calculus applies to the operator a D q and a Iq, that is, 

( aD qa Iqh)(t ) = h(t), 

and if h is continuous at t = a, then 

( a IqaD q h)(t ) = h(t) - h(d) . 

The g-integration by parts formula on the interval [a, b ] is 

[ f{s) a D q g{s) a d q s={fg){t ) - f g{ a ^q(s)) a D q f{s) a d q s. 

J a a J a 

Let us now define Riemann-Liouville fractional g-derivative and g-integral on interval [a, b } and 
outline some of their properties [28] . 

Definition 2.1 The fractional q-derivative of Riemann-Liouville type of order v > 0 on interval [a, b] 
is defined by ( a D q h)(t ) = h(t) and 

( a D"h)(t) = ( a D l qa I l q - v h){t ), u>0, 

where l is the smallest integer greater than or equal to v. 

Definition 2.2 Let a > 0 and h be a function defined on [a, 6]. The fractional q-integral of Riemann- 
Liouville type is given by ( a I q h)(t . ) = h(t) and 

1 

(. a I q h)(t ) = a(t - a^q(s))[°‘~ 1) h(s) a d q s, a. > 0, t£[a,b]. 

t q\ a ) J a 

From [28], we have the following formulas 


Mt - af = - a) l3+a . 




1 ) 


( 4 ) 

( 5 ) 


Lemma 2.3 Let a, f3 £ M + and f be a continuous function on [a, b\, a > 0. The Riemann-Liouville 
fractional q-integral has the following semi-group property 

J%J q h{t) = a Iqa,Iqh(t) = a Iq +0 h{t). 

Lemma 2.4 Let h be a q-integrable function on [a, b]. Then the following equality holds 

a D q J q h{t) = h(t), for a > 0, t £ [ a,b ]. 

Lemma 2.5 Let a > 0 and p be a positive integer. Then for t £ [a, b] the following equality holds 

p — 1 U _ \ce—p+k 

h(t) - y . r ; a + t _ p + 1 ) °°iw<»). 


k = 0 
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We define Caputo fractional g-derivative as follows. 

Definition 2.6 The fractional q-derivative of Caputo type of order a > 0 on interval [ a,b\ is defined 
h ( c a D° q f)(t ) = h(t) and 

(a.Dqh)(t) = ( a Iq- a a D™h)(t), a > 0, 
where n is the smallest integer greater than or equal to a. 

Lemma 2.7 Let a > 0 and n he the smallest integer greater than or equal to a. Then for t £ [a, 6] the 
following equality holds 


n — 1 / n 

J« c a D«h(t) = h(t) - £ 


k—0 


Proof. From Lemma 2.5, for a = p = ra, where m is a positive integer, we have 

m— 1 / m— 1 / n .^ 

J™aD™h{t) = a D™ a I™h{t) - £ r l ~° J 1) a fl*/ t (a) = /i(t) - X! r ^ 


k—0 


k—0 


T q (k+1) 


Then, by Definition 2.6, we have 


n—1 /, \ 

^Iq C a Dqh(t) = a I qa Ig- a aD™h{t) = a I^ a D^h(t) = h(t) - £ ^ ^ } a L>fe(a) ■ 


fe =0 


□ 


Now we present a lemma which plays a pivotal role in the forthcoming analysis. 

x 


Lemma 2.8 Assume that the map x \ 




is injection for each t £ J. x £ PC{J , R) is the solution 


of (1) if and only if x is a solution of the impulsive integral equation 


x(t) = f(t,x(t)) I 




n 


/(°> m ) f{U,x{tj)) 


53 II 


i= 1 i<j<k 


f(tj,x(tj)) 

f(tj,x(tf)) 


where J2b <a (') = 0- IL<a(0 = 1 for b > a and for t £ J k , 


( 6 ) 




( 7 ) 


Proof. Applying Riemann-Liouville fractional go-integral operator of order ao to both sides of the first 
equation of (1) for t £ Jq and using Lemma 2.7, we get 


tr IZ°lDZ° 


x(t) 


f(t,x(t)) 


x(t) 


x(0) 


f(t,x(t)) f(0,x(0)) 


* oho to qo 

which, in view of the initial condition, takes the form 

T 


= t 0 lqfg{t,x(t)), 


At t = ti, we have 


x (t) = f(t,x(t)) 

x (h) = 


/( 0,/t) 


/( o,m) 


toQgi^xiO) 


+ t 0 il° gihyxih)) 


(8) 
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For t £ Ji, operating the Riemann-Liouville fractional gi-integral of order a\ on (1) and using the 
above process together with impulsive condition, we obtain 


x(t) 


x(tj) 




''i yi 


x{t\) + (fiijxjtx)) 


+ t 1 Iq 1 1 g{t,x{t.)). 


(9) 


By the continuity of / with respect to the variable t, the expression f(tf,x(tf)) can be written as 
f(ti,x(tf)). Substituting (8) into (9) yields 


x(t) = f(t,x(t)) 


p, f(ti,x(ti)) , /(fi,a:(fi)) 


f( 0;M) f(t!,x(tf)) 

‘Pl(x(ti)) 


t0 I^g( tl ,x( tl )) 


f(ti,x(tf)) 


■tjq'g{t,x{t)) 


Also, for t £ J 2 , we have 


x{t) = f(t,x(t)) 


p f(t l,x(ti)) f(t 2 ,x(t 2 )) 


/(0>m) f(ti,x(tf)) f(t 2 ,x(t%)) 
f(ti,x(ti)) f(t 2 ,x(t 2 )) 


tjqog^xitx)) 

V\{x{ti)) f(t 2 ,x(t 2 )) y 2 {x{t 2 )) 


f(ti,x(tf)) f(t 2 ,x(t i)) To ^ qo 


f(ti,x(tf)) f(t 2 ,x(4)) f(t 2 ,x(tj)) 


f(t 2 ,x(t 2 )) 

f(t 2 ,x(t%)) 

\ 

2 I* 2 g(t,x(t)) 


*Jqlg{t2,x(t 2 )) 


Repeating the above process, for is J, we obtain (6). 

Conversely, we assume that x(t) is a solution of (6). Dividing by f(t,x(t)) and applying t k ^qk on 
both sides of (6) for t £ Jk, t ^ tk k = 0,1,..., m, we get 


D ak 

e Qk 


x(t) 


f(t,x(t)) \ 


g(t,x(t)). 


It is easy to see that A x(tk) = x(t£) — x(tk) = <fik(x(tk))- Since f(0,x(0)) ^ 0, and using the fact that 


the map x 


f(t,x) 


is injection for each t £ J, we have x(0) = p. This completes the proof. 


□ 


Now we state a hybrid fixed point theorem due to Dhage [29], which we need to prove our main 
existence result. 


Lemma 2.9 Let S be a nonempty, closed convex and bounded subset of the Banach algebra E and 
let A : E — > E and B : S — > E be two operators such that (a) A is Lipschitzian with Lipschitz 
constant <5; (b) B is completely continuous; (c) x = AxBy =>■ x €= S for all y £ 5; (d) SM < 1, where 
M = ||S(5)|| = sup{||i?(x)|| : x £ S'}. Then the operator equation x = AxBx has a solution in S. 


3 Main Result 

Let PC(J,M.) = {x : J —> R : x(t) is continuous everywhere except for some tk at which x(fjf) and 
x(tf) exist and x{ff) = x(tk), k = 1,2,... ,m}. Define a norm || • || and a multiplication in PC(J,M) 
by ||x|| = sup t6J |x(t)| and (xy)(t) = x(t)y(t), Vt £ J. 

Clearly PC(J, R) is a Banach algebra with respect to above supremum norm and the multiplication in 
it. 


Now, we are in the position to present the main existence result. 


Theorem 3.1 Assume that the map x 
that: 


r is injection for each t £ J. In addition we suppose 

f(t,x) 
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(Hi) The function f : J x R — > R \ {0} is bounded, continuous and there exists a positive function <fi 
with bound ||^|| such that 


\f(t,x(t)) - f(t,y(t))\ < (j>(t)\x(t) - y(t)\, for t £ J andx,y£R. 


( 10 ) 


(H 2 ) There exist a function p G C(J, R + ) and a continuous nondecreasing function if) : [0, 00 ) — > (0, 00 ) 
such that 

\g(t,x(t))\ <p(t)ip(\x\), (t,x)eJxR. (11) 

(H 3 ) The functions ifii : R — > R, i = 1, 2, . . . , m, are bounded and continuous. 

( Hi ) There exists a number r > 0 such that 


r > ili | 
and 

/ 

m 


H ( ^1 


l/(o, m)I \n 2 


m+1 


-ft + IbllV’W E 


(u - ti- i) c 


+ 1) V^2 


ftl 


m+1 — i 


n 


\ o: 


fii 




I , (12) 


H 


fii 


l/(0,/u)| v+ 


m+1 


■)E 


(u - U- i) ai - 


r gi _i(aj_i + 1) \fi 


Hi 


m+1 — i 


n 


143 / “1 

fi/ ^ ' n/ 


Hi 


fi 2 


< 1, 


where Hi = sup{|/(t, x)| : (t,x) G J x R}, fi 2 = inf{|/(f, x)| : (t,x) € J x M} and fi 3 = 
maxjsup + (x)| : x G R, i = 1, 2, . . . , m}. 

Then the impulsive initial value problem (1) has at least one solution on J. 

Proof. Let us introduce a subset S of PC(J, R) by 

S={x£PC(J, R) : ||x|| < r}, 

where r satisfies inequality (12). Clearly S is closed, convex and bounded subset of the Banach space 
PC(J, R). In view of Lemma 2.8, the problem (1) is equivalent to the integral equation (6). Let us 
define two operators A : PC(J, R) — > PC(J, R) by 


and B:S -► PC(J, R) by 
Bx(t) = 


Ax(t) = f(t,x(t)), t G J, 




(13) 


mT)i\m,x(tt)) i=li ^ k 


f(tj,x(tj)) 




1 i<j<k 


m,x(t+)) f(tj,x(tf)) 


(14) 


Then, the problem (1) is transformed into an operator equation as 

x = AxBx. (15) 

Under our assumptions, we will show that the operators A and B satisfy all the conditions of Lemma 
2.9. This will be achieved in a series of steps. 

Step 1. The operator A is Lipschitzian on PC(J, R). 

Let x,y G PC(J, R). Then by (+), for t £ J, we have 

\Ax(t) - Ay(t)\ = | f(t,x(t)) - f(t,y(t))\ < <j>(t)\x(t) - y(t)\. 
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Taking supremum over t, we obtain || Ax — Ay\\ < ||+||x — y|| for all x,y € PC(J, R). This show that 
A is a Lipschitzian on PC(J,M) with Lipschitz constant ||<^||. 


Step 2. The operator B is completely continuous on S. 

In this step, we first show that the operator B is continuous on S. Let {x n } be a sequence in S 
converging to a point x £ S. Then, for all t £ J, we have 

lim Bx n (t) 


= lim 


n 


f (tii % n(ti )) 


- /( 0,/j) f(U,x n (t+)) ™ , =1 


lim E II ti-Jqtt 9(ti,X n {ti)) 


/ ( tj , X n (tj ) ) 
f(tj,X n (t+)) 


e n 

i= 1 i<j<k 


<Pi(x n (ti)) f(tj,Xn(tj)) 


^ ^ t(+ u+\\ ru u+w 1 lim *+« 9 (t,x n (t)) = Bx(t), 

TWO ° f(.ti,x n (tj)) f(tj,X n (tJ)) n^oo 


which implies that Bx n — * Bx point- wise on J . Further it can be shown that {Bx n } is an equicontinuous 
sequence of functions. So Bx n — > Bx uniformly and the operator B is continuous on S. 

Next we will prove that B is a compact operator on S. It is enough to show that the set B(S) is 
uniformly bounded and equicontinuous in PC(J, R). For any x £ S, on account of (5), we get 


\Bx(t)\ < 




+ e n 


\f(tj’ x (.tj))\ 

\f(tj,x{tf))\ 


i—1 i<j<k 


\f{ti,x(tf))\ \f(tj,x(tj~) 


< 




Wi{x{U))\ \f(tj,x(tj))\ 


\f{tj,x(tj))\ 


+e n 

i—1 i<.j<.m 


\m,x(t+))\ \f(tj,x(tj~))\ 


tm I^\g(T,x(T))\ 


< 


1/(0, aOI 

O 3 


m+1 


IbllV’W J2 


( u — ti- 1)“* 1 / fii 
^ IV^-i + 1) V^2 


m+1 — i 


Q. 


E 


Ox 

O 2 


:= A , 


for all t £ J. Taking supremum over t, we have ||23x|| < A' for all x £ S. This shows that B is uniformly 
bounded on S. 

Further, we will show that B(S) is an equicontinuous set in PC(J, R). Let n,T 2 £ J with n < r 2 
and x £ S. Then we have 


I Bx(t 2 ) - Bx(t ± )\ 




/(o+ f = \ f(.u,x(4)) 


i—1 i<j<k 

tj , x(tj) 


f(tj,x(tj)) 
f(tj,x(t +)) 


y-p <ft(x+)) f(tj,x(tj)) ra k „/„ „/■_ xx 

+ E 11 +^+5+,^+)) 


7 — 1 i<j<k 


f(ti,x{tf)) f(tj,x(tf)) 


n 


f(ti,x(ti)) 


/(«.<•) M /(*..»«?)) “ 

V" TT 1++)) /+++)) _ ™„./ T \\ 

/ y 11 JV-I ‘ i/j ../J.+ W *»/?»» ff( r l, ^Vl)) 


f(tj,x(tj)) 

f{tj,x(tj)) 


7=1 7<j <n 


/(A,a;(t+)) f(tj,x(tf)) 
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for some n < k, n,k £ {0,1,2,..., m}. Further 


\Bx{t 2 ) - Bx(ti)\ = 


< 


I tJq k k g(T 2 ,x(T 2 )) - tj^giruxin)) 
(r 2 - t k ) a » (n - 


r qk ( oi k + i) (a k + 1) 


o, 


independent of x € S as n — > r 2 . This shows that B(S) is an equicontinuous set in PC(J, R). Therefore, 
it follows by the Arzela-Ascoli theorem that B is a completely continuous operator on S. 


Step 3. The hypothesis (c) of Lemma 2.9 is satisfied. 

Let x £ PC(J , R) and y £ S be arbitrary elements such that x = AxBy. Then we have 


\x(t)\ 

< \Ax(t)\\By(t)\ 






+e n 


+++)) j _ \f{tj,y(tj))\ 

\f(tj,y(t+))\ 


*=i %<j<k L i >>\ 


/of + -tt 2/(**))i . y' tt ^.,1 v(t)) Amm)\ 


+e n 

i = 1 


i— 1 i<~j <m 

lv , i(w(*i))l l/(+y+))l . tT 


< fii 


ImI 


fi 


fii 


1/(0, M) I V^2 


“3 / ^1 

oT 2-^ \ oT 


m+l , \ ai _i /ON m + 1_i 

llPlWr) E T n ( s 

^qi-AOt-i-1 + 1) \Ll 


a 


f h 


Taking supremum over t, we have 

\/i\ ( fii 


< fii 


fi. 


1/(0, fl)\ V^2 


fii 


m+l 

•)E 


(ti - U- i) ai - 


r^+aj-i + 1) 


fii 


m+l— i 


“3 \ ' / “i 

+ n:2^ \ o: 


fi? 


< r. 


Thus we deduce that x £ S. 


Step 4. We show that the condition (d) of Lemma 2.9 holds. 
As 


M = 


< 


l|B(S)ll 



(U - L - +- 1 

(Cti - 1 + 1) 



m+l— £ 


fi.s>+/fiiy"'E 

;* 


therefore, by (Hf), we have (5M < 1 with S = ||<^||. 

Thus all the conditions of Lemma 2.9 are satisfied and hence the operator equation x = AxBx has 
a solution in S. In consequence, we infer that the problem (1) has a solution on J. This completes the 
proof. □ 
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Example 3.2 Consider the following impulsive hybrid fractional quantum difference equation with ini- 
tial condition 


< 


k 2 +2k+l 
C k 2 +2k+3 
tk ^ fc 2 +3fc + l 
2fc 2 +3fc+2 


x(t) 

1 + sin 2 t 

( x 2 (t) e \ 

|®(t)|+30 , 1 (. 1 + 

_ \x{t) +35 “ r 25 V 2/ 

2(i + 5) 1 

U(l + I*(i)|) + 2 J 


t G [0, 3/2] \ {ti, . . . ,t 5 }, 


A x(t k ) 


\x{t k )\ + 1 
( k + l)(|a;(tfc)| + 2) 



k = l,..., 5, 


a;(0) = 


1 

3' 


(16) 


Here oik = ( k 2 + 2 k + 1 )/(fc 2 + 2 k + 3), qk = (fc 2 + 3fc + l)/(2 k 2 + 3fc + 2), fc = 0,1,..., 5, tk = k/ 4, 
k = 1,2,..., 5, to = 5, T = 3/2, p = 1/3, f{t,x) = ((jar| + 30)/(|x| +35)) + (l/25)(t — (1/2)) 2 and 
g(t,x) = ((1 + sin 2 f)/(2(f + 5)))((x 2 /(4(l + |x|))) + {e~^/2)). With the given values, we find that 
fii = 26/25, fU = 6/7. Also, we have 


\f{t,x) - f(t,y) | < 



y\, \g{t,x)\ < 


1 

t + 5 



, Wk{x)\ < 


1 

(fc+i )’ 


fc = 1 , 2 ,..., 5 . 


Clearly ||0|| = 1/245, fl 3 = 1/2, ||p|| = 1/5 and ^>(|x|) = (|x|/4) + (1/2). Hence, there exists a constant 
r such that 6.611569689 < r < 1092.541483 satisfying {Hffj. Thus all the conditions of Theorem 3.1 
are satisfied. Therefore, the conclusion of Theorem 3.1 implies that the problem (16) has at least one 
solution on [0, 3/2]. 
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A FIXED POINT ALTERNATIVE TO THE STABILITY OF A 
QUADRATIC a-FUNCTIONAL EQUATION IN FUZZY BANACH SPACES 

CHOONKIL PARK, JUNG RYE LEE*, AND DONG YUN SHIN* 


Abstract. In this paper, we solve the following quadratic a-functional equation 

N (2f(x) + 2/(j/) - f(x + y)- a~ 2 f(a(x - y)), t ) > - — * (0.1) 

in fuzzy normed spaces, where p is a fixed real number with a -1 ^ ±\/3. 

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic a- 
functional equation (0.1) in fuzzy Banach spaces. 


1. Introduction and preliminaries 

Katsaras [22] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view [13, 26, 51]. In particular, Bag and Samanta [2], following Cheng and 
Mordeson [9] , gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric 
is of Kramosil and Michalek type [25]. They established a decomposition theorem of a fuzzy 
norm into a family of crisp norms and investigated some properties of fuzzy normed spaces [3] . 

We use the definition of fuzzy normed spaces given in [2, 30, 31] to investigate the Hyers-Ulam 
stability of additive //-functional inequalities in fuzzy Banach spaces. 

Definition 1.1. [2, 30, 31, 32] Let A be a real vector space. A function N : A x R — >• [0, 1] is 
called a fuzzy norm on A if for all x, y € X and all s, t € M, 

(Ni) N(x,t ) = 0 for t < 0; 

(A 2 ) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(N 3 ) N (cx, t ) = N(x, A) if c ^ 0; 

(IV4) N(x + y,s + t ) > min {N(x,s),N(y,t)}; 

(IV5) N(x,-) is a non-decreasing function of M and lim^oo N(x, t) = 1 . 

(Nq) for x / 0, N(x, •) is continuous on M. 

The pair (A, N ) is called a fuzzy normed vector space. 

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in 
[29, 30], 

2010 Mathematics Subject Classification. Primary 46S40, 39B52, 47H10, 39B62, 26E50, 47S40. 

Key words and phrases, fuzzy Banach space; quadratic a-functional equation; fixed point method; Hyers- 
Ulam stability. 
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Definition 1.2. [2, 30, 31, 32] Let ( A , N) be a fuzzy normed vector space. A sequence {x n } in 
A is said to be convergent or converge if there exists aniel such that lim^^oo N (x n — x, t) = 1 
for all t > 0. In this case, x is called the limit of the sequence {x n } and we denote it by N- 
linin^oo x n = x. 

Definition 1.3. [2, 30, 31, 32] Let (A, IV) be a fuzzy normed vector space. A sequence { x n } 
in X is called Cauchy if for each e > 0 and each t > 0 there exists an no G N such that for all 
n > no and all p > 0, we have N{x n+P — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X — >• Y between fuzzy normed vector spaces X and Y is 
continuous at a point xq G X if for each sequence { x n } converging to x'o in X , then the 
sequence {f(x n )} converges to f(x o). If / : X — > Y is continuous at each x € X, then 
/ : X — >• Y is said to be continuous on X (see [3]). 

The stability problem of functional equations originated from a question of Ularn [50] 
concerning the stability of group homomorphisms. 

The functional equation f(x + y) = f(x) + f(y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [18] gave a 
first affirmative partial answer to the question of Ularn for Banach spaces. Hyers’ Theorem was 
generalized by Aoki [1] for additive mappings and by Th.M. Rassias [42] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Th.M. Rassias theorem 
was obtained by Gavruta [14] by replacing the unbounded Cauchy difference by a general 
control function in the spirit of Th.M. Rassias’ approach. The stability problems of several 
functional equations have been extensively investigated by a number of authors and there are 
many interesting results concerning this problem (see [8, 12, 16, 17, 19, 21, 23, 24, 27, 35, 36, 
37, 38, 39, 40, 43, 44, 45, 46, 47, 48, 49]). 

We recall a fundamental result in fixed point theory. 

Let A be a set. A function d : X x X — >• [0, oo] is called a generalized metric on X if d 
satisfies 

(1) d(x, y) = 0 if and only if x = y. 

(2) d(x, y) = d(y, x) for all x, y € A; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z € A. 

Theorem 1.4. [5, 10] Let (A, d) be a complete generalized metric space and let J : A — >• A 
be a strictly contractive mapping with Lipschitz constant L < 1. Then for each given element 
x G A, either 

d{ J n x, J n+l x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 
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(1) d(J n x, J n+1 x) < oo, Vn > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ d(J n °x,y) < oo}; 

(4) d(y,y*) < T ^ z d(y,Jy) for all y G Y. 

In 1996, G. Isac and Th.M. Rassias [20] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. By 
using fixed point methods, the stability problems of several functional equations have been 
extensively investigated by a number of authors (see [4, 6, 7, 11, 15, 29, 33, 34, 40, 41]). 

In this paper, we solve the quadratic a-functional equation (0.1) and prove the Hyers-Ulam 
stability of the quadratic a- functional equation(O.l) in fuzzy Banach spaces by using the fixed 
point method. 

Throughout this paper, assume that X is a real vector space and (Y, N) is a fuzzy Banach 
space. Assume that a is a real number with or 1 ±\J 3. 

2. Quadratic ci-functional equation (0.1) 

In this section, we prove the Hyers-Ulam stability of the quadratic a-functional equation 
(0.1) in fuzzy Banach spaces. 

We need the following lemma to prove the main results. 

We solve the quadratic a-functional equation (0.1) in vector spaces. 

Lemma 2.1. Let X and Y be vector spaces. If a mapping f : X — )• Y satisfies 

2 f(x) + 2 f(y) = f(x + y) + a~ 2 f(a{x - y)) (2.1) 

for all x, y G X, then f : X —>Y is quadratic. 

Proof. Assume that / : X — >• Y satisfies (2.1). 

Letting x = y = 0 in (2.1), we get 3/(0) = a _2 /(0). So /( 0) = 0. 

Letting y = 0 in (2.1), we get f(x) = a~ 2 f(ax) and so f(ax) = a 2 f(x) for all x G X. Thus 

2 f(x) + 2 f(y) = f(x + y) + a~ 2 f(a(x - y)) = f(x + y) + f(x - y) 

for all x, y € X, as desired. □ 

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic a-functional 
equation (2.1) in fuzzy Banach spaces. 

Theorem 2.2. Let ip : X 2 -A [0, oo) be a function such that there exists an L < 1 with 

<p(x,y) < jtp(2x,2y) 

for all x,y G X . Let f : X — >• Y be a mapping satisfying /( 0) = 0 and 

N (2 f(x) + 2 f(y) - f(x + y)~ a~ 2 f(a(x - y)),t) > ^ + * g ^ (2-2) 
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for all x,y £ X and all t > 0. Then Q(x ) := iV-lim n _ 5 . 00 4"/ ) exists for each x & X and 

defines a quadratic mapping Q : X — >• Y such that 

(4 - 4L)£ 


N{f{x) - Q(x),t) > 


(4 — 4L)f + Lip{ x, x) 


(2.3) 


/or all x & X and all t > 0. 

Proof. Letting y = x in (2.2), we get 


W(/(2x) -4/(x),i) > 


t 


(2.4) 


t + y>(x, x) 

for all x € X. 

Consider the set 

5 := {£ : X -A T} 

and introduce the generalized metric on S: 

d(g, h) = inf |/i €E M+ : N(g(x) - h(x),fj,t ) > ^ + ^ ^ , 

where, as usual, inf / = +oo. It is easy to show that (S,d) is complete (see [28, Lemma 2.1]). 
Now we consider the linear mapping J : S —>■ S such that 


Vx€X,Vf > oL 


Jg{x) := 4 g 


for all x € X. 

Let g,h € 5 be given such that d(g, h) = e. Then 

N(g(x) — h(x),et) > 
for all x € X and all t > 0. Hence 


t + (p(x, x) 

N{Jg(x) — Jh(x), Let) = N (^4g - 4h (^J , Let'j 

= n( 9 


> 


x 

2 

Lt 

4 


-h 


x \ L 


> 


-et 

4 

Lt 

4 


T+V’d’f) T + jP( x iX) 
t 


t + tp(x, x) 

for all x € X and all t > 0. So d(g, h) = e implies that d(Jg, Jh ) < Le. This means that 

d( Jg, Jh) < Ld(g , /;,) 

for all g , h € S'. 

It follows from (2.4) that 

t 


N ~ 4/ (I) - T f ) £ 


t + y>(x, x) 


for all x € X and all t > 0. So d(f, J f) < j. 
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(2.5) 


By Theorem 1.4, there exists a mapping Q : X — >• Y satisfying the following: 

(1) Q is a fixed point of J, i.e. , 

Q (|) = jQM 

for all x G X. The mapping Q is a unique fixed point of J in the set 

M = {g G S : d(f,g) < oo}. 

This implies that Q is a unique mapping satisfying (2.5) such that there exists a n G (0, oo 
satisfying 

A , U{x )-Q [x) ^t)> TT ±— ) 

for all x G X] 

(2) d(J n f , Q) — >• 0 as n — >• oo. This implies the equality 

AT- lirn A n f ( — 

n— >• oo y 2 n 

for all x G X; 

(3) d(f,Q ) < jzrpd(f, Jf), which implies the inequality 

d(/, Q) < 


= < 20*0 


4-4L 


This implies that the inequality (2.3) holds. 
By (2.2), 


N 4 " 2 / - + 2 / £ -/ 


x + y 


for all x, y G X, allt > 0 and all n € N. So 


— a 2 f [a 


x-y 


, 4 n f > 


N 4 n 2/ 


+ 2 / 


-/ 


x + y 
2 n 


— a 2 f l a 


x-y 


2 n 
471 + 4 


+ + lD ( — J L) 

L I V 2 n 5 2 n / 


^: + ^9?(x,y) 


t 

471 


= 1 for all x,y £ X and all 


for all x, y € X, all f > 0 and all n G N. Since lim n _ ) . 00 t i L „ 
t > 0, 

2Q(x) + 2Q(y) - Q(x + y) — a~ 2 Q(a(x — y)) = 0 
for all x,y € X. By Lemma 2.1, the mapping Q : X — >• Y is quadratic, as desired. 


□ 


> 


( 2 . 6 ) 


Corollary 2.3. Let 8 > 0 and let p be a real number with p > 2. Let X be a normed vector 
space with norm || • ||. Let f : X — )• Y be a mapping satisfying /( 0) = 0 and 

t. 

t + 9 (\\x\\p + \\y\\P) 

for all x, y G X and all t > 0. Then Q(x) := AT-lin^^oo 4 n /(^) exists for each x £ X and 
defines a quadratic mapping Q : X — >• Y such that 

(2 p - 4)t 


W (2/(x) + 2/(y) - /(x + y) - a 2 f{a(x - y)),t ) 


iV(/(x) - > 


(2P-4)i + 20||x||P 


/or all x & X and all t > 0. 
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Proof. The proof follows from Theorem 2.2 by taking ip(x, y ) := $(||x|| p + ||?/|| p ) for all x,y € X. 
Then we can choose L = 2 2_p , and we get the desired result. □ 


Theorem 2.4. Let ip : X 2 — >• [0, oo) be a function such that there exists an L < 1 with 

ip(x,y) < 4 Lip (J, 0 


for all x, y € X. Let f : X — >• Y be a mapping satisfying /( 0) = 0 and (2.2). Then Q(x ) := N- 
linin-^oo ^r/( 2 n x) exists /or eac/i x £ X and defines a qiLadratic mapping Q : X Y such 
that 


N (f(x) - Q(x),t) > 


(4 - 4L)t 

(4 — 4L)t + ip(x, x) 


(2.7) 


for all x £ X and all t > 0. 


Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 2.2. 

Now we consider the linear mapping J : S —>■ S such that 

Jg(x) ■= ^g{ 2x) 

for all x € X. 

It follows from (2.4) that 

N ( f(x) — -/( 2x), -A > r 

V r J 4 J - t + f(x,x) 

for all x € X and all t > 0. So d(f, J f) < \. Hence 

d{f. A ) < ^ZT4 l’ 

which implies that the inequality (2.7) holds. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 


Corollary 2.5. Let 9 > 0 and let p be a real number with 0 < p < 2. Let X be a normed 
vector space with norm || • ||. Let f : X — >• Y be a mapping satisfying /( 0) = 0 and (2.6). 
Then Q(x ) := Al-lim n _ > , 00 ^/( 2 n x) exists for each x € X and defines a quadratic mapping 
Q : X — >• Y such that 


N (f{x) - Q(x),t) > 


(4 - 2 P)t 

(4 - 2P)t + 26 \\x\\p 


for all x € X and all t > 0. 


Proof. The proof follows from Theorem 2.4 by taking ip(x, y) := 0(||x|| p + ||?/|| p ) for all x, y £ X. 
Then we can choose L = 2 P-2 , and we get the desired result. □ 
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Abstract 

Four-point boundary value problem for impulsive multi-orders fractional differential equation is stud- 
ied. The existence and uniqueness results are obtained for impulsive multi-orders fractional differential 
equation with four-point fractional boundary conditions by applying standard fixed point theorems. An 
example for the illustration of the main result is presented. 

Keywords: fractional differential equations, fixed point theorems, multi-orders, impulse. 


1 Introduction 

Impulsive differential equations have extensively been studied in the past two decades. Impulsive differential 
equations are used to describe the dynamics of processes in which sudden, discontinuous jumps occur. 
Such processes are naturally seen in harvesting, earthquakes, diseases, and so forth. Recently, fractional 
impulsive differential equations have attracted the attention of many researchers. For the general theory and 
applications of such equationswe refer the interested reader to see [1]-[18] and the references therein. 

In [8], Kosmatov considered the following two impulsive problems: 

( c D a u(t ) = / ( t,u(t )) , 1 < a < 2, t e [0, 1] \ {h,t 2 , ..;t p } , 

< c D^u (i£) - c D^u(tk) = h (u (U)) , t k e (0, 1), k= 

[ u (0) = u 0 , u' (0) = u 0 , 0 < 7 < 1, 

and 

f L D a u {t) = f(t,u ( t )) , 0 < a < 1, t £ [0, 1] \ {ti,t 2 , tp} , 

< L D^u (i£) - L D^u (tl) = I k (u (U)) , tk € (0, 1) , k = 1, 

[ I 1 ~ a u (0) = u o, 0 < 7 < a < 1. 

In [4], Feckan et al. studied the impulsive problem of the following form: 

( c D a u(t ) = f(t,u(t)), 0 < a < 1, t€ [0, l]\{t 1 ,t 2 ,...,t p } , 

S “(**) =4( u ( i fe))> G e (0, l) , k = l, 

[ u (0) = ito, 0 < 7 < a < 1. 

Wang et al. [17] obtained some existence and uniqueness results for the following impulsive multipoint frac- 
tional integral boundary value problem involving multi-orders fractional derivatives and deviating argument 

I c D%u(t) = f{t,u(t),u(0(t))), l<a k <2, t € [0,T] \{h,t 2 , , 

I Au(t fc ) = 4 (u (tl)) , A v! (t k ) = Jk(u(t k )) , t k e (0 ,T) , k = 1, 

] u (°) = ELo ( T]k ) , t k < rjk < tk+ 1, 

[ u' ( 0 ) = 0 . 
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Yukunthorn et.al. [18] studied the similar problem for multi-order Caputo-Hadamard fractional differential 
equations equipped with nonlinear integral boundary conditions. 

Motivated by the above works, in this paper, we study the existence of solutions for the four-point 
nonlocal boundary value problems of nonlinear impulsive equations of fractional order 

( c D?*u(t) = f (t,u(t) ,u' (t)), 1 +/3 < a k < 2, t £ [t k ,t k+ i ) , 

I Au(t k ) = h (u (£][:)) , Au' (t k ) = J k (v! (tj~)) , t k £ (0,T) , k = 1, 

| u (0) + hi c Dq + u (0) = <7i« ( 771 ) , 0 < r]! < t\ < T, ' 

[ u(T) + p 2 c Dt p u (T) = c 2 u (i] 2 ) , 0 < t p < r] 2 < T, 0 < ft < 1, 

where is the Caputo derivative, / : [0,T] xKxK-»Risa continuous function, I kl J k ■ R — > K, 
Aii ( t k ) = u (t£) — u [t] 7) , Ait' (tk) = u' (t£) — u' ( t , u (t^) and u [t] ~) represent the right hand limit 

and the left hand limit of the function u ( t ) at t = t k ; and the sequence {t k } satisfies that 0 = to < t± < ... < 

tp < tp-\. i = T . 

To the best of our knowledge, there is no paper that consider the four-point impulsive boundary value 
problem involving nonlinear differential equations of fractional order (1). The main difficulty of this problem 
is that the corresponding integral equation is very complex because of the impulse effects. In this paper, we 
study the existence and uniqueness of solutions for four-point impulsive boundary value problem (1). By use 
of Banach’s fixed point theorem and Schauder’s fixed point theorem, some existence and uniqueness results 
are obtained. 


2 Preliminaries 

Let [0, T}~ = [0, T] \ {ti,t 2 , t p } and 

PC ([0, T] , M) = {x : [0, T] — > R : x (t) is continuous everywhere except for some 
t k at which x (t~£) , x (f[7 ) exist and x (t] ~) = x ( t k ) , k = 1, ...,p} , 


and 


PC 1 ([0, T ] , R) = {x € PC ([0, T \ , R) : x' ( t ) is continuous everywhere except for some 
t k at which x' (t£) ,x' (t] ~) exist and x' (t] 7) = x' (t k ) , k = 1, ...,p} . 


PC ([0, T] ,R) and PC 1 ([0, T] , R) are Banach spaces with the norms ||a;||p C = sup{|x(t)| : t £ [0, T]} and 
ll^llpc 1 = max {ll a: llpc > \\x'\\p C } > respectively. Let X = PC 1 ([0,T] ,M)nC 2 ^[0,T] _ . A function x £ X 

is called a solution of problem (1) if it satisfies (1). 

Throughout the paper we will use the following notations. 


P = 
Aq = 

Ap = 


/ T i-p \ 

di a i uiTji a i 

T 7 J -DO — > 

1 - err p 1 - 01 p 

(1 - Cl) 1-Ci 
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F k ( y , u, v!) (t) = 1 [ {t-s) ak 1 y (s) ds 

r («fe) J tk 

+ H rf 1 ) I (ti - s)“ J “ 1_1 y («) + X] ( M (*7)) 

+ X) _ w 1 - s)“ J_1 " 2 2 / («) ds + 53 (* - tj) J j ( u> (*7)) 

j-1 ' 7 _1 2 dtj.! j = l 

Gfc (y, u, v!) (t) = r ^ (t - s) afc_/;,_1 y (s) ds 


'tk 

t l-(3 k i 

+ r (2 — / 3 ) ^ r («,•_! -i) w 
+ r( 2 -) 9 )^ Jj '^ ^)- 


( tj - s) aj 1 2 y (s) ds 


K (y, u, u') (t) = T ^ k _^ J t ( i - s )“ fc 2 d(s)ds 

+ H fr^~ -i) / “ S )“ J “ 1-2 y ( s ) ds + ]C K (* 7 )) • 

j=l 1 7 1 1 *7 1 j — 1 j=l 

Lemma 1 Lei y € C[0,T]. 7 l function u £ PC 1 [0,T] is a solution of the boundary value problem 

C A“*>(i) =y(t), 1 + P < a k < 2 , t £ [0,T]\{t 1 ,t 2 ,...,tp}, 

Au (t k ) = I k (u (tf)) , Au' (t k ) = J k {y! (tf)) , i fc € (0, T) , k = 1, 
u (0) + yi c D q + u (0) = (Tiu (771) , 0 < 771 < G < T, 

u (T) + p 2 C Dt u (T) = cr 2 u (r} 2 ) = a 2 u (r} 2 ) , 0 < t p < rj 2 < T, 0 < ft < 1, 


if and only if 


u ( t ) = F fc (y, u) (f) + gl F 0 (y, u) (m) 

1 - d 


(Jl / (Tl 7 ?l 


+ 


p V 1 - CT i 

CT 2 (1 - CTi) ( (Tl?7l 


P 


+ t) F 0 ( y,u ) (771) 

+ t] F p (y,u) (772) 


1 - CT | 


(1 - CTi) / ( 7177 ! 


P \l-CTl 


+ i F p (y, u) (T) 


P 2 (1 - <Ti) / CTi 77 ! 


1 ~ CT| 


+ i G p {y,u) (T). 


Proof. Suppose that it is a solution of ( 2 ). For 0 < t < ti, we have 

u (t) = I^y (t) - C! - c 2 t = J (t - s ) 010 ^ 1 y (s) ds - C! - c 2 t, c k ,c 2 £ 
Then differentiating ( 4 ), we get 


(t) = J 0 {t ~ sr ~ P ~ 1 y (s) ds - C2 W^P) 

u ' ^ = r ( oo- 1) Jo s ) Q °~ 2 v ^ ds - ° 2 - 


t l-p 


(2) 


( 3 ) 


(4) 
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If t\ < t < t 2 , then for some di, d 2 G R, we have 


1 /■* 

U (t) = — — T / (t- sr - 1 y (s) ds-di - d 2 (t - ti) , 
r (cki) j tl 

u' (: t ) = ^ J t (t- S ) ai ~ 2 y ( S ) - d 2, 


Df +U (t) = 


r («! - /?) 


[ (t s) ai ^ 1 y(s)ds-d 2] 1 
hi 


Thus 


In view of 
we find that 


T (2 — /3) ' 

u (t]~) = 1 [ (ti - s ) 010-1 y (s) ds - c ± - c 2 h, u(tf)=-d$ 

1 V a 0j Jo 

^ («r) = r^ 1 - 1) J Q (ti - s ) a °~ 2 y (s) ds - c 2 , u! (tf ) = —d 2 . 

u (tt) - u (ti) = h (u(ti)) , u' (tf) - u' (tr) = J i K (*r)) ’ 

r 1 1 

■ / (<1 - s)" 0 ^ 1 y (s) ds + /i (u (^)) - Cl - c 2 ti, 

Jo 

r ( ao _ i) J Q t * 1 - s ) “°” 2 2 / ( s ) ds + Jl K (*D) - c 2- 


—di — 


-d 2 = 


1 

fw 

1 


Hence we obtain for t\ < t < t 2 


(0 = r(ai) J t ( i -' s )“ 1 ” 1 y( s ) ds 

+ f7oo)i) ^ -s) ao “ 1 2/(s)^ + / i (w(<r)) 

[ (ti - s)“ 0-2 y (s) ds + (t - H) Jl («' (^)) 
Jo 


+ (f - !l) r>r- 1) J„ 

- Cl - C 2 t, ti < t < t 2 . 
In a similar way, for k = 1, 2, ...,p we can obtain 


^ rti 


(0 = p 7 — T / (t-s) afc 1 2/0)ds + ^] r / 1 1 y (s) Js + ^ J,- (m )) 

V k) J tk j=l — 1 / j_i 

+ 53 - 4 i) w- 1 _ , [ (tj ~ s)^- 1 - 2 y (s) ds + J2(t- tj ) Jj («' (*7)) 

,-=i 1 W- 1 Jtj-J i=l 


7=1 

Ci C2^ 5 tk <C £ ^fc+1* 


Moreover, 


C < u{t) = 0 t - sr - ,, - 1 v {s)ds 


t 1 -? * l r*> 

r(2-/3)^r(a J _i-i)4_ 

H-/3 A f l ~P 

U2^W) 5 J) ( “' ( ' J)) “ C2 r(2^« ■ 


(tj - s) a " 1 2 y (s) ds 
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Now applying the boundary conditions 

u (0) + Mi C Dq +u(0) = (J\U ( 771 ) , 0 < Mi < ti < T, 
u ( T ) + M 2 °Dt p u ( T ) = <t 2 w (^ 2 ) , 0 < t p < 772 < T, 0 < /? < 1, 


we get 


-ci = aiF 0 (y, u, u!) (mi) - crid - c 2 aiMi, 

J.1-M 

(y, it, u') (T) - ci - c 2 T + M 2 G p (y, u) (T) - At 2 C 2 r ^_^ = ct 2 F p (y, u, 1 /) (M 2 ) • 

Solving this system for ci, c 2 and inserting these values into (5) we get 

u ( t ) = F*, (y, it, u') (f) + ai Fb (y, u, u') (mi) - c 2 f ^ 

1-cti \1-cti J 

= F k (y, u, u') (t) + gl F 0 (y, u, u') (mi) ~ — ( + t) F o (y, u, u') (mi) 

1-CTl P V 1 ~ <7i / 

(72 (1 - CTi) ( (71 Ml ..L, /w 1 

h r U K, (y, u, u ) (M 2 ) 

p V 1 - °i / 

(1 - CTl) ( fTlMl 

1- t ) F p (y, u, u ) T) 

p V 1 — 01 J 

M2 (1 - CTl) / (TiMl , ,x 

z +t)G p (y, u, u ) (T) . 

P V 1 cti ) 

Conversely, assume that u is a solution of the impulsive fractional integral equation (3). Then by a direct 
computation, it follows that the solution given by (3) satisfies (2). This completes the proof. ■ 


3 Existence and Uniqueness 

In the sequel, we assume that 

(Ai) / : [0, T] x K x R -» R is continuous function and such that 

\f(t,x,xx) - f (t, y, yi) | < If (|x - y| + |aq - yi|) , If > 0, 0 < t < T, x,y,x 1 ,y 1 € R. 

(A 2 ) Ik, Jk : R — > R are continuous functions and satisfy 
14 (x) - Ik (y)| <h\x-y\, 

I Jk (x) - Jk (y)l < h \x - y \ , h > 0, Z 2 > 0, 0 < t < T, x,y e R. 


For convenience, we will give some notations: 


T* = max {T ak : 0 < k < p} , F* = min {F (a k ) : 0 < k < p} , 




{tj - tj-xY 

r (ocj — 1 + 1 ) 


■> A 2 = E 


( T - tj) (tj - tj-iY 


Aq = 


3=1 V ' 3=1 

— (3 P ( x x \ a i — 1~ 1 




(tj - tj- 1 ) 


F (2-/3) 2 ^ r(aj-i) 


, A 4 = E 


F ( a j-i) 

(tj ~ tj-iY 


j = 1 


r (aj_i) 
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Jl* 

A f := If pr + i/ A i + Z/A 2 + ph + hpT, 

A G := ^f ; ' + Z/Al r(2- ) 9) + Zz:p r (2 — /?) ’ 

Jl* 

A-F' := i/ pT + i/ A 4 + l2P- 

Lemma 2 Ffc (f,u,u') and G k ( f,u,u ') are Lipschitzian operators. 

\F k ( f,u,u ') - F fc (/,v,t/)| < Af ||«- u|| PC i , iF fc > 0, 

|Gfc (/,«, «') - Gk (f,v,v')\ < A g ||w - v|| PC1 .j L Gk > 0, «,»£ PC 1 ([0, T] 

Proof. For u, v € PC 1 ([0, T ] , R), we have 

I F k ( f,u,u ') (f) - F fc (f,v,v') (t) | 


< 


r(a fc ) 


/ (t-s) ak 1 1/ (s, u (s) , u' (s)) — f (s,v (s) , 1 / (s))| ds 

(tj - s)^- 1 " 1 |/(s,u(s),u' (s)) - f(s,v(s),v' (s))\ds 


k r t 

£ 1 f 


j=i 


r (aj-i) 


+ EIM U (*i))- J j( w (*j))l 

i=i 


E 


( t-tj ) 


k 

+ E (* - *j) I ( u ' (E) - j j («' (*j))l 


1 2 |/(s,u(s) (s)) - f(s,v(s) ,v' (s))| ds 


i=i 


< J t ~ s )“ fc 1 d u ( s ) _ v ( s )l + l u ' ( s ) - ^ ( s )l) 

+ i/Er7£" — i [ ~ s ) ai ~ 1 ~ 1 ( \u(s) -v(s)\ + \u' {s)-v r (s)\)ds 

1 W-i) . 

k ^ 1 

+iiEI M fe 7 ) - tj fe 7 )l+ z /E r(a ._ 1 _i ) 

j=i i=i ' 3 


x f (tj-s) a3 1 2 (| , u(s) u (s) | -}- | v! (s) v r (s) | ) ds 

■It 3-1 
k 

+ h E (* - h ) K (* 7 ) - u ' (* 7 ) I 

i = 1 

< A f ||w-w|| pc1 . 
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Similarly, 


I G k (/, u, u') (t) - G k (/, v, v') (t)| 


< 


Jt ( t - s ) ak 13 1 1/ (s,u(s) ,u' (s)) - / (s,v(s) ,v' (s))\ds 


r (a k - , 

+ — 1 TT / “ s ) aj “ 1_2 l/( s ’ u ( s )- u/ (s))~ f(s,v(s),v’ (s))\ds 

. , (T~t k ) ak - p , T 1_/3 ^ T 1_/3 , 

- I Z/ r(a fc -/3 + l) + ^(2-/3) ^ T>“y) + r (2-/3) 2 I l|M ~ V{lpcl 

< A g \\u-v \\ pc1 . 

Also, we have 

l-Pfc (/,«,«') W --ffc (/,«,«') (*)l < a .f' Ik-vllpci • 


In view of Lemma 1 we define an operator 0 : X — » X by 


where 


Let 


(0u) (t) = F k (/, u) (f) - (A 0 - B 0 t ) B 0 (/, u) (??i) 

+ cr 2 (A p + B p t) F p (/, u) ( 772 ) - (A p + Bpt) F p (/, u) (T) 
— /i 2 (A p + B p t) G p ( f,u ) (T) , 


A 0 = 

Ap 


' 01 0 i??i 01 

T 7 ) -D 0 — , 

1-01 p 1-01 p 

(1 - 0i ) < 7 \ 7 }\ 1-01 

P 1-0-1 P 


A e := max{A F , A G , A F /} . 


Theorem 3 Suppose that the assumption (A\), ( A 2 ) are satisfied. If 


A :— Aq nrax{(l + | A 0 | + |B 0 | T + ( 1 02 1 + |/x 2 | + 1) (|A p | + \B p \ T)) 

, (1 + | -Bo I + (1^2 1 + \P2\ + 1) |Bp|)} < 1, 

then the boundary value problem (1) has a unique solution. 

Proof. Let u, v € PC 1 ([0,T] ,R) . For u,v € (t k ,t k+ i \ , k = 0, ...,p, we have 

|(0u) (t) - (0u) (t)| < | F k ( f,u,u ') (t) - B fc (f,v,v’) (t)| 

+ |A 0 - B 0 t\ |B 0 ( f,u,u ) ( 771 ) - Fq (f,v,v') (? 7 i)| 

+ |cr 2 | |Ap + Bpt| | F p ( f,u,u ') (t/ 2 ) - F p (f,v,v') (?? 2 ) | 

+ |Ap + Bpt | | F p (/, u, v!) (T) - Bp (/, w , v') (T)| 

+ \P 2 \ |Ap + Bpt 1 1 Gp ( f,u,u ') ( T ) - G p (f,v, v') (T)| 

< Ae (1 + | Aq I + |B 0 1 T + (|cr 2 | + |/i 2 | + 1) (|A P | + |B P | T)) ||u — v\\ PC1 
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Similarly, for u,v £ (tk,tk+ 1] we have 

](©«)'(*) - (0u)'(t)| < \F' k (f,u,u') (i) -F' k (f,v,v') (t)| 

+ I 1 | F 0 (f,u,u’) (i) i) - F 0 {f,v,v’) (j?i)| 

+ | | \B P \ | F p (f,u,u') (772) - F p (f,v,v') (772)1 
+ \B P \ \F p (/, u, u') ( T ) - F v (/, v, v') (T) \ 

+ M \B p \ | G p (, f,u,u ') (T) - G p (f,v,v ') (T)| 

< A e (1 + | Bo | + (|cr 2 | + |/X2 1 + 1) |B P |) ||u - v|| PC i . 

It follows that 

)|0rt — 0u 1 1 PC 1 < A ||u — i;|| p C 1 . 

Since A < 1, 0 is a contraction. According to the Banach fixed point theorem 0 has a unique fixed point, 
that is the problem (1) has a unique solution. ■ 


4 Existence 


In this section, we assume that 

(A 3 ) / : [0, T] x ffi. — » ffi. is continuous function and there exists h € C([0,T] ,R + ) such that 

|/ (t, u, i>)| < h (t) + b\ \u\ p + 62 M e , (t,u,v) e[0,T]xlx K, 0 < p, g < 1. 

(A 4 ) Ik,Jk : R. — > ffi. are continuous functions and there L 2 > 0, L 3 > 0 such that 

\I k (x)\<L 2 , \Jk(x)\<L 3 , i£l. 


For convenience, we will give some notations: 


C'i (1 + |Ao| + | Bo | T + + 1) (|A P | + |B P | T)) (pL 2 + pTL 3 ) ||/i|| 

+ M (\A P \ + \B P \T) t T ^ L 3 ||fe|| , 

C 2 := (1 + I-AqI + |B 0 | T + (|cr 2 1 + 1) (|A p | + |B p | T)) + A 3 + A 2 ^ 

+ \P2\ (|A P | + | B p | T) + A 3 ^ . 


Lemma 4 If 

R > max 1 3(71 , (3&iC' 2 ) t ^ ? , , 

then 0 maps B(0, B) := {it £ PC 1 ([0,T] , R) : ||u||p C i < B} into itself. 
Proof. Assume that 

R > max |3Ci, . 

Then for t £ (tk,tk+ 1] , k = 0, ...,p, we have 
I F k (, f,u,u ') (f)| 


< 


r(a fc ) 


[ (t s) afc 1 |/ (s, 71 (s) , (s))| ds 

Jtk 


+ J2rT~ — \[ 1 |/(s,w(s),u / (s))|ds + ^|/ j (u(t j ))| 

7=1 1 W-D Jtj - 1 7=1 


3 = 
k 


+ ^- 1 ) / 1 2 |/( s ’ u (s),M , (s))|<is + ^(t-t J )|J,(77 / (t J ))|, 

7=1 1 ' • J _1 ' Jt i - 1 7=1 
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I F k ( f,u,u ') (f)| 


< 


r («fc) 


Jtk 


otk - 1 


E 




(tj 


(h ( s ) + bi \u (s)| p + b 2 | u! (s)| e ) ds 
- sf^~ l (h (s) + bi |u (s)| p + b 2 | u' (s)| e ) ds 


+ EI J 7 ( u (*j))l 


7 = 1 

+ EfT — t ^T\ l “ s)“ 3-1 ” 2 {h(s) +b 1 \u{s)\ p + b 2 \v(s)\ e )ds 

~i 1 W-i - Jtj - 1 

k 

~E (/ l J i ( u (^))l 

7 = 1 


T'&k 

< rK + i) (M + &ilHl p + &2lKll g ) 

+ E ^r 7 J 1 ! 1 'i (Ill'll + ^1 ll U l| P + ^2 NlT) + N 2 

+ E ' lj ] ( ,j on + 6i ni p + k Nin +ptl 3 

J=1 1 l a 7-lJ 

< + Ai + A 2 ^ (\\h\\ + h ||u|| p + b 2 Hu'f) + pL 2 +pTL 3 , 


r pa. k -0 

i o k &,,«,«') mi < rK _ /j+1) (im + o ii«r +ij iio'ii*) 

+ (w + tl wr + i2 Ml*) 

“ (n + ^ 3 ) + ^ + + p (2 _ p^3, 


t l-0 

r (2 — /?) 


£.3 


l-Ffc (y,u,u r ) (t) | < 


r ON ~r; r ( a 7-i) y 


(ii/ l ii+6 1 iHr+6 2 iKir) 


+ -N 


It follows that 


l(e«) (t)l < (1 + Nol + |So|T+ (Nl + 1) (|A P | + \B P \ T)) 

x ^^t+Ai+A 2 ^ (\\h\\ +b 1 \\u\\ p + b 2 \\u\\ e ) +pL 2 +pTL 3 S j 

+ IN (I-Apl + \B p \ T) + A 3 ^ (||/i|| + bi ||n|| p + b 2 ||u'f) + p 

<c,+c 2 bl \\ur +c 2 b 2 \\ur , 
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and 


((©it)' (t) | < ^ ^ 3 ^ (ion + h nr + o \\u'\\ e ) + ^3 

+ (|B„| + |cr 2 1 | -Bp | + |Bp|) + Ai + A 2 ^j (||ft|| + bi ||«r + O ||w / || u ) + pL 2 + pTL 3 

+ ImI I B p I + A 3 ^ (\\h\\ + bi ||«r + O ||4|| e ) + p^ 9 _ ^B 3 

< Ci + C 2 b\ ||tt|| p + C 2 b 2 ||u , || e • 

Thus 

II (©0 || PC i < Ci + C 2 biR p + C 2 b 2 R e < — + — + — = R. 


Theorem 5 Assume that the conditions (A 3 ) and (A±) are satisfied. Then the problem (1) has at least one 
solution. 


Proof. Firstly, we prove that 0: PC 1 ([0,T] , R) — > PC 1 ([0,T] , R) is completely continuous operator. It is 
clear that, the continuity of functions /, 4and <4 implies the continuity of the operator 0. 

Let Vl C PC 1 ([0,T] , R) be bounded. Then there exist positive constants such that 

\f(t,u,u')\<L 1 , |4 (u)| <I/ 2 , |4 0)1 <-^3, 


for all u £ f2. Thus, for any u £ fl,we have 


Similarly, 

It follows that 
In a like manner, 

It follows that 


F k (f,u,u ) 
Gfc (/,u,u) (t) 


rj-i* 

— Bi ( + Ai + A 2 ) + pL 2 + L 3 pT, 


J~<* — —(3 

< Li ^ + Lv Ai r(2 _ /3) + r (2-/3) pL3 - 


|(0u) (f)| < Aq ( constant). 


K (■/>,«) (t) 


rj- 

— Bi ( — + A 4 ) + L 3 p. 


(Qu) (t) 


rjn* 

^ Bi ( — + A 4 


C 3 p 


+ (Oo| + |cr 2 1 |Pp| + |Bp|) Ap + | M2 1 |Bp| Aq — : Aq 


Thus 


II © u II pc 1 — = constant. 

On the other hand, for n , r 2 £ [4,4+ 1 ] with n < r 2 and we have 

|(0u)(ri) - (0w)r 2 | < 


rT 2 

(00 0) 

1 n 
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Similarly 

(0u) (t 2 ) - (0u) (n) < n 0 (r 2 - Ti), 

where IIq is a constant. This implies that Ou is equicontinuous on all ( tj . , tk+ 1 ], fc = 0, 1, ...,p. Consequently, 
Arzela-Ascoli theorem ensures us that the operator 0 is a completely continuous operator and by Lemma 4 
0: B(0,R) — > B(0,R). Hence, we conclude that 0: R(0, i?) — > B(0,R) is completely continuous. It follows 
from the Schauder fixed point theorem that 0has at least one fixed point. That is problem (1) has at least 
one solution. ■ 

Example 1. For p = 1, t\ = T = 1, /3 = pi = 2, ui = |, p- 2 = 3, <Ji = ip = §, r? 2 = |, a 0 = 
|, a*, = |, we consider the following impulsive multi-orders fractional differential equation: 


It is clear that 


c: A?«W = m cos u(t) + |J ( ")|+1 00 + 1 
Auj 1 )- l u tyl (I) - -KillL 

u (0) + 2 c D 0 +u (0) = hi f" 
u (1) + 2 c D 0 +u (1) = ji 


0 < t < 1 , f 7 ^ T 


( 6 ) 


|/ (t, a:, a?i) - / (t,y,yi)\ < 0.02 (|x - y\ + \xi - yi \) , 0 < t < 1, x,y,x\,y\ e M. 

One can easily calculate that 

A = 0.2178 < 1. 

Therefore, all the assumptions of Theorem 3 hold. Thus, by Theorem 3, the impulsive multi-orders fractional 
boundary value problem (6) has a unique solution on [0, 1], 
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Convergence of modification of the 
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Abstract. In this paper, we introduce a new modification of Kantorovich- type 
Bernstein-Schurer operators K* (f\x) based on the concept of g-integers. We 
investigate statistical approximation properties, establish a local approximation theo- 
rem, give a convergence theorem for the Lipschitz continuous functions and obtain a 
Voronovskaja-type theorem. Furthermore, we also give some illustrative graphics and 
some numerical examples for comparisons for the convergence of operators to some 
function. 
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convergence, rate of convergence, Lipschitz continuous functions. 


1 Introduction 

In 2015, Agrawal, Finta and Kumar [1] introduced a new Kantorovich-type general- 
ization of the g-Bernstein-Schurer operators, they gave the basic convergence theorem, 
obtained the local direct results, estimated the rate of convergence and so on. The oper- 
ators are defined as 

[fc+l]q 


n+p 


K n , P ,q{f\x ) = [n+l] q ^2b n+Ptk (q-x)q k )<^ f(t)d*t, 

/ n J t — r^n — 

where b n+Pt k(q;x) is defined by 


k = 0 


[n+l\q 


bn+p,k %) 


n + p 

k 


=(1 - 


They obtained the following lemma of the moments. 


(1) 


(2) 


"Corresponding author. 


1 
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Lemma 1.1. (See [1], Lemma 2.1) The following equalities hold 


dL n ,p,q{ 1; x) — 1; 


d^n,p,q(f j *e) — 


-X + 


K 


n,p,q 


(t 2 ;x) = 


2q\n + p\ Ct 

[2] g [n + l] g [2] g [n + l] g 
q 2 (1 + q + Aq 2 )[n + p\ q [n + p - l] q 2 


(3) 

(4) 


M s [n ' 


112 


, q(3 + 5q + 4q 2 )[n + p\ q ~ 

I r -.no ^ 


[2] g [3] g [n ■ 


lli 




1 




(5) 


[3 \q[ n ' 

Apparently, these operators reproduce only constant functions. In present paper, 
we will introduce a new modification of Kantorovich-type g-Bernstein-Schurer operators 
K* pq (f-,x) which will be defined in (7). The advantage of these new operators is that 
they reproduce not only constant functions but also linear functions. We will investigate 
statistical approximation properties, establish a local approximation theorem, give a con- 
vergence theorem for the Lipschitz continuous functions and obtain a Voronovskaja-type 
theorem. Furthermore, we will give some illustrative graphics and some numerical exam- 
ples for comparisons for the convergence of operators to some function. We may observe 
that the new operators K* pq (f-,x) give a better approximation to f(x) than K n>Pj q(f; x). 

Before introducing the operators, we mention certain definitions based on g-integers, 
detail can be found in [4, 5]. For any fixed real number 0 < q < 1 and each nonnegative 
integer k, we denote g-integers by [k] q , where 

f hmf 

[k]q = 


1-q 

k. 


q + l; 

q = l. 


Also g-factorial and g-binomial coefficients are defined as follows: 


[■ k \q ! = 


[/c] g [£: l] g ...[l] g , k — 1,2,...; 


1, k = 0, 

V. 

For x 6 [0, 1] and n 6 Nq, we recall that 


n 

k 


n 


<?• 


[k\q\[n-k\q\ 


(n > k > 0). 


1, 


n = 0; 


^ X)q { n"=o ~Q j x) = (i ~x)(l -qx)... (i -g n 1 x) , n=l,2,... 
The Riemann-type g-integral is defined by 

fb °° 

/ f(t)dqt = (1 - q)(h - a) Y f ( a + 0 ~ a)q J ) q > , 

Ja j = o 


( 6 ) 


where the real numbers a, b and q satisfy that 0 < a < b and 0 < q < 1. 

For / € C(I), I = [0, 1+p], p € No, q 6 (0, 1) and n £ N, we introduce the modification 
of Kantorovich-type g-Bernstein-Schurer operators as follows: 

n+p . [fc+ilg 

7k+ii. 

(7) 

/ l^iq 

k = 0 [n+1 ] q 


n+p ffc+1]^ 

K n,p,q(f ; x) = [n + l}q Y b n+p,k (?; «(*)) q~ k / f+dqt, 

l n J r.. i i i 
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where b n+p ^(q', x) is defined by (2), and 
u(x)= l 2 U n + 1 ] q x-l 


[2\ q [n + l] g 


< X < 


1 + 2 q[n + p\i 
[2]q[n + l]g 


( 8 ) 


2 q[n+p\ q 

2 Auxiliary Results 

In order to obtain the approximation properties, We need the following lemmas: 

Lemma 2.1. For the modification of Kantorovich-type q-Bernstein-Schurer operators (7), 
using lemma 1.1, by some easily computations we have 

K n,p,q(hx) = 1, 

K n,p,q( X ) 

K, P , q ( t 2 -,x ) 


= X , 


(9) 

(10) 


[2 } q (l + q + 4 q 2 ) [n + p - l] q x 2 (3 + 5 q + 4 q 2 ) x 
4 [3 \q[n + p\ q + 2[3} q [n + l\ q 

(1 + q + 4r/ 2 ) [n + p- l] q x (l + q + 4 q 2 ) [n + p - l] q 
2[3]Jn+ l) q [n + p\ q + 4[2],[3] q [n + l] 2 [n + p} q 


3 + 5 q + 4 q 2 


2[2],[3Un+l]C[3],[n+l]|' 

Remark 2.2. Let { q n } denotes a sequence such that 0 < q n < 1. Then, by Bohman and 
Korovkin Theorem, for any f 6 C(I), operators K* pq (f-,x) converge uniformly to f(x), 
if and only if lim, woo q n = 1 . 

Lemma 2.3. For the modification of Kantorovich-type q-Bernstein-Schurer operators (7), 
we have 


1 


( 11 ) 


K n,p,q(t-X-,X) = 0 , 


( 12 ) 


IC ((t-x) 2 -x) < ( g2+4g3 - 2g ~ 3 ) x2 | | (3 + 5g + 4 q 2 )x 

\v x ) > x ) — a roi ' roi r„ . ii ' oroi r„ . ii 


4[3], 


< (1 + 2 q)x (3 + 5q + Aq 2 )x 


[3] g [ra + l]qr 2[3\q[n + l} q \n + p[g 

,2> 


K 


■n,p,q 


[3]<j[n + l] q 2[3] g [n + l] 9 [n + p] q ’ 

((*-++ s 0 (|4)' 


(14) 

(15) 


Proof. By (9) and (10), we get (12). Using (10), (11) and some computations, we have 

K^q((t-x) 2 ;x) 

= K,p,q{ t2 ^ X ) ~ 2 xK n,p,q & X ) + * 2 

(q 2 + 4c/ 3 — 2q — 3) x 2 (1 + 2q)[n + p — l] q x q n+p ~ 1 (3 + 5q + 4q 2 )x 
4 [3 \q + [3\ q [n + l] q [n + p]q + 2[3} q [n + l] q [n + p] q 


< 


< 


(q 2 + 4q 3 - 2q - 3) x 2 (1 + 2 q)x (3 + 5q + Aq 2 )x 

+ t 3 ]q[n + l] q + 2[3} q [n + l] q [n + p\ q 


4[3] t 
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Indeed, using the similar method for estimate K n . p , q ((t — x) 4 ;x) in [1, P. 229], we have 
K,p, q ((t~x) 4 ;x) 

< 64 g 6 n+M (,; u(x)) ( Ji- - Jk-) 4 + 64 g 6 „ +p , t («; „(*)) < 


k = 0 
n+p 


, [n + 1 ]q [n + . 

o n +P / n k \ 4 

+s Ewfe»w ) ( FTTS ) 


[n>+p\<, 


n+p 

fc= o 

n+p 


( [*]* y 

'q n {\p\ q - !)" 

\[n+P]q) 

. l n + l }q . 


l fc l 4 |2],[n + l],x-l [2],[n+l],x-l V 
+64 ^ W(9. »(*)) f [+jTf^ - 2,[„ + !) ], + 2 9[n + P ], "J 

8 n+P / ^ \ 4 

+ R (ft+J 

< Cl ' 1 1 + 1 1 V bn+pjcjq; u(x)) ((f - u(x)) 4 ;x) 

[nJ( ? k = 0 

+512 £ W(«;«(*)) ( [ x ) + [ 4 ’ 

where u(x) is defined in (8), C\ and C 2 are some positive constants. Thus, 

K,p,q {{t-x) 4 ',x) 


<Ci .([p] 9 -i ) 4 , „ n c 3 


n 


^ + 512 rhU + 512 


n 


= Ci 


n 


-l ) 4 

12 


+512 S+ 512 


'Jg L'Uq 

where C 3 is a positive constant, lemma 2.3 is proved 


[2} q (\n) q + q n ) x - 1 - 2 q ([n] q + g n \p] q ) 
2 q[n+p\ q 

(1 + q n+1 — 2 q n+1 \p] q ) x — l " 1 
2q[n + p\ q 


x 


+ 


C 2 


n 


+ w,-° 


n 


12 > 


3 Statistical approximation properties 

In this section, we present the statistical approximation properties of the operator 

k,pM^ o- 

Let K be a subset of N, the set of all natural numbers. The density of K is defined 
by S(K) := lim n ^ Y2k=iXK(k) provided the limit exists, where xk is the characteristic 
function of K. A sequence x := {x n } is called statistically convergent to a number L if, 
for every e > 0, 5{n £ N : \x n — L\ > s} = 0. Let A := ( aj n ),j,n = 1,2, ... be an infinite 
summability matrix. For a given sequence x := {x n }, the A— transform of x, denoted by 
Ax := (( Ax)j ), is given by (Ax)j = J2kLi a jn x n provided the series converges for each 
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j . We say that A is regular if lim n (Ax)j = L whenever lirnx = L. Assume that A is a 
non-negative regular summability matrix. A sequence x = {x n } is called A-statistically 
convergent to L provided that for every e > 0, linij . Xn -L\>e a 3 n = 0- We denote this 

limit by stA — lim n x n = L. For A = C\, the Cesaro matrix of order one, A-statistical 
convergence reduces to statistical convergence. It is easy to see that every convergent 
sequence is statistically convergent but not conversely. 

We consider a sequence q := {q n } for 0 < q n < 1 satisfying 


stA ~ lim q n = 1. 
n 

If e* = t l , t G M + , i = 0, 1, 2, ... stands for the zth monomial, then we have 


(16) 


Theorem 3.1. Let A = ( a n k ) be a non-negative regular summability matrix and q := {q n } 
be a sequence satisfying (16), then for all / £ 6(1), i £ [0, 1], we have 

st a ~ I™ || K* nvq f - f\\c(i) = 0. (17) 

Proof. Obviously 


stA ~ lim \\K* . p q n (e.i) - ei\\c(i) = 0. (■ i = 0, 1) 

By (11) and (13), we have 

\ K n,p,qn( e ^ X ) ~ e 2(®)| < 


1 + 2 q n , 3 + 5 q n + 4 qf 


+ 


[3] qn [n + 1] qn 2 [3] qn [n + 1] qn [ n + p\ qn 

Now for a given e > 0, let us define the following sets: 

1 + 2 qk 


U:={k : \\K*^ qk (e 2 ) - e 2 || c(/) > e} , lh := | k : 
3 + 5 qu + 4 


[3](? fc [' n + t]q k 


£ 

> - 
~ 2 


U 2 := < k : 


> £ 

~ 2 


2 [3 k \ n + l \qM + p\q k 
Then one can see that U C U\ U I/ 2 ; so we have 

8 {k < n : \\K* pqk (e 2 ) - e 2 \\ C (i)} < S !^k < n : 


1 + 2 qk 


£ 

> - 
~ 2 


since -stA ~ lim q n = 1 , we have 

n 

1 + 2 q n 


stA ~ lim ■ 


+5 { k < n : 


= 0, stA ~ lim ■ 


[3] 9k [ n + l]?k 

3 + 5 q k + 4 ql 


2 [3]< ?fe [n + 1 ]qA n +P\q k 


> - 
~ 2 


3 + 5 q n + 4 ql 


= 0, 


(18) 


» [3] fc [n + l] fc ’ " » 2[3] fc [n + l }q n [u + p} qn 

which implies that the right-hand side of the above inequality is zero, thus we have 


stA ~ I™ \\K* npqn {e 2 ) - e 2 ||c(/) = 0. (19) 

Combining (18) and (19), theorem 3.1 follows from the Korovkin-type statistical approx- 
imation theorem established in [3], the proof is completed. □ 
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4 Local approximation properties 

Let / G C(I), endowed with the norm ||/| | = sup Tg/ \f(x)\. The Peetre’s AT— functional 
is defined by 

k 2 (f;S) = inf {\\f-g\\ + <511/11} , 

geC 2 

where 5 > 0 and C 2 = {g G C(I) : g',g" G C(I)} . By [2, p.177, Theorem 2.4], there exits 
an absolute constant C > 0 such that 

K 2 (f;6)<Cu 2 (f;V6), (20) 


where 

£*>2 (/;<*)= SU P sup \f(x + 2h) -2f(x + h) + f(x)\ 

0<h<5 x,x-\-h,x+2h£l 

is the second order modulus of smoothness of / G C(I). 

Now we give a direct local approximation theorem for the operators K* pq (f,x). 

Theorem 4.1. For q G (0, 1), x G [0, 1] and f G C(I), we have 


K n, P ,q(f ' x ) “ /(*) I ^ Cu > 2 /; 


(q 2 + 4q 3 — 2q — 3) x 2 (1 + 2 q)x (3 + 5q + 4q 2 )x 


8[3], 


2[3\ q [n + l\ q 4[3]q[n + l\ q [n + p\ q ) ’ 

( 21 ) 


where C is a positive constant. 

Proof. Let g G C 2 . By Taylor’s expansion 


g(t ) = g{x) + g'(x)(t 


x) + 



u)g"(u)du, 


and (12), we get 


K, P , q {9\ x) = g(x) + K, 


n,p,q 


(t — u)g" (u)du\ x 


Hence, by (13), we have 


< 

< 

< 

< 


K n,p,q(9',x) ~ g{x) 


K: 


n,p,q 


K 


n,p,q 


(t — u)g" (u)du-, x 


(t - u)\g"(u)\du 


K n,p,q (( t,-x) 2 ;x ) ll/H 

(q 2 + 4q 3 - 2q - 3) x 2 (1 + 2 q)x (3 + 5q + Aq 2 )x 


4[3], 


[3}q[n+l]q 2[3}q[n + l] g [n + p\ q 


ll/ll. 


( 22 ) 
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On the other hand, using lemma 2.1, we have 

n+p 


n+p !R% 

K n,p,q(f’ X ) I ^ i n + ^ bn+ P’ k (^ U ( X )) 9" k / \f(t)\dqt < \\f\\. (23) 

k= 0 [n+l\ q 


Now (22) and (23) imply 

\ K W,q(f’ X ) ~ 

< \ K n,p,q(f “ 9\ x ) ~ (/ - 0)(®)| + *) - ff(®)| 


< 2||/ -5-H + 


(g 2 + 4g 3 - 2q - 3) x 2 (1 + 2g)x (3 + 5q + 4 q 2 )x 

~f~ r^.1 r . -« l V 


4[3]qr [3 ]<j[t7 + 1] q, 2[3]<j[n + l](j[n + p\q 

Hence taking infimum on the right hand side over all j 6 C 2 , we get 


\w% 


I K* (f-x)- fix) I < 2 Ko ( f- ( q2 + Aq3 2 A 3 l/ 2 + ( 1 + 2 g) g + (3 + 5g + 4g 2 )x \ 

| ) /( )|_ 2^/, 8 [3]q 2[3]> + 1], + 4[3],[ra + !],[« + 


By (20), for every q G (0, 1), we have 

l^(/;^)-/( x )l < ^ (/ 


( q 2 + 4g 3 — 2q — 3) x 2 (1 + 2g)x (3 + 5q + 4 g 2 )x 

4” ^ r , -fi * 




2[3] 9 [ra + l] 9 4[3\ q [n + l\ q [n + p\ q 


This completes the proof of theorem 4.1. 


□ 


Remark 4.2. For any fixed x G [0,1], p G No and n G N, let q := {q n } be a sequence 
satisfying 0 < q n < 1 and lim n q n = 1, we have 


lim 

n— >oo 


(Qn + 4 9» - 2c tn - 3) x 2 (1 + 2 q n )x 
8[3] 9 „ 2[3],Jn + l] ? „ 


(3 + 5 q n + 4g 2 )x 

4 [3] g „[n + l] qn [n + p\q n 


These gives us a rate of pointwise convergence of the operators K* p qn (/; x) to /(x). 

Next we study the rate of convergence of the operators K* pq (f]x) with the help of 
functions of Lipschitz class Lip+fia), where M > 0 and 0 < a < 1. A function / belongs 
to LipM(ct) if 

\f(y)-f(x)\<M\y-x\ a (y, x G R). (24) 

We have the following theorem. 


Theorem 4.3. Let q := {g n } be a sequence satisfying 0 < q n < 1, lim q n = 1 and f G 

n 

LipM(oi), 0 < a < 1. Then we have 


K^ q {f-x)-f{x)\ <M 


(q 2 + 4g 3 — 2g — 3) x 2 (1 + 2g)x (3 + 5q + 4g 2 )x 
4 [3] q [3] 9 [n+l]q 2[3]q[n + l]q[n + p\q 

(25) 
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Proof. Since K* p q is a linear positive operator and / € LipM+) (0 < a < 1), we have 

\ K n,p, g (f; x ) ~ /(A) I 

< K, P , q (\f(t) ~ f(x)\;x) 

n+p [fc+l|g 

= [n + l] q ^2 b n+p,k{q-,u(x))q- k / \f(t) - f{x)\d*t 

7„ J r„ .-.n — 


k = 0 
n+p 


[n+l\q 

, [fc+l]g 


< 


[n+l] q 


I y n J: 12. 

M[n + 1 ] q 22 b n+p,k{q ; u (x))q~ k / 19 |f - x\ a dft 

k = 0 ^ ' 7 9 

n+p 

< M[n + 1 ] q 22 b n+p,k(q ; Tt(x))(? 
k=0 
n+p 

= M[n + l] g ^ b n+p +q ; w(x))g 


-fc 




k=0 

n+p 

A7 ^ ( b n +p,k(q i Tt(.T)) 
k=0 

n+p 


[fc+rlg \ 

1 [n+lln 2 D 

[It — xH “ dft 

Wg U ' J q 

[ro+i]q y 

[fc+l]q \ + 

[™ + l]g \P .R \ 

(t. — xYd„t 
Mg V 9 / 

[^+l]q / 


[fc+r] g \ 

/ ln+1]9 dft 

I [k]q 1 

/ 

2 -a 
2 


2-a 

2 


[n + l]c 


, [fc+l]g ^ 

[ n +l]g , >9 ,d 

(t — x) 2 d+'t 

[k]q V ' 9 

n+1 ]q ) 


[n + + 


n+p / fc+ilg 

AT [6n+p,fc(^; tt(®))] ^ I [n + l]g6n+p,fc(g; M(.T))g' fc / 19 (t - z) 2 df t 

k = 0 V [n+l]qr 


Applying Holder’s inequality for sums, we obtain 


I K n,p,qif' X ) ~ fi x ) I 


/n+p 


2-a 

2 (n+p 


[fc+l]q 


< Af ( 22 bn+p+q ; It(x)) ( + l] ? 6 n + P ,fc(g; u(x))g / !" + 19 7 - xfd^t 


\k = 0 

= M[A7 l)M ((t-x) 2 ;x)] : 
Thus, theorem 4.3 is proved. 


\k = 0 


UAq 

[n+l]q 


□ 


Now, we give a Voronovskaja-type asymptotic formula for K* p q (f; x) by means of the 
second and fourth central moments. 


Theorem 4.4. Let q := {q n } be a sequence satisfying 0 < q n < 1, lim n q n = 1. For 
f G C 2 (I), (f(x) is a twice differentiable function in I ), the following equality holds 

r j™ o N? *) - fix)) = YY X ' ( 26 ) 

Proof. Let x € [0, 1] be fixed. By the Taylor formula, we may write 

fit) = fix) + fi x ){t -x) + \f"ix)it - xf + r(t; x){t - x) 2 , (27) 


1268 


Qing-Bo Cai et al 1261-1272 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


CONVERGENCE OF MODIFICATION OF THE KANTOROVICH-TYPE 
g-BERNSTEIN-SCHURER OPERATORS 


where r(t',x) is the Peano form of the remainder, r(t\x ) E C(I), using L’Hopital’s rule, 
we have 


limr(f;x) = lim 


f(t ) - fix) - fix) it -x)- \ f"ix){t - xf 


t — Yx 


t — yx 


(t - xf 


t—tx 2{t — X) t^rX 2 

Since (12), applying K* pq {f;x) to (27), we obtain 

Hg iK* npq if- x) - fix)) = ^ [n] q f"ix)Kl pq ({t - x) 2 ; x) + [n\ q K* pq (r(t; x)(t - x) 2 ; x) . 

By the Cauchy-Schwarz inequality, we have 

K n, P ,q (r(i;x)(t-x) 2 ;x) < y/ {r 2 (t]xfx)^K* pq ((f - x) 4 ;x). (28) 

Since r 2 (x; x) = 0, then it is obtained easily that lim n K n ^ pA ( r 2 (t ; x); x) = ? ,2 (x; x) = 0 by 
remark 2.2. Now, from (15), (28) and (14), we get immediately 

lim [n] q K* (r(t; x)(t - x) 2 ; x) = 0, lim \[n\ q f"ix)K* ((t-x) 2 ;x) = ^—^x. 

7— Vrvo v 7 n—>oo Z y H ' 


n — ^oo 

Thus, theorem 4.4 is proved. 


□ 



Figure 1: Convergence of K* (f\ x) for n = 50, p = 1 and different values of q. 


1269 


Qing-Bo Cai et al 1261-1272 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Q. -B. CAI AND G. ZHOU 



x (for p = 1, q = 0.9) 


Figure 2: Convergence of K* (f\x) for p = 1, q = 0.9 and different values of n. 



Figure 3: The graphs of K* x) (red) and K n>Ptq (f-,x) (blue) for n = 10, p = 1 and q = 0.9. 
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Figure 4: The graphs of K* (f; x) (red) and K n ^ q {f\x) (blue) for n = 50, p = 1 and q = 0.99. 

5 Graphical and numerical examples analysis 

In this section, we give several graphs and numerical examples to show the convergence 
of K* pq (f;x) to f(x) with different values of n and q. and also compare the operators 
K n,p,q(f : x ) with K n,p,q(f'i X )‘ 

Let f{x) = 1 — cos{ 4e x ), for n = 50 and p = 1, the graphs of K* pq (f ; x) with different 
values of q are shown in figure 1. Moreover, for p = 1 and q = 0.9, the graphs of K* pq (f-, x) 
with different values of n are shown in figure 2. 

Figure 3 shows the graphs of K* pq (f ; x) (red) and K n , [qq {f\ x) (blue) for n = 10, p = 1 
and q = 0.9. In figure 4, the values of n and q are replaced by 50 and 0.99, respectively. 

In Table 1, we give the errors of the approximation to f(x) of K* {f ; x) and K njJtq (f-. x) 
with different values of q and n. We may observe that operators K* pq (f ; x) give a better 
estimate than K njPiq (f;x). 
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Table 1: The errors of the approximation to /( x) of K* (f-, x) and K ntPtq (f-,x). 


q = 1 — 1 /m 

II f-K 

n = 10 

lloo 

n = 50 

II f~Kr, 

n = 10 

||oo 

71 = 50 

771 = 100 

0.4890 

0.1318 

0.5628 

0.1587 

771 = 200 

0.4856 

0.1201 

0.5638 

0.1471 

771 = 300 

0.4844 

0.1163 

0.5642 

0.1436 

771 = 400 

0.4838 

0.1145 

0.5645 

0.1419 

771 = 500 

0.4835 

0.1134 

0.5646 

0.1409 

771 = 600 

0.4832 

0.1126 

0.5647 

0.1402 

771 = 700 

0.4831 

0.1121 

0.5648 

0.1397 

771 = 800 

0.4829 

0.1117 

0.5648 

0.1394 

771 = 900 

0.4829 

0.1114 

0.5649 

0.1391 

m = 1000 

0.4828 

0.1112 

0.5649 

0.1389 
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BARNES-TYPE DEGENERATE BERNOULLI AND EULER 
MIXED-TYPE POLYNOMIALS 

TAEKYUN KIM, DAE SAN KIM, HYUCKIN KWON, AND TOUFIK MANSOUR 


Abstract. In this paper, we consider the Barnes-type degenerate Bernoulli and Euler 
mixed-type polynomials. We present several explicit formulas and recurrence relations 
for these polynomials. Also, we establish a connection between our polynomials and 
several known families of polynomials. 


1. Introduction 


The goals of this paper are to use umbral calculus to obtain several new and interesting 
identities of Barnes-type degenerate Bernoulli and Euler mixed-type polynomials. The 
use of umbral calculus technique has been very attractive in numerous problems of math- 
ematics (for example, see [1,6,8,14,18-21,24]) and used in different areas of physics (for 
example, see [4,5,19]). 


Let r, s € Z>o- Throughout the paper we assume that & = ai, ... ,a r and b = bi, 62 , • • • , b s . 
The Barnes-type degenerate Bernoulli and Euler mixed-type polynomials (3£ n (\, x|a; b) 
with ai, i . . , a r ; bi , . . . , b s / 0 are defined by the generating function 


m n 


^ V (1 + A t) a i/ x + A t) b i/ x + 1 


n 


(1 + A t) x/X = ^2 ®l a ; b ) 


n> 0 


n: 


If x = 0, /A? n (A|a; b) = /3£ n (A, 0|a; b) are called the Barnes-type degenerate Bernoulli and 
Eider mixed-type numbers. Here, we recall that the polynomial f3 n ( A, x|a) with a\, . . . , a r / 
0 are given by 


(2) 


n V(i+At)“i/ A - 1 


(1 + A t) x/x = Y2 /3n( A, X’|a) 


n> 0 


n\ 


are called the Barnes-type degenerate Bernoulli polynomials and studied in [7]. We note 
here that 


lim /3 n ( A,x|a) = B n (x\a), 

AaO 

lim \~ n f3 n (A, Ax | a) = (ai 02 • • • a r ) _ 1 6 ^^(x), 

A^-oo 

where B n (x|a) are the Barnes-type Bernoulli polynomials given by n[=i etX = 

J2n>oBn(x\*)h and b„\x ) are the Bernoulli polynomials of the second kind of order 


2000 Mathematics Subject Classification. 05A40, 11B83. 
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r given by ( log( f 1+f) ) (1 + t) x = E n > o b n\x)%i ( see [ 12 > 22 D- Also > we recall that the 
polynomial £ n (X, x|b) with b\, . . . ,b s ^ 0 are given by 


(3) 


n 


(i + \t) bi / x + i 


fU 

(1 + A t) x/X = £n(X, x|b) — 

^o n! 


are called the Barnes-type degenerate Eider polynomials and studied in [11,17,25]. We 
denote £ n (X, 0|b) by £ n (A|b). We note here that 

lim £ n (A,x|b) = E n (x\b), 

A— >0 

lim X~ n £ n (X, Ax | a) = (x) n = x(x — 1) • • • (x — n + 1), 

A — >oo 


where E n (x |a) are the Barnes-type Euler polynomials given by (see [3]) 


n 



tx 


Y^E n {x |b) 

n> 0 


n\ 


In order to study the Barnes- type degenerate Bernoulli and Euler mixed- type polynomials, 
we use the umbral calculus technique. We denote the algebra of polynomials in a single 
variable x over C by II. Let II* be the vector space of all linear functionals on II. Let 
(L\p(x)) be the action of a linear functional L € II* on a polynomial p(x), where we extend 
it as (cL + dL'\p{x)) = c(L\p(x)} + d(L'\p(x)), where c, d € C (see [22,23]). Define 

{ +k 

f(t ) = I a k € C 

k> 0 

to be the algebra of formal power series in a single variable t. The formal power series 
in the variable t defines a linear functional on II by setting (f(t) |x n ) = a ni for all n > 0 
(see [22,23]). By (4), we have 

(5) (t k \x n ) = n\5 n ^k, for all n,k > 0, (see [22,23]), 

where 8 n ^ is the Kronecker’s symbol. For /i(t) = Yl n > by (5), we have that 
(/i(t) |x n ) = (L|x n ). Thus, the map L i-A /i(t) is a vector space isomorphism from II* 
onto 77, namely 77 is thought of as set of both formal power series and linear functionals. 
We call 77 the umbral algebra. The umbral calculus is the study of umbral algebra. 

The order 0(f(t )) of the non-zero power series f(t) is the smallest integer 7 for which the 
coefficient of d does not vanish (see [22,23]). If 0(f(t)) = 1 ( 0(f(t )) = 0) then f(t) is 
called a delta (an invertable) series. If 0(f(t)) = 1 and 0{g{t)) = 0, then there exists a 
unique sequence s n (x) of polynomials such that (g(t)(f(t)) k \s n (x)) = n\5 U) k, where n,k > 
0. The sequence s n (x) is called the Sheffer sequence for (g(t), f(t)), and we write s n (x) ~ 
(g(t),f(t)) (see [22,23]). For f(t) € 77 and p(x) € II, we have that (e yt \p(x)) = p(y), 

(. f(t)g(t)\p(x )) = (g(t)\f(t)p(x)), f{t) = £„>o</(*)l* n >& and p{x) = En> o<* n li>0«0>£- 
Thus, 

(6) (t k \p(x)) =^ W (0), (l|p (fc) (x)) =p (fc) (0), 
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where p( k \ 0) denotes the k-th derivative of p(x) with respect to x at x = 0. So, by (6), we 
get that t k p(x) = p^ k \x) = £jrp{x), for all k > 0, (see [22,23]). Let s n (x) ~ (, g(t),f(t )). 


Then we have 

( 7 ) 


1 




0 yf(t) — 


^s n {y) 


n>0 


n\ 


for all y € C, where /(f) is the compositional inverse of /(f) (see [22,23]). For s n (x ) 
(g(t),f(t)) an d r n (x) ~ (h(t),£(t)), let s n (x) = Ylk=o c n,krk(x), then we have 

( 8 ) ^ = hXS timflXn 

(see [22,23]). 

By the theory of Sheffer sequences, it is immediate that the Barnes-type degenerate 
Bernoulli and Euler mixed-type polynomial is the Sheffer sequence for the pair g(t) = 

(j^i) r n;_i («“•' - 1) nr_. (^) ^ m = - a 


(9) j3£ n { A,x|a;b) 


o\t ^ 


n (*“•' -on 


i= 1 


2=1 


e bit + 1 \ 1 




The aim of the present paper is to present several new identities for Barnes-type degenerate 
Bernoulli and Euler mixed- type polynomials by the use of urnbral calculus. 


2. Explicit Expressions 

In this section we suggest several explicit formulas for the Barnes-type degenerate Bernoulli 

and Euler mixed-type polynomials. To do so, we recall that the Stirling numbers Si(n, m ) 
of the first kind are defined as ( x) n = Ylm = o ‘Si( r b m)x m ~ (1, e* — 1) or j, (log(l + t))- 2 * * * * 7 = 

Yl,Oj j)fy- Also, we recall that the Stirling numbers S 2 (n,m) of the second kind 

are defined by ^ ^(f) &)§y- Define (.x|A) n = A n (.x/A) n to be (x|A) n = 

x(x — \)(x — 2A) • • • (x — (n — 1)A) with (x|A)o = 1. Also, we define 
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Proof. By applying the conjugation representation for s n (x ) ~ (g(t), f(t)), that is, 


j=o ' 


Sn(x) = J2^(g(f(t)) 1 f(ty\x n )x 3 , 

(see [22,23]) we obtain 

(g(m)- 1 f(ty\x n ) = /p r , s (t) 


/ l 0 g(l + At) J |x n J = x -j ( Pr s{t) | (log(1 + xt)y x n 


x-^p r , s (t)\j\Y^sy£j)^^ 


Thus, 


i n / \ 

-ry W(i)) _ 7(^> B ) = E (Pr,(t)|*"^) 

«=i w 

= j)A^ / /3^ m (A|a;b)^-|x 

7=j A / \m > 0 " 


which completes the proof. 
Theorem 2.2. For all n> 0, 


(X) 


/3£„(A,z|a;b) = X n EE m)S 2 (fc + r, r) \ k ~ m B E m _ k (x\ a - b), 

m = 0 k = 0 V r ) 


□ 


where BE n (x |a;b) are f/ie Barnes-type Bernoulli and Eider mixed-type polynomials with 


n 



n 



rxXt 


^ ^ f 71 

Y BE n{x\si ; b) — 

z — 1 ' n! 

n=0 


("see [26]). 


Proof. By (9), we have 

r r 


(10) 


A 


e At _ ]_ 


n -on 


s ' e bit + 1 


2=1 


2=1 


/3£ n (A,a;|a;b) ~ ( 1, -(e A - 1) ) , 
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which implies 

n 

f3£ n ( A,x|a;b) = ^ Si(n, m)\ n ~ m Q r ^{t) 

m = 0 

71 / \ k \ 

= y S 1 (n,m)X"~ m Q r ,,(t) H V S 2 (k + r,r)——t k 

TTo \ ts ; ( t + r > ! j 

n m /m\ 

= A ” E E /fc+r\ ^l( n ’ m )*S l 2 (fc + r, t)A A: nL Qr,s{t)x m k 

m = 0 fc=0 V r / 
n m (m\ 

= A ” E E y^r-5i (n, m)S 2 (A: + r, r)A fe - m .B£ m _ fe (x|a; b), 

m=0 fc=0 V r / 

which completes the proof. □ 

Theorem 2.3. For all n > 1, 

n — 1 n-t /n— 1\ /n— A 

/-^n(A; 3l|a, b) = EEHi¥? -^-A fc+£ ,S 2 (fc + r, r).^ n) (x|a; b). 

t=0 fc=0 V r / 



Proof. We proceed the proof by invoking the following transfer formula (see (7) and (8)): 

' m ' 

,s(*) , 


for p n (x) ~ (l,/(t)) and g„(x) ~ (1 ,g{t)), then q n (x) = x fww) x 1 p n (x), for all n > 1. 


In our case, by x n ~ (l,f) and (10), we have 


A 


e At _ 


t n(^-i)n 


2=1 


2=1 


e bit + 1 


/3f n (A,x|a; b) 


= x 


= =E b S ” , |*”- 1 = E (% *) a'bJ’A”-'. 
V y £>0 £=0 v y 


Thus, 


/3£ n (A,x|a;b) = E ( ? ' f ^A^ (E, s (t) ( 


e=o 

n— 1 


e Ai _ ^ 

At 


X' 


n — l 


g("; 1 )YB<">(Q,,,«)Eft(fc + r.r)^ 

£=0 V y \ fc>0 v ' 


X 


1 — l 


1 = 0 

n— 1 n— t /n— 1\ /n— t 


EE 

t=0 k = 0 


W) 


( fc r) 


A fc+£ 5 2 (A: + r, r)^ n) Q r>s (t)x^- fc 


n— 1 n—l [n—l\ In— l 


EE 

t =0 fc =0 


)(Y) 


A fc+£ 5 2 (fc + r, r)£?f J '£E n _*_ fc (x|a; b) 


(™) ; 




as claimed. 


□ 
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Note that the Barnes-type Daehee polynomials with X-parameter D nX (x\a) with a\, . . . ,a r / 
0 was defined as 


r 


on n 

i= 1 

see [15,16]. When x = 


log(l + At) 


A(1 + At) c 


/A3T(l + A^ /A = E^(x|a)-, 


n> 0 


0 we write D n ^ x (a) = Z) niA (0|a); the Barnes-type Daehee numbers. 


Theorem 2.4. For all n > 0, 


/3£ n (X,x\a; 


n n—i 


•>>-££ 

i=0 k=0 

n n—i 

= E E 

i=0 k = 0 
n n—i 

= EE 


e=o k = o 


77, \ In — 

f)\ k 

n\ fn — 

t)\ k 

n\ fn — 

Z)\ k 


X i b i ;\x/X)D k ^ a )£ n _ e _ k (X\b) 
X^p D KX {x\Bf)£ n + k {X\h) 
X e bPD k , x ( a )£ n _ e _ k (x,X\h). 


Proof. By (9) we have 
/3£ n (X, x|a; b) = (p r)S {t){l + Xt) x/x \x r 


n< 

\i = 1 

7 log(l + At) A 

in( 

V A((l + At) a ‘/ A -l)y 

<n( 

7 log(l + At) A 

>S( 

V A((l + At)“*/ A -l)y 


At 


(1 + Xt) x/X \x r ‘ 


e = o v 7 




t>0 


log(l + At) 


V^((l + A t)“i/ A - 1)/ V(1 + A t) b i/ x + 1 




n—i 


Thus, by (11), we obtain 


P£ n ( A,x|a;b) = E ( * ) & < r) ( s / A ) A * ( D 


t=o 

n n—i 


t = \ V(i + xt) bi / x + 


l) lE^M(a)^ 


.n—i 


k> 0 


EE 

.£=0 fc=0 
n n—i 

EE 


n \ n — ■ 




A^ r) (x/A)Z\ A (a) ( J] 


V (1 + Xf) bi / X + 1 


x 


n—i—k 


£ A A: 


A f 6j r) (x/A)H fc , A (a)^_ fc (A|b), 


£=0 fc=0 

which proves the first formula. Similar techniques show the second and the third formulas. 

□ 


3. Recurrence relations 

In this section, we present several recurrence relations for the Barnes-type degenerate 
Bernoulli and Euler mixed- type polynomials. 
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Theorem 3.1. For all n >0, 

/3£ n (X,x + y\a-,b) = ^ f n ^j 0£ j (X,x\a-b)(y\X) n - j . 

3=0 V J ' 

Proof. By (9) we have Q^^/3£ n {X, x|a; b) = (x|A)„ ~ (l, , which implies 

the result. □ 

Theorem 3.1 with x = (1, gives the following result. 

Corollary 3.2. For all n > 0, 

/3£ n (A,x|a;b) = ^ f (A|a; b)(x|A)y. 

3=0 

Theorem 3.3. For all n > 1, 

(3£ n ( A, x + A|a; b) = (3£ n (X, x|a; b) + nXf3£ n _ 1 (X, x|a; b). 

Proof. By (7) we have that f(t)s n (x) = ns n - i(x) when s n (x) ~ (g(t), f(t)). In our case, 
from (9), we have 

e xt — 1 

— j — ^l a ; b ) = n /3£ n -i{X, x|a; b), 

which implies that /3£ n (X,x + A|a;b) — /3£ n (X, x|a; b) = nX/3£ n _ 1 (X, x|a; b), as required. 

□ 

Theorem 3.4. For all n > 1, 

d n ~ 1 (— A') n_1_ ^ 

FzP £ n( A, *|a; b) = n\ ±—L——ps e (\ j x|a; b) 

£=0 ^ ' 
n— 1 

= nA n-1 ^Si(n- M)A^B£ € (x|a; b). 

t=o 

Proof. By (7) we have j^s n (x) = Q)(f( t )\ xn ~ e ) s e( x ) when s n(®) ~ (g(t),f(t)). In 

our case, from (9), we have 

(f(t) \x n ~ e ) = (-log(l + Xt)\x n ~ e ) = A- ] (V ^ 

A rri 

m> 1 

= A-^-l)"-^-^"-^^ - 7 - 1)! = (-A) n_ ^ _1 (n - £ - 1)!. 

Thus ^P£ n (X, x|a; b) = n! ^"“q 1 ff£i(A, x|a; b), as required. 

To show the second formula, we note that (x|A) n = ^” =0 5 i(?i,£)X n ~ £ x e ~ ^1, e A -1 ) , 
which shows that e A -1 (x|A) n = n(x|A) n _i. Thus (x|A) n = (n) r (x|A) n _ r , for all 
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n > r. Thus, by (10), we have 

~^P £ n( A, ;c| a ; b) = t r /3£ n ( A,x|a;b) = Q r , s {t) ( 6 j ^ {x\X) n 


= (n) r Q r , s (t)(x\\) n - r = (n) r \ n r y Si(n - r,m) X m BE m (x |a;b), 


m = 0 


which completes the proof. 
Theorem 3.5. For all n > 1, 


□ 


(1 - r/n)/3£ n (X, x\a-b) = j x - ^ a* - ^ bj ) (3£ n _ 1 (X,x - A|a; b) 

i=l j=l 


r 1 S 

^2ai/3£ n (X,x - X\at, a; b) + - ^ b i /3£ n _ 1 (X,x - A|a; b). 




i= 1 


Proof. Let n > 1. By (9), we have 
/3£ n (A,y|a;b) = (p r , s (t)(l + Xt) y/x \x r 


d 


n 


dt V(l + A .t) a *A - 1 J n V(! + At)LA + l 


(1 + Atf /A ^ |x n -^ 


(12) 

(13) 

(14) 


n 


dt JA V (1 + A ,t) a <A - 1 J n V (! + At)L A + l 


(1 + At) y / A |x n-1 


+(n 


V (1 + At) a « A - 1 J dt n ^ (i + A t)L A + l 


(1 + Af) y/A |x 


,n— 1 


An 


^ V (! + Af) a »A - 1 / JJ V (! + At) LA + l 

The term in (14) is given by 

(15) y ^P ri s{t)(l + Xt) y/x ~ 1 \x n ~ 1 ^ = y(3£ n -i(X, y - A|a; b) 

In order to hnd the first term, namely (12), we note that 


^d + ^/V- 1 ) 


ATT 

dt V(1 + At) a iA - l 


n 


E 


cii _| _ 1 / j a>i 


V(! + At) a iA - lj ^ ^ l + At t \ 1 + At (1 + At) a <A - l 
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where the order of 1 — (i+\ t ) a i/ x l * s ^ eas ^ T Thus the term in (12) is given by 

r 

(p r , s {t)( i + \t) y/x ~ i \x n ~ i ^j 
+ («i. + 1 (i- - 


2=1 


n — 1 


which equals 

r 

Y^ a iP£ n -i(\y ~ A|a; b) + ^ (P r , s (t){ 1 + At) 3,/A |x n ^ 

-P r , s (t)(l + At)^ A - 1 |^ 


2=1 


2=1 


n^ ai ( (1 + At) a «/ A - 1 J 


r T 1 r 

(16) = -y'<i# tl - 1 (A,i/ - A|a;b) + -/3£ n (A, y|a; b) V ai(3£ n {\, y - A|a ?: ,a;b) 

n n 


i=i 


i=i 


In order to find the second term, namely (13), we note that 


n 

2=1 

s 

n 


d_ 

dt V(1 + A t) b i/ x + 1 
2 


^ V(1 + At) 6i / A + 
Thus the term in (13) is given by 


+ 


At 2(1 + At) (1 + Xt) bi / x + 1 


!>((-* + (1+ A t) U + 1 ) + a*)^-V-> 

s 1 S 

(17) = -^&i/3£ n _i(A,y- A|a;b) + - ^ ^/^^(A, y - A|a;6j,b). 

i=l Z i= 1 

Altogether, namely by (15), (16) and (17), we complete the proof. 

Theorem 3.6. For n> 0, 

fd£ n+1 (X, x|a; b) = x(3£ n ( A, x — A|a; b) 


V V V a kSl ( n ’ m ) S2 ( m ~ k + r ’ r )(T) (7) 

/ fm—k+r\ 

m= 0 /c=0 ^=0 V r / 


- £ + 1 


-M-l \ . ^fc-^(l) 


□ 




+ 


^ 2=1 


Yl b j~ t+1 ) W*(®-A|a;b). 

,i=i ' ' 
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Proof. By (7), we have that s n+ i(x) = (x - s n (x) when s n (x) ~ ( g(t),f(t )). In 

our case, see (9), we have 


/3£ n+ i(A,x|a; b) 


x/3£ n ( A, x — A| a; b) — e 


-A td'jt) 

a{t) 


/3£ n ( A,x|a; b), 


where 


g\t) 

gif) 


= (log 


r log A — r log(e At — 1) + ^ log(e Qit — 1) + ^ log(e bjt + 1) — s log 2 

i= i j = i 

n djt 


r\e xt ^ a*e a ^ ^ bje bjt 

i ^ pdit 1 / ^ 


gAi ^ f ^ ^ ^bjt | ^ 

i=l j=l 

1 ^ ?’Ate At a l te a ' lt \ 1 A 2bje b £ 

1 e ai * — 1 / 2 e b 4 + 1 

i=i / j=i 


t 1 e At — 


l+i+i 


\ f- r E + E £ ) + * £ £ 

\ ^>0 i=l ^>0 / 


^ (£+1)! 

^>0 V ' \ 7=1 


j = 1 £>0 

S 


af +1 — 


^ 1 1‘‘ + 5E(uFE^ 1 *'• 


2^1 t\ 

i>o \ j = 1 


Therefore, by Theorem 2.2, we obtain 


s(*) 


/3£i n (A,x|a;b) 


A" £ £ A ""' 5l( "’ n l^ (fc + r - r)( ’ a £ ^7 ( E “A 1 - |a; b) 

m=0 fc=0 V r / 


^=o ( £ + 1 ) ! \i=l 


A 


n m \ k-m 


\ k ~ m S 1 {n,m)S 2 (k + r,r)(™) ^ E e ( 1) 


4 EE 


(T) 


£ ( E'/; +l t'BE m _ i (x|a;b) 


A" A A k Si(n,m)S 2 {m -k + r,r)(™) ( k ) 

/ -j / -j / -j fm—k+r\ 

m = 0 fc=0 ^=0 \ r ) 


Bk-i+ l (1) 

fc-£+ 1 


£ 

a*=i 


-€+l _ r ^fc-£+l J _l E k-t{B) 


+ 




4 =1 
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Thus, 

/3£ n+1 (\,x\a;b) 

= x/3£ n ( A, x — A|a; b) 


V V V A ks i( n ’ m ) s 2(. m -k + r,r)(™) (f) 

/ -j / -j / -j fm-k-\-r\ 

m = 0 k = 0 £=0 \ r ) 


Bk-i+ i(l) 
k-i+l 


-i+i „\k-e+i\ , Ek-t CO 


^ «?-'+■ - rA 


E b i~ <+ ' )-BB/(i-A|a;b), 


as claimed. 


4. Connections with families of polynomials 
The Bernoulli polynomials B^\x) of order a are defined by the generating function 


e — 1 


e xt = 




equivalently, i .r) ,t ^ (gee [3,9,10]). Ill the next result, we express our 

polynomials /3£ n (X, x|a; b) in terms of Bernoulli polynomials of order a. 


Theorem 4.1. For n > 0, 


/3£ n (A,z|a;b) = ^ A m d n , m B${x), 


where 

\{% n i e y +,s ^ h £- 

l=m k = 0 L V / V / 

n—l—k q (n—i—k'j 

' X] /<?+co s i(Q + a ^-P + a ) S 2{q-p + a,a)X p l3£ n _ e _ k _ q (\\a-,h) . 

q=0 p = 0 V a ) 

Proof. Let /3£ n (X, x|a; b) = Em=o c n,>n^(a:). By (8) and (9), we have 

_ 1 / D m / (! + Af) 1/A -A / At V n , ui\mun\ 


Cn,m _ ?n!A m \ Pr ’ s ^ 


Pr,s(t) 


(1 + At) 1 / A - 1 


A " m E (")A^i(^m)(p r , s (t) 


log(l + At) 


log(l + At) 


(l + At) 1 ^- 1 


(log(l + At)) m |x r 


\i f i 

d ^ 5i(£,m)— x n 


log(l T At) 


£=777, fc=0 


n\ ( n — £ 


£ \ k 


^A fc+£ 5i(£,m)4 a) /sPr, 8 (t)| 


(l + At) 1 ^-! 
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Before proceeding further, we note that 
f{l + Xt) 1 / x -lY (eiW+W-l 


EE 

q> 0 p = 0 


* J 

q 'q + aY 1 . \ p V 

bi{q + a,q - p + a)b 2 {q — p + a,a)- 


Thus, 


n n—i r 


c n ,m — A m ^ 

£=m k = 0 L 
i—l—k q (n—£—k 


n\ (n — t 


lj\ k 

(”T‘) 


a 


X k+£ S\ (£, m)bfr 


Q 


(a) 


• E E (q +a\ Sx(q + a,q- p + a)S 2 {q -p + a, a)X p ^P rtS (t)\x n £ k q ^ 

q = 0 p = 0 Vo/ 

which gives 

n n—t 

A ~”EE 


Cn,m — 


e=mk= 0 L A A V / 

%-t-k q ^n—£—k'j 

^2 ^2 (q+a\ Sl (g + a,q-p + a)S 2 (q -p + a, a)X p /3£ n _ i _ k - q {X\a; b) 

q = 0 p = 0 Vo/ 


which completes the proof. 


□ 


The degenerate Bernoulli polynomials flY { X,x) of order a are defined by the generating 
function 

t \ a t n 

(i + a^a-i a+vr^E^A*^, 

■ v ' n > 0 


equivalently, bY { X,x) ~ ’ lY* ~ !))• Then by using similar arguments as 

in the proof of Theorem 4.1, we obtain the following result. 


Theorem 4.2. For n> 0, 


Y n ( A,x|a;b) = J2 ("2d n Ym ) (X,x), 
m = 0 A m / 


where 


n—m q ^ n—m ^ 

dn,m = ^2 ^2 (q+<*\ Si{q + a,q-p + a)S 2 {q -p + a, a)A p /3£ n _ m _ (? (A|a; b). 

g=0 p=0 \ a / 

The Frobenius- Euler polynomials of order a are defined by the generating function 


1 ~ M 
e t — p 


e Xt = J2 H ^( 


n>0 


equivalently, i4n^(a;|/r) ~ (see [2,13]). In the next result, we express our 

polynomials f3£ n ( A,x|a;b) in terms of Frobenius-Euler polynomials. 
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Theorem 4.3. For n> 0, 

n 

P£ n (X,x |a; b ) = (1 - p)~ a X 

where 


m=0 


n n—t ol 


4,-TE e 

t=m fc=0 p= 0 


n\ (n — (!.\ ( a 


t/\ k J\p 


Si(£, m)X e (—p) a ~ p P£ k (X\a-, b)(p| A) n _£_/.. 


Proof. Let /38 n ( A,z|a;b) = J2m=o c n,mHm \x\n). Then 
Cn, m = m , (1 («1 + A i) lA - Ju)“P„(t)|(l0g(l + At))"V 

= m!(l ( <(1 + At) ’ A " N! E 

= (l-^A- E (")*%«, m) («1 + At) 1 /* - mPIP-AOx"-') 


£=m 
n n—£ 




iAa\m EE 


t=m fc=0 


n \ n — 


£J V A: 


m)/3£ fc (A|a; b) /((l + At) 1,/A — /u) Q |x 


„n—£—k 


Note that 


(((1 + At) 1/A - pL) a \x n - l ~ k ) = (-/x) Q “ p (l + At) p / A |x n -^ 


p=0 

a 




E(;)Gr(Ew)ii> 


jn—t—k 


\q> 0 


Thus, 

^ n n—i a 

— yyy 

£=m k = 0 p=0 

which completes the proof. 


(1 - /i)«A" 


p = o 


n\ / n — t\ / a 

t)\ k 


(4 / \ 

X r (-^(PlA)n-^-*- 

W 


Ay-/x) Q -^ 1 (^m)^ fc (A|a;b)(p|A) n ^_ jk , 


□ 


The degenerate Euler polynomials <?X (A, x) of order a are defined by the generating 
function 

9 \ a „ j.r). 

— ) (i + A ty/ x = ys^ 

xi + xty/^ + ij n! 


equivalently, E^\ X,x) ~(Ll) Then by using similar arguments as in the 

proof of Theorems 4.1 and 4.3, we obtain the following result. 


1285 


TAEKYUN KIM et al 1273-1287 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


14 TAEKYUN KIM, DAE SAN KIM, HYUCKIN KWON, AND TOUFIK MANSOUR 


Theorem 4.4. For n > 0, 


where 


(3£ n ( A, a; | a; b) 



x 


n—m a / \ / \ 

d n ,m (” q J (^jP £ n-m- q (^ h )(p\^)<l- 
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Ground state solutions for second order nonlinear 
p-Laplacian difference equations with periodic 

coefficients 


Ali Mai Guowei Sun * 

Department of Applied Mathematics, Yuncheng University 
Shanxi, Ynncheng 044000, China 


Abstract 

We study the existence of homoclinic solutions for nonlinear p-Laplacian difference 
equations with periodic coefficients. The proof of the main result is based on the crit- 
ical point theory in combination with the Nehari manifold approach. Under rather 
weaker conditions, we obtain the existence of ground state solutions and considerably 
improve some existing ones even for some special cases. 


Key words: P-Laplacian Difference equations; Nehari manifold; Ground state solu- 
tions; Critical point theory. 


1 Introduction 

Difference equations represent the discrete counterpart of ordinary differential equations, 
have been widely used in many fields such as computer science, economics, neural network, 
ecology, cybernetics, etc. In the past decades, the existence of homoclinic solutions for differ- 
ence equations with p-Laplacian has been extensively studied, The classical method used is 
fixed point theory, to mention a few, see [1-3] and references therein for details. As it is well 
known, the critical point theory is used to deal with the existence of solutions of difference 
equations [4-10]. Here we mention the works of Cabada, Iannizzotto and Tersian [4], Jiang 
and Zhou [5], Long and Shi [6]. In these papers, critical point theory is applied on bound 
discrete intervals, which leads to the study of critical points of an energy functional defined 
on a finite-dimensional Banach space. For unbounded discrete intervals such as the whole set 
of integers Z, Ma and Guo used critical point theory in combination with periodic approxi- 
mation to deal with such problems [7]. In the present paper, under convenient assumption, 

* Corresponding author. E-mail address: sunkanry@163.com 
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without periodic approximation and without verifying Palais-Smale condition, we not only 
prove the existence of homoclinic solution, but also obtain the ground state solution, we 
extend [11] to the case of the p-lapacian difference equation with periodic coefficients. 

In this paper, our work focus on the existence of homoclinic solution for the following 
second order nonlinear difference equations with p-Laplacian 

—A[a(k)(f> p (Au(k — l))} + b(k)(f>p(u(k))=f(k,u(k)), kE Z, (1.1) 

where (f> p (t) = \t\ p ~ 2 t for all t E M, p > 1. a(k), b{k ) are positive and T— periodic sequences, T 
is a fixed positive integer. f(k, u) : Z x M — > M is a continuous function on u and T — periodic 
on k. The forward difference operator A is defined by 

A u{k — 1) = u{k ) — u{k — 1), for all k E Z. 

where Z and M denote the set of all integers and real numbers, respectively. 

In addition, we are interested in the existence of nontrivial homoclinic solution for (1.1), 
that is, solutions that are not equal to 0 identically. We call that a solution u = {u(k)} of 
(1.1) is homoclinic (to 0) if 

lim u(k ) = 0. (1.2) 

| /c | — >-oo 


Throughout this paper, we always suppose that the following conditions hold. 
(A) a(k ) > 0 and a(k + T) = a{k) for all k E Z. 

(. B ) b(k ) > 0 and b(k + T) = b(k) for all kE Z. 

(/i) f E C( ZxR,R), and there exist C > 0, q E (p, oo) such that 

\f(k,u) | < <7(1 + |m| 9-1 ), for all fceZ,«el. 


(/ 2 ) lim f(k, u)/\u\ p 1 = 0 uniformly for k E Z. 

| u| — >-0 

(/ 3 ) lim F(k, u)/\u\ p = +cxd uniformly for k E Z, where F(k,u ) is the primitive function 

|lt|— ■ >oo 

of f(k,u), be., 

/ U 

f(k, s)ds. 


Jo 

(f 4 ) u f(k,u)/\u\ p ~ 1 is strictly increasing on (— oo,0) and (0, oo). 
The main result in this paper is the following theorem: 


Theorem 1.1. Suppose conditions (A), ( B ) and (/i) — (ik) are satisfied. Then equation (1.1) 
has at least a nontrivial ground state solution. 

Remark 1.1. In [7], Ma and Guo considered the special case of (1.1) with p — 2 and 
obtained the following theorem: 
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Theorem A Suppose conditions (A), (B), ($ 2 ) and the following generalized Ambrosetti- 
Rabinowitz superlinear condition are satisfied: 

(GAR) there exists a constant p > p such that 

0 < pF(k,u ) < f(k,u)u, for all k and « / 0, (1.3) 

Then equation (1.1) has a nontrivial ground state solution. 

It is easy to see that (1.3) implies (/ 3 ). There exists a p-superlinear function, such as 

f(k,u ) = \u\ p ~ 2 uln(l + \u\), 

does not satisfy (1.3). However, it satisfies the condition (fi) — (/ 4 ). So our conditions 
are weaker than conditions in [7]. And we do not need periodic approximation technique 
to obtain homoclinic solutions. Furthermore, we obtain the existence of a ground state 
solution. Therefore, our result not only extends the main result in [7] to difference equations 
with p-Laplacian but also improves it. 

Remark 1.2. In [12], the authors considered the following second order nonlinear difference 
equations with p-Laplacian 

—A(j> p (Au(k — l)) + b(k)<p p (u(k)) — f(k,u(k)), kE Z, (1.4) 

without any periodic assumption, they obtained the homoclinic solutions of the equation. 
However, PS condition need to be proved in [12], in this paper, we only prove the coercive 
condition (below Lemma 3.2) is satisfied. 

Example 1.1. Let 

^ k,U ^ = { \u\ p - 2 uln(l + \u\), o’ 

for all k E Z, If (A) and ( B ) are satisfied, then it is easy to check that all the conditions of 
our Theorem 1.1 are satisfied. Therefore, the nontrivial homoclinic solution is obtained at 
once. 

The rest of the paper is organized as follows: In Section 2, we establish the variational 
framework associated with (1.1), then present the main results of this paper. Section 3 is 
devoted to prove the main result. 


2 Preliminaries 

In this section, we shall establish the corresponding variational framework associated with 
(1.1). We are going to define a suitable space E and an energy functional J E E, such that 
critical points of J in E are exactly solutions of (1.1). 
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Consider the real sequence spaces 

F = F( Z) = < u — {u(k)} kez : V k e Z ,u{k) e R, ||u||ip = ( ^ \u(k)\ p J < oo 
[ \fcez / 

Then the following embedding between l p spaces holds, 

l q C F, ||tt||zp < ||n||;<?, 1 < q < p < oo. 

Define the space 

E := {u eF [a{k)\Au{k - l)| p + b(k)\u(k)\ p ] < oo}. 

kez 

Then E is a Hilbert space equipped with the norm 

|M| P = Hk)\Au(k - l)| p + b(k)\u(k)\ p ] . 
kez 

| • | is the usual absolute value in R. 

Now we consider the variational functional J defined on E by 

J = l ~Y. [a{k)\Au{k- l)\ p + b(k)\u(k)\ p ] - J^F(k,u(k)) 


P 


kez 




= - «r- 

V 


J2 F (k,u(k)). 


k£Z 


Then J G C 1 (i?,M) with for all v E E, 

(J,,s \ y J(u + t % ;) - J(u) 

(J (u),v) = Inn 

t-¥ 0 t 


[a(k)(pp(Au(k — 1))A v[k — 1) + b(k)cj) p (u(k))v (k)] 

TL 

^2f(k,u(k))v(k). 


kez 


k£Z 


and 


dJ(u) 
d u(k) 


= —a(k)A(j)p(Au(k — 1)) + b{k)(f) p {u{k )) — f(k,u(k )), k e Z. 


( 2 . 1 ) 


( 2 , 2 ) 


Thus, u is a critical point of J on E only if u is a homoclinic solutions of equation (1.1). 
Let 

c m in = inf {J{u) : J'(u) = 0,tt 6 i?\{0}}. 

Then u 0 ^ 0 with J(u 0 ) = c rnin is said to be a ground state solution of (1.1). 
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3 Proofs of main result 


We define the Nehari manifold 

Af = {u G E \ {0} : (J'(u),u) = 0}. 

To prove the main results, we need some lemmas. 

Lemma 3.1. Assume that ( B ), (/i) — (/ 4 ) are satisfied. Then for each w G E \ {0}, there 
exists a unique s w > 0 such that s w w G A f . 

Proof. Let I{u) — Yh F(k,u(k)). By (/ 2 ), we have 

fcez 

I'{u) = o(||m|| p_1 ) as u — y 0. (3.1) 

From (/ 4 ), for all and s > 0, we have 

s e- >• I' (su)u/ s p_1 is strictly increasing. (3.2) 

Let W C E \ {0} be a weakly compact subset and s > 0, we claim that 

I(su)/s p — » oo uniformly for u on W, as s — > oo. (3.3) 

Indeed, let { u n } C W. ft suffices to show that 

if s n oo, I(s n u n )/(s n ) p ->■ oo. 

as n — » oo. Passing to a subsequence if necessary, u n ^ u E E \ {0} and u n (k) — > w(/c) for 
every k, as n oo. 

Note that from (/ 2 ) and (/ 4 ), it is easy to get that 

F(k,u ) > 0, for all « /0. (3.4) 


Since |s n w n (A;)| — » oo and w n 7 ^ 0, by ( ./'s ) and (3.4), we have 


I (^s n u n i) 

(Sn) P 


E 


F{k j 5 n , u n (fc)) 

|Sn«n(^)| P 


w n (/c)| p — > OO 


as n —>■ 00 . 


Therefore, (3.3) holds. 

Let g(s) := J(sw), s > 0. Then 

<7 7 (s) = J\sw)w = s p_1 (||w|| p — s 1_p / / (sta)ta), 


from (3.1)-(3.3), then there exists a unique s TO , such that g'{s) > 0 whenever 0 < s < s w , 
g\s ) < 0 whenever s > s w and g'{s w ) = J'(s w w)w = 0. So G A/”. □ 
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Lemma 3.2. J is coercive on Af, i.e., J(u) — > oo as ||w|| — * oo, u G A f . 


Proof. Suppose by contradiction, there exists a sequence {u n } C A f such that ||u n || — > oo 
and J(u n ) < d. Let v n = pp, then there exists a subsequence, still denoted by the same 
notation, such that v n — ^ v and v n (k) — > v(k) for every k, as n — > oo. 

First we know that there exist S > 0 and kj G Z such that 

\vn(kj)\>5. (3.5) 

Indeed, if not, then v n — » 0 in l°° as n — > oo. For r > p, 


-n. 1 1 lr — 




U-PI 


P 


we have v n — > 0 in all Z r , r > p. 

Note that by (/i) and (/ 2 ), for any £ > 0, there exists c £ > 0 such that 

|/(A;, u)\ < e\u\ p ~ l + c £ |m | 9_1 and \F(k,u)\ < e\u\ p + c £ \u\ q . (3.6) 


Then for each s > 0, we have 

^ ^ A*(Al, 5U n (/t)) ^ ES ||u n || ;p T C £ S 1 1 Vji 1 1 
fcez 

which implies that F(k, sv n {k )) — » 0 as n — * oo. So 
kez 

d > J(u n ) > J(sv n ) = -||v (fe) || p - y>(fc,st; n (fc)) — >■ -, (3.7) 

P P 


as n — * oo. This is a contradiction with s > ^/pd. 

Due to periodicity of coefficients, we know J and A f are both invariant under T-translation. 
Making such shifts, we can assume that 1 < kj < T — 1 in (3.5). Moreover, passing to a 
subsequence, we can assume that kj = k 0 is independent of j. 

Next we may extract a subsequence, still denoted by {u n }, such that v n (k) — > v(k) for 
all k £ Z. Specially, for k = k 0 , inequality (3.5) shows that |u(/c 0 )| > d, so v ^ 0. Since 
\u n (k)\ — > oo as n — » oo, it follows again from (/ 3 ) that 


0 < 



1 

P 


E 

fcez 


F(fc,u n (fc)) 

(u n (/c))P 


(u n (/c)) p ->• -oo 


as n — > oo, 


a contradiction again. □ 

Proof of Theorem 1.1. 

The proof consists of five steps. The proof of step 1-3 is similar to [12], for readers’ 
convenience, we give the proof. 
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step 1. we claim that Af is homeomorphic to the unit sphere S in E. 

By (3.1) and (3.3), g(s) > 0 for s > 0 small and g(s) < 0 for s > 0 large. So s w is a 
unique maximum of g(s) and s w w is the unique point on the ray s H > sw (s > 0) which 
intersects Af. That is, u G Af is the unique maximum of J on the ray. Therefore, by Lemma 
3.1, we may define the mapping fri : E \ {0} — > Af by setting 

m(w) := s w w. 

Next we show the mapping m is continuous. Indeed, suppose w n w ^ 0. Since m(tu) = 
fh(u) for each t > 0, we may assume w n G S for all n. Write fh(w n ) = s Wn w n . Then {s TOn } 
is bounded. If not, s wn — >■ oo as n — > oo. 

Note that by (/ 4 ), for all « / 0, 

-f(k, u)u — F(k, u ) 


~f(k, u)u 
P 


f(k, s)ds 


^ 1 tn ^ /(M) 

p jy up - 1 

= 0. 


s p ~ l ds 


Therefore, for all u G Af, we have 

J(u) = J(u) J'(u)u = ( -f(k, u(k))u(k) — F(k,u(k )) ) > 0. (3.8) 

P t£\P J 


Combining with (fa) and Lemma 3.1, we have 


A(s M , n w) 

(-S W n) P 



E 

fcez 


F(k,s wn w(k)) 

\s wn w(k)\P 


w(k)\ p — > — oo, 


as n — > oo, 


this is a contradiction. Therefore, s Wn — > s > 0 after passing to a subsequence if needed. 
Since Af is closed and m{w n ) = s Wn w n — >• sw, sw G Af. Hence sw = s w w = m{w) by the 
uniqueness of s w of Lemma 3.1. Therefore, m is continuous. 

Then we define a mapping m : S — » Af by setting m := rn \ s , then m is a homeomorphism 
between S and Af, and the inverse of m is given by m -1 (w) = pjj- . 

step 2. now we define the functional T : E \ {0} — > M and T : S — > M by 

T(w) := J{m(w )) and \l >{w) := T | s . 


Then we have 

eC\E\ (0},M) and T G C\S,M.). Moreover, 

^ r ffl[ 'uj ) 1 1 

W(w)z = — J'(rh(w))z for all w, z G E, w ^ 0. 

M 


(3.9) 
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^'{w)z = \\m(w)\\J'(m(w))z for all 2 G T W (S) — {v G E : (w,v) = 0}. (3.10) 

In fact, let w G E \ {0} and z G E. By Lemma 3.1 and the mean value theorem, we obtain 

^(w + tz) - \i/(w) = J(s w+tz (w + tz)) - J(s w w) 

— J (,&w+tz(uJ ~h J(s w+ tz(w)) 

J (Sw+tz(uJ © 7~ttz))Sw+tztZ, 


where \t\ is small enough and r t G (0, 1). Similarly, 

i> (w + tz) - T (w) = J (s w+tz (w + tz)) — J (s w w) 

> J(s w (w + tz)) - J(s w (w)) 

= J'(s w (w + rj t tz))s w tz, 

where rj t G (0, 1). Combining these two inequalities and the continuity of function w s w , 
we have 


$(w + tz) — $(w) 

iim 

t — ^0 t 


SyjJ (SujUj)z 



J'(m(w))z. 


Hence the Gateaux derivative of is bounded linear in z and continuous in w. It follows 
that T is a class of C l and (3.9) holds. Note only that since w G S, m(w) = m(w), so (3.10) 
is clear. 

step 3. {w n } is a Palais-Smale sequence for if and only if {m(w n )} is a Palais-Smale 
sequence for J. 

Let {w n } be a Palais-Smale sequence for T, and let u n = m{w n ) G Af. Since for every 
w n G S we have an orthogonal splitting E = T Wn S © lw n , we have 


|T , (m n ,)|| = sup ^’{w n )z = \\m(w n )\\ sup J'(m(w n ))z = \\u n \\ sup J'{u n )z. 

z^T-wri S z£T Wn S z£T Wn S 

11 * 11=1 11 * 11=1 11 * 11=1 


Then 


|'b , (Wn)|| < \\u n \\\\J\u n )\\ = \\u 

J'(u n )(z 


J'(u n )(z + tw) 
n 11 sup — M n — 

z£T Wn s, tm \\z + tw\\ 

z+tw^ 0 


< IKII sup 

zeT w „5\{0} \\Z\ 


= ll*'K)ll, 


Therefore 


l^(wJ|| = 


U r 


I J\u r 


(3.11) 
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By (3.8), for u n G Af , J(u n ) > 0, so there exists a constant Co > 0 such that J(u n ) > cq. 
And since cq < J(u n ) = \\u n \\ p — I(u n ) < ^ ||w n || p , ||w n || > tfpco- Together with Lemma 

3.2, j/pcf, < ||u n || < sup n ||w n || < oo. Hence {w n } is a Palais-Smale sequence for T if and 
only if { u n } is a Palais-Smale sequence for J. 

step 4. by (3.11), T^u?) = 0 if and only if J'(m(w)) = 0. So w is a critical point of T if 
and only if m{w ) is a nontrivial critical point of J. Moreover, the corresponding values of T 
and J coincide and inf $ T = infv J ■ 

If Uq G Af satisfies J(u 0 ) = c := inf ue _v J(u), then m^ 1 (u 0 ) G S' is a minimizer of T and 
therefore a critical point of T, so Uq is a critical point of J. It remains to show that there 
exists a minimizer u G J\f of J\n- 

Let {w n } C S be a minimizing sequence for T. By Ekeland’s variational principle we 
may assume \k(w n ) — * c, ^(wn) — >■ 0 as n — > oo, hence J(u n ) —t c, J'(u n ) — >■ 0 as n — > oo, 

where u n := m(w n ) G A f. 

We know that {u n } is bounded in Af by Lemma 3.2, then there exists a subsequence, 
still denoted by the same notation, such that u n weakly converges to some uGfi. We claim 
that there exist 5 > 0 and kj G Z such that 

\u n (kj) | >5. (3.12) 

Indeed, if not, then u n — > 0 in Z°° as n — » oo. From the simple fact that, for r > p, 

II II r II ll r_ ^11 ||P 

||^ , n||/ r _ 1 1 | |/oo ||^n||/p 

we have u n — > 0 in all l r , r > p. By (3.6), we know 

J2f(k,u n (k))u n (k) < \u n (k)\ p 1 • \u n (k)\ + c £ ^2 \ u nik)\ q 1 • \u n {k)\ 

kez fcez kez 

< F \\ v IIP _l r \\ v ||9— 1 

_ c II ||/p i 1 1 1 1 [q 

which implies that f{k,u n (k))u n (k) = o(||u n ||) as n —t oo. Then 


o(||«ra||) = (J'(u n ),u n ) = \\u n \\ P ~ ^2 f(k,U n (k))u n (k) = \\u n \\ P - o(||u n ||). 

fcez 

So 1 1 u n 1 1 p — y 0 , as n — y oo , which contradicts with u n G Af . 

Since J and J 1 are both invariant under T-translation. Making such shifts, we can assume 
that 1 < kj < T — 1 in (3.12). Moreover passing to a subsequence, we can assume that kj = k 0 
is independent of j. Extract a subsequence, still denoted by {u n }, we have u n — 1 u and 
u n (k) — > u(k ) for all fcGZ. Specially, for k = ko, inequality (3.12) shows that \u(ko)\ > 5, 
so m ^ 0. Hence u G Af. 


step 5. we need to show that J(u) = c. By Fatou’s lemma, we have 
c = lim ( J(u n ) - \j\u n )u n ) = lirn V' ( \f{k,u n (k))u n (k) ® F(k,u n (k)) ) 

n—, >oo y Z J n— >• oo ^ — — y z J 

> Yl (\f( k ’ U ( k )) U ( k ) - F ( k l U ( k ))) = J( K U ) - \ J \ U ) U = J ( U ) > C - 
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Hence J(u) = c. The proof of Theorem 1.1 is completed. □ 
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ABSTRACT 

In this paper, we get the form of the solutions of the following difference equation systems of order four 

Vn^n— 2 X n y n — 2 


Xn + 1 — 


Vn+1 — 


n = 0 , 1 , 2 , 


Vn “h Un — 3 ^X n ^ X n —3 

where the initial conditions X- 3 , X- 2 , £-1, xq, y~ 3, y~ 2, V- 1, J/o are arbitrary non zero real numbers. 


Keywords: difference equations, recursive sequences, system of difference equations, stability, periodicity, 
boundedness. 

Mathematics Subject Classification: 39A10. 


1. INTRODUCTION 

Difference equations enter as approximations of continuous problems and as models describing life situations in 
many directions. Recently there has been a great interest in studying difference equations, see, for instance [4], 
[11], [30] and references cited therein, as well as in studying systems of difference equations (see, e.g. [1], [3], [6], 
[ 8 ]-[ 10 ]). 

Some of the systems of difference equations that are of considerable interest nowadays are symmetric or those 
obtained from symmetric ones by modifications of their parameters or the sequence coefficients appearing in 
them (for the case of nonautonomous systems of difference equations). Such systems are studied, for example, 
in the following papers: Clark et al. [2] has investigated the global stability properties and asymptotic behavior 
of solutions of the system 

%n Vn 

%n+ 1 — J 5 Vn+l — T \ "7 • 

a + cy n b + dx n 

Din and Elsayed [5] investigated the boundedness character, persistence, local and global behavior of positive 
solutions of following two directional interactive and invasive species model 


x n+ i = a + /3x n +'fx n ^ 1 e Vn , y n+1 = S + ey n + (y n -ie Xn . 

Halim et al. [13] deal with the form of the solutions of the two following systems of rational difference equations 


^n+1 

^n+1 


y n {x n -2 + Vn- 2 .) _ X n - 1 (x n -l + y n -2) 

) Vn+1 — 1 J 

2x n —i ~h y n — 2 

{yn—2 Xn—l)Xn—l 


2/n— 3 + x n- 2 ~ 2/» 
(jjn — 3 x n—2)yn 

yn-3 — X n _2 + y? 


"j Vn+1 — 


Vn - 2 
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Kurbanli [21] investigated the behavior of the solution of the difference equation system 


^ X n —1 n . Vn— 1 „ 1 

Xn + 1 ~ x„_i 2 /„-l > Vn+1 ~~ y n _ 1 x n — l > Zn + 1 ~ z^yZ' 

The authors in [27] have got the form of the solutions of some systems of the following rational difference 
equations 

Xn—1 Vn — 1 

Xn+1 — i Vn+1 — 7} . • 

tT X n—lUn P T 'YVn—lXn 

In [29] Papaschinnopoulos and Schinas studied the oscillatory behavior, the boundedness of the solutions, and 
the global asymptotic stability of the positive equilibrium of the system of nonlinear difference equations 

a . Un a X n 

X n +1 — A H , Un+1 — A + 


Un—q 


In [39], Yalcinkaya et al. studied the periodic character of the following two systems of difference equations 




d 2 > 


.(2) _ 


r (3) 


Jk) 


n<P 


X n+1 — x m_ 1 > X n + 1 — x (3)_ 1 » * ■ • > x n+ 1 — X W _ 1 > 


and 


„( 1 ) 




„( 2 ) 


r (l) 


Ak) 


r (k-i) 


X n+ 1 ~ X W _! i X n+1 — > ■ • ■ > ^n+l — iC (fc"-i)_ 1 , 


where the initial values are nonzero real numbers for Xq 1 1 , Xq 2 ^ , . . . , x ^ ^ 1. 

In [42]- [43] Zhang et al. studied the boundedness, the persistence and global asymptotic stability of the 
positive solutions of the systems of difference equations 

A Un—m A X n — m 

X n -{-l — 7L H , Un+1 — A H , 


and 


x n = A + 


1 


Vn — A + 


Vn 
Un— 1 


Vn—p x n — r y n _ s 

Similar to difference equations and nonlinear systems of rational difference equations were investigated see [12]- 

[45]. 

In this paper, we obtain the expressions of the solutions of the following nonlinear systems of difference 
equations 

Un-Xu — 2 X n y n —2 

Xn+1 — j i Un+1 ~ j 71 0, 1, 2, ••• , 

Vn Un — 3 d= X n =l X n _3 

where the initial values x_ 3 , x_ 2 , x_i, Xo, y_ 3 , y_ 2 , j/-i, yo are arbitrary non zero real numbers, moreover, 
we take some numerical examples for the equation to illustrate the results. 


2. ON THE SYSTEM X N+1 = , Y N + 1 = 

' rjv + iJV-3 T -^JV+^JV-3 

In this section, we study the solutions of the following system of difference equations 

UnXn—2 X n y n —2 , \ 

Xn+1 — j > Un+1 — j ; (1) 

Un + Un- 3 X n + X n _3 

where the initial values x_ 3 , x_ 2 , x_i, Xo, y~ 3 , y_ 2 , j/-i, yo are arbitrary nonzero real numbers. 

Theorem 1. Suppose that {x n ,y n } are solutions of the system (1). Then for n = 0, 1,2, •••, we have the 
following formula 

XQn— 3 


ad n h n 


nllo 1 0 + ( 6 * + 3 ) h )( a + (6 i)d) ' 

cd n h n 

fllTo (e + (6i + 5)h)(a + (6 i + 2 )d)‘ 


%6n — 1 


bd n h n 

ir:=o(e + (6i + l)h)(a + (6i + 4)d) 
d n+1 h n 

nr=o ( e + (6* + 3)/i)(a + (6i + 6)d) ’ 
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%6n -\- 1 — 

bd n h n+1 

cd™ + 1 ft™ 

(e + ft) nr^o 1 (e + ( 6 * + 7 )ft)(a + ( 6 * + 4 )d) ’ 
ed”ft™ 

6?1+2 (a + 2 d) nr=o ( e + ( 6 * + 5 )ft)(a + ( 6 * + 8 )d) ’ 

/d”ft™ 

V6n — 3 

nr^o 1 ( e + ( 6 *)ft)(a + ( 6 * + 3 )d) ’ 
yd™ ft™ 

nr=o( e +( 6 * + 4 )ft)(a+( 6 z + 1 )d)’ 
d”ft ” +1 

V6n—1 = 

y 6 n+l = 

nrjo 1 ( e + ( 6 * + 2 )M( a + (s* + 5 )d) ’ 

/d™ +i ft™ 

n™r 0 1 ( e +( 6 z + 6 )ft)(a + ( 6 z + 3 )d)’ 
yd™ft ™ +1 

(a + d) nrJo 1 ( e + ( 6 * + 4 )ft)(a + ( 6 z + 7 )d) ’ 

7 . _ .7 _ 

(e + 2 ft) fllTo 1 ( e + ( 6 * + 8 )ft)(a + ( 6 z + 5 )d) ’ 

£ . .. 7 _ 


where x- 3 = a, x- 2 = b, x-i = c, x 0 = d, y_ 3 = e, y_ 2 = /, y~i = g, yo = h. 

Proof. By using mathematical induction. The result holds for n = 0. Suppose that the result holds for n — 1 


%6n— 7 — 


%6n — 5 — 




lir=o 2 ( e + (6* + 5 )h)(a + (6z + 2)d) ’ 
bd n ~ 1 h n 

( e + ft) nr=o 2 ( e + (6* + 7)h)(a + (6 i + 4 )d) ’ 

n— 1 hn-l 


d"ft™ _1 

( e + ( 6 * + 3 )ft)(a + (6z + 6)d) 


nun— 1 


%6n — 4 — 


cd n h 


V6n-7 — n _ 2 


gd n i ft 


(a + 2d) n"=o ( e + + 5)ft)(a + (6z + 8 )d) 

d n ~ 1 h n 


V6n-5 = 


n"=o ( e + (6* + 2 )ft)(a + (6z + 5)d) 
fd "ft”- 1 


nt 0 2 ( e +(6i + 6)ft)(a+(6* + 3)d) 


yd™- 1 ft” 


"5 l/6n — 4 — 


(a + d) nr=o ( e + ( 6 * + 4)ft)(a + (6z + 7)d) 

From system (1) we can prove as follow 

^ TTTWTTTT^— ^TT77T77TTTT7TT71Tr7TTT\ I l ft™ — 2 


(e + 2 ft) n"=o ( e + (6* + 8)ft)(a + (6z + 5)d) 


pd™ 1 h n 


X6n-3 


d.H'h 71 


y6n—4%6n—6 V (eH-2/x) (e+(6i+8)/i)(a+(6i+5)d) / \Or=o ( e +(6i+3)/i)(a+(6i+6)d) 

d6n— 4 + d6ra-7 


( 


gd n ~ 1 h n 


gd™- 1 h™- 1 


(e+2 h) nr=o (e+(6z+8)/i)(a+(6i+5)d) / Vnr=o (e+(6z+2)h)(a+(6i+5)d) 

d"ft” 


(e+2Zi) n"=o (e+(6i+8)h) 

niTo' (e+(6*+2)/i) 


nr=( 2 ( e + ( 6 * + 3)ft)(a + (6z + 6)d) (ft 

d”ft” _ 

(e + (6n - 3)ft) n™=o 2 ( e + (6* + 3 )ft)(a + (6* + 6)d) nl^Q 1 ( e + (6* + 3 )ft)(a + (6z)d) ' 


ad™ ft” 


cd n h n 


d n ~ L h n 


V6n— 3 — 


%6n— 4:V6n — 6 
%6n — 4 %6n—7 


(a+2d)nr=c) (e+(6i+5)/i)(a+(6i+8)d) n”=() (e+(6i+6)/i)(a+(6i+3)d) 


cd rL h n 


, (a+2d) nr =0 2 (e+(6i+5)/i)(a+(6i+8)d) nT=o 2 (e+(6i+5)^)(a+(6i+2)d) 
d n h ' ' 

' d | 1 

(a + 2d) n™T 0 2 (a + (6i + 8)d) nJtTo 2 (a+(6i + 2)d) 


cd 77- 1 h n 


(a+2d) n?=o (®+(6i+8)d)(e+(6i+6)/i)(a+(6i+3)d) 

OS 2 (e+(6i+6)ft)(a+(6i+3)d) (rf+ ) 

d"ft” 

n;r 0 2 (e + (« + e^xa + (« + s)d) (d + 

d"ft™ ed n h n 


nr=o 2 ( e + (6* + 6 )ft)(a + (6z + 3)d) (a + (6n - 3)d) nlLo* ( e + (6z)ft)(a + (6z + 3)d) 
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The other relations can be proved similarly, this completes the proof. 

Lemma 1. Every positive solution of system (1) is bounded and lim x n = lim y n = 0. 

n — »oo n — »oo 

Proof: It follows from system (1), that 


Vn^n—2 Vn^n— 2 

Xn -\- 1 — ' ^ — %n—2) 

Vn + Vu - 3 Vn 


Vn+l ~ 


%nVn— 2 
X n X n — 3 


< 


%nVn—2 


X n 


Vn- 2- 


Then the subsequences {a;3 n _2}~ = o, {z 3 n-i}£Lo, {a; 3 „}“ =0 , {y 3n - 2 }™ =0 , {y 3n -i}n=<x {V 3 n}n=o are decreasing 
and so are bounded from above by M, N respectively since M = max{a;_3, X- 2 , X-i, xq} , N = max{y_3, y_ 2 , y~i, 


3. ON THE SYSTEM X N+1 = ^ v v ~ 2 , Y N+1 = XnY *-‘ 2 

~ Y N~r Y N-3 -XN—^N-3 

We study, in this section, the solutions formulas of the system of rational difference equations 


VnXn—2 X n y n —2 

Xn+l — J 5 2/n+ 1 — — " i 

yn yn— 3 X n X n _3 


(2) 


where the initial values X- 3 , X- 2 , X-i, Xo, y~ 3, y~ 2, y~ 1 , yo are arbitrary nonzero real numbers. 

Theorem 2. Assume that {x n ,y n } are solutions of system (2) with x- 3 7^ xo, X- 3 7^ 2x$ and y_ 3 7^ ±j/o- Then 
for n = 0, 1, 2, 


Xl2n-3 
X\2n-2 
X\ 2 n-l 
X\ 2 n 
X\ 2n +1 
X\ 2n +2 
X\ 2n +3 
Xl2n+4 
Xl2n+5 
Xl 2n +6 
Xl 2n +7 
Xl 2n +S 


d 2n h 2n 

h 2n d 2n 

a n ~ 1 (h + e) n (h - e) n (2d - a) n ’ 

y 12n—3 ~ e 2n-l( d _ a )2n’ 

bd 2n h 2n 

fh 2n d 2n 

a n {h + e) n {h - e)"(2 d - a) n ’ 

V12U-2 - e 2n( d _ a yn’ 

cd 2n h 2n 

gh 2n d 2n 

a n [h + e) n {h - e)”(2 d - a) n ’ 

Vl2n ~ 1 ~~ e 2 «(d-a) 2 "’ 

d 2n+1 h 2n 

ft 2n +irf 2 « 

a n [h + e) n {h - e)"(2 d - a) n ’ 

yi2n " e 2rt (d — a) 2n ’ 

bd 2n h 2n+1 

fh 2n d 2n+1 

a n (h + e) n+1 (ft - e)”(2 d - a) n ’ 

y 12n+l ~ e 2r»( d _ a )2n+l> 

cd 2n+1 h 2n 

—gh 2n+1 d 2n 

a n {h + e) n {h - e) n {2d - a) ra+1 ’ 

Vl2n+2 ~ e 2n+l( d ^ a )2n’ 

d 2n +i/i 2ra +i 

-ft 2r!+1 d 2n+1 

a” (ft + e) n {h - e) n+1 (2d - a) n ’ 

yi2n+3 - e 2n( d _ a )2n+l* 

&d 2n+1 ft 2n+1 

/ft 2 " +1 d 2n+1 

a n+1 (ft + e) n+1 (h - e) n (2d - a) n ’ 

yi2n+4 - e 2n+l( d _ a )2n+l» 

cd 2n+1 ft 2ra+1 

-gh 2n+1 d 2n+1 

a" (ft + e) n+1 (ft - e) n {2d - a) n+1 ’ 

y 12n+5 - e 2n+l( rf _ a )2r l +l’ 

d 2n+2 h 2n+l 

h 2n+2 d 2n+l 

a n (h + e) n (h - e) n+1 (2d - a) n+1 ’ 

Vl2n+6 ~ e 2n+l( d _ a )2n+l’ 

bd 2n+1 h 2n + 2 

-fh 2n+1 d 2n+2 

a n+1 (h + e) n+1 (h - e) ra+1 (2d - a) n ’ 

V12U+7 - e 2„+l( d _ a )2n+2 

cd 2n+2 ft 2n+1 

—gh 2n+2 d 2n+1 

a n+1 (ft + e) n+1 (ft - e) n (2d - a) ra+1 ’ 

V12U+8 - e 2„+2 ( d _ a )2n+l 
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Proof. By using mathematical induction. The result holds for n = 0. Suppose that the result holds for n — 1 


Xl2n-7 = 
X\2n — 6 = 

X\2n — 5 
Xl2n-4 = 


cd 2n ~ 1 h 2n ~ 1 


2n— 1 ,j2n— 1 


a"- 1 (ft + e) n (h - e) n ~ 1 ( 2 d - a) r 

d 2n h 2n-l 

a™ -1 (ft + e) ra_1 (ft — e)"(2 d — a) r 
bd 2 n ~ 1 h 2n 

a n (h + e) n (h - e)"(2 d - 
cd 2 n h 2n ~ 1 

a" (ft + e) n (h - e) n ~ 1 { 2 d - a) n ’ 
From system (2) we have 

—gh 2 n d 2n ~ 1 

57l 277.-4*1 2n-fi e 

Xl2n-3 


yi2n-7 = 


— <?ft 2 ” _i d' 


0 2n— 1 


2n— 1 ’ 


(d — a) 
h 2n d 2n ~ 1 

2/12,1-6 ~ e^-'id-a) 2 "- 1 ’ 
fh 2n ~ 1 d 2n 


yi2n-5 — 2n— 1 


2/l2ra-4 = 


e^n-i^d — a) 2n ’ 
gh 2 «d 2 ™- 1 


e 2n (d — a) 2 " -1 ’ 


2n u2n— 1 


d 2n k 


yi2n-4X\2n-Q _ e 2n (d — a) 2n ~ 1 a ra_ 1 (ft + e) n_1 (ft — e) ra (2d — a) r 


yi2n-4 + y\2n-7 


-gh 2 n d 2r ‘ 


- g h 2 n ~ 1 d 2n ~ 1 


e 2n (d — a) 2ra_1 e 2n_1 (d — a) 2ll_1 
Ji 2n d 2n d 2n h 2n 


a"- 1 (ft + e)"- 1 ^ - e)"(2d - a) n (ft + e) a"- 1 (ft + e) n (ft - e) n (2d - a) n ’ 


2n i2n — 1 


Vl2n-3 = 


Xl2n-2 = 


Vl2n-2 = 


Xl2n-4yi2n-6 
Xl2n-4 ~ X\2n-7 
ftl2n— 3*T 12n— 5 
Vl2n-3 + yi2n-6 


cd Zn h 


2n.u2n.-l 


/i^d 


a rz (/i+e) ri (^— e) n_1 (2d— a) n e 2n_1 (d— a) 2rl-1 


2n J2n 


h zn d 


cd 2n h 2n ~ i 


cd 2 ™- 1 /! 2 ™- 1 


a 71 (/i+e) 71 (/i— e) n— 1 (2d— a) n a n ~ 1 {h-\-e) n {h—e) n ~ 1 {2d—a)' n 


e 2n ~ 1 {d — a) 2n ’ 


d 2n /j 2ri bd 2n ^ 1 /j 2 ” 


e 2n 1 (d— a) 2n a n (h-\-e) n (h— e) n (2d—a) n ^ 1 \ 
Xl2n-3yi2n-5 
Xl2n-3 ~ Xi2n-6 

a n ~ 1 (h-l-e) n (h—e) n (2d—a) n e 2ri ~ 1 (d—a) 2n a n — 


d?™h 2n 


r/.2n — 1 / t 2ri 

e Zn (d- a)' Arl ^ ( d2n- l( (i _ tt )2n-l J 


bd h 

l (h.+e) 7l (fo— e) n (2d— a) 77 ’ 


1 (ft + e) 7l (ft-e) 7 ‘(2d-a) n 


^ — 1 (ft + e) 71 — 1 (h — e) n (2d— a) 


a) 71 - 


7 (d— a 


So, we can prove the other relations and the proof is completed, 
mma 2. Every positive solution of the equat 

The following cases can be proved similarly. 


Lemma 2. Every positive solution of the equation i n+ i = ' / ' i ' n 2 is bounded and lim x n = 0. 

Vn + JM-3 n ^°° 


4. ON THE SYSTEM X* +1 = Y w+1 = _ff£- a _ a 

In this section, we study the solutions of the system of the difference equations 

Vn^n — 2 ^nVn —2 

%n + 1 — j i Dn + 1 — j i 

Vn + Vn — 3 —%n + 3 


(3) 


where the initial values X-3, X-2, X-\, Xo, y~ 3, y~ 2, j/-i, yo are arbitrary nonzero real numbers with 
X -3 ± x 0 , and y_ 3 ^ -y 0 . 

Theorem 3. Let {x n ,y n }X=- -3 be solutions of system (3). Then for n = 0, 1,2, ..., 


%6n—3 
%6n—2 
%6n— 1 


h n d n 

a ra-1 (ft + e) n ’ 
bh n d n 
a n {h + e) n ’ 
ck n d n 
a n {h + e) n, 


h n d n 

2/611-3 “ e n_1 (— d + a)" ’ 
fh n d n 

2/611-2 “ e"(— d + a)" ’ 
gh n d n 

2/611-1 ~~ e n (—d + a) n ’ 
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%6n — 


h n d n+l 

a n (h + e) n ’ 
bd n h n+1 


d n h n+ 1 
e n (-d + a) n ’ 
fh n d n+1 


X6n+1 a n (h + e )" +1 ’ 2/611+1 e™(— d + a ) n+1 ’ 


XQn+2 = 


ch n d n+1 
a n+1 {h + e) n ’ 


d6n+2 = 


gd n h n+1 
e n+1 (-d + a) n ’ 


Lemma 3. The system (3) has a periodic solutions of period 6 iff hd = e(a — d) = a(h + e). 

Proof. First, if hd = e(a — d) = a(h + e), then from the form of the solutions of system (3), we see that 

XQri — 3 — ^ ( h + e) a ( /i F c) — u , x ^ n —2 — b. XQ n —\ — c, XQ n — d, XQ n -^. r — fill F e, ^ 6 n-t -2 cda 7 

y6n—3 = F y6n — 2 : 2/6n — 1 = 5S //6« “ h 7 y§n + 1 = f dd d, 1/6n+2 = hge. 

Thus system (3) has a periodic solution with period 6. Seconddf we have a period 6 then 
h n d n bh n d n ch n d n 

X&U-3 = n—l(] I \n = X ~ 3 = a > X6n ~ 2 = nil i = X ~ 2 = 6 ’ X 6n-1 = n(, i \n = X ~ 1 = C ’ 

a n 1 (h + e) n a n (h + e) n a n {h + e) n 


h n d n+1 _ _ bd n h n+1 bh _ ch n d n+1 _ _ cd 

X6n ~ a n (h + e) n - x °~ d ' Xen+1 ~ a n (h F e) n+1 ~ Xl ~ h + ~e ’ 2:611+2 “ a n +'{h + e) n ~ X 2 _ ~a' 
h n d n fh n d n 

V6n - 3 = e n_1 (— d + a) n =y - 3 = e ’ y^- 2 = en{ _ d + a)n =y -2 = L 


ch n d n+1 


gh n d n 

V 6n ” 1 " e”(— d + a)" -y- 1 - 9 ' 


d n h n+1 

V6n r~ rzr VO — h, 

e"(— d + a) n 


fh n d n+1 fd _ gd n h n+1 _ _ gh 

2/671+1 ~~ e n (— d + a) n+1 ~ Vl ~ a-d’ 2/671+2 _ e n+1 (-d F a) n ~ 2/2 _ ~e~’ 

Then we get /id = a(h F e), /id = e(a — d), and the proof is completed. 

5. ON THE SYSTEM X N+1 = Y K+1 = FwFF 

In this section, we study the solutions of the system of the difference equations 

Vn^n — 2 ^nVn—2 

%n + 1 — j 5 2 /n+l — 5 

Un T Vn — 3 ^n—3 


where the initial values x_ 3 , x_ 2 , x_i, xq, V- 3 > V- 2 > V-i , Vo are arbitrary nonzero real numbers. 
Theorem 4. If {x n ,y n } are solutions of difference equation system (4). Then for n = 0,1, 2, we have 

d 2n h 2n ^ _ (-1 ) n d 2n h 2n 

Xl2n ~ 3 ~ a 2n_1 (/i + e) 2n ’ 2/12,1-3 _ e ra-1 (d + a) n (d - a)"(2/i + e) n ’ 

bd 2n h 2n __ _ ( — f d 2n h 2n 

Xl2n ~ 2 ~ a 2n {h + e) 2n ’ yi 2 n — 2 - e n(^ + a )n( d _ a )n( 2 /j + e) n ’ 

cd 2n h 2n __ _ (-1 ) n gd 2n h 2n 

xi2n ~ 1 _ a 2n (h + e) 2n ’ //I 2 n -1 - + a )n(d _ a ) n (2/i + e) n ’ 

d 2n+l h 2n ^ _ (_ 1 )nd 2 n/ l 2n+l 

2:12,1 _ a 2n (h + e) 2n ’ 2/12,1 _ e n (d + a)”(d - a) n {2h + e) n ’ 
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bd 2 n h 2n+1 _ (-1 ) n+ 1 fd 2 n+ 1 h 2n 


Xl2n+1 = 

a 2n (h + e ) 2n+1 ’ 

V 12n-3 = 

e n (d + a) n + 1 (d-a) n {2h + e) n ' 

x V2n+2 = 

—cd 2n+1 h 2n 

Vl2n+2 = 

(-1 ) n+1 gd 2n h 2n+1 

a 2n+1 (h + e) 2n ’ 

e n {d + a) n (d - a) n (2h + e) n+1 ’ 

X\2n+3 = 

-d 2n+1 h 2n+1 

Vl2n+3 = 

(— l) n+1 d 2 " +1 /z 2ra+1 

a 2n (h + e ) 2n+1 ’ 

e n (d + a) n (d - a) n+1 (2h + e) n ’ 

a;i2n+4 = 

bd 2n+1 h 2n+1 

yi2n+A = 

(-l) n+1 /d 2n+1 /i 2n+1 

a 2n+1 {h + e) 2n+1 ’ 

e ra+1 (d + a) n+1 (d — a) n (2h + e) n ’ 

*^12n+5 = 

-cd 2n+1 /i 2n+1 

Vl2n+5 = 

(-l) n 5 d 2n+1 /i 2n+1 

a 2n+1 (/i + e) 2n+1 ’ 

e”(d + a) n+1 (d — a) n {2h + e)" +1 ’ 

®12n+6 = 

d 2n+2 h 2n+l 

2/l2n+6 = 

(- l) n d 2n+1 h 2n+ 2 

a 2n+1 {h + e) 2ra+1 ’ 

e n (d + a) n (d — a) n+1 (2h + e) n+1 ’ 

•Tl2n+7 = 

-6d 2 " +1 /i 2n+2 

Vl2n+7 = 

(— l) n /d 2ri+2 /i 2ra+1 

a 2n+1 (h + e) 2n+2 ’ 

e n+1 (d + a) n+1 (d - a) n+1 (2 h + e) n 

Xl2n+8 = 

—cd 2n+2 h 2n+1 

Vl2n+8 ~ 

{-l) n gd 2n+1 h 2n+2 

a 2n+2 (h + e) 2n+1 ’ 

e n+1 (d + a) n+1 (d — a) n (2h + e) n+1 


6. NUMERICAL EXAMPLES 

Here, we consider interesting numerical examples in order to illustrate the results of the previous sections and 
to support our theoretical discussions. 

Example 1 . We consider numerical example for the difference system (1) with the initial conditions X -3 = 
2, x -2 = 14, x-i = 6 , x 0 = 7, y - 3 = 5, y _ 2 = 9, y_i = 7 and y 0 = - 8 . (See Fig. 1). 


plot of x(n+1 )=x(n-2)y(n)/y(n)+y(n-3),y(n+1 )=x(n)y(n-2)/x(n)+x(n-3) 



Figure 1. 

Example 2. Assume for the system (2) with the initial conditions X -3 = 4, X -2 = 5, X-\ = 6 , Xo = 3, y _ 3 = 
1.8, y _ 2 = 9, y_i = 2 and y 0 = 1.9. See Figure ( 2 ). 
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x -|0 4 plot of x(n+1 )=x(n-2)y(n)/y(n)+y(n-3),y(n+1 )=x(n)y(n-2)/x(n)-x(n-3) 



Example 3. Figure (3) shows the behavior of the solution of the difference system (3) with the initial conditions 
X -3 = 4, X —2 = 5, X—i = 6, x 0 = 10, y- 3 = 8, y_ 2 = 9, y_i = 2 and y 0 = 2. 


plot of x(n+1 )=x(n-2)y(n)/y(n)+y(n-3),y(n+1 )=x(n)y(n-2)/x(n-3)-x(n) 



Figure 3. 

Example 4. We take the initial conditions, for the system (4), as follows X -3 = 3, x_ 2 = 5, x_i = —9, 
xo = 6, y_ 3 = 2, y _ 2 = 1.7, 1 = 2.8 and y 0 = 4. See Figure (4). 
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plot of x(n+1 )=x(n-2)y(n)/y(n)+y(n-3),y(n+1 )=x(n)y(n-2)/-x(n-3)-x(n) 
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Abstract 

The main objective of this paper is to study the global stability of the 
positive solutions and the periodic character of the difference equation 

ax n x n -i „ „ 

x n +i = ax n + ■ , n = 0 , 1 , ..., 

px n + 7 Xn-k 

where the parameters ct, /3, 7 and a are positive real numbers and the initial 
conditions X-t, x-t + 1 •••, X-\ and xo are positive real numbers where t = 
max{l, k}. Numerical examples to the difference equation are given to explain 
our results. 

Keywords: difference equations, stability, global stability, boundedness, periodic 
solutions. 

Mathematics Subject Classification: 39A10 


1 Introduction and Preliminaries 


Our object in this paper is to study some qualitative behavior of the positive solutions 
of the difference equation 


1 


ax n -\- 


OiX n Xn-l 

Px n +'1Xn-k ’ 


n = 0 , 1 , ..., 


( 1 ) 


1 
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where the parameters a, / 3 , 7 and S are positive real numbers and the initial condi- 
tions x_ t , x _ t + 1 x_i and x 0 are positive real numbers where t = max {l, k}. In 
addition, we obtain the solutions of some special cases of this equation. 

Many researchers have Many researchers have studied the behavior of the solution 
of difference equations for example: Kalabusic et al. [ 1 ] studied the global character 
of the solution of the nonlinear rational difference equation 


(^ x n — l~^~^ x n — k 

Xn + 1 “ Bx^t+Dx^k ’ 


n = 0 , 1 , 


with positive parameters and non-negative initial conditions. 

Cinar [ 2 ] studied the solutions of the following difference equation 


ax n — 1 

Xn + 1 - l+bx n x ’ 


n = 0 , 1 , ..., 


where a, b, X-\ and Xq are non-negative real numbers. 

Yang et al. [ 3 ] studied the invariant intervals, the asymptotic behavior of the 
solutions, and the global attractivity of equilibrium points of the recursive sequence 


aXn-\+bx n -2 
n+1 c+dx„—ix„—2 ’ 


n = 0 , 1 , ..., 


where a > 0, b, c, d > 0. 

In [ 4 ] kenneth et al. got the global asymptotic stability for positive solutions to 
the difference equation 


n . Vn — k ~l~ Dn — m 

Un+l ~ 1 +y n _ k y n -m ’ 


n = 0 , 1 , ..., 


with y_ m , y_ m+ 1, ..., y_i G (0, 00) and 1 < k < m. 

Raafat [ 5 ] investigated the global asymptotic stability of all solutions of the dif- 
ference equation 

™ _ Ax n - 2 _ n 1 

Xn+1 B+Cx nXn - lXn -2' n u ’ •••’ 

where A, B, C are positive real numbers and the initial conditions X-2, X-i, X( } 
are real numbers. 

Also, Raafat [6] introduced an explicit formula and discuss the global behavior of 
solutions of the difference equation 


aXn-3 

n+ 1 b+cx n - ix„_3 ’ 


n = 0 , 1 , ..., 


where a, b, c are positive real numbers and the initial conditions x_ 3 , a;_ 2 - x_i, x (j 
are real numbers. 

In [ 7 ] Elsayed studied the behavior of the solutions of the difference equation 


%n + 1 


OjX n _i + 


bx n x n ^ 1 
CXn+dx n - 2 ’ 


n = 0, 1, ..., 


where a, b, c are positive constant and the initial conditions X-2 , , X-±, xq are 
arbitrary positive real numbers. 


2 
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Zayed et al. [ 8 ] investigated some qualitative behavior of the solutions of the 
difference equation, 


%n+ 1 


7 x n-k + 


dXn~\~bx n — k 
CX n dx n — fc 


n = 0 , 1 ,..., 


where the coefficients 7 , a, b, c and d are positive constants and the initial con- 
ditions x_fc, ..., x_i, x 0 are arbitrary positive real numbers, while k is a positive 
integer number. 

Other related results on rational difference equations can be found in refs. [11] - 

[24]- 


Let I be some interval of real numbers and let 

F : I t+1 -»• /, 

be a continuously differentiable function. Then for every set of initial conditions 
X-tiX-t+i, ...,Xo £ /, the difference equation 


Xn~t~ 1 Fi^Xni x n—h ■ ; x n—t)i XI 0,1, ..., 
has a unique solution {xn}^^. 


(2) 


Definition 1 The linearized equation of the difference equation (2) about the equi- 
librium l x is the linear difference equation 


Vn+l = 


i= 0 


d F(x, x , ..., x) 
dx, n _j 


Vn—i- 


(3) 


Now, assume that the characteristic equation associated with (3) is 

p(X) = poX* + PiA <_1 + ... + p t _ iA + p t = 0, (4) 


where 


Pi = 


d F(x, x , ..., x) 
dx n -i 


Theorem 1 [ 9 ]: Assume that p^ £ R, i = 1,2 ,...,t and t is non-negative integer. 
Then 


i = 1 

is a sufficient condition for the asymptotic stability of the difference equation 


x n+t + ppxn+t-x + ... +p t x n = 0 , n = 0 , 1 , ... . 


3 
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Theorem 2 [ 10 , 11 ]: Let g : [a,b ] t+1 — > [a,b\, be a continuous function, where t 
is a positive integer, and where [a, b] is an interval of real numbers. Consider the 
difference equation 

X n -i~l %n—li • • •) 3Cn—t): ^ 0,1,.... (5) 

Suppose that g satisfies the following conditions. 


( 1 ) For each integer i with 1 < i < t + 1 ; the function g(z\, z 2 , ..., z t + 1) is weakly 
monotonic in Zi for fixed zi, z 2 , ..., Zi-i, Zj+i, ..., z t + 1- 

(2) If m, M is a solution of the system 

m = g(mi, m 2 , ... 

,m t+ 1), M = g(M 1 ,M 2 , ...,M t+ 1), 

then to = M, where for each 

i = 1 , 2 , ..., t + 1 , we set 

TOj = j 

fm, 

if y is non- decreasing in z, , 1 

l M, 

if 7 is non- increasing in z, , J ’ 

and 

Mi =< j 

\M, 

[to, 

if 7 is non-decreasing in z*, 1 
if 7 is non- increasing in z, . J 


Then there exists exactly one equilibrium point x of Equation (5), and every 
solution of Equation (5) converges to x. 


2 Stability of the Equilibrium Point of Eq. (1) 

2.1 Local stability 

In this subsection, we study the local stability character of the equilibrium point of 
Eq. (1). 

Eq. (1) has equilibrium point and is given by 

i = + or ((1 - a) (/3 + 7) - a) x 2 = 0, 

if (1 — a) (/3 + 7) 7 ^ a, then the unique equilibrium point is x = 0 . 

Theorem 3 Assume that a+j^ < 1 ,then equilibrium, x of Eq. ( 1 ) is locally asymp- 
totically stable. 

Proof: Let / : (0, oo) 3 — *• (0, 00 ) be a continuous function defined by 

f(v 0, v u v 2 ) = av 0 + aV ^ ■ (6) 

pv 0 + 7^2 


4 
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Therefore, it follows that 


df(v o, vi, V2) _ 1 avi(pvo+'yV2)-apvovi _ , apv^ 

dv 0 (/ 9 t> 0 + 7 ^ 2) 2 {0vo+'yV2 ) 2 ’ 

df(v 0, tJi, V2) _ gyp 

dv\ 0 vp+ r yv 2 ’ 

df(v 0, vi, V2) —avovi a'yvo vi 


dv 2 

Then, we see that 


(/3uo+7t)2) 


(/3v 0 +jV2) ' 


df(x, x, x) 1 

**> = Q +(hT7F’ 


g/3 


df(x, x , a?) a df(x, x , #) 0:7 

_ /3+7 ’ dt>2 _ (/?+7) 2 ' 


and the linearized equation of Eq. (1) about x, is 

Vn+1 = (a + (^ 2 ) Un + (^) Vn-l + ((^ 2 ) Vn-ki 


Under the conditions, we get 


a H- 


a(3 


os+7 r 


and so 


+ 


CL + 


/ 3+7 


2 a 

/ 3+7 


+ 


— cry 


(/?+ 7) 2 


< 1 , 


< 1 . 


According to Theorem 1, the proof is complete. 

Example 1. The solution of the difference equation (1) is local stability if l = 
2, k — 3, a = 0.1, f3 = 0.2, 7 = 1, a = 0.2 and the initial conditions X -3 = 0.6, 
x _2 = 0.3, x_i = 0.4 and x 0 = 0.8 (See Fig. 1). 


plot of x(n+1 )= a X(n)+(alpha X(n) X(n-l)/(beta X(n)+gamma X(n-k))) 



Fig. 1. Plot the behavior of the solution of equation (1). 
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Example 2. See Figure (2) when we take the difference equation (1) with l = 
2, k = 3, a = 1, (3 = 0.2, 7 = 0.4, a = 0.5 and the initial conditions x _ 3 = 0.6, 
x_ 2 = 0.3, x_i = 0.4 and x 0 = 0.8. 


x 1 0 7 plot of x(n+1 )= a X(n)+(alpha X(n) X(n-l)/(beta X(n)+gamma X(n-k))) 



Fig. 2. Draw the behavior of the solution of equation (1). 

2.2 Global Stability 

In this subsection we study the global stability of the positive solutions of Eq. (1). 
Theorem 4 The equilibrium point x is a global attractor of equation (1) if 

(1 - a) (p - 7 ) ^ a. 

Proof. Let r, s be nonnegative real numbers and assume that h : [r, s ] 3 — > [r, s] 
be a function defined by 


Kv 0 , v 2 ) = av o + 


Then 


dh(vp, vi, v?) a/3vi dh(v p, vi, v 2 ) av p j dh(vp, v\, vi ) a'yv 0 v 1 

dVQ ' ( 5 rfou b'V'JJo Rlln 


( 0VO+7V2 ) 


dvi 


fiv 0 + 7^2 


dl ’2 


(/3uo+7^2) 


We can see that the function h(vo, V\, v 2 ) increasing in vq, V\ and decreasing in v 2 . 
Suppose that (m, M) is a solution of the system 

M = h(M, M, m ) and m = h{m, m, M ). 

Then from Equation (1), we see that 


then 


/3 (1 — a) M + 7 (1 — a) m = aM, 
[3 (1 — a) m + 7 (1 — a) M = am, 
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Subtracting this two equations, we obtain 

((1 — a) (P — 7 ) — a) ( M — m) = 0, 

under the condition (1 — a) (fl — 7 ) ^ a, we see that M = m. It follows from Theorem 
2 that a: is a global attractor of Equation (1). 

Example 3. The solution of the difference equation (1) is global stability if 
l = 2, k = 3, a = 0.01, P = 0.2, 7 = 0.4, a = 0.1 and the initial conditions X-% = 0.6, 
X -2 = 0.3, X-i = 0.4 and xq = 0.8 (See Fig. 3). 


plot of x(n+1 )= a X(n)+(alpha X(n) X(n-l)/(beta X(n)+gamma X(n-k))) 



Fig. 3. Sketch the behavior of the solution of Eq. (1). 


3 Boundedness of Solutions of Equation (1) 

In this section we investigate the boundedness nature of the solutions of Equation 

(!)• 

Theorem 5 Every solution of Equation (1) is bounded if a < 1. 


Proof. Let be a solution of Equation (1). It follows from Equation (1) 


that 


%n+i ax n + 


Ot-XnX n — i 


< ax n + 


ax n x n _i 


a i ^ i A,^ n i a — ax n T ( % I x n —i . 

pXn+'YXn-k ~ U 0X n n ' » > n 1 


By using a comparison, we can right hand side as follows 

t-n+l ® ^ n—l • 

and this equation is locally asymptotically stable if a < 1 , and converges to the 
equilibrium point t = 0 . Therefore 


lim sup x n ^ 0 . 

n^oo 
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Example 4. Figure (4) shows that l = 4, k = 3, a = 0.1, f3 = 0.2, 7 = 0.4, a = 
1.3, the solution of the difference equation (1) with initial conditions x_ 3 = 0.6, 
X -2 = 0.3, X-i = 0.4 and xq = 0.8 is unbounded. 



Fig. 4. Polt the behavior of the solution of equation (1) when a > 1. 


4 Existence of Periodic Solutions 


In this section we investigate the existence of periodic solutions of Eq. (5). 

Theorem 6 Equation (1) has no prime period two solutions if l and k are even 
when a + a ^ 0 and (3 + 7 7 ^ 0 . 

Proof. Suppose that there exists a prime period two solution ...p,q,p,q, of 
Equation (1). We see from Equation (1) when / and k are even that 


p = aq + 


aq 


/fy + 79’ 


q = ap + 


ap 

fiP + lP' 


(£ + 7 )PQ = a {(3 + q 2 + aq 2 , (7) 

(/? + 7 ) pq = a ((3 + 7 ) p 2 + ap 2 ( 8 ) 

Subtracting (7) from ( 8 ) gives 

(a + a) (/3 + 7 ) ( p 2 - q 2 ) = 0 , 

Since a+a / 0 and (3 + 7 7 ^ 0, then p = q. This is a contradiction. Thus, the proof 
is completed. 

Theorem 7 Equation (1) has no prime period two solutions if l and k are odd when 
7 ^ a (3. 

Theorem 8 Equation (1) has no prime period two solutions if l is an even and k 
is an odd when a + 7 7 ^ a(3. 

Theorem 9 Equation (1) has no prime period two solutions if l is an odd and k is 
an even when a ((3 + 7 ) 7 ^ 0. 
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5 Special Cases of Equation (1) 


5.1 First Equation When l = k = 1, a = 0 and a = (3 = 7 = 1. 

In this subsection we study the following special case of Eq. (1) 


™ X n X n — j 

n+1 “ x„+.r„_i ’ 

where the initial conditions are arbitrary non zero real numbers. 
Theorem 10 Let {x n }^ ( h_ 1 be a solution of Eq. (9). Then for n 

... — cb 

n fnb+fn+ic' 


(9) 


0, 1, 2, 


where x_, = c, x 0 = b, {f n }n=i 


{1, 1, 2, 3, 5, 8, 13, ...} / 0 = 0 and /_i = 1. 


Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption 
holds for n — 1 and n. Now, it follows 

Xn ~ 2 = f n - 2 b+f n -ic an d X n - 1 = /„_!&+ / nC - 

Now, it follows from Eq. (9) that 




TnTn — j 

Xn+Xn - 1 


/ri.H/ n +ic 
' cb N 

,/nH/n+iCy 


)(/„ — iH/nc) 


cb ' 

v. /n — l b +/nc y 


f cV ^ 

\ U nb +fn+l c )(fn-l b +fnc) J 
( cb(f n _ 1 b+fnc)+cb(f n b+f n + 1 c) \ 
\ (/nH-/ n + 1 c)(/ n _ 1 6+/nc) ^ 


c 2 /> 2 

cfc(/„_i6+/„c)+c6(/ n 6+/„ + ic) 


cb 

(/n-l+/n)6+(/» + /» + l)c 


cb 

fn+lb+fn+2C' 


Thus, the proof is completed. 


5.2 Second Equation When l = k = 1, a = 0, ct = /3=l and 

7 = - 1 . 

In this subsection we study the following special case of Eq. (1) 


^ %n%n—l 

^n -\- 1 r _ r 1 ? 

•A'n— 1 

where the initial conditions are arbitrary non zero real numbers. 

Theorem 11 Let {x n }^h_ 1 be a solution of Eq. (10). Thenfor n = 0, 1, 2, ... 

_ (~i r +1 cb 

fnb-fn + ic’ 

where x_i = c, a; 0 = b , and {f n }%L-i = {1, 0, 1 , 1 , 2, 3, 5, 8, 13, ...}. 


( 10 ) 
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Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption 
holds for n — 1 and n. Now, it follows 


%n—2 


fn— 2^ fn—lC 


and x n -\ 


(-1 ) n cb 

fn-lb— fnC ' 


Now, it follows from Eq. (10) that 


•^n+l 


{ (-l)”+ 1 cb \ f ( — 1 ) n cb \ ( (~l) 2 "+ 1 c 2 b 2 \ 

X n X n - 1 _ \fn b ~fn+ic J \fn-l b -fnc) _ \(fn b ~ fn+l c )(fn-l b ~ f n c) ) 

X n —x n -l — ( ( — l)”+ 1 cb N ( (-1 ) n cb \ — f -c b(f n _ lb -f n c)-cb(fnb-f n+1 c) \ 

\fnb-f n+ ic) \f„-lb-f„cj ^ (f„b-f n+1 c)(f n _ib-f n c) J 


(-l) 2 "+ 2 C 2 fe 2 

cb(f n -ib-f n c)+cb(f n b-f n+1 c) 


(-1 )"+ 2 cfe 

(fn- l+fn)b-(f n +l+fn)c 


(-1 ) n+2 cb 

fn+lb~fn+2C' 


Thus, the proof is completed. 


5.3 Third Equation When l = k = 1, a = 0, 0 = 7=1 and 

(3 = -l. 

In this subsection we study the following special case of Eq. (1) 


™ x n%n — 1 

Xn+1 ~ -Xn+Xn-l ’ 

where the initial conditions are arbitrary non zero real numbers. 

Theorem 12 Let be a solution of Eq. (11). Then for n = 0, 1, 2, ... 

x 3n ~i = (-1 ) n c, x 3n = (-1 ) n b, and x 3n+1 = { ~ 1] + bc , 


( 11 ) 


where X-\ = c, xq — b. 


Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption 
holds for n—1 and n. Now, it follows 

x 3 n- 4 = (-1 ) n_1 C, x 3n _ 3 = (-l) n_1 b , and x 3n _ 2 = ^11^ - 


Now, it follows from Eq. (11) that 


^3n+2 — 

x 3n+l x 3n \ 

b—c I 

'((-1 ) n b) 

(-ir +1 (H) 

(— l) n+ 1 6 2 c 

= (-l) 

— X3n+1+X3n _ 

f(-l) n + 1 bc' 
7 b—c 

)+(-! ) n b ~ 

(i^+ 6 ) 

“ 6 2 

*^3 n 

X3n-l x 3n-2 _ 

((-l) n c)( 

(-1 ) n bc\ 
b—c J 


(-l)"fec 2 .. ( 

-1 ) n b, 

— X3n-l+X3 n -2 

-(-l) n c+| 

f (-1 ) n bc\ 
L b—c ) 

(-+£7) “ 

c 2 ~ 1 


and 

x 3n x 3n ^ ((-l)"ft)((-l)"c) _ (-1 ) n bc (-1 ) n+1 bc 

X 3n +4 ~ _ X3n+X3n _ 1 ~ _(_i)" 64 .(_i )« c - — (6— c) “ b—c 

Thus, the proof is completed. 
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Theorem 13 Let be a solution of Eq. (11). Then every solution of Eq. 

(11) is a periodic with period six. Moreover takes the form form 


{^n} 


{c, b, 


be 

b—c' > 


~ C, 


~ b > c > 


be 

b—c 5 


- C, 


-b, 


be 

b—c 5 



where x_i = c, x 0 = b. 


Example 5. Figure (5) shows the solution of Eq. (11) when the initial conditions 
X-i = 0.3 and xq = 0.6. 


plot of x(n+1)= X(n) X(n-1)/( - X(n)+ X(n-1 )) 



n 


Fig. 5. Draw the solution of equation (11) has a periodic with period six. 


5.4 Fourth Equation When l = k = 1, a = 0, (3 = 7=1 and 

a = — 1 . 


In this subsection we study the following special case of Eq. (1) 

™ _ T n X n — l 

^ n -\- 1 r _i_ r 1 ? 

•^n T ^n— 1 

where the initial conditions are arbitrary non zero real numbers. 

Theorem 14 Let be a solution of Eq. (12). Then for n = 0, 1, 2, ... 

®3n-i = c, x 3n = b , and z 3n+ i = 
where x_i = c, x 0 = b. 


(12) 


Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption 
holds for n — 1 and n. Now, it follows 

x 3n -4 = c, x 3n - 3 = b, and x 3n - 2 = 
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Now, it follows from Eq. (12) that 


^3n+2 — 

*^3ri+l *^3n 


(-&) 

b 2 c 

X3n+1+X3n 

H ro) +b 

f — bc-\-b^+bc^ 

V b + c / 

) ~ b 2 

%3 n 

X3n-\X3n-1 

o(-fe) 

m 

be 2 

X3n-l+X3n-2 

c +(^) 

( bc+c^ — be \ 
V b-c j 

— c 2 ' 


and 

X3nX3n-l be 

•^3n+4 - _x 3n+X3n _ 1 - b+c- 

Thus, the proof is completed. 


Theorem 15 Let be a solution of Eq. (12). Then every solution of Eq. 

(12) is a periodic with period three. Moreover {x„}^ = _ 1 takes the form form 


{^n} 


{c, b, 


be 

6+c ’ 


c, b, 


be 

6+c 5 


c, b, 


be 1 

6+c ’ *'•/ ’ 


where x-\ = c, x o = b. 


Example 6. The solution of Eq. (12) when the initial conditions = 0.3 and Xq = 
0.6 (See Fig. 6). 


plot of x(n+1 )= - X(n) X(n-1 ) / ( X(n) + X(n-1 )) 



Fig. 6. Polt the solution of equation (12) has a periodic with period three. 

Acknowledgements 

This article was funded by the Deanship of Scientific Research (DSR), King Ab- 
dulaziz University, Jeddah. The authors, therefore, acknowledge with thanks DSR 
technical and financial support. 


12 


1320 


M. M. El-Dessoky 1309-1322 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


References 

[1] S. Kalabusic, M. R. S. Kulenovic and C. B. Overdeep, Dynamics of the Recursive 

Sequence x n+1 = ^ 11 1 k , J. Difference Equ. Appl. 10(10), (2004), 915- 

BXn—l + Dx n —k 

928. 

[2] C. Cinar, On the positive solutions of the difference equation x n+ \ = 

(XX i 

— , Appl. Math. Comp., 156 (2004), 587-590. 

1 + bx n x n _ i 

[3] X. Yang, W. Su, B. Chen, G. M. Megson and D. J. Evans, On the recursive 

(X*X j Jxoo 

sequence x n+1 = " , ~ 1 Appl. Math. Comp., 162 (2005), 1485-1497. 

c A dx n —\X n —2 

[4] Kenneth S. Berenhaut, John D. Foley, Stevo Stevie, the global attractivity of the 

rational difference equation y n+1 = 7 Appl. Math. Lett., 20, (2007), 

54-58. 

[5] R. Abo-Zeid, On the oscillation of a third order rational difference equation, J. 
Egypt. Math. Soc., 23, (2015), 62-66. 

[6] R. Abo-Zeid, Global Behavior of the difference equation x n+ i = b+ ^ Xn ~ 3 x — 
Archivun Mathematicum (BRNO), Tomus 51, (2015), 77-85. 

[7] E. M. Elsyayed, Solution and attractivity for a rational recuursive Sequence, 
Discrete Dyn. Nat. Soc., Vol. 2011, (2011), Article ID 982309, 17 pages. 

[8] E. M. E. Zayed, M. A. El-Moneam, On the Rational Recursive Sequence V n+1 = 
7 X n _k + "X" ' ''il" ~ h ■ Bulletin of the Iranian Mathematical Society, Vol. 36 (1), 

Gy\. n usi-n—k v ' 

(2010), 103-115. 

[9] V. L. Kocic and G. Ladas, Global Behavior of Nonlinear Difference Equations of 
Higher Order with Applications, Kluwer Academic Publishers, Dordrecht, 1993. 

[10] E. A. Grove, G. Ladas, Periodicities in Nonlinear Difference Equations, Chapman 
& Hall/CRC, London/Boca Raton, 2005. 

[11] M. R. S. Kulenovic and G. Ladas, Dynamics of Second Order Rational Difference 
Equations with Open Problems and Conjectures, Chapman & Hall / CRC Press, 
2002. 

[12] X. Yang, On the global asymptotic stability of the difference equation x n+1 = 
Xn-yXn-2 + Xn - 3 + ^ Appl Math . Comp., 171(2) (2005), 857-861. 

X n —l + X n - 2 X n -3 + a 


13 


1321 


M. M. El-Dessoky 1309-1322 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


[13] Bratislav D. Iricanin, On a Higher-Order Nonlinear Difference Equation, Abstr. 
Appl. Anal., Vol. 2010, (2010), Article ID 418273, 8 pages. 

[14] M. M. El-Dessoky, Qualitative behavior of rational difference equation of big 
Order, Discrete Dyn. Nat. Soc., Vol. 2013, (2013), Article ID 495838, 6 pages. 

[15] Mehmet Gumu§, The Periodicity of Positive Solutions of the Nonlinear Difference 

P 

Equation x n+ \ = a + Discrete Dyn. Nat. Soc., Vol. 2013, (2013), Article 
ID 742912, 3 pages. 

[16] R. Abo-Zeid, Attractivity of two nonlinear third order difference equations, J. 
Egypt. Math. Soc., 21(3), (2013), 241-247. 

[17] Wanping Liu and Xiaofan Yang, Quantitative Bounds for Positive Solutions of 
a Stevie Difference Equation, Discrete Dyn. Nat. Soc., Vol. 2010, (2010), Article 
ID 235808, 14 pages. 


[18] S. Ebru Das, Dynamics of a nonlinear rationaldifference equation, Hacettepe 
Journal of Mathematics and Statistics, Vol. 42(1), (2013), 9-14. 

[19] R. Karatas, C. Cinar and D. Simsek, On positive solutions of the difference 

equation x n+1 = — , Int. J. Contemp. Math. Sci., Vol. 1, 2006, no. 


10, 495-500. 


1 + X n _2%n~5 


[20] R. Abo-Zeid, Global asymptotic stability of a second order rational difference 
equation, J. Appl. Math. & Inform. 2 (3) (2010), 797-804. 

[21] Mehmet Gumu§ and Ozkan Ocalan, Global Asymptotic Stability of a Nonau- 
tonomous Difference Equation, J. Appl. Math., Vol. 2014, (2014), Article ID 
395954, 5 pages. 

[22] E. M. Elsayed and M. M. El-Dessoky, Dynamics and behavior of a higher order 
rational recursive sequence, Adv. Differ. Equ., 2012, (2012), 69. 

[23] M. A. El-Moneam, On the dynamics of the higher order nonlinear rational dif- 
ference equation, Math. Sci. Lett-., 3(2), (2014), 121-129. 

[24] X. Yan and W. Li , Global attractivity in the recursive sequence x n+ i = 

ry — fjnr 

— , Appl. Math. Comp., 138(2-3) (2003), 415-423. 

7 - x n -i 

[25] E. Camouzis, G. Ladas and H. D. Voulov, On the dynamics of x n+ \ = 

— n 1 — n 2 , J. Differ Equations Appl., 9 (8) (2003), 731-738. 

A + X n -2 

[26] Art uras Dubickas, Rational difference equations with positive equilibrium point, 
Bull. Korean Math. Soc. 47(3), (2010), 645-651. 


14 


1322 


M. M. El-Dessoky 1309-1322 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Applications of soft sets in .BF-algebras 
Jeong Soon Han 1 and Sun Shin Ahn 2 ’* 

department of Applied Mathematics, Hanyang University, Ahnsan 15588, Korea 
department of Mathematics Education, Dongguk University, Seoul 04620, Korea 

Abstract. The aim of this article is to lay a foundation for providing a soft algebraic tool in considering 
many problems that contain uncertainties. In order to provide these soft algebraic structures, the notion of an 
intersectional soft subalgebra and an intersectional soft normal subalgebra of a B E-algebra are introduced, and 
related properties are investigated. A quotient structure of a BF - algebra using an intersectional soft normal 
subalgebra is constructed. The fundamental homomorphism of a quotient B E-algebra is established. 


1. Introduction 

The real world is inherently uncertain, imprecise and vague. Various problems in system identification involve 
characteristics which are essentially non-probabilistic in nature [14]. In response to this situation Zadeh [15] 
introduced fuzzy set theory as an alternative to probability theory. Uncertainty is an attribute of information. 
In order to suggest a more general framework, the approach to uncertainty is outlined by Zadeh [16]. To solve 
complicated problem in economics, engineering, and environment, we can’t successfully use classical methods 
because of various uncertainties typical for those problems. There are three theories: theory of probability, 
theory of fuzzy sets, and the interval mathematics which we can consider as mathematical tools for dealing with 
uncertainties. But all these theories have their own difficulties. Uncertainties can’t be handled using traditional 
mathematical tools but may be dealt with using a wide range of existing theories such as probability theory, 
theory of (intuitionistic) fuzzy sets, theory of vague sets, theory of interval mathematics, and theory of rough 
sets. However, all of these theories have their own difficulties which are pointed out in [11]. Maji et al. [10] and 
Molodtsov [11] suggested that one reason for these difficulties may be due to the inadequacy of the parametrization 
tool of the theory. To overcome these difficulties, Molodtsov [11] introduced the concept of soft set as a new 
mathematical tool for dealing with uncertainties that is free from the difficulties that have troubled the usual 
theoretical approaches. Molodtsov pointed out several directions for the applications of soft sets. Worldwide, 
there has been a rapid growth in interest in soft set theory and its applications in recent years. Evidence of 
this can be found in the increasing number of high-quality articles on soft sets and related topics that have been 
published in a variety of international journals, symposia, workshops, and international conferences in recent years. 

°2010 Mathematics Subject Classification: 06F35; 03G25; 06D72. 

°Keywords: y-inclusive set, int-soft (normal) subalgebra, B E-algebra. 

* The corresponding author. Tel: +82 2 2260 3410, Fax: +82 2 2266 3409 
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1323 


Jeong Soon Han et al 1 323-1 331 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


2 Jeong Soon Han and Sun Shin Ahn 

Maji et al. [10] described the application of soft set theory to a decision making problem. Maji et al. [9] also 
studied several operations on the theory of soft sets. Akta§ and (gagman [2] studied the basic concepts of soft set 
theory, and compared soft sets to fuzzy and rough sets, providing examples to clarify their differences. They also 
discussed the notion of soft groups. Jun [7] discussed the union soft sets with applications in BCK/BCI- algebras. 
We refer the reader to the papers [1, 3, 5, 6, 13] for further information regarding algebraic structures/properties 
of soft set theory. 

In this paper, we discuss applications of the an intersectional soft sets in a (normal) subalgebra of a UF-algebra. 
We introduce the notion of an intersectional (normal) soft subalgebra of a HT’-algebra, and investigated related 
properties. We consider a new construction of a quotient HA-algebra induced by an int-soft normal subalgebra. 
Also we establish the fundamental homomorphism of a quotient HF-algebra. 

2. Preliminaries 

We review some definitions and properties that will be useful in our results (see [12]). 

By a BF -algebra we mean an algebra (A, *,0) of type (2,0) satisfying the following conditions: 

(Bl) x * x = 0, 

(B2) x * 0 = x, 

(B3) 0 * (x *y) = y * x 
for all x, y £ X. 

A BF-algebra ( A , *, 0) is called a BFi-algebra if it satisfies the following identity: 

(BG) x = (x * y) * (0 * y) for all x, y £ X. 

A BF- algebra ( A , *, 0) is called a BF 2 -algebra if it satisfies the following identity: 

(BH) x*y = y*x = 0 imply x = y for all x, y £ X. 

For brevity, we also call A a HP-algebra. If we can define a binary operation “ < ” by x < y if and only if 
x * y = 0. A non-empty subset A of a H.F-algebra X is called a subalgebra of A if x * y £ A for any x,y £ A. A 
non-empty subset A of a BF-algebra A is said to be normal (or normal subalgebra) ([8]) of A if (x*a)*(y*b) £ A 
for any x * y,a * b £ A. Note that any normal subalgebra A of a BA-algebra A is a subalgebra of A, but the 
converse need not be true. A mapping / : A — > Y of HF-algebras is called a homomorphism if f(x*y) = f(x)*f(y) 
for all x, y £ X. 

Lemma 2.1. If X is a BF -algebra, then 

(i) 0 * (0 * a:) = x, for all x £ X. 

(ii) 0 * x = 0 * y implied x = y for any x, y £ A. 

(iii) if x * y = 0, then y * x = 0 for any x,y £ X. 

Lemma 2.2. Let X be a BF-algebra and let N be a subalgebra of X. If x * y £ N for any x,y £ N, then 
y * x £ N. 
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Applications of soft sets in BF-algebras 3 

A BG-algebra (X;*,0) is an algebra of type (2,0) satisfying (Bl), (B2) and (BG). 

Theorem 2.3 Let X be a BFi-algebra. Then 

(i) X is a BG-algebra. 

(ii) x * y = 0 implies x = y for any x, y € X. 

(iii) The right cancellation law holds in X , i.e., ifx*y = z*y, then x = z for any x,y, z £ X . 

(iv) The left cancellation law holds in X, i.e., if y * x = y * z, then x = z for any x,y,z € X. 

Molodtsov [11] defined the soft set in the following way: Let U be an initial universe set and let LI be a 
set of parameters. We say that the pair ( U,E ) is a soft universe. Let L?(U) denotes the power set of U and 
A,B,C,- ■ ■ C E. 

A fair (/, A) is called a soft set over U, where / is a mapping given by / : X — > £P{U). 

In other words, a soft set over U is parameterized family of subsets of the universe U. For £ € A, f{e) may be 
considered as the set of e-approximate elements of the set (/, A). A soft set over U can bd represented by the set 
of ordered pairs: 

if, A) = {(xj{x))\x e AJ( x) e 

where / : X — > &{U) such that f{x) = 0 if x ^ A. Clearly, a soft set is not a set. 

For a soft set (/, A) of X and a subset 7 of U, the y-inclusive set of (/, A), defined to be the set 

u(/; 7) == {x e A\y C 

3. Intersectional soft subalgebras 

In what follows let X denote a BF- algebra X unless otherwise specified. 

Definition 3.1. A soft set (f,X) over U is called an intersectional soft subalgebra (briefly, int-soft subalgebra of 
X if it satisfies: 

(3.1) f{x) n fiy) C fix * y) for all x,y € X. 

Proposition 3.2. Every int-soft subalgebra if, X) of a BF-algebra X satisfies the following inclusion: 

(3.2) fix) C /( 0) for all x € X. 

Proof. Using (3.1) and (Bl), we have fix) = fix) D fix) C fix * x) = /( 0) for all x £ X. □ 

Example 3.3. Let ([/ = Z,X) where X = {0, 1,2,3} is a BF-algebra ([12]) with the following Cayley table: 


* 

0 

1 

2 

3 

0 

0 

1 

2 

3 

1 

1 

0 

1 

1 

2 

2 

1 

0 

1 

3 

3 

1 

1 

0 


Let if,X) be a soft set over U defined as follows: 


1325 


Jeong Soon Han et al 1 323-1 331 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


4 


Jeong Soon Han and Sun Shin Ahn 


T Z if x = 0 

f:X-> ^{U), x ^ \ 2Z if x £{1,2} 

[ 3Z if x = 3. 

It is easy to check that (/, X) is an int-soft subalgebra over U. 

Theorem 3.4. A soft set (f,X) of a BF-algebra X over U is an int-soft subalgebra of X over U if and only if 
the y-inclusive set ix(f ; 7) is a subalgebra of X for all 7 £ &{U) with ix(f', 7) 7^ 0- 

The subalgebra ix{f\ 7) in Theorem 3.4 is called the inclusive subalgebra of X. 

Proof. Assume that (f,X) is an int-soft subalgebra over U. Let x,y € X and 7 £ ^{U) be such that x,y £ 
i x (f; 7 )- Then 7 C f{x) and 7 C f(y). It follows from (3.1) that 7 C f{x)C\f(y) C f(x*y) Hence x*y £ ix(f', l)- 
Thus ix(f,X) is a subalgebra of X. 

Conversely, suppose that ix{f\ 7) is a subalgebra X for all 7 £ ^(U) with i x (; 7) ^ 0. Let x,y £ X, be such 
that f(x) = y x and f(y) = y y . Take 7 = y x O y v . Then x,y £ ix{f\ 7) and so x * y £ ix{f\ 7) by assumption. 
Hence f(x) n f(y) = y x 0 y v = 7 C f(x * y). Thus (/, X) is an int-soft subalgebra over U. □ 


Theorem 3.5. Every subalgebra of a BF-algebra can be represented as a y-inclusive set of an int-soft subalgebra. 


Proof. Let A be a subalgebra of a .BF-algebra X. For a subset 7 of U, define a soft set (f,X) over U by 


/ : X — > &(U), x i->- 


7 if a. £ A 

0 if x A 


Obviously, A = ix(f', 7)- We now prove that (/; 7 ) is an int-soft subalgebra over U. Let x,y £ X. If x,y £ A, 
then x*y £ A because A is a subalgebra of X. Hence f(x) = f(y) = /( x * y) = 7 , and so f{x) fl f(y) C f(x * y). 
If a; £ A and y ^ A, then f(x) = 7 and /(y) = 0 which imply that /(a;) fl f(y) = 7 fl 0 = 0 C f(x * y). Similarly, 
if a • £ A and y £ A, then /(a;) 0 /(j/) C f(x*y). Obviously, if x ^ A and y ^ A, then /(a;) 0 /(y) C /(a; * y). 
Therefore (f,X) is an int-soft subalgebra over U. □ 


Any subalgebra of a BF-algebra X may not be represented as a 7-inclusive set of an int-soft subalgebra (/, X) 
over t/ in general (see the following example). 


Example 3.6. Let E = X be the set of parameters, and let U = X be the initial universe set where where 
X = {0, 1, 2, 3} is a BF-algebra ([12]) with the following Cayley table: 


* 

0 

1 

2 

3 

0 

0 

1 

2 

3 

1 

1 

0 

3 

0 

2 

2 

3 

0 

2 

3 

3 

0 

2 

0 


Consider a soft set {f,X) which is given by 
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{0,3} if x = 0 
{3} if x €{1,2,3} 


Then (f,X) is an int-soft subalgebra over U. The 7-inclusive set of (f,X) are described as follows: 

(x if 7 e {0, {3}} 

= if 7 e{{0}, {0,3}} 

I 0 otherwise. 

The subalgebra {0,2} cannot be a 7-inclusive set ix{f\ 7) since there is no 7 C U such that ix(f', 7) = {0,2}. 

We make a new int-soft subalgebra from old one. 

Theorem 3.7. Let (/, X) be a soft set of a BF-algebr a X over U . Define a soft set (/*, X) of X over U by 

p-.x^nu), *«{ { {x) if f £ «(/;Y 

\ 0 otherwise 

where 7 is a non-empty subset subset of U. If (/, X) is an int-soft subalgebra of X, then so is (f*,X). 

Proof. If {f,X) is an int-soft subalgebra over U, then ix{f\ 7) is a subalgebra of X for all 7 C U by Theorem 3.6. 
Let x, y £ X. If x, y £ ix(f ; 7), then x * y £ ix(f', 7)- Hence we have 

f*(x) n f*(y) = f(x) n f{y) C /( x *y) = f*(x * y). 

If x$ i x (f; 7) or y £ i x {f\ 7), then f*(x) = 0 or f*(y) = 0. Thus 

/*(*) n f*(y) = 0 C /*( x) * f*(y). 

Therefore (f*,X) is an int-soft subalgebra over U. □ 

Definition 3.8. A soft set (f,X) over U is called an intersectional soft normal subalgebra (briefly, int-soft normal 
subalgebra of X if it satisfies: 

(3.3) f(x*y)C\f(a*b) C f((x * a) * (■ y*b )) for all x, y,a,b £ X. 

Proposition 3.9. Every int-soft subalgebra (/, X) of a BF-algebra X satisfies the following inclusion: 

(3.4) f(x*y) C f(y* x) for all x, y £ X. 


Proof. Using (B3), (3.1) and (3.2), we have 

f(y * x ) = /( 0 * (x * y )) D /( 0) fT /( x *y) = f(x * y), Vx, y £ X. 


□ 


Proposition 3.10. Every int-soft normal subalgebra (/, X) of a BF-algebra X is an int-soft subalgebra of X. 

Proof. Put y := 0, b := 0 and a := y in (3.3). Then f(x * 0) fl f(y * 0) C f((x*y)*( 0*0)) for any x,y £ X. Using 
(B2) and (Bl), we have f(x) fl f{y) C f{x * y). Hence (/, X) is an int-soft subalgebra of X. □ 

The converse of Proposition 3.10 may not be true in general (see Example 3.11). 
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Example 3.11 Let E = X be the set of parameters where where X = {0,1,2, 3} is a HE-algebra with the 
following Cayley table: 


* 

0 

1 

2 

3 

0 

0 

2 

1 

3 

1 

1 

0 

1 

1 

2 

2 

2 

0 

2 

3 

3 

2 

1 

0 


Let (/, A) be a soft set over U defined as follows: 

f 73 if x = 0 
/ : X -> &(U), x i-4 i 72 if a = 3 

l 7i if x £ {1,2}. 

where 71,72 and 73 are subsets of U with 71 C 72 C 73. It is easy to check that (f,X) is an int-soft normal 
subalgebra over U. 

Let (g,X) be a soft set over U defined as follows: 


03 

if x = 0 

02 

if x € {1, 2} 

a 1 

if x = 3. 


where an, 0:2 and <23 are subsets of U with C 02 C a 3 . It is easy to check that (/, X) is an int-soft subalgebra 
over U. But it is not an int-soft normal subalgebra over U since ~g ( 2 * 3) fl g { 2 * 0) = g( 2) fl g( 2) = 0:2 cti = 
5(3) = $((2 *2) *(3*0)). 

Theorem 3.12. A soft set (/, X) of X over U is an int-soft normal subalgebra of X over U if and only if the 
7 -inclusive set ix(f; 7) is a normal subalgebra of X for all 7 € £P(U) with ix(f', 7) 7 ^ 0- 


Proof. Similar to Theorem 3.4. 

The normal subalgebra ix(f', 7) in Theorem 3.12 is called the inclusive normal subalgebra of X. 


□ 


4. Quotient UF-algebras induces by soft sets 

Let (/, X) be an int-soft normal subalgebra of a HE-algebra X. For any x, y € X, we define a binary operation 
“ ” on X as follows: 

X~f y&. /( X *y) = /( 0 ). 

Lemma 4.1. The operation is an equivalence relation on a BF-algebra X. 

Proof. Obviously, it is reflexive. Let x y. Then f(x * y) = /( 0). It follows from (3.4) and (3.2) that 
/( 0) = /( x *y) C f(y * x) C /( 0). Hence f(y * x) = /( 0). Hence ~-f is symmetric. Let a:, i/,z€lbe such that 
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x y and y 2 . Then f(x*y) = /( 0) and f(y * z) = /( 0). Using (3.4), (3.3), (Bl), (B2) and (3.2), we have 

/( 0) = /( x * y)nf(y * z) C f(x *y) n f(z * y) 

Qf((x*z) * (y*y)) 

=/(( x * z) * 0) = f(x * z) C /( 0). 

Hence f(x * z) = /(0), i.e. , is transitive. Therefore “ ” is an equivalence relation on X. □ 

Lemma 4.2. For any x , y,p,q £ X, if x y and p q, then x * p y * q. 

Proof. Let x,y,p,q £ X be such that x y and p q. Then f(x*y) = f(y*x) = /( 0) and f(p*q) = f{q*p) = 
/( 0). Using (3.3) and (3.2), we have 

/( 0) =f(x *y) n f(p * g) 

Cf((x*p) * (y*q)) C /(0). 

Hence /((x *p) * (y * g)) = /(0). By similar way, we get f((y* q) * (x*p)) = /(0). Therefore x * p y * g. Thus 
“ ” is a congruence relation on X. □ 

Denote f x and X/f the set of all equivalence classes containing x and the set of all equivalence classes of X, 
respectively, i.e., 

fx ■■= {y £ x\y x} and X/f := {f x \x £ X}. 

Define a binary relation • on X/f as follows: 

fx • fy = fx*y 

for all f x , f v £ X/f. Then this operation is well-defined by Lemma 4.2. 

Theorem 4.3. If (/, X) is an int-soft normal subalgebra of a B F-algebra X, then the quotient X/f := {X/f, •, /o) 
is a B F-algebra. 

Proof. Let f x , f y , f z £ X/f. Then we have f x • f x = / x * x = f 0 , f x »fo = fx* o = fx, fo • (fx • f y ) = fo*(x* y ) = 
fy*x = fy* fx- Therefore X/f = (X/f, •, f 0 ) is a BF-algebra. □ 

Corollary 4.4. If (f,X) is an int-soft normal subalgebra of a BF 2 ~algebra X, then the quotient X/f := 
(X/f, •, f 0 ) is a BF 2 -algebra. 

Proof. It is enough to show that X/f satisfies (BH). If f x • f y = f 0 and f y • f x = fo for any f x ,f y £ X/f, then 
fx* y = fo = f y *x ■ Hence f(x *y) = /( 0) = f(y * x) and so x y. Hence f x = f y . Therefore X/f = (X/f, •, / 0 ) 
is a HF 2 -algebra. □ 

Proposition 4.5. Let y : X — > Y be a homomorphism of BF-algebras. If (f, Y) is an int-soft normal subalgebra 
ofY, then (f o y, X) is an int-soft normal subalgebra of X. 
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Proof. For any x, y,a,b € A, we have 

(/ ° M)((x * a) * (y * b)) =f{p( (x * a) * (y * b)) 

=/(0(a) * M°0) * (p(y) * V(b))) 

* n(y)) n f{ii(a) * p(b)) 

=Kp(x*y))rf(fj,(a*b)) 

=(f o p)(x*y)n(f o p)(a*b). 

Hence / o p is an int-soft normal subalgebra. Therefore (/ o p, X) is an int-soft normal subalgebra of A. □ 


Theorem 4.6. Let X := (A; *x, Ox) be a BF-algebr a and Y := (Y; *y, Of) be a BF 2 ~algebra and let p : X — > Y 
be an epimorphism. If ( f,Y ) is an int-soft normal subalgebra of Y , then the quotient algebra X /(/ o p) := 
(A/ (/ o p),»x, (/ o p)o x ) is isomorphic to the quotient algebraY/f := (Y/f, » Y , fo Y )• 

Proof. By Theorem 4.3, Corollary 4.4, and Proposition 4.5, A// o p : (A/ (/ o p), » x , (/ o p)o x ) is a HF-algebra 
and Y/f := (Y / f ,» Y , f$ Y ) is a HF 2 -algebra. Define a map 


V ■ X/{f o p) -y Y/f , (/ o p) x ^ f^ x) 

for all x € X. Then the function ?y is well-defined. In fact, assume that (/ o p) x = (/ o p) y for all x, y € A. Then 
we have 

f(p{x) *y p(y)) =f(p(x * x y)) = {f op)(x * x y) 
=(/°m)(0x)=/(M0x))=/(0f) 

and 

f{p(y) *Y y(x)) =f(p{y *X x)) = {f O p)(y *x x) 

= (/°m)(0x) = /(M Ox)) = /(0y). 


Hence f ^ x ) 

For any (/ o p) x , (/ o p) x &X/(fop), we have 


^((/ ° h)x *X (/ O /i)j/) =V((f ° M)z*j/) = ffi{x* x y) 

= / \i(x)* Y a(y) = fy.(x) • .fy,(y) 

=y((f°y)x) »Y V ((/ ° M)y))- 

Therefore ?y is a homomorphism. 

Let f a € A//. Then there exists x € X such that /z(x) = a since p is surjective. Hence rj((fop)x) = fy.( x ) = fa 
and so rj is surjective. 

Let x,y & A be such that f y ( x ) = Then we have 

(fop)(x *x y) =f(p(x*x y )) = f(y{x) *y p(y)) 

=/(0 f) = /(M Ox)) = (/ op)(0 x ) 
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and 

(/ °n)(y*x x) =f(n(y* x x)) = f{n(y) *y n(x)) 

=/(0y) = /(M Ox)) = (fo/u)(0 x ). 

It follows that (/ o n) x = (/ o n) y . Thus p is injective. This completes. □ 

The homomorphism 7r : X — > X / /, x — > fx, is called the natural homomorphism of X onto X/f. In Theorem 
4.6, if we define natural homomorphisms ttx : X — > X/f o p and ivy : Y —> Y / f then it is easy to show that 
rj o nx = tty o £t, i.e., the following diagram commutes. 




Y 


X/{fop) 


Y/f. 
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Abstract 

In this paper we introduce a new class of symmetric functions and study the existence of symmet- 
ric solutions for hybrid Caputo fractional differential equations. A fixed point theorem in Banach 
algebra for two operators is used. An example is presented to illustrate our result. 

Keywords: Caputo fractional derivative; hybrid fractional differential equation; symmetric solution; 
fixed point theorem 

2010 Mathematics Subject Classifications: 34A08; 34A12. 


1 Introduction 


The aim of this manuscript is to study the existence at least one symmetric solution for hybrid Caputo 
fractional differential equation subject to initial and symmetric conditions 


| D a 

) 

x{t) 


{ *(0) 

II 


+ g(t,x(t))= 0, t £ J := [0, T], 
(t) = x(T - f), 


( 1 . 1 ) 


where D a denotes the Caputo fractional derivative of order a, 1 < a < 2, / G C(J xR,l\ {0}), 
g € C(J x R,R), (3 € R. A function x € C([0,T],K) satisfying the relation x(t) = x(T — t), t € [0,T], 
is called symmetric on [0,T], 

Fractional differential equations have been of great interest recently. It is caused both by the intensive 
development of the theory of fractional calculus itself and by the applications of such constructions in 
various science such as physics, mechanics, chemistry, and engineering. There have appeared lots of 
works, in which fractional derivatives are used for a better description of considered material properties. 
For details, and some recent results on the subject we refer to [1]-[17] and references cited therein. 

Recently, many authors have focused on the existence of symmetric solutions for ordinary differen- 
tial equation boundary value problems; for example, see [18]-[21] and the references therein. In [22] 

* Corresponding author 
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the existence and uniqueness of symmetric solutions for a boundary value problem for nonlinear frac- 
tional differential equations with multi-order fractional integral boundary conditions was studied, by 
using a variety of fixed point theorems (such as Banach contraction principle, nonlinear contractions, 
Krasnoselskii fixed point theorem and Leray-Schauder nonlinear alternative). 

Hybrid fractional differential equations have also been studied by several researchers. This class 
of equations involves the fractional derivative of an unknown function hybrid with the nonlinearity 
depending on it. Some recent results on hybrid differential equations can be found in a series of papers 
([23]- [28]). 

In this paper we prove the existence of symmetric solutions for the hybrid Caputo fractional boundary 
value problem (1.1). One new result is proved by using a hybrid fixed point theorem for two operators 
in a Banach algebra due to Dhage [29] . 

The rest of this paper is organized as follows: In Section 2 we present some preliminary notations, 
definitions and lemmas that we need in the sequel. Also we introduce a new class of symmetric functions 
and prove some interesting properties, which are used to establish the Green function. In Section 3 
we establish the existence of symmetric solutions for the boundary value problem (1.1). An example 
illustrating the obtained result is also presented. 


2 Preliminaries 


In this section, we introduce some notations and definitions of fractional calculus [1, 2] and present 
preliminary results needed in our proofs later. In addition, a new definition of a-symmetric function is 
presented and also some properties are proved. 

Definition 2.1 The Riemann-Liouville fractional integral of order a > 0 of a function g : (0, oo) — > R 
is defined by 

rut-sr - 1 

I a 9(t) = / 1 > g(s)ds , 

Jo r(a) 

provided the right-hand side is point-wise defined on (0, oo), where T is the Gamma function. 

Definition 2.2 The Caputo fractional derivative of order a > 0 for an at least n-times differentiable 
function g : (0, oo) — > R is defined by 

D a g(t) = yo v / 77 ' s a _ n+1 ds, n-l<a<n, 

T(n - a) J 0 (t - s)“ n+i 

where n = [a] + 1, [a] denotes the integer part of real number a. 


From the definition of the Caputo fractional derivative, we can obtain the following lemmas. 

Lemma 2.3 (see [1]) Let a > 0, the general solution of the fractional differential equation D a y(t) = 0 
is given by 

y(t) = c 0 + at h h c n .ff n -\ 

where Ci eR, i = 0, 1, 2, . . . , n — 1, n = [a] + 1. 


Definition 2.4 A function y £ C 2 (J, R) is called symmetric, if it satisfies the relation y{t) = y(T — t). 
From Definition 2.4 we have y'{t) = —y'{T — t), y"{t) = y"(T — t ) and 

nT — t nT pt 


/ y(s)ds = / y(s)ds - / y(s)ds. 


(2.1) 


Lemma 2.5 Let f £ L 2 (J, R) be symmetric function. Then we have 


I 1 f(T) 


P 2 f(T). 


(2.2) 
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Proof. Since / is symmetric on [0,T], we have 

I 1 f(T) = £ f(a)da = i j\T-s + s)f(s)ds 

= j, ( T - s)f{s)ds+ 1 j sf(s)ds 
= f l (T-s)f(s)ds = ^I 2 f(T). 

Therefore, (2.2) holds. 

Now, we define a new class of symmetric functions as follows: 


□ 


Definition 2.6 A function f £ C 1 (J, K) is called a-symmetric if D 2 a f(t) is symmetric function on 
[0,T], where 1 < a < 2. 

Example 2.7 Let f : [0, 1] — > R. be defined as 


It easy to verify that 


4s/ 4 


d 2 ->/(0 = z>*/(0 


3a/7T 


4 1 3 16 1 5 

D 2^2 — 79 2 t 2 


15 ^ 


Therefore, f is | -symmetric function. 


Remark 2.8 If a = 2, i/ien i/ie cZass of a-symmetric functions is reduced to the class of usual sym- 
metric functions. 

Lemma 2.9 Let z € C' 1 (J, K) be an a-symmetric function. Then the symmetric solution of linear 
fractional differential equation 


D a y(t) = z(t), 1 < a < 2, t £ J, 

2/W = y(T-t), 


y(t ) = / Q T(t) - —I a z(T) + CO, 


is given by 
where Co E K. 

Proof. By Lemma 2.3, we have 

y(t) = I a z(t) + dt+ c 0 , 

where Co, C\ £ R. We apply symmetric condition to obtain 

I a z(t) + c\t + Co = I a z(T - t) + Ci(T - t) + co- 

Evidently, (2.7) becomes 


(2.3) 

(2.4) 

(2.5) 


( 2 . 6 ) 

(2.7) 


d(2 t-T) = I a z(T — t) — I a z(t) 
r T ~ t (t ~ t - s) a ~ l 

Jo r (a) 


r* (t - sl Q_1 

z(s)ds- / 1 z(s)ds. (2.8) 

Jo r (a) 
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Taking the first-order usual derivative with respect to t in (2.8), we get 

2 ci = -/“"^(T-i) 

= -I 1 (D 2 -°z) (T - t) - I 1 {D 2 ~ a z) (i). 

Since D 2 ~ a z{t) is symmetric on J, and 3 is symmetric, by (2.1), we have 

1 1 (D 2 ~ a z) (T — t) = 1 1 ( D 2 ~ a z ) (T) - 1 1 ( D 2 ~ a z ) (f), 

which leads to 

2ci = — J 1 ( D 2 ~ a z ) (T) 

= ~I 2 (D 2 ~ a z)(T), 

by using Lemma 2.5. 

Therefor, we obtain the constant Ci as 


ci = ~I a z(T) 


1 

T 



(' T-s )“” 1 

T(a) 


z(s)ds. 


Substituting the constant ci in (2.6), we get the result in (2.5) as desired. 


□ 


In the following we present the Green function of the hybrid fractional boundary value problem 

( 1 . 1 ). 


Lemma 2.10 Let h £ C' 1 (J,K) be the a-symmetric function and f £ C(J x R,R\ {0}). Then the 
unique solution of 


D 


<t) 


f(t,x(t)) 
x(0) = (3, 


-|- h{f) — 0 , t £ J } 
x(t ) = x(T — t ), 


(2.9) 

(2.10) 


is given by 


x(t) 




G(t, s)h(s)ds 



( 2 . 11 ) 


where 


G(t, s) = 


t(T — s) a_1 — T (t — s)“ -1 

7TH 

t(T — s) a_1 
IT (a) ’ 


0 <s<t<T, 
0 < t < s < T. 


Proof. Applying Lemma 2.9, the equation (2.9) can be written as 


x{t) 


-I a h(t) + ^I a h(T) + c o, 


(2.12) 


(2.13) 


where cq £ K. The condition x(0) = 0 implies that 


_ 13 

C ° / (0, (3) ' 

Therefore, the unique solution of problem (2.9)-(2.10) is 

x(t) = f(t,x{t))(^- J (t-s)*- 1 h{s)ds 
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+ rml *) + /(*.*(»>> 

= G(t,s)h(s)ds+ 


The proof is completed. □ 

Remark 2.11 The Green’s function G(t,s) defined by (2.12), is not positive for all t,s € J. For 
example, if T — 5, t = 2, s = 1 and a = 3/2, then we have G(2,l) = — 2/(5 v / 7t). 

Lemma 2.12 The Green’s function G(t,s) in (2.12) satisfies the following inequalities 

([a - 1)T)“ -1 

G(t, s ) < G(s, s) < for all s,t € J. (2.14) 

a a i l ( a + 1) 

Proof. Let us define two functions by 

g 1 {t, s) = t(T — s) a_1 —T(t — s) a_1 , 0 <s<t<T, 


and 


g2{t, s) = t (T — s) a 1 , 0 < t < s < T. 
Obviously, for 0 < t < s < T, the function g 2 {t, s) satisfies 

52 (L s) < g 2 (s, s) = s(T - s)“ _1 . 


Let s £ [0, T) be fixed. Differentiating with respect to t the function gi(t,s), we have 

s) = {T - 5) a_1 - (a - 1 )T (t - s ) a ~ 2 , s <t. 
ot 

We can find that dg\ /dt = 0 if and only if 


L V O | 1 • 

((a-l)T)^ 

It follows from dgi/dt > 0 on (0,f*) and dgi/dt < 0 on ( t*,T ) that 

9i(t,s) < gi(t*,s). 

Simplifying the above inequality, we get 

9i(t,s) < gi(t*,s) 

(a-l ) 2 

= s(r — s) 0-1 — (2 — a)T ■ ( T ~ s "> 

((a-l)T)^ 

< s(T — s) a_1 = gi(s, s), 

which implies the first inequality. 

Next, we will prove the second inequality. Taking the first derivative for g 2 (s,s) with respect to s on 
[0,T), we have 

g' 2 (s,s) = (T-s) a - 2 (T-as). 

Thus g' 2 {s,s) has a unique zero at the point s = s* = T/a such that s* € (0,T). Observe that 
g 2 (s, s) > 0 on (0,s*) and g 2 (s,s) < 0 on (s*,T). Hence 


92 (s,s)<g 2 

\a a J 


{a 


- I )"- 1 
a a 


rj-iCX 
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Then the second inequality is proved. □ 

Let E = (7([0,T],K) be the Banach space endowed with the supremum norm || • ||. Define a 
multiplication in E by 


(xy)(t) = x(t)y{t), \/t£j. 

Clearly E is a Banach algebra with respect to above supremum norm and the multiplication in it. The 
main result is based on the following fixed point theorem for two operators in Banach algebra due to 
Dhage [29]. 

Lemma 2.13 Let S be a non-empty, closed convex and bounded subset of the Banach algebra E, let 
A : E — > E and B : S — > E be two operators such that: 

(a) A is Lipschitzian with a Lipschitz constant S, 

( b ) B is completely continuous, 

(c) x = AxBy => x £ S for all y € S, and 

( d ) M6 < 1, where M = ||B(5)|| = sup{||B(a;)|| : x € S}. 

Then the operator equation x = AxBx has a solution in S. 


3 Main Result 


Now, we are in the position to prove the existence of symmetric solutions for hybrid fractional problem 

( 1 . 1 ). 

Theorem 3.1 Assume that the following conditions are satisfied: 

(Hi) The functions f € C(J xl,R \ {0}) and g £ C ,1 (J x R,R) are symmetric and a-symmetric on 
J , respectively. 

(H 2 ) There exists a bounded function with bound ||0||, such that 

I f(t,x) - f(t,y) | < \m -\x-y\ 


for t £ J and x, y £ R. 


( H 3 ) There exist a function p £ C(J, R + ) and a continuous nondecreasing function T : [0,oo) — > (0, 00 ) 
such that 

\g(t,x)\<p(t)^>(\x\), (t,x)£JxR. 


(Hf) There exist a number r > 0 such that 

(a -l )«" 1 T“ 
a Q_1 T(a + 1) 


Fn 


r > 


|H!T(r) 


1/(0, P) I 


1- 


(a — l') a ~ 1 T a \3\ 

f— ||p||^(/-) -u — 

a® 1 1 (a + 1) 


where Fq = sup tgJ \f(t, 0)| and 


IMI 


(a- l) a ~ l T a 
a° l ~ 1 T(a + 1) 


Ibll^W 


1/(0, P) I 


1/(0, m 


< 1. 


(3.1) 


(3.2) 


Then the problem (1.1) has at least one symmetric solution on J. 


1337 


Jessada Tariboon et al 1332-1342 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


SYMMETRIC SOLUTIONS FOR HYBRID FRACTIONAL DIFFERENTIAL EQUATIONS 


Proof. To prove our main result, we first define a subset S of E by 

S = {x € E : ||a;|| < r}, 

where r satisfies (3.1). Clearly S is closed, convex and bounded subset of the Banach space E. By 
Lemma 2.10, we define two operators A : E — » E by 

Ax(t) = t G J, (3.3) 

and 

Bx(t) = Jo G ^ 9 ^ S ' X ^ ds + f(0 0) ’ t&J ' ( 3 - 4 ) 

Hence, the problem (1.1) is transformed into an operator equation as 

x = AxBx. (3-5) 

Next, we shall show that the operators A and B satisfy all the conditions of Lemma 2.13 under our 
assumptions. This will be achieved in the series of following steps. 

Step 1 . We first show that A is Lipschitzian on E. 

Let x,y € E. Then by (H 2 ), for t £ J we have 

\Ax{t) - Ay(t)\ = \f(t,x{t)) - f(t,y(t))\ 

< (j>{t)\x{t) - y(t)\ 

< Mil* -i/ll, 

which implies that \\Ax — Ay\\ < ||^>||||a: — y || for all x,y £ E. Therefore, A is a Lipschitzian on E with 
Lipschitz constant 5 = ||</>||. 

Step 2. The operator B is completely continuous on S. 

We first show that the operator B is continuous on S. Let {x n } be a sequence in S converging to a 
point x € S. Then by Lebesgue dominated convergence theorem, for all t € J, we have 

G(t, s)g(s, x n (s))ds + ^ 

/•' p 

= / G(t,s) lim g(s,x n (s))ds + 

JO n— >00 /( 0 ,p) 

= l G(f, »)«(», *(>))*+ jfC 

= Bx(t). 

This shows that {Bx n } converges to Bx pointwise on J. 

Next, we will show that {Bx n } is an equicontinuous sequence of functions in S. Let ti,t 2 £ J be 
arbitrary with t\ <t 2 . Then 



\Bx n (T 2 ) — Bx n (ri)\ = / G(t 2 , s)g(s,x n (s))ds — / G(T 1 ,s)g(s,x n (s))ds 

Jo Jo 

< Ibll^(r) f G(t 2 , s)ds — f G(ri,s)ds 
Jo Jo 


< jbll^(r) 


T 2 {T-s) a ~ l -T(t 2 -s) c 
TT( a) 
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[ t T2 (T-sY- 1 [ T n(T-sr - 1 

U TT(a) J T1 TV (a) 

f Tl n(T - s)“ _1 - T(n - s) a_1 


/o 


= Ibll^W 


IT (a) 

f T T 2 (T-s ) a - 1 
/o 2T(a) 


-ds 


do r (a) 


n(T- s) 


a— 1 


-ds 


(n ^ s ) 


a— 1 


r(a) 




7 0 Tr(a) 

do Tr (a) 

do r(a) 

^ (r 2 - s) 0 " 1 


Ibll^W 


r(a) 


-ds. 


Consequently 

|£a: n (T 2 ) - Bx„(n)| -> 0 as r 2 -> n 

uniformly for all n £ N. This shows that the convergence Bx n — > £> 2 ’ is uniformly and hence B is a 
continuous operator on S. 

Now we will prove that the set B(S) is a uniformly bounded in S. For any x € S and using Lemma 
2.12, we have 


\Bx{t)\ = 


P 


l 0 G(t,a)g(a,x{»))d»+ fM 

(a — i'j a ~ 1 T a i«i 


< 


a a 1 r(a + 1) 


||p||T(r) 


i/(o, m 


■■= K u 


for all t £ J. Therefore, \\Bx\\ < K\ which shows that B is uniformly bounded on S. 

Next, we will show that B{S) is an equicontinuous set in E. Let r 1; r 2 £ J with T\ < r 2 and x £ S. 
Then, as above, we have 


\Bx(t 2 ) - Bx{t\)\ = 


G(t 2 , s)g(s, x(s))ds — / G(Ti,s)g(s,x(s))ds 
do 


< IbH'F(r) 


f G(t2,s)cIs — f G(ri,s)ds 
do do 

r-T _ Mt „\a~ 1 


< M*w/ ^ 

1 1 (a) 


/o 


+ IWI*M P (T! - S) ‘~P (T1 - a) °~P s 

Jo 


T(a) 

n (to — s) a— ^ 

IN Mr) ds, 

J Tl 


T(a) 


which is independent of x £ S. As tt — > r 2 , the right-hand side of the above inequality tends to zero. 
Therefore, it follows from the Arzela-Ascoli theorem that B is a completely continuous operator on S. 


Step 3. The hypothesis (c) of Lemma 2.13 is satisfied. 
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Let x £ E and y £ S be arbitrary elements such that x = AxBy. Then we have 
l*(*)l < \Ax(t)\\By(t)\ 

/? 


= \f(t,x(t))\ 


/o G <t’*)9('Ms))da, fM 


< - f(t, o)| + \f(t, o)|) ( ^-ir^+^ llPlI^W 

< (!*(*)! • M+Fo) ( 1 m 


1/(0, m 


a a 1 r(a + 1) 


i/(o,/?) i ; ’ 


which leads to 


l*|| < (||*|| • M + Fo) ( lbll*W 


l/(o, /?) I 


< r. 

Therefore, x £ S. 

Step 4. Finally we show that SAI < 1, that is (d) of Lemma 2.13 holds. 
Since 

M = ||B(S)|| 

= sup < sup \Bx(] 
xes L teJ 

(a - l)“-!T a 


< 


a“ 1 r(a + l) 


Ibll^W 


l/?l 


i/(o,/?)r 


(3.6) 


by (3.2) we have 


m < \m ( i < i, 


a a 1 r(a + 1) 


1 /( 0 , /?)| 


with S = ||</>||. 

Thus all the conditions of Lemma 2.13 are satisfied and hence the operator equation x = AxBx has 
a solution in S. In consequence, the problem (1.1) has a symmetric solution on J. This completes the 
proof. □ 

Next, we present an example to illustrate our result. 

Example 3.2 Consider the following hybrid fractional differential equation with initial and symmetric 
conditions 


Di 


x(t) 


x 2 (t) + 2|x(t)| 


1 


2(5 + (f-l) 2 )(Kf)| + l) 2 


i ( . o / m / 2 

H 1 + sm 2 — I 1 1 

24 l l 3 Vtt V 5 


x| r + ie[0 ’ 2]> 


(3.7) 


*(0) = x, x{t) = x{2-t). 

" 6 

Here a = 3/2, T = 2 and (3 = 1/3. Since (t — l) 2 is symmetric on [0,2] and (8t%)(l — (2/5)t)/(3 v / 7r) is 
3/2-symmetric by 
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then we get that /(f, •) and g(t,-) are symmetric and 3/2-symmetric functions on [0,2], respectively. 
With the above information, we find that 


7*2 _l_ 0|.r*| i ,2 _l_ OL.I 

2(5 + (i - iP)(|rc| + 1) “ 2(5 + (t - l)=)(|j,| + 1) 

5 + 0 - 


\g(t,x)\ < ^{\x\ + 1), 

and F 0 = sup te [ 0>2 ] |/(t,0)| = 1/2. Choosing 4>(t) = 1/(5+ (£ — l) 2 ), p(t) = 1/12, we have ||</>|| = 1/5 and 
||p|| = 1/12. Setting +( |ar|) = |x| + 1, we can find that there exists 0.06962115393 < r < 45.01973321 
which is satisfied (3.1)-(3.2). Thus all the conditions of Theorem 3.1 are satisfied. Therefore, by the 
conclusion of Theorem 3.1, the problem (3.7) has at least one symmetric solution on [0,2]. 


\f(t,x)~ f(t,y)\ = 

< 

and 
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Abstract. Jeong-Rim-Kim(2015) studied the degenerate Cauchy numbers and polyno- 
mials and investigated some properties of these fc-times degenerate Cauchy numbers and 
polynomials. In this paper, we define the degenerate Genocchi polynomials and the k - th 
degeneration of Genocchi polynomials , and investigate some properties of these polyno- 
mials. 


1. Introduction 

Let p be a fixed odd prime number. Throughout this paper, Z p , Q p , and C p will, re- 
spectively, denote the rings of p-adic integers, the field of p-adic rational numbers, and the 
completion of algebraic closure of Q p . The p-adic norm | • | is normalized by \p\ p = ^ . Let 
UD(Z p ) be the space of uniformly differentiable functions on Z p . For / € UD( Z p ), the 
fermionic p-adic integral on 7L p is defined by Kim as 

, p N - 1 

!-i (/)=/ f(x)dp_ i(x)= lim ^ /(x)(-l) x (1) 

h N-t-oo 

J x—0 

(see [7,8,11,13,14,16,17,20,22]). Then, by (1), we get 

/_!(/) = -/_!(/) + 2 /( 0 ), ( 2 ) 

where fi(x) = f(x + 1). 

1991 Mathematics Subject Classification. 11B68, 11S40. 

Key words and phrases. Genocchi polynomials, degenerate Genocchi polynomials, fermionic p-adic integral, 
Higher order Daehee polynomials. 
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From (2), we can derive the following integral equation 


I-l(fn) = (-l)"/-l(/) +2£(-l)"- 1 - i /(0, (3) 

1=0 

where f n (x) = f(x T n), (n € N). 

As is well known, the Euler polynomials are also defined by the generating function to be 

/ O \ 00 +n 

lATTr (see [1,2,4 — 22]). (4) 

' ' n— 0 

When x = 0, E n = E n ( 0) are called the Euler numbers. 

The degenerate Euler polynomials are also defined by the degenerating function to be 


t“tt -(l + At)S = ^E„(X,x)~ (see [1,4, 8, 11, 13, 14, 16, 17, 20, 22]). (5) 

(1 + AtjA+l n=Q n. 

When x = 0,E n (X) = E n ( A, 0) are called the degenerate Euler number. 

Note that lim^o E n (X,x) = E n (x). We recall that the Genocchi polynomials are defined 
by the generating function to be 


2 t n 

— - = £G n (aO- (see [18,20,22]). (6) 

e z + 1 ^ ' nl 

n— 0 

In recent years, many researchers have studied various types of special polynomials, for 
examples, Barnes-type degenerate Euler polynomials, the degenerate Frobenius-Euler polyno- 
mials, the degenerate Frobenius-Genocchi polynomials, and degenerate Bernoulli polynomials 
(see [2,3,6,9,10,12,13,15]). 

In particular, recently, Jeong-R.im-Kim ([5]) studied finite times degenerate Cauchy poly- 
nomials and investigated some properties of them. 

Thus, our motivation in this paper is to define the degenerate Genocchi polynomials, to 
define the &:-th degeneration of Genocchi polynomials, and to investigate some properties of 
these k-th degeneration of Genocchi polynomials. 


2. The A;-th degeneration of Genocchi polynomials 


In this section, we define the degenerate Genocchi polynomials which are defined by the 
generating function to be 


2 1 


(1 + At) x — |— 1 


(1 + At)* = 5Zpi 0) (»|A)-y. 


n— 1 


When x = 0, g^(A) = (0| A) are called the degenerate Genocchi number. 

From (2), we easily obtain 


2t 


(1 + At) a 


t (IT At) a —tf (1 T At) a d/x_ 1 (y). 

aTI J z„ 


(7) 


( 8 ) 
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We note that the Stirling number of the first kind is defined as 


{x) n = y^Si (n,l)x l (n > 0) 


(=0 


where (x) n = x(x — 1) • • • {x — n + 1) and (a;)o = 1, and 

°° 4.771 

(log(l +t)) n = n\ V Si (to, n) — 
z ' ml 

rri—n 

and the Stirling number of the second kind is defined as 


(e* — 1 ) n = n\J2S 2 (l,n) t -. 


1=7 


From (7), we get 




t 


n+1 


n =0 ( n+1 ) ! 


n— 0 


n + l n! 


From (8), we get 


2 t 


(1 + At) a + 1 


(1 + At)l = t (1 + At) dn-i(y) 


= Ea- 


n— 0 
oo 


x + y 
A 


t n 

dy-i — 
n\ 


= ^2 + 


71=0 ° ^ v 


Thus, by (7), (12), and (13), we get 

gj+iNA) 

(n + 1) 


= / {x + y\\) n dy,-\. 

J7.„ 


(9) 


( 10 ) 


(ID 


( 12 ) 


(13) 


(14) 


In the viewpoint of (7), we consider the first degeneration of Genocchi polynomials which 
are defined by the generating function to be 


2 log(l + At) a 


t( 1 + l°g(l + At) * = E^IA) 1 ! 

1 to! 


(1 + log(l + At)) x 
By replacing t by log(l + A t)l in (8), we get 
21og(l + A t)i 


(15) 


771=1 


(1 + log(l + Xt) X 


(1 + log(l + Xt)) x + 1 

= t l°g(l + At) [ (1 + log(l + Xt))^ dy,-i(y) 

A Yz p 

1 °° 1 f 

= T l°g(l + At) Y] -r / \~ n (x + y\\) n dfj,_i{\og(l + \t)Y 

A t'o n[ K 

°° i r 

= E "1 / (® + y|A)nA _ " _1 ct / u_i(log(l + At)) r 

frA nl J 


'.n+l 


71 = 0 
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= V f (;r + 2 /|A) n A- n - 1 d M _ 1 ^ 1 ^ ! V X m Si(m, n + l) — 

z ' /- 77,1 z ' m! 


n— 0 ^ ^ p 
oo m— 1 


t n 


ml 


771=71+ 1 

- EE (n + l)A m n ^(m.n+l) f (x + y|A)„d/x_i(y) 

m=l ra =0 

Thus, by (14), (15), and (16), we get 

m— 1 « 

= V(n+1)A— Si(m,n + 1)/ (a: + j/|A) n (i/x_i( 2 /) 


71=0 
m— 1 


= E^' 


+i(ro,n + l)^+(x|A). 


71=0 


By (17), we obtain the following theorem. 
Theorem 2.1. Let m £ N. Then we have 

771—1 


9 m{x\X) = ^ A m n 1 S\(m,n + l) 5 ) t 0 ( 1 (x|A). 


71=0 


Now, we consider the second degeneration of Genocchi polynomials as follows: 
2 log(l + log(l + A t))i 


(1 + log(l + log(l + At))) a + 1 


(l + log(l + log(l + At)))* 


= 9 { m(x\X) — . 

L ^ 777.1 


ml 


From (19), we get 


log(l + log(l + At)) 


■(1 + l°g(l + log(l + At))) * 


(16) 


(17) 


(18) 


(19) 


(1 + log(l + log(l + At))) a + 1 

= \ l°g(l + log(l + At)) [ (l + log(l + log(l + At))) s ^d^_i(y). 
a J z p 

From (20), we get 

t l°g(l + log(l + At)) [ (1 + log(l + log(l + At)))*** dn-!{y) 

A J Zp 

1 °° i r 

= T log(l + log(l + At))V- / \~ n {x + 2 /|A) n d/x_i(y)(log(l + log(l + At))) r 

A n= 0 n ' J ^v 

oo 

= E 1 / + y|^)raA _ " _1 d/X_i(log(l + log(l + At))) n 


( 20 ) 


71 = 0 
OO 


= E ~i / (z + yMnA 1 dfi-\{y){n + 1 )! ^ 5i(m,n+l) 


(log(l + At)) r 


71 = 0 
OO 


771=71+1 
OO 


OO ft OO OO . J 

= E/ (a; + t/|A)nA _ " _1 d7t-i(?/)(n+ 1) V 5i(m,n + 1) V] S 1 (l,m)X l - 

„_nlz„ ,i *• 


71 = 0 771=71+1 f =771 

oo 7i 3 n 2 -l . ns 

= E E E A ” 3 "” 1 " 1Sl ( n3 ’ n2 ) Sl ( % ’ ni + 1 ) J m+l(^)7i' ( 21 ) 

713=0 712=0 71l=0 

From (20) and (21), we obtain the following theorem. 


n 3 ! 
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Theorem 2.2. Let n 3 £ N. Then we have 

U3 712 — 1 

9nh x l A ) = E E X l3 ~ ni ~ 1 Si(n3,n 1 )S 1 {n 2 ,n 1 + ljsiEi^W- 

7i2=0 ni — 0 

Inductively, we have the fc-th degeneration of Genocchi polynomials as follows: 
Theorem 2.3. Let k,nk £ N. Then we have 

7l 2 — l 

9n k ~ 1 ) (x\X)= E •" E A”' t “" 1 " 1 5i(n fe ,n fe _i)---S'i(n 2 ,ni + l)5(i 0 1 ) + i(a:|A). 

0 n\— 0 

By replacing t by y(e At — 1) in (19) and (20). 

We have 

OO OO J 

= Ya i n ) mY x l ~ ns ^%_ 

71—1 1=71 

OO l l 

= YCL9 { n\x\W l - n S2(l,n))-. 

1 = 0 71=0 

By (14) and (23), we obtain the following theorem. 

Theorem 2.4. Let l € N. Then we have 

i 

9 ( i P) 0|A) = Y9n\ x \X)X l ~ n S 2 {l,n). 

71=0 


E 9n\ x \^) 


1 (e At - l) n 


71=1 


( 22 ) 


(23) 


(24) 


(25) 


We note the Daehee polynomials of order r is defined by the generating function to be 


^ log(l + t) 


(i + t y = Y D £\x) 


71=0 


t 71 


n\ 


= Ya { n\ A|x)-. 


71=1 


and 


E^ 0) (-ia) 


71=1 


/ log(l + Xt ) 


' + n °° / °° J.I \ J.71 


71=1 
OO OO 


< 1=0 




71=1 1=0 
OO / 7TL 


= Y I E^i 0) ( ;r IA)-C | ml„A 

771=1 \71=0 

Thus, by (27) and (28), we obtain the following theorem. 

Theorem 2.5. Let m £ N. Then we have 


(n) \ — n ( n 


(26) 


( r ,) ( r \ 

When x = 0, = D\ (0) are called the Daehee numbers of order r. 

By replacing t by log(l + Xt)* in (7), we get 

f>W(* |A) (log(1 + At )" )fi = 2(log(l + Af)x) (1 + log(1 + At) f 

^ n - (1 + log(l + Xt))l + 1 


171 / \ 

9m ( x I A) = Y (j A ~ n 9n\ x \^)D ( Z-n- 

71=0 ' ' 


(27) 


— . (28) 
ml I ml 


(29) 
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By replacing t by J(e At — 1) in (15), we get 


and 


E 9m( X \ X ) 


m’ 


ml 


2 1 

(1 + A t) * + 1 

00 A 

= I>, (0) w4. 

i—i 




00 (p xt - ll m 00 00 (\ 

^ g W(a:|A)A- m i j = E g^(x\X)X~ m E S 2 (Z,m)^f 


m= 1 


m = 1 

00 / 00 


l—m 


= E E A * m 9^\x\X)S2{l,m) - 


m—1 \l—n 
00 / l 


1=0 \m = 1 

Thus, by (30) and (31), we obtain the following theorem. 

Theorem 2.6. Let l € N. Then we have 

1 

JO) 


9i\x\X) = A ( ro 5^ ) (a:|A)-S , 2(/,TO)- 


m=l 


(30) 


= E EA'^WA^ftm) w- (31) 


(32) 
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Regularization solutions of ill-posed Helmholtz-type 
equations with fuzzy mixed boundary valued 
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Abstract In this study, we discuss the solutions of fuzzy Helmholtz-type equations(FHTEs) and their 
ill-posedness. A regularization method is required to recover the numerical stability. Moreover, the error 
estimates and convergence of the method is considered. To support our study, one numerical example is 
illustrated. 

Keywords: Fuzzy numbers; Ill-posed problem; Helmholtz equation; Regularization method; Conver- 
gence estimate. 

1. Introduction 

The study of fuzzy partial differential equations (FPDEs) provides a suitable setting for the mathe- 
matical modeling of real-world problems that include uncertainty or vagueness. As a new and powerful 
mathematical tool, FPDEs have been studied using several approaches. The first definition of an FPDE 
was presented by Buckley and Feuring in [1], In [2], the authors considered the application of FPDEs 
obtained using fuzzy rule-based systems. Furthermore, Oberguggenberger described weak and fuzzy so- 
lutions for FPDEs [3] and Chen et al. presented a new inference method with applications to FPDEs [4], 
In [5], an interpretation was provided of the use of FPDEs for modeling hydrogeological systems. Studies 
of heat, wave, and Poisson equations with uncertain parameters were provided in [6]. Fuzzy solutions for 
heat equations based on generalized Hukuhara differentiability were considered in [7]. Several numerical 
methods have been proposed to solve FPDEs. Such as Allahviranloo ([8]) proposed a difference method 
for solving FPDEs. The Adomian decomposition method was studied for finding the approximate so- 
lution of the fuzzy heat equation in [9]. Solving FPDEs by the differential transformation method was 
considered in [10]. 

In this paper, we proposed a numerical method to solve ill-posed problems for the fuzzy Helmholtz- 
type equation (FHTEs). The Helmholtz equation arises in many areas, especially in practical physical 
applications, such as acoustic, wave propagation and scattering, vibration of the structure, electromag- 
netic scattering and so on, see [11, 12, 13, 14]. The direct problems, i.e. Dirichlet, Neumann or mixed 
boundary value problems for the Helmholtz equation have been studied extensively in the past century. 
However, in some practical problems, the boundary data on the whole boundary cannot be obtained. 
We only know the noisy data on a part of the boundary or at some interior points of the concerned 
domain, which will lead to some inverse problems and severely ill-posed problems. In 1923, Hadamard 
[15] introduced the concept of a well-posed problem from philosophy where the mathematical model of a 
physical problem must have properties where the solution exhibits uniqueness, existence, and stability. If 
one of the properties fails to hold, the problem is known as ill-posed. Numerical computation is difficult 
due to the ill-posedness of the problem. That means the solution does not depend continuously on the 
given Cauchy data and any small perturbation in the given data may cause large change to the solution 
[15, 16, 17]. The present study addresses two issues. First, we consider the ill-posedness of FHTEs using 
the decomposition theorem. Second, we use the regularization method to recover the numerical stability. 

The remainder of this paper is organized as follows. In Section2, we briefly introduce the necessary 
notions related to fuzzy numbers and differentiability properties for fuzzy set-valued mappings. In Sec- 
tions, we define the solution and ill-posedness of FHTEs. The regularization method and convergence 

^Supported by the Natural Scientific Fund of China (11461062, 61262022). 
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estimates for the initial-boundary value problems of FHTEs are considered in Section4. In Section5, we 
present some numerical results and our conclusions are given in SectionG. 

2. Definitions and preliminaries 

Let Pk{R n ) denote the family of all nonempty compact convex subset of R n and define the addition 
and scalar multiplication in Pk(R n ) as usual. Let A and B be two nonempty bounded subset of R n . The 
distance between A and B is defined by the Hausdorff metric 

dn{A, B ) = max < sup inf ||a — b\ |, sup inf \\b — a|| >, (2-1) 

fees a ^A ) 

where || • || denotes the usual Euclidean norm in R n [18]. Then (P^(R n ); dn) is a metric space. 

Denote 

E n = {u : R n — »• [0, l]|it satisfies (l)-(4) below} 
is a fuzzy number space, where 

(1) u is normal, i.e. there exists an .to € R n such that u{xq) = 1, 

(2) u is fuzzy convex, i.e. u( At + (1 — A )y) > min{n(T), u(y)} for any x,y E R n and 0 < A < 1, 

(3) u is upper semi-continuous, 

(4) [tt]o = cl{ x E R n \u(x) > 0} is compact. 

Here, cl(X) denotes the closure of set X. For 0 < a < 1, the a-level set of u (or simply the a-cut) is 
defined by [u] a = {i€ R n \u(x) > a}. The core of u is the set of elements of R n having membership grade 
1, i.e., ['«] i = (t|t E R n ,u(x ) = 1}. Then from above (l)-(4), it follows that the a-level set [u\ a E Pk(R n ) 
for all 0 < a < 1. According to Zadeh’s extension principle, we have addition and scalar multiplication 
in fuzzy number space E n as follows: 

[u + v] a = [u] a + [v] a = {x + y\x € [u] a , y € [n] a }, 

Ha = k[u] a = {kx\x G Ha}, [0] a = {0}. 

where u,v G E n and 0 < a < 1. The distance between two fuzzy numbers u and v is defined by 

D(u,v) = sup d H ([u]a, Ha)- (2.2) 

ae[0,l] 


We recall some differentiability properties for fuzzy set- valued mappings. 


Definition 2.1 (See[19]) Let Kc denote the family of all bounded closed intervals in R, the generalized 
Hukuhara difference of two intervals A, B G Kc (gH-difference, for short), denoted by AQ g n B, is defined 
by 


^4 QgH B 


C 


(■ i)A = B + C ; 
or(ii)B = A + (-C). 


(2.3) 


Definition 2.2 (See[20]) The generalized Hukuhara difference of two fuzzy numbers u,v G E 1 (gH- 
difference, for short) is the fuzzy number cu, if it exists, such that 


u QgH V = 0J 


(■ i)u = v + oj\ 
or{ii)v = u + (—ui). 


(2.4) 


It is easy to show that (i) and (ii) are both valid if and only if w is a crisp number. 

It may happen that the gH-difference of two fuzzy numbers does not exist (see, for example, [21]). In 
order to overcome this shortcoming, in [20, 21], a new difference between fuzzy numbers was proposed, 
which always exists. 
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Henceforth, T=]a, b [denotes an open interval in R. A function F : T — >• Fq is said to be a fuzzy 
function. For each a G [0, 1], associated to F, we define the family of interval- valued functions F a : T — >• 
I\c given by F a (x) = [_F(x)] a , for x € T. For any G [0, 1], we denote 

F a (x) = [l Q (x)J a (x)]. (2.5) 

Here, for each a G [0, 1], the endpoint functions f a , f :T — >• R are called upper and lower functions of F, 
respectively. Next, we present the concept of gH-differentiable fuzzy functions based on the gH-difference 
of fuzzy intervals. 

Definition 2.3 (See [21]) The gH-derivative of a fuzzy function F : T — >• Fc at xo G T is defined as 

F'(x 0 ) = linr j [F(x 0 + h) G gH F(x 0 )}. (2.6) 

h—t o n 

If F{x o) € Fq satisfying (2.5) exists, we say that F is generalized Hukuhara differentiable (gH-differentiable, 
for short) at xq. 

Theorem 2.1(See [22]) If F : T — > Fc is gH-differentiable at xo G T, then F a is gH-differentiable at xo 
uniformly in a € [0, 1] and 

K (xo) = [F'(xo)] a , (2-7) 

for all a € [0, 1]. 

Theorem 2.2 (See [22]) Let F: T — )• Fc be a fuzzy function and x G T. Then F is gH-differentiable at 
x if and only if one of the following four cases holds: 

(a) / and f a are differentiable at x, uniformly in a G [0, 1], (/ ) 7 (x) is monotonic increasing and 
( fa )'( x ) i s monotonic decreasing as functions of a and ( f a )'(x ) < (/ Q ) , (x). In this case, 

F^x) = [(f a y(x),( 7„)'(x)]. (2.8), 

for all a G [0, 1]. 

(b) / and f a are differentiable at x, uniformly in a G [0, 1], (f a )'(x) is monotonic increasing and 
ifa )'( x ) i s monotonic decreasing as functions of a and ( f a )'( x ) — (/ a )\ x )- I n this case, 

K( x ) = [fJ( x UlJ( x )}- (2-9), 

for all a G [0, 1]. 

( c ) (fj+/-i. x ) and (fa) + /_(x) exist uniformly in a G [0, 1], (f a )+(x) = (/ a )(_(x) is monotonic 

increasing and (/ a )+(x) = ( f a )'_(x ) is monotonic decreasing as functions of a and (/ a )'+{x) < (/ Q )+(®)- 
In this case, 

K( x ) = [(&'+W’fM x )] = UaU x f (/J-W). (2.10), 

for all a G [0, 1]. 

(d) (f a )' +/ _( x ) and (f a ) ' +/ _(x) exist uniformly in cc G [0, 1], (/ a )+(x) = (/ Q ) / _(x) is monotonic 

increasing and (/ a )+(x) = (f Y_(x) is monotonic decreasing as functions of a and (/ a )+(x) < (/ )+(®)- 
In this case, 

= [/J'+W, (/ Q )'+(^)] = Ja)-(x)]. (2.11), 

for all a G [0, 1]. 

Theorem 2.3(Decomposition Theorem[23]) If u G E n , then 
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u = IJ (a-[u] a ). (2.3) 

ae[o,i] 

The following well-known characterization theorem makes the connection between a fuzzy interval 
and its LU-representation. 

Theorem 2.4 (See[24]) Let u be a fuzzy number. Then the functions u, u: [0, 1] — >• R, defining the 
endpoints of the a-level sets of u, satisfy the following conditions: 

(i) u is a bounded, non-decreasing, left-continuous function in (0, 1] and it is right-continuous at 0. 

(ii) it is a bounded, non-increasing, left-continuous function in (0, 1] and it is right-continuous at 0. 
(in) m(1) < u( 1). 

Reciprocally, given two functions that satisfy the above conditions, they uniquely determine a fuzzy 
number. 


3. Solutions of FHTEs and Ill-posedness 


Now, we consider a Cauchy problem for the Helmholtz-type equation with fuzzy initial-boundary 
value in a rectangle domain as follows 


d 2 u d 2 u , ~ 
ox z oy z 

0 < x < tt, 0 < y < 1 

u(x , 0) = (p(x), 

0 < X < 7T 

|(,,0) = 0, 

0 < X < 7T 

u(0,y) = u(n,y) = 0, 

0 < y < 1 


where where constant k > 0 is the wave number, u, </?(x), 0 are fuzzy- number- valued functions 

and their a- cut sets are shown as follows: 


n 

g 

's* 

is) 

-- [ u(x,y,a ), 

u(x,y,a)\, 

Q 2 u 

Q 2 U 

[^(x,y,a) 

f) 2 T[ 

S (X,y,a)\ 


r) 2 U 

[g^(x,y,a) 

f) 2 T[ 

S d^(x,y,a)] 

[ f (*>*)]« = 

[^(x,y,a) 



W(x)) a = [tp(x,a), ip(x,a)\, [0]« = [0(a), 0(a)]. 

From Theorem 2.1 and Theorem 2.2, in order to investigate the solution of (3.1), we consider the 
following two systems of two partial differential equations 


' u u 

^=(x, y, a) + t^=(x, y, «) + k 2 u(x, y, a) = 0, 

u(x, 0) = tp(x, a), 

du 

— (x,0,a) = 0(a), 

oy 

. u(0,y,a) = u(ir,y) = 0(a), 


0 < x < tt, 0 < y < 1, 
0 < X < 7T, 


0 < X < 7T, 

0<y< 1 , 


(3.2) 


1353 


Hong Yang et al 1350-1360 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 22, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Hong Yang and Zeng-Tai Gong: Regularization solutions of ill-posed Helmholtz-type... 


d 2 u d 2 u 

7^2 ( x , V , a ) + ~Qy 2 (“G Vi a ) + k 2 u(x, y, a) 

u(x, 0, a) = <p(x, a), 
du 


= 0 , 




(x, 0, a) = 0(a), 


l u(0,y) = u(n,y,a) = 0(a), 


0 < x < ir,0 < y < 1, 
0 < x < 7 r, 


0 < X < 7T, 

0 < y < 1, 


(3.3) 


Definition 3.1 (see [1]) Let u(x,y,a ) and u(x,y,a ) be solutions of equations (3.2) and (3.3), respec- 
tively. If [u(x,y,a),u(x,y,a)] defines the a-cut of a fuzzy number, for all (x,y) € [0, 7 r] x [0, 1], then 
u(x,y) is a solution for (3.1). 


By the method of separation of variables, it is easy to derive a solution of the direct problem (3.2) 
and (3.3), respectively as follows: 


[*] 


u 


(x, y, a) = E c n sin(nx) cos(v/ k 2 — 7i 2 y) + c n sin(nx) cosh( \J n 2 — k 2 y) 

n=[fc]+ 1 


n=l 


where 


c n = — <p(x, a) sin(nx)dx 


7T 


(3.4) 


(3.5) 


[fc] 


u 


(x, y, a) = E c n sin(nx) cos(a/ k 2 — n 2 y) + c n sin(nx) cosh( \J n 2 — k 2 y ) (3-6) 

n=[fc]+l 


n=l 


where 


c n = — / <^(x, a) sin(nx)dx 

7T ,/n 


(3.7) 


Obviously, for the solutions u(x, y, a) of the equations (3.2) and the solutions u(x, y, a) of the equations 

(3.3) , \u(x,y,a),u(x,y,a)] satisfies the conditions of Theorem 2.2, \u(x,y,a),u(x,y,a)] determines a 
solution of problem (3.1) as follows: 

u = IJ {a-\u(x,y,a),u(x,y,a}]). (3.8) 

ae[0,i] 

Remark 3.1 If 0 < k < 1, the first term in Equations (3.4) and (3.6) is vanished. 

In the following, we discuss the ill-posedness of problem (3.1). 

Definition 3.2 (Hadamard’s definition of well-posedness [15]) If a deterministic solution problem of 
FPDE satisfies the following properties (3.9-3.11), then it is well-posed. 

For all admissible date, a solution exists. (3-9) 

For all admissible date, the solution is unique. (3.10) 

The solution depends continuously on the date. (3-11) 

Conversely, if one of the properties (3.9-3.11) does not satisfy for a deterministic solution problem of 
FPDE, then it is ill-posed. 

Next, we are always suppose that (3.9) and (3.10) hold for the convenience of discussion, (3.11) does 
not hold. 

Definition 3.3 Problem of FHTEs (3.1) is said to be ill-posed if both problems of PDE (3.2) and PDE 

(3.3) are ill-posed. 
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The the systems of PDE (3.2) and (3.3) are highly ill-posed, see[16]. Thus, the systems (3.1) is 
ill-posed. 

Ill-posed problem means the solution does not depend continuously on the given Cauchy data and 
any small perturbation in the given data may cause large change to the solution. Thus regularization 
techniques are required to stabilize numerical computations. In general terms, regularization is the 
approximation of an ill-posed problem by a family neighbouring well-posed problems. 


4. Regularization and Convergence estimates 


In this section, we use the solution of perturbation problems to approach the solution of problems 

(3.2) and (3.3). Thus the regularization solution of problems (3.1) be derived by (3.4). 

For 0 < k < 1, we consider the following problem 






A y(x, y ) + k 2 y(x, y ) = 0, 

0 

A 

H 

A 

V 

Ss 

V 

0 

lT 

y(x, 0) + (3y(x, 1) = ip Sl (x, a), 


0 < x < 

Vy(x, 0) = 0, 


0 < x < 

n(0 ,y) = v(n,y) = 0, 


0 <y< 

Av(x, y) + k 2 v( x, y) = 0, 

0 

A 

A 

V 

Ss 

V 

0 

lT 

v(x, 0) + /3v(x, 1) = <p S2 (x, a), 


0 < x < 

Vy(x, 0) = 0, 


0 < x < 

10 

II 

'a 

II 

o' 

Is 


0 < y < 


(4.1) 


— •*> - ' ? 


— ^ 5 


(4.2) 


where 0 < a < 1 is cc-level set parameter, and j3 > 0 is a regularization parameter. The measured 
data of equations (3.1) is fuzzy-number-valued function cp(x), and its a-level set is defined as \tp{x)\ a = 
[(p(x,a), Tp(x,a)\. ip Sl € L 2 (0,7t), Tp &2 € L 2 (0,tt) satisfies 


~v\\ < Sit 

W 52 - v\\ < S 2 , 


(4.3) 


(4.4) 

in which the constant 5\ > 0 and 62 > 0 is called an error level and || • || denotes the L 2 -norm. Further 
assume that there exists a constant E > 0 such that the following a priori bound exists 


H;1)\\<E. 


(4.5) 


By the method of separation of variables, it is easy to derive a solution of direct problem (4.1) and 
(4.2) as follows, respectively 


, n V" h cosh (Vn 2 - k 2 y ) . 

v( x,y,a)= > c„ . -sm mx , 

^ ^~ n l + /3cosh(Vn 2 - k 2 ) V h 


where 


4 1 = — / (x, a) sin(nx)dx. 




where 


_ cosh( v / n 2 - k 2 y) . 

v(x,y,a)= > c„ . -sm rax , 

V ^ ^ n l + /3cosh(Vn 2 - k 2 ) V h 

_A 2 r _r 

c,) 2 = — (p 2 (x, a) sm(nx)dx. 

71 Jo 


(4.6) 


(4.7) 

(4.8) 


(4.9) 
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For k > 1, we define a regularized solution v as follows: 


, N v' <5i i t Hi Ti \ , Si cosh (Vn 2 - k 2 y) 

v(x, y, a) = 2_^ c n cosh(y n 2 - k z y) + ^ c n —— , 2 sm(nx), (4. 

^ -j^ n i , -i 1 i P cosn( v n K ) 

where c^ 1 is defined by Equation (4.7). 


n=[k ]-\- 1 


10 ) 




(x, y, a) = ^ c^ 2 cosh(\/ n 2 — A: 2 y) + ^ c^ 2 - 

ti= 1 n=[fc]+l ^ 


cosh ( Vn 2 — k 2 y ) 

+ / 3 cosh(-\Aj- 2 — A: 2 ) 


sinni 


(4.11) 


where c^ 2 is defined by Equation (4.9). 


Remark 4.1 (see[25j) For k > 1, the regularized solution (4.10) and (4.11) be not an exact solution 
of the problem (4.1) and (4.2), respectively, but a modified solution. This is done to avoid the case 
1 + (3 cos(-\Ai 2 — k 2 ) = 0 for k > 1 and n < k and prove a convergence result. 


In the following results shall show that the regularization solution y given by Equation (4.6)and(4.10), 
and v given by Equation (4.8) and (4.11) are a stable approximation to the exact solution u and u given 
by Equation (3.4) and (3.6) , respectively. The regularization solution y and v depends continuously on 
the measured data ip Sl and Tp &2 for a fixed parameter f3 > 0, respectively. 

Theorem 4.1 (see[25]) Suppose that u and u is defined by Equation (3.4) and (3.6) with the exact data 
(p and Tp, respectively. Suppose that y is defined by Equation (4.6) for the case 0 < k < 1 or Equation 
(4.10)for the case k > 1 with the measured data p Sl , v is defined by Equation (4.8) for the case 0 < k < 1 
or Equation (4.11) for the case k > 1 with the measured data Tp 52 . Let the measured data p Sl and Tp &2 


satisfy Equation (4.3) and (4.4), respectively. Let the exact solution u at y = 
the regularization parameter /3 is chosen as, respectively 

1 satisfy Equation (4.5). If 

E ’ 

(4.11) 

II 

'Cl 

(4.12) 

then for fixed 0 < y < 1, we have the following convergence estimate 


<S 1 +2C y EyS 1 1 - y . 

(4.13) 

\\v(;y)-u(;y)\\<6 2 + 2C y Ey6 1 2 - y . 

(4.14) 

where C y = 2y v y . 


However, the convergence estimate in Equation (4.13) and (4.14) is not useful for y = 1. In order to 
obtain a convergence rate at y = 1, we need a stronger a priori assumption 

u dp u(;l) || 

II dyP W< E ’ 

(4.15) 


where p > 1 is an integer. We have the following convergence estimate. 


Theorem 4.2 (see[25]) Suppose that u and u is defined by Equation (3.4) and (3.6) with the exact data 
<p and Tp, respectively. Suppose that y is defined by Equation (4.6) for the case 0 < k < 1 or Equation 
(4.10) for the case k > 1 with the measured data , v is defined by Equation (4.8) for the case 0 < k < 1 
or Equation (4.11) for the case k > 1 with the measured data Tp &2 . Let the measured data (/A and Tp &2 
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satisfy Equation (4.3) and (4.4), respectively. Let the exact solution u at y = 1 satisfy Equation (4.15). 
If the regularization parameter /3 is chosen as, respectively 

P = % ( 4 - 16 ) 

P = % (4-17) 

then we have the following convergence estimate at y = 1 , 

1) - U(; 1)11 < + vYb + : max{K-'(h)S , 2(1 In |)-»}. (4.18) 

IN-. 1) - M; 1)11 < h + v'&E + max{K-»(|)l, 2(1 In f)^). (4.19) 

where K = \J ([A:] + l ) 2 — k 2 and [•] denotes the integer part of a real number. 

Theorem 4.3 Suppose that u defined by Equation (3.8) is a solution of problem (3.1) and v is its 
regularization solution. If u is defined by Equation (3.4) and v is its regularization solution defined by 
Equation (4.6) for the case 0 < k < 1 or Equation (4.10) for the case k > 1, while u is defined by Equation 
(3.6) and v is its regularization solution defined by Equation (4.8) for the case 0 < k < 1 or Equation 
(4.11) for the case k > 1. then v is a stable approximation to u , where 

v= 1J (a-[v(x,y,a),v(x,y,a))). (4.20) 

ae[0,l] 


Proof By Equation(2.2), since 


D(u,v)= SUp d H {[u\a, [v\a) 
o6[0,l] 

= sup max{|u(a) — y(a)\, |u(a) — u(a)|}, 
«e[o,i] 


(4.21) 


from Theorem 4.1 and 4.2, v(a) is a stable approximation to u(a) and v(a ) is a stable approximation to 
u(a). Hence, From (4.21) we have that v is a stable approximation to u. The proof is complete. 

5. Numerical examples 

Consider the following direct problem for the Helmholtz equation with fuzzy mixed boundary value 

f d 2 u d 2 u ~ 

"x 9 + Try + k~u = 0, 0 <x< 7 r, 0 < y < 1, 


dx 2 dy 2 

u(x,l) = f(x), 

du . ~ 

^p,0)=0, 

[ u(0,y) = u(i r,y) = 0 , 


0 < X < 7T, 
0 < X < 7T, 

0<y< 1 , 


(5.1) 


in which / : [0, 7 r] — >• E 1 . 

f = v • 2 x(t r — x), x € [ 0 , 7 r] . 
where v € E 1 is given by a triangular fuzzy number 


v{t) = < 


t + 1 , t G ( — 1 , 0 ), 

— t + 1 , t £ ( 0 , 1 ), 

0, t G (— oo, —1] U [1, +oo). 
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The a-cut set of f(x) is given by 

[f( x )]a = [2x(vr — x)v(t, a), 2x(i r — x)v{t , a)] 


= [2x(7t — x)(a — 1), 2x(7t — x)(l — a)]. (5-4) 

In order to investigate the numerical solution of (5.1), we consider the following two systems of two 
partial differential equations 


r d 2 u d 2 u 2 
TVW + W o + k TY = 0, 
ox z oy z 

u(x, 1) = 2x(7t — x)(a — 1), 
du 


dy 


(x, 0) = 0, 


l u(0 ,y) = u(n,y) = 0, 


0 < x <tt, 0 <y < 1, 
0 < X < IT, 
0 < X < TV, 

0<y<l, 


' d 2 u d 2 u 


2 + a 9 4“ — 0, 

ox z oy z 


0 < x < ir, 0 < y <1, 

u(x, 1) = 2x(tt — x)(l — a), 0 < x < ir, 



— (x, 0) = 0, 0 < X < 7T, 

dy 

l «(0, y) = u(n, y) = 0, 0 < y < 1, 


(5.5) 


(5.6) 


By the method of separation of variables, the solution of the direct problem (5.5) and (5.6) can be 
obtained as follows, respectively. 

[fc] oo 

u(x, y, a) = E c n sin(nx) cos (\Jk 2 — n 2 y) + c n sin (nx) cosh( yj n 2 — k 2 y), (5-7) 

n= 1 n=[fc]+l 

[fc] oo 

u(x, y, a) = E c n sin(nx) cos (s/k 2, — n 2 y) + c n sin (nx) cosh(\/ n 2 — k 2 y), (5-8) 

n= 1 n=[fc]+l 

where ip n = nco ^ Hn) d n ,d n = f* 2x(tt - x)(a - l)sin (nx)dx, Tp n = cos 2 h(n) d n , d n = f* 2x(ir - x){\ - 
a) sin (nx)dx, and they can be computed by the Simpson formulation, respectively. 

Remark 5.1 If 0 < k < 1, the first term in Equations (5.7) and (5.8) is vanished. 


Then we choose the initial data tp(x ) for equation (3.2) and <p(x) for equation (3.3) as follows, 

25 


if{x) 

= u(x, 0) p 

n= 1 

(5.9) 

Tp{x) 

= u(x, 0) p 

25 

a sin(nx). 

(5.10) 


n= 1 


The measured data ip g and <p§ 2 is given by (p Sl (. Xi ) = </?(xj) + e ■ rand(z), and ip S2 (xi) = (p(xi) + £ • rand(i), 
respectively, where £ is an error level, 


( 1 Nl \ 

<*i : = 11^ -fWh = ( jVi 2Z \£^S x ^ ~v{ x i 


1/2 


(5.11) 
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^2 := || <P5 2 ~ <P\\l 2 



JVi 

\vs 2 (xi) -Tp( Xi )\ 

2—1 


1/2 


(5.12) 


The function rand(-) denotes a random number uniformly distributed in the interval [0,1]. In our numer- 
ical computations, we always take N\ = 31. The regularization parameter /3 is chosen by (4. 10), (4. 11) 
and (4. 15), (4. 16) respectively. 

The numerical results for u(-,y) and u 5 p(-,y) with k = \,e = 0.0001, a = | are shown in Figurel. 



4 


O) 



4 


(a) exact solution u. 


(b) regularization solution u S g 



6. Conclusion 

In this paper, we investigate a new numerical method of solution for inverse problem of FHTEs. We 
defined the ill-posedness for deterministic solution problem of FHTEs and the regularization method is 
proposed to solve a Cauchy problem for the ill-posed FHTEs. The convergence and stability estimates 
for 0<y<l,y = l have been obtained under a-priori bound assumptions for the exact solution. Finally, 
one example shows that our proposed numerical method is effective. 
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Abstract 

In this paper, the behavior of solutions of a kind of nonlinear difference equations was 
studied. According to the first initial value, the regions of the second initial values was 
partitioned by zeroes of auxiliary functions such that the asymptotical behavior of the 
equation was determined, which was convergent or unbounded. 

Key words: Nonlinear difference equations; Convergent; Unbounded 
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1 Introduction 

In 2011, Kosmala[l] proposed a kind of nonlinear difference equations 

X n -\-l — Xn—k Hri— l 1 ? 71 — 1? 2, . . . (1) 

with k, l £ N and the initial values being real numbers. It stems from investigating periodic 
difference equations. 

Stevie and Iricanin [2] presented the first general result on the behavior of solutions of (1), 
by describing the long-term behavior of the solutions of (1) for all values of parameters k and 
1, where the initial values satisfy a special condition. 

Moreover, some particular cases of (1) were investigated in [3-7]. Paper [3] investigated the 
case where k = 1, l = 2; paper [4] and [7] investigated the case where k = 0, l = 1; paper [5] 
investigated the case where k = 0, l = 2; paper [6] investigated the case where k = 0, l = 3. 

The relatively simple appearance of (1) is deceiving in that its behavior changes signifi- 
cantly for different choices of k and l. These results of (1) were mainly about the periodicity, 
unboundedness and stability for particular choices of k and l. 

In this paper, we consider a special case of (1), which was investigated in [4] and [7], 

Xn- f-i x n x n —i 1, n = 0, 1,2, . . . (2) 

1 
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with the initial values X-\ and xo being real numbers. Note that the equilibria x of (2) are 

1 - v/5 _ 1 + v^5 

xi = —2—, x- 2 = ■ 

Furthermore, x\ was locally asymptotically stable and xi is unstable[4]. 

We first summarize the main results[4, 7] on the solutions of (2). 

(1) (C) If —1 < X-i, Xq < 0, then every solution of (2) converges to x\. 

(2) (UB) If one of the following holds, then the solution of (2) is unbounded. 


(0 

X-i > X2, 

Xo > X 2 ; 

(**) 

H 

1 

A 

1 

h-* 

x 0 < — 1; 

(in) 

x_i < 0, 

x 0 > 0; 

(iv) 

0 < x-i < 1, 

0 < xo < 1, 


XqX_ 1 — 2xqX- 

-i T 1 — x_i > 0. 


(3) (UB or C) 

— If 1 < x_i, xo < x 2 , then one of the following occurs. 

(i) The solution of (2) is unbounded. 

(ii) There exists no > 1 such that x n € (—1, 0) for all n > no- 

— If x-i > 0, Xo < 0, then the solution of (2) in certain cases is bounded and in other 
cases is unbounded. 

— If 0 < x_i, Xo < x 2 , then the solutions of (2) exhibit somewhat chaotic behavior 
relative to the initial values. A little change in the initial conditions can cause a 
drastic difference in the long-term behavior of the solutions. 

For simplicity, we show them in Figure 1. For the initial values (x_i, Xq ) in different colored 
regions, the solution of (2) is of three kinds: being convergent (C) and being unbounded(UB), 
being unbounded or convergent(UB or C). 



Figure 1: Different regions of the initial values of (2) 

From the above results, one can see that these regions were presented from the perspective 
of the relation of two initial values of (2). For the initial values in the green regions, the 
corresponding solution is bounded and convergent. For the initial values in the red regions, the 
solution is unbounded. As far as the initial values in the blue regions is concerned, the solution 
was either unbounded or convergent and such a conclusion was not concise. 
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Specially, for the initial values in the blank regions, the behavior of the solution is unknown. 
It is interesting to investigate the evolution of the solution according to the initial values 
in the plane. In the following, we try to use a new method to consider the behavior of (2). 
Different from the method in [4], we construct auxiliary functions and then use the zeroes of 
them to create new partitions of the second initial value. In this way, for the first initial value 
which is arbitrarily chosen, the corresponding solution is convergent only for the second initial 
value in some intervals which are determined by the zeroes of auxiliary functions. And the 
lengths of these intervals are decreasing to zero. 

2 Main Results 

In this section, we present the main result by investigating the behavior of solutions of (2). 
First of all, from the results in [4], we made a little generalization. 

Theorem 2.1. 

(I) If there is an N > 0 such that — 1 <Xn-i, Xn< 0, then {x n } of (2) converges to x\. 

(II) If there is an N> 0 such that one of the following five conditions holds, then the solution 
of (2) is unbounded. 

1) x n— i > x 2 , x N > x 2 \ 

2) Xn-i < -1, x N < -1; 

3) xn~i <0, xn > 0; 

4) 0 < xn-i < 1 , 0 < xn < 1 , 

x 2 n x 2 n _ 1 - 2x n x N -i +1 - x N - i > 0; 

5) xn-i > 0, xn < — 1. 

It is worth pointing out that the last case 5) is a direct result of the case 2) and it is crucial 
for our main result. 

Thus, the behavior of solutions of (2) depends on the location of its two consecutive terms 
of Xn-i and Xn being less than —1, greater than x 2 or in the interval (—1, 0). However, it is 
still complicated in terms of the boundedness of solutions of (2) for other cases. 

By Remark 2.6 in [4], if the solution of (2) is not periodic or eventually periodic with minimal 
period three, then the solution is either bounded, while inside (—1, 0), or unbounded. 

Now, we present a necessary and sufficient condition on the existence of eventually prime 
period-three solutions of (2). 

Lemma 2.1. The solution {x n } of (2) is an eventually prime period-three solution if and only 
if there is an N > 1 such that Xn = 0. 

Proof. By Theorem 2.1 in [4], if the solution {a; n } is an eventually prime period-three solution, 
then there is an N > 1 such that Xn = 0. 

On the other hand, if there is an N > 1 such that Xn = 0, then we have rrjv+i = — 1 and 
xn +2 — — 1 from (2). Thus, it is an eventually prime period-three solution. □ 

In the following, letting the first initial value X-± being fixed, we consider the behavior of 
the solution for the second initial value Xq, mainly on the convergence and unboundedness of 
the corresponding solution of (2). 

For simplicity, we could assume that X-i=a and Xo = b, where a and b are real numbers. 
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Now, we introduce auxiliary functions Fi(b) = Xi for i > 1, from (2), which are 


Fi(b) = ab — 1, (3) 

F 2 (b) = 6Fi(6) - 1 = ab 2 - b - 1, (4) 

F 3 (b ) = F 2 (b)F 1 (b)-l = b(Ff(b)-a), (5) 

^4(6) = F 3 (6)F 2 (6)-1 = F 1 (b)(Fi(b)-b), (6) 

F 5 (&) = F 4 (b)F 3 (b)-l = F^Ff^-F^)), (7) 

and by induction, for i > 5, we have 

F,; +1 (6) = Fi(b) Fj_i(6) - 1 = Fi- 2 (6)(F?_ 1 (6) - F 4 _ 3 (&)), (8) 

from which we know that Fi(6) is a higher-degree polynomial of b. 


By listing the roots of Fi(b) = 0 for each i > 1, we consider the behavior of F t (b) with b 
in the intervals between these adjacent roots, which describes the long term behavior of the 
solution of (2) with the second initial value x 3 in such intervals for the first one x_\ being fixed. 
In the following, we investigate the roots of F;(&) = 0 step by step. 

It is obvious that m = 1/a is the root of Fi(6) = 0 if a ^ 0. 

If a > —0.25 and a / 0, then F 2 (b) =0 has two roots which are 




and they satisfy r 2 1 < m < r 22 for a > 0. 

It is noted that 0 is always a root of F 3 (b) = 0 (for convenience, denoted by itself) and for 
a > 0, the other two roots are 


1 v/u 1 “1“ v/tt 

r 3 i = , r 32 = 

a a 

satisfying 0 < r 33 < m < r 22 < r 32 for 0 < a < 1 and r 33 < 0 < m < r 22 < r 32 for a > 1. 

From (6), we know that F4(6)=0 is equivalent to Fi(b) = 0 or F 2 (b) = b. Thus m is always 
a root of F4(6)=0. From F 2 (b) = b, in view of the strict monotonicity of F 2 (6) for b>rn, there 
are only two roots of F4(6) = 0, satisfying r4i < r 22 < r4 2 for a>0 and 6>0. 

Similarly, the other two roots of F 5 (b) = 0 satisfy r 51 < r 32 < r 52 for a > 0 and b > rn, 
which are different from r 2 i and r 22 . 

Here and after, we only focus on these ’’new” roots of F,(5) = 0, which have not been labeled 
by other smaller indices. 

Now, we conclude the existence of two roots of F i+ i(6)=0 for i> 5. 

Lemma 2.2. Fj + i(6)=0 has only two roots for a>0 and b>r^ i _ 3 ' )2 fori>5. 

Proof. Letting be the roots of Fj(6)=0 for *>1 and j = 1, 2, from (8), we have 

F' +1 (b) = F'(b)F i _ 1 (b) + F,;(6)F'_ 1 (6) > 0 (9) 

for b>ra and thus Fj + i(6) is strictly increasing for &>rj 2 . 

From (8), we have Ff_ l {b) = F i _ 3 (b) for i> 5. Hence, in view of the monotonicity of F,;_i(6) 
for 6>r(j_ 2 ) 2 and the positivity of F,;_ 3 (&) for b>r^_ 3 ) 2 , by induction, there are only two roots 
of F i+ i(6)=0 satisfying r (i+ i)i < r (i _i )2 < r (i+ i) 2 for a>0 and 5>r (i _ 3 ) 2 . □ 

Furthermore, we could conclude that {rn}fj!% and {ra}^^ are convergent. 
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Lemma 2.3. 

lim rn = lim ra- (10) 

i — >+oo i — y -(-oo 

Proof. First, from the strict monotonicity of Fi + i(b) for &>r, 2 , we have r* 2 < r( i+ i )2 and thus 
722<T32<742 < . . .. The convergence of I s guaranteed by Fi(b) being a higher-degree 

polynomial of b. Similarly, {rn is convergent. 

Denote 

lim m = b = b{a), lim r ,; 2 = b = b(a). 

>-+oo i — >+00 

In order to prove (10), we suppose that b < b. Then there exists N such that rjv 2 > b. 
From the above, there exists a root r(jv+ 2 )i of FN +2 (b) = 0 near rjv 2 - In view of 
being increasing, it is enough to choose such a rjv 2 that the corresponding r(jv+ 2 )i > b. which 
contradicts the convergence of The case of b < b is similar. In fact, we can find such 

an M that b < tmi < fM 2 and they are roots of Fm( 6) = 0, which contradicts the convergence 
of { r i 2 }t^ 2 - Hence, (10) is true. □ 

From the above, for the first initial value X-i = a being fixed, we have obtained that 
Fjfb) = 0 has only two ’’new” roots for i> 3 and the sequences {rn}fP% and {r^ljt^ converge 
to a same number. 

To investigate the behavior of the solution of (2) with initial values in these intervals which 
are partitioned by the adjacent roots r % j , we consider three cases. 

Case 1 a = 0 

If — 1 < 6 < 0, it follows that both F 2 {b) = —b — 1 and F^{b) = b are in the interval (—1, 0). 

Thus {x n } of (2) converges to X\ by Theorem 2.1. 

Case 2 a < 0 

From m = l/a < 0 and F 2 (b) = ab 2 — b— 1, we have that F 2 (m) = F 2 (0) = — 1. Hence, 

only two cases in the following are needed. 

(i) If a <—0.25 and b G (m, 0), then —1 < Fi(6), F 2 (b) < 0. Thus, by Theorem 2.1, 
{x n } of (2) converges to x\. 

(ii) If —0.25 < a < 0, then F 2 (b) = 0 has two roots satisfying m < r 2 i < r 22 < 0. For 
b G (rn, r 2 i) U (r 2 2 , 0), we have — l<Fi(6), F 2 (b)< 0 and {x n } of (2) converges to 
X\ by Theorem 2.1. For 6 g(— 00 , rn), we have F 2 (b)<— 1 and F 3 (b) <— 1 and thus 
{x n } of (2) is unbounded by Theorem 2.1. For b£ (r 2 i, r 22 ), we have F\(&) <0 and 
F 2 (b)> 0 and thus {a’„} of (2) is unbounded by Theorem 2.1. 

Generally speaking, for a< 0, the solution {x n } of (2) converges to X\ only for two cases: 

one is a<— 0.25 and b € (m, 0), the other is —0.25 <a< 0 and b G (rn, r 2 i) U (r 22 , 0). 

Hence , for a<0 and &>0, {x n } of (2) is unbounded. Thus, the dynamics of (2) is clear. 

Case 3 a > 0 

For this case, it is complicated to arrange these roots r^. We divide it into three cases. 

3.1 0 < a < 1 

In this case, we prove that 

r 2 i < 0 < r 3 i < r 4i < m < r 22 < r 5 1 < r 6 i < r 32 < r 42 < r 52 < r 62 . (11) 
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From the above, we only need to show r 3 i < r 44 < r n and r 22 < Csi < r&i < r 32 . 
First, from r 4 i < r 22 < r 4 2, in view of ^2(731) < 0 and Fg(r3 1) < 0, it follows that 

-Pk(r 3 i) = — 1, F 4 (m) = 0, Fl(r 3 i)>0, Fl(r u ) = a -1 < 0 (12) 

for 0 < a < 1. Thus, r 3 i < r 4 1 < rn- 

Second, in order to prove r 22 < T51 < r6i < r 3 2, we only need to show r 22 < 'f '51 and 

r 6i < t 32 . Thus, the key is to compare with r j4 for i > 2 and j = i + 3. 

From r5i < r 3 2 < r52, we could conclude that r 22 < 7.51 ■ 

In fact, in view of -£5(^2) = 0 and F$(r 32 ) = —1, we have 

^32) = -^(r 32 ) < 0, (13) 

^(r 22 ) = ^(r 22 ) (1 - Fi(r 22 )) > 0 (14) 


which is guaranteed by 


1 - -Fi(r-2 2 ) 


2(2 - a) 

3 -|- yj\ -I- 4 0 , 


> 0 


for 0 < a < 2. Thus, the conclusion is true. 

In a similar way, from r§\ < r 4 2 < r62, we conclude rsi < r6i < r3 2 . 
In fact, in view of F&(r 32) = 0 and Fe(r 51 ) = —1, we have 


(15) 


F e( r 5l) = F^{r 51 )F 4 (r 51 )>0, 

Fq{t 32) = i^(r 22 ) (1 - F 2 (r 3 2)) <0 1 

which is guaranteed by 

1-F 2 (r 32 )= a ~i- <0 (17) 

a + ya 

for 0 < a < 1. Thus, r 51 < r 64 < r 32 holds. 

Hence, from the above, it is proved that (11) holds for 0 < a < 1. 

Third, we analyze the behavior of {x n } of (2) with xo being in the intervals parti- 
tioned by these adjacent roots. 

(1) For b£ (— oo,r 2 i), we have F 4 (6) < 0, F 2 {b) > 0. Thus, {x n } is unbounded by 
Theorem 2.1. It is also true for b£ (0,r 3 i)U(r 4 i,rii)U(r22,r5i)U(r6i,r 3 2) which 
are listed in Table 1. 

(2) For b£ (r 2 i,0), we have —1 <F 2 (b), F 3 (b) <0. Thus, {x n } converges to Xi by 
Theorem 2.1. It is also true for fee (r3i,r 44 ) U (rn,r 2 2) U (r 5 i,r 6 i) which are 
listed in Table 2. 

Table 1: Intervals of xq such that {x n } is unbounded for 0 < X-\ < 1 


Intervals of xo 

Reasons 

{X n } IS 

(- 00 , r 2 i) 

Fi(b) < 0, F 2 {b) > 0 

unbounded 

(0, r 3 i) 

F 2 (b) < 0, F 3 {b) > 0 

unbounded 

(r 4 i, rn) 

F 3 (b) < 0, F±{b) > 0 

unbounded 

(r 2 2 , r 5 i) 

F 4 (b) < 0, F 3 {b) > 0 

unbounded 

(rei, r 32 ) 

F 5 (b) < 0, F 6 {b) > 0 

unbounded 
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Table 2: Intervals of Xq such that {x n } is convergent for 0 < X-i < 1 


Intervals of xo 

Reasons 

{Xn } 

(721, 0) 

— 1< F 2 (b), F 3 (b)<0 

converges to x 3 

(731, 741) 

-l<F s {b), F 4 (6)<0 

converges to xi 

(7n, r 22 ) 

— 1 < F 4 (6), F s (6)<0 

converges to xi 

(751, 761 ) 

-KF S (6), F 6 (6)<0 

converges to xi 


3.2 1 < a < 2 

In this case, we prove that 

T2i < r 3 i < 0 < m < r 4 1 < r 2 2 < r 51 < r 32 < r 6 i < r 42 < r 52 < r 62 . (18) 

In fact, for a = 1, in view of their expressions and F 4 (6) = (b— l) 2 (6 3 — 6 3 — 26 — 1), 
we have r 3:L =0, r 32 =2 = r 6 i, rn = l = r 41 . 

For 1 < a < 2, it is apparent that r 24 < r 34 < 0 < m < r 22 < r 32 . From (12), (16) 
and (17), we have 

F i(ru) = o-l > 0, 

^(r 32 ) = ^(r 22 )^> 0. 

It follows that r 14 < r 41 and r 32 < rgi. 

And r 22 < 751 follows from (14) and (15). Thus, (18) holds for 1 < X-\ < 2. 

It is worth pointing out that {x n } of (2) converges to x\ for 1 < X-\ < 2 and 
xq G (7 2 i, r 3 i) U (0, 7 *h) U ( 7 4 i, r 22 ) U (751, r 32 ) which are listed in Table 3. 

Table 3: Intervals of Xq such that {x n } is convergent for 1< X-\<2 


Intervals of xo 

Reasons 

{x n } 

(721, 731) 

-l<F 2 {b), F 3 {b)<0 

converges to xi 

(0, 7n) 

-1 <F 3 {b), Fi(b) <0 

converges to xi 

(741, 722) 

-1< F 4 {b), F s (6)<0 

converges to xi 

(751, 7 32 ) 

— 1 < F s (b), F 6 (b)<0 

converges to x\ 


3.3 a > 2 

In this case, we prove that 

721 < 7 3 i < 0 < m < 7 4 i < r 54 < r 2 2 < 7 32 < r 6 i < 7 42 < r 52 < r 62 . (20) 

Compared with (18), we only need to prove r 22 > 751 for a > 2. In fact, from (14) 
and (15), for a > 2, we have that r 22 > 751. 

It is worth pointing out that {x„} of (2) converges to x\ for X-i > 2 and Xo £ 
(721 , 7 3 i) U (0,rn) U (74.1, r 5 i) U (7 22 ,r 32 ) which are listed in Table 4. 

From the above, we derive such intervals of xq for X-i such that {x n } of (2) is convergent. It 
is worth pointing out that we couldn’t continue such a procedure because there are no explicit 
expressions of r 42 and so on. From the above procedures, we know that the key is how to 
compare ra with ryi where j = i + 3 for i > 4. 

In fact, for such an interval Jj = (r,; 2, Tj 4 ) (or (7^1, 7 i2 )) where j = i + 3 for i > 4, in view 
of auxiliary functions Fj(b), we have Fj_ 4 (6) < 0 and Fj(b) > 0. Thus, for X-\ being fixed and 
x 0 G (J Ii (the union of /, for i > 4), {x n } of (2) is unbounded by Theorem 2.1. 
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Table 4: Intervals of ay such that {x n } is convergent for x-\ >2 


Intervals of ay 

Reasons 

{ay} 

( r 2 i, r 3 i) 

— 1< F 2 (b), F 3 (6) <0 

converges to ay 

(0, rn) 

— 1<F 3 (6), F 4 (6)<0 

converges to xi 

(r 4 i, r 5 i) 

— 1 <F 4 (6), F 5 (6)<0 

converges to xi 

(r 22 , r 3 2 ) 

— 1 < Fs(b), F 6 (b)<0 

converges to xi 


In view of Lennna 2.3, we obtain that the lengths of these open intervals /.j for i > 4 tend to 
zero as i tends to +oo. For Xo > b, the increasing property of {x n } of (2) leads to its divergence. 
Therefore, we generalize the above results into the following theorem. 

Theorem 2.2. The solution {x n } of (2) is unbounded only for its second initial value ay in 
such open intervals depending on the first initial valuexo, which are listed in Table 5, where the 
endpoints rij are the roots of auxiliary functions Fi(b) = Xi = 0 with Xo = b and X-\= a for 
i > 1. And {x n } of (2) is an eventually prime period-three solution just at ay = ry,- or ay = 0. 
For Xo belongs to the complementary set of such intervals except those endpoints, {ay,} of (2) 
is convergent to the negative equilibrium X\ . 


Table 5: Intervals of ay for X-\ such that {ay} is unbounded 


X-l 

Intervals of ay 

(- 00 , -0.25) 

(—00, rn) U ( 0 , +00) 

[-0.25, 0) 

(- 00 , rn) U (r 2 i, r 22 ) U (0, + 00 ) 

0 

(— 00 , —1) U (0, + 00 ) 

(0, 1) 

(- 00 , r 2i ) U (0, r 3 i) U (r 4 i, rn) U ( b , + 00 ) U ({J If) 

[1, + 00 ) 

(- 00 , r 2i ) U (0, r 3 i) U (r 4 i, rn) U (b, + 00 ) U ({J U) 


From Theorem 2.2 and Table 5, for a;_i and ay greater than zero, solutions of (2) would ex- 
hibit somewhat chaotic behavior[4], that is, {ay} is either unbounded or convergent alternately 
for Xo depending on a;_i, which is more concise from Table 5. 

Now, we give some examples for particular x_\ which are listed in Table 6. Here, we only 
present the former six intervals of ay such that the solution {ay} of (2) is convergent. It is 
noted that the numerical values of these endpoints of these intervals are approximated to the 
values of the solutions of the auxiliary equations Fi(b) = 0. 

From Table 6, for X-i = 1.5, it is shown the former six intervals of ay such that the solution 
{ay} of (2) is convergent, which are on both sides of zero. If ay = 1.6 in (1.4975, 1.6073), then 
the solution of (2) enters and then remains in the interval (—1, 0), and hence is bounded and 
convergent. Whereas if ay = 1.61, then the solution is unbounded. It is clear for the third case 
that the solution is UB or C. 


3 Conclusion 

The existence of prime period-three solutions of (2) is proved in [4] and the convergence of 
(2) in its invariant interval (—1, 0) is proved in [7]. In this paper, we present a new method 
to partition the intervals of ay depending on X-\ to describe the behavior of solutions of (2) 
and explain in detail that the solution of (2) exhibits somewhat chaotic behavior relative to the 
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Table 6: Intervals of xg for X-\ > 0 such that {x n } is convergent 


X-l 

Intervals of *0 

0.1 

(-0.9161, 0), (6.8377, 7.6946), (10, 10.9161), 

(12.4540, 12.8553), (13.1623, 13.4675), (13.6396, 13.7755) 

0.618 

(-0.6985, 0), (0.3461, 1.4048), (1.6181, 2.3166), 
(2.5350, 2.8614), (2.8902, 3.0690), (3.0996, 3.1756) 

1 

(-0.618, 0), (0, 1), (1, 1.6180), (1.7121, 2), 
(2, 2.1479), (2.1637, 2.2237) 

1.5 

(-0.5486, -0.1498), (0, 0.6667), (0.7717, 1.2153), 
(1.2447, 1.4832), (1.4975, 1.6073), (1.6149, 1.6633) 

2.5 

(-0.4633, -0.2325), (0, 0.4), (0.5711, 0.8476), 
(0.8633, 1.0325), (1.0558, 1.1302), (1.1316, 1.1680) 

10 

(-0.2702, -0.2162), (0, 0.1), (0.2740, 0.3327), 
(0.3702, 0.4162), (0.4383, 0.4596), (0.4630, 0.4752) 


initial values. Compared with the known results[4], our results are much more accurate and 
easy to obtain by computers to describe the evolution of (2) for the initial values in the plane. 

We conclude that the solution of (2) is bounded and convergent only for xg in particular 
intervals depending oni„i, which are partitioned by the zeroes of auxiliary functions presented 
in this paper. Specially, it is unbounded only for Xg in such open intervals listed in Table 5 
which depend on x_\ . 

It is of great interest to continue the investigation of the monotonicity, periodicity, and 
boundedness nature of solutions of (1) for different choices of parameters k and l and other 
equations presented in [4] . We believe that prime-period solutions and the negative equilibrium 
are crucial for the dynamics of difference equations (1). The future work is to extend our study 
to a more generalized equation (1). 
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